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PREFACE. 


In  the  preparation  of  the  following  work  no  pains  have  been  spared 
to  obtain  from  the  best  sources,  such  as  the  later  treatises  in  highest 
repute,  memoirs  of  scientific  bodies,  and  mathematical  journals  in 
English,  French,  and  German,  the  materials  for  a  book  suited  to  the 
present  state  of  mathematical  science  and  the  wants  of  teachers  and 
students. 

The  work  contains  much  that  has  never  before  appeared  in  an  Eng- 
lish dress,  and  almost  every  part  will  be  found  to  present  some  new 
feature.  No  attempt,  however,  has  been  made  at  originality,  unless 
for  the  benefit  of  the  student,  and  in  the  belief  that  the  existing  exposi- 
tions or  processes  were  inferior.  The  object  has  simply  been,  by  any 
and  all  means,  to  make  the  best  book,  without  aiming  so  much  at  indi- 
vidual reputation  as  at  the  author's  own  convenience  and  that  of  others, 
devoted,  like  himself,  to  the  noble  task  of  guiding  the  youthful  votaries 
of  science. 

The  French  treatises  furnish  excellent  models  of  the  theory  of  Al- 
gebra, the  German  of  ingenuity  and  brevity  of  notation  and  exposi- 
tion, the  English  of  practical  adaptation  and  variety  of  illustration  and 
example ;  and  from  these,  after  a  careful  comparison  of  many  authors 
in  each  language,  demonstrations  have  been  selected  and  introduced 
verbatim  when  they  seemed  incapable  of  improvement;  but  when- 
ever the  slightest  alteration  or  amalgamation,  or  the  entire  remodeling 
of  them,  could  give  additional  clearness  or  elegance,  the  limae  labor 
has  not  been  spared. 

The  work  will  be  found  to  contain  all  that  is  important  in  the  higher 
parts  of  Algebra,  upon  which  usually  separate  treatises  are  thought 
necessary,  as  well  as  the  elementary  expositions  suited  to  beginners. 
Every  variety  of  symbol  and  of  example  has  been  introduced. 

On  page  XI.  those  articles  of  this  volume  are  indicated  which  con- 
stitute a  minimum  course  of  Algebra  requisite  for  the  prosecution  of 
the  higher  branches  of  mathematics.  A  more  extended  course,  such 
as  would  ordinarily  be  advisable,  is  also  pointed  out.  The  rest  may 
very  well  be  reserved  for  reference,  as  the  student's  own  discovery  of 
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his  wants,  in  the  advanced  stages  of  mathematical  pmrsuit,  shall  call  it 
in  requisition. 

The  author  desires  to  acknowledge  the  effective  assistance  which  he 
has  received,  in  revising  the  work  and  superintending  it  through  the 
press,  from  Mr.  J.  J.  Elmendor^  to  whom  it  is  indebted  for  many  val- 
uable suggestions. 
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It  may  be  useful  to  point  out  in  this  connection  a  course  of  mathematical 
study.  1°.  Algebra;  2°.  Geometry  :f  these  two  may  be  pursued  simultane- 
ously ;  3°.  Plane  Trigonometry,  with  its  applications  to  Surveying  and  Navi- 
gation ;  Spherical  Trigonometry,  with  its  applications  to  Practical  and  Nautical 
Astrondmy  and  Geodesy;!  4°.  Descriptive  Geometry ;§  5°.  Analytical  Ge- 
ometry ;||  6°.  Theoretic  Astronomy  ;1[  7°.  Differential  and  Integral  Calculus 
and  Calculus  of  Variations  ;••  8°.  Mechanics  ;ft  9°.  Optics  ;tt  10°.  Phys- 
ical Astronomy.§§ 

*  The  articles  are  numbered  throagbont  the  book  at  the  beginnings  of  paragraphs. 

t  Sboald  the  present  work  meet  with  pablic  favor,  it  will  be  followed  in  the  coarse  of  a 
few  months  by  a  treatise  on  Geometry. 

t  The  author  has  already  published  a  work  embracing  these  subjects,  a  new  and  greatly 
improved  editkm  of  which  will  appear  in  the  coarse  of  the  next  year. 

$  This  brandi,  though  it  may  be  omitted  withoat  destroying  the  connection  between  those 
which  precede  and  follow  it,  is  of  the  highest  advantage  to  the  general  stadcnt,  and  invaluable 
to  the  engineer.  It  may  be  best  taken  up  in  the  excellent  treatise  by  Professor  Davics.  In 
the  French,  Monge,  the  founder  of  the  science,  has  written  extensively  upon  the  subject; 
there  is  also  a  treatise  by  that  best  of  French  writers  of  elementary  works,  Lefebure  de 
Fourcy.  Professor  Davics  has  published  a  fine  volume  on  the  application  of  descriptive 
geometry  to  shadows  and  perspective. 

II  On  this  subject  there  are  numerous  writers,  Davies,  Pierce,  and  Young,  whose  work  is 
republished  here,  the  author  of  a  treatise  in  tlie  Library  of  Useful  Knowledge ;  and  in  the 
French,  among  the  best,  Biot,  of  whom  there  is  an  English  translation  by  Professor  Smith, 
of  Virginia,  and  Lefebure  dc  Fourcy,  whose  work  is  most  generally  preferred. 

IT  The  authors  recommended  are  Norton,  Gummcry ;  and  in  the  French,  Biot,  of  whom 
there  is  a  translation  in  part,  known  as  tlie  Cambridge  Astronomy. 

**  This  is  6ne  of  the  portions  of  mathematical  science  on  which  the  author  proposes  to  pot 
forth  a  treatise  at  no  distant  day.  We  have  at  present  on  the  calculus,  Church  and  Davie*, 
in  America ;  Young,  O'Brien,  and  Walton,  in  England  ;  Lacroix,  Duhamel,  and  Moigno,  who 
may  be  mentioned  among  the  numerous  writers  in  France. 

ft  Courtenay's  Boucharlat;  in  French,  Francocurand  Poisson. 

tt  Bachc,  Brewster,  Bartlett,  and  Biot.  This  branch  may  be  pursued  to  some  extent  im- 
mediately after  Geometry*. 

^^  The  authors  are  Lagrange  and  Laplace,  of  whose  Mecanique  Celeste  we  have  the 
translation  and  notes  of  Bowditch,  but  for  readers  of  the  French,  the  Systome  du  Mondi*  a* 
Pont^oooland  ii  to  be  preferred. 


i 


As  Grreek  letters  are  frequently  used  in  the  following  treatise,  for 
the  convenience  of  those  unaccustomed  to  a  Greek  alphabet,  one  is 
here  inserted.     The  names  of  the  letters  are  given  in  the  last  column. 
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INTRODUCTION. 


In  every  question  of  nun^bers  there  are  certain  conditions  which  the 
required  numbers  in  connection  with  the  given  ones  must  fulfill,  which 
conditions  are  indicated  by  the  question  itself. 

The  solution  has  for  its  object  to  determine  such  required  quantities 
as  will  verify  these  conditions.  It  is  necessary,  therefore,  to  endeavor 
first  to  seize  the  difiereilt  relations  by  which  all  the  quantities,  known 
and  unknown,  are  connected  together,  and  to  find  aflerward,  by  means 
of  these  relations,  what  operations  ought  to  be  performed  upon  the 
given  quantities  to  obtain  those  which  are  required.  Such  is  the  ob- 
ject proposed  In  that  part  of  mathematics  known  by  the  name  of  Al- 
gebra.* . 

To  show  how  the  use  of  letters  and  signs  arises,  let  the  following 
simple  problem  be  proposed. 

To  divide  890  dollars  between  three  persons  in  such  a  manner  that  the 
second  shall  have  115  in0re  than  the  first,  and  the  third  180  more  than 
the  second. 

Now  let  us  see  by  what  deductions  the  values  of  the  unknown  num- 
bers may  be  derived. 

Since  the  share  of  the  second  is  115  more  than  that  of  the  first,  and 
the  share  of  the  third  180  more  than  that  of  the  second,  it  will  be  180 
added  to  115,  or  295  more  than  that  of  the  first. 

Then  the  sum  of  the  three  parts  will  be  formed  of  3  times  the  first 
part,  increased  by  115,  and  also  by  295,  or,  what  is  the  same  thing,  of 
3  times  the  first  part  increased  by  410. 

Bi^t  this  is  equal  to  the  sum  to  be  divided,  viz.,  890. 

Then  3  dhies  the  first  part,  increased  by  410,  is  equal  to  890. 

Then  3  times  the  first  part  is  equal  to  890  diminished  by  410,  or  480 

Then  the  first  part  will  equal  the  third  of  480,  or  160  dollars. 

The  first  person,  therefore,  has  160  dollars ;  the  second,  who  must 
have  115  more,  will  have  275;  and  the  third,  who  was  to  have  180 
more  than  the  second,  455  dollars.  These  three  sums  united  make 
890  dollars,  which  confirms  the  correctness  of  the  result. 

This  example  exhibits  the  kind  of  reasonings  necessary  to  be  em- 
ployed in  the  solution  of  problems  in  numbers ;  and  it  will  be  per- 
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ceived  that,  to  express  these  reasonings,  it  is  necessary  to  repeat  fre- 
quently a  number  of  words,  designating  the  quantities,  both  known  and 
unknown,  as  the^r*^  part,  the  number  to  be  divided ,  &c.,  and  other  words 
expressing  the  relations  of  these,  as  increased  by,  diminished  by,  &c. 

To  obviate  the  inconvenience  of  the  periphrases,  by  means  of  which 
the  quantities  which  enter  into  the  question  are  distinguished,  it  is  cus- 
tomary to  represent  these  quantities  by  letters.  Ordinarily,  the  give» 
.quantities  are  represented  by  the  first  letters  of  the  alphabet,  a,b,c ..., 
and  the  required  or  unknown  by  the  last,  x,  y^  z  ,  .  , 

The  relations  are  expressed  by  signs.  Thus,  increased  by  is  written 
-f  ;  diminished  by  is  written  — ;  multiplied  by  is  written  X  ;  or,  a  mul- 
tiplied by  b,  simply  thus,  ab  ;  a  divided  by  b,  thus,  j ;  a  equal  to  b, 

thus,  a=b. 

The  reasoning  of  the  above  example  may,  with  the  aid  of  such 
abridgments,  if  x  denote  the  first  share,  be  wrritten  briefly  thus : 

X 

x+115 

a;+115  +  180 

3x4-410  =  890 

3a; =890— 410 

3a;.=480 

480     ,^^ 
x=-— =160 

If  the  numbers  had  been  different  in  the  above  problem,  the  methoa 
of  proceeding  would  have  been  precisely  the  same. 

Thus,  if  1250  had  been  the  sum  to  be  divided,  170  the  excess  of  the 
second  part  over  the  first,  and  220  the  excess  of  the  third  over  the  sec- 
ond, the  reasoning  would  have  had  the  same  form,  as  seen  below. 

X  share  of  the  1st,  230 

a;-|-170  170 

g+170  +  220  share  of  the  2d,  400 

3a;+560  =  1250  220 

3a;= 1250— 560  share  of  the  3d,  620 

3a;=690  Proof. 

690.   ^^^  230 

.=—=230  ^^^ 

620 


1250 


All  these  individual  cases  of  the  same  kind  may  be  generalized,  thus : 
Let  a  represent  the  number  to  be  divided ;  b  the  excess  of  the  second 
over  the  first  share ;  c  that  of  the  third  over  the  second.  The  reason- 
ing will  then  stand  as  follows : 
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X 
X+h 


3X'{-2b+cz=za 

3x=a — 2b — c 

a — 2b — c 


The  last  expression.  .=       f    ".  shows  what  operations  ought  to  be 

performed  upon  the  given  numbers  to  produce  the  required,  and  may 
be  interpreted  into  the  following  rule. 

Subtract  double  the  excess  of  the  second  share  over  the  first,  together 
with  the  excess  of  the  third  over  the  second,  from  the  number  to  be  divided, 
and  divide  the  remainder  by  3.  The  result  will  be  the  first  share  re- 
quired.  , 

Applying  this  rule  to  the  first  case  above,  we  have 

115x2=230  890  and  to  the  2d,  170 

180  2 

410  340 

3)480  220  1250 

160  Ans.  560 

3)690 

230  Ans. 

fl^— 2J— c 

The  expression  x=. ,  from  which  the  rule  to  be  applied  is 

%f 

derived,  is  called  a  general  formula,  or  simply  a  formula  from  which, 

instead  of  from  the  rule,  the  answers  in  the  particular  cajses  may  be 

obtained  by  substitution  ;  thus, 

in  the  1st  case,  in  the  2d  case, 

890—230—180     480     ,^^  1250—2x170—220     690     ^^^ 

aj= „ =-—=160,    aj= 5 =:-^=::230. 

3  3  3  3 

The  nature  and  utility  of  algebra  being  thus  briefly  indicated,  we 
proceed  to  give  in  detail,  first,  the  methods  of  representing  quantities, 
and  all  possible  relations  and  combinations  of  them,  and  afterward  the 
use  of  these  methods  in  the  solution  of  questions. 
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DEFINITIONS  AND  NOTATION. 

1.  Alo*ebra  is  a  species  of  short-hand  writing  which,  by  the  aid  of  certain 
sjinbols,  serves  to  abridge  and  generalize  propositions  relating  to  numbers.* 

A  Proposition  is  any  thing  propounded  as  true.  If  it  express  the  proper- 
ties or  relations  of  quantity,  it  is  a  mathomaticnl  proposition.  If  it  be  self- 
evident,  it  is  called  an  axiom.  If  it  require  demonstration,  it  is  called  a  theorem  ; 
and  if  it  propose  something  to  be  done,  or  that  some  required  or  unknown 
quantity  be  found,  it  is  called  a  problem. 

Symbols  may  be  divided  into  symbols  of  quantity,  and  symbols  of  relation 
commonly  called  signs. 

2.  The  principal  symbols  employed  in  algebra  are  the  following : 

I.  The  letters  of  the  alphabet,  a,  5,  c,  &c.,  which  are  employed  to  denote 
the  numbers  which  are  the  object  of  our  reasonings. 

When  the  Roman  letters  are  exhausted,  or  when  a  marked  distinction  is  de- 
sirable between  the  different  classes  of  quantities  employed,  the  Greek  letters 
are  also  used  as  representatives  of  quantity.  If  different  quantities  of  the  same 
general  nature  are  used  together,  it  is  a  common  custom  to  represent  them  by 
ihe  same  letter,  distingubhing  them  from  one  another  by  accents,  or  small 
numbers  written  below ;  thus,  a,  a',  a",  a"\  a'*,  are  representatives  of  differ- 
ent quantities,  and  are  read  a,  a  prime,  a  second,  6cc. ;  and  aj,  Oj,  Og,  &c., 
may  bo  read  a  one  subscript,  a  two  subscript,  and  so  on. 

A  similar  effect  is  produced  by  using  large  and  small  letters ;  thus,  the  di- 
ameter of  a  small  circle  being  represented  by  dy  that  of  a  larger  may  be  by  D. 

It  is  customary,  in  some  cases,  to  represent  quantities  by  symbols,  which 
indicate  distinctly  the  nature  of  the  quantities  represented.  Thus,  the  six 
trigonometrical  quantities,  which  are  known  by  the  names  of  sine,  tangent, 
secant,  cosine,  cotangent,  cosecant,  are  represented  by  the  symbols  sin,  tan, 
sec,  cos,  cot,  cosec ;  and  the  astronomical  quantities,  the  longitude  of  the 
sun,  tlie  longitude  of  the  moon,  and  the  longitude  of  a  node,  are  represented 
by  the  symbols  0 ,   D  ,  and  t3 . 

*  In  the  operations  of  Arithmetic,  with  the  exception  of  diose  which  relate  to  compoond 
numbers,  qaantitioB  are  considered  as  composed  of  units,  but  the  kind  of  anit  is  not  noticed, 
only  the  number.  In  Algebra,  neither  the  kind  nor  number  of  units  of  which  a  quantity 
is  composed  is  regarded,  and  often  tlie  quantity  is  not  considered  as  composed  of  imits  at 
alL  The  idea  of  number  may,  however,  always  bo  introduced,  and  it  is  best  to  keep  it  in 
mind  in  the  beginning  of  Algebra.  As  in  Arithmetic  the  rules  of  addition,  multiplication, 
proportion,  &jc.,  are  the  same,  whatever  bo  the  kind  of  units  wliich  the  numbers  employed 
represent,  so  in  Algebra  these  rules  are  the  same,  whatever  be  either  the  kind  or  num- 
ber of  units  in  the  quantities  empbyed  (upon  which  the  operations  are  perjformed).  In 
every  part  of  Algebra,  processes  analogous  to  those  prescribed  by  the  rules  of  Arithmetic 
are  in  use.  Hence,  and  because  of  its  character  of  generalization,  it  was  called  by  New 
ton  General  Arithmetic.  Algebra,  however,  presents  many  relations  of  quantity  of  which 
AriUunetic  takes  no  cognizance. 
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These  are  the  symbols  of  quantity. 
The  foUowing  are  symbols  of  relations : 

II.  The  sign  -f-i  which  is  nenned  plus,  and  is  employed  to  denote  the  addi- 
tion of  two  or  more  numbers. 

Thus,  12-)- 30  signifies  12  plus  30,  or,  12  augmenUd  by  30.  In  like  manner, 
a-\-b  signifies  a  plus  6,  or,  the  number  designated  by  a  augmented  by  the 
number  designated  by  b* 

III.  The  sign  — ,  which  is  named  minus,  and  is  en^loyed  to  denote  the 
subtraction  of  one  number  from  another. 

Thus,  54 — 23  «ignifies  54  minus  23,  or,  54  diminished  by  23.  In  fike  man- 
ner, a  —  b  signifies  a  minus  b,  or,  the  number  designated  by  a  diminished  by 
the  number  designated  by  b. 

The  sign  ^^  is  sometimes  employed  to  denote  the  difference  of  two  num- 
bers, when  it  is  not  known  which  is  the  greater.  Thus,  a^^b  signifies  the 
difference  of  a  and  6,  when  it  is  not  known  whether  the  niunber  designated  by 
a  be  less  or  greater  than  the  number  designated  by  b. 

IV.  The  sign  x  *  which  may  be  read  into,  \a  employed  to  denote  the  multi- 
plication of  two  or  more  numbers. 

Thus,  72  X  26  is  read  72  into  26,  or,  72  multiplied  by  26.  In  like  manner, 
axb  signifies  a  into  b,  or,  a  multiplied  by  b ;  and  axbxc  signifies  the  con- 
tinued product  of  the  numbers  designated  by  a,  &,  c  ;  and  so  on  for  any  num- 
ber of  factors. 

The  process  of  multiplication  is  also  frequently  indicated  by  placing  a  point 
between  the  successive  factors ;  thus,  a.b  ,c  .d  signifies  the  same  thing  as 
axhxcxd. 

In  general,  however,  when  numbers  are  represented  by  letters,  their  multi- 
plication is  indicated  by  writing  tlie  letters  in  succession,  without  the  interpo- 
sition of  any  sign.  Thus,  ab  signifies  the  same  thing  b3  a  .b,  or  aXb  ;  and 
abed  is  equivalent  to  a  .  b  .  c.  d,  or  axbxcxd. 

Factors  expressed  by  letters  are  called  literal  factors,  and  those  expressed 
by  numbers  numerical  factors. 

It  must  be  remarked,  that  the  notation  a, b,  or  ab,  can  be  employed  only 
when  the  numbers  are  designated  by  letters ;  if,  for  example,  we  wished  to  rep- 
resent the  product  of  the  numbers  5  and  6  in  this  manner,  5 . 6  would  be  con 
founded  with  an  integer  followed  by  a  deciiiial  fraction,  and  56  would  signify 
the  numher  fifty^six,  according  to  the  common  system  of  notation. 

For  the  sake  of  brevity,  however,  the  multiplication  of  numbers  is  some- 
times expressed  by  placing  a  point  between  them  in  cases  where  no  ambiguity 
can  arise  from  the  use  of  this  symbol.    Thus,  1.2.3.4,  may  represent  the 

continued  product  of  the  numbers  1,  2,  3,  4 ;  and  »  •  q  •  tt  may  represent 

2  7  6 

the  product  of  :r,  -,  and  — . 

y.  The  sign  -r-,  which  is  named  by,  and  when  placed  between  two  num- 
bers is  employed  to  denote  that  the  former  is  to  be  divided  by  the  latter. 

Thus,  24 -=-6  signifies  24  by  6,  or,  24  divided  by  6.  In  like  manner,  a-7-& 
signifies  a  by  b,  or,  a  divided  by  b. 

Two  dots  without  the  horizontal  line  between  are  also  the  sign  of  division* 
This  form  of  the  sign  is  used  in  proportions,  where  either  of  the  two  quantitiea 
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between  which  it  is  placed  may  be  regarded  as  the  dividend,  and  the  other  the 
divisor.     It  is  analogous,  in  this  r^ospect,  to  the  sign  '^  in  subtraction. 

In  general,  however,  the  division  of  two  numbers  is  indicated  by  writing  the 
dividend  above  the  divisor,  and  drawing  a  line  between  them.     Thns,  24-^6 

and  a-~b  are  usually  wntten  —  and  r. 

Every  fraction,  then,  expresses  the  quotient  of  its  numerator,  divided  by  its 
denominator.  Thus,  f  of  a  unit  may  be  regarded  as  composed  of  two  parts : 
the  one,  the  third  of  one  unit,  and  the  other,  the  third  of  another  unit ;  or 
both  together,  the  third  of  2  units,  or  the  quotient  of  2  divided  by  3.  This 
reasonmg  may  be  generalized. 

VI.  The  sign  =,  called  the  sign  of  equality,  and  read  is  equal  to,  when 
placed  between  two  numbers  denotes  that  they  are  equal  to  each  other. 

Thus,  56  4- 6 =62  signifies  that  the  sum  of  56  and  6  is  equal  to  62.  In  like 
manner,  a=:b  signifies  that  a  is  equal  to  &,  and  a-^-b^zc — d  signifies  that  a 
plus  b  is  equal  to  c  minus  d,  or  that  the  sum  of  the  numbers  designated  by  a 
and  b  is  equal  to  the  difference  of  the  numbers  designated  by  c  and  d, 

VII.  The  sign  <^,  which  is  read  is  unequal  to,  and  when  placed  between 
two  numbers  denotes  that  one  of  them  is  greater  than  the  other,  the  opening 
of  the  sign  being  turned  toward  the  f^reater  number. 

Thus,  a'^b  signifies  that  a  is  greater  than  6,  and  aKfi  signifies  that  a  i$ 
less  than  b. 

VIII.  The  coefficient  is  a  sign  which  is  employed  to  denote  that  a  number 
designated  by  a  letter,  or  some  combination  of  letters,  is  added  to  itself  a  cer- 
tain number  of  times. 

Thus,  instead  of  writing  a-\-a-\-a-\-a-\-a,  which  represents  5  a*s  added 
together,  we  write  5a.  In  like  manner,  \Qab  will  signify  the  same  thing  as 
afc+aft+a6+a6+a6+a6+aft+a6+a6+a6,  or  ten  times  the  product  of 
a  and  b. 

The  numbers  5  and  10  here  are  coefficients. 

The  coefficient,  then,  is  a  number,  written  to  the  left  of  another  number 
represented  by  one  or  more  letters,  and  denotes  the  number  of  times  that  the 
given  letter,  or  combination  of  letters,  is  to  be  repeated. 

Or  the  coefficient  is  the  numerical  fuctor  written  before  one  or  more  literal 
factors. 

When  no  coefficient  is  expressed,  the  coefficient  1  is  itlways  understood ; 
thus,  la  and  a  signify  the  same  thing. 

In  a  more  enlarged  sense,  one  literal  factor  may  be  regarded  as  the  coeffi- 
cient of  another,  especially  when  the  former  is  one  of  the  first,  and  the  latter 
one  of  the  last  letters  of  the  alphabet.  Thus,  in  the  expression  ax,  a  may  be 
called  the  coefficient  of  x.  So,  also,  in  the  expression  of  abxy,  ab  may  be  re- 
garded as  the  coefficient  of  ry. 

IX.  The  exponent,  or  index,  is  a  sign  which  is  employed  to  denote  that  a 
number  designated  by  a  letter  is  multiplied  by  itself  a  certain  number  of  times. 

Thus,  instead  of  writing  aX^XaX^X^,  or  aaaaa,  which  represents 
five  a's  multiplied  together,  wo  write  a*,  where  5  is  called  the  exponent  or 
index  of  a.     Similarly,  bxhxhx^xhxhx^Xhy^bxh,  or  b.b  .b. , 
b  ,b,b  ,b  ,b.b  ,b,  or  bbbbbbbbbb ;  or  the  continued  product  of  10  b*a  is  written 
more  briefly  6*°,  where  10  is  the  exponent  or  index  of  6. 

The  exponent  or  index  of  a  number  is,  therefore,  a  number  written  a  little 
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above  a  letter  to  the  rightt  and  denotes  tlie  number  of  times  which  the  number 
designated  by  the  letter  enters  as  a  factor  into  a  product  When  no  exponent 
is  expressed,  the  exponent  1  is  always  understood ;  thus,  a^  and  a  signify  the 
same  thing. 

The  products  thus  formed  by  the  successive  multiplication  of  the  same 
number  by  itself,  are  in  general  called  the  pawers  of  that  number.  Thus,  a  is 
the  first  power  of  a  ;  axa^dd^^'  is  the  second  power  of  a,  or  the  square 
of  a  ;  aaa=ia^  is  the  third  power,  or  cube  of  a ;  aaaaaz=zcfi  is  the  fifth  power 

of  a,  and  aaaa to  n  factors  =^a°,  is  the  nth  power  of  a,  or  the  power 

of  a  designated  by  the  number  n. 

X.  The  square  root  of  any  expression  is  that  quantity  which,  when  multi- 
plied by  itself,  will  produce  the  proposed  expression,  and  is  gouerally  denoted 
by  the  symbol  V*  which  is  called  the  radical  sign.  Thus,  the  square  root 
of  9  is  V3=3i  and  ^a^^a^ia  the  square  root  of  a^;  for  in  the  former  case 
3  X  3=9,  and  in  the  latter  a  X  a=a^* 

XI.  The  cube  root  of  any  expression  is  that  quantity  which,  when  multi- 
plied twice  by  itself,  will  produce  the  proposed  expression.  The  fi)urth,  or 
hiquadrate  root  of  any  expression  is  that  quantity  which,  when  multiplied 
three  times  by  itself,  produces  the  given  expression ;  and  the  nth  root  of  any 
expression  is  that  quantity  which,  multiplied  (n — 1)  times  by  itself,  produces 
the  proposed  expression.  Thus,  the  cube  root  of  8  is  2;  for  2x2x2=8, 
the  fmrth  root  of  a^  is  a  ;  for  a .  a .  a  .  a=a*,  and  the  nth  root  of  a:°  is  x ;  for 
xXxXx . . . .  to  n  factors  =x.x.x.x....  ton  factors  =  x^. 

The  roots  of  expressions  are  frequently  designated  by  fractional  or  decimal 
exponents,  the  figure  in  tlie  numerator  of  the  fractional  exponent  denoting  the 
power  to  which  the  expression  is  to  be  raised  or  involved,  and  the  figure  in 
the  denominator   denoting  the  root  to  be  extracted  or  evolved.     Thus,  the 

symbol  of  operation  for  the  square  root  of  a  is  either  -^a  or  a- ;  for  the  cube 

root  it  is  V<z,  or  a*;  for  the  fourth  root,  Va,  or  a';  and  ya,  or  a",  denotes 

the  nth  root  of  a.     Also,  V^»  o^  ^  t  denotes  the  sixth  root  of  the  fijlh  poicf 

m 

of  a  ;  and  a",  or  Vtf",  signifies  the  nth  root  of  tlio  mth  power  of  a.* 

XII.  A  rational  quantity  is  that  which  has  no  radical  sign  or  fractional  ex- 
ponent annexed  to  it,  as  3mn,  or  Sx'^y". 

XIII.  An  irrational  quantity  is  a  root  which  can  not  bo  exactly  extracted, 
and  is  expressed  by  means  of  the  radical  sign  Vi  or  a  fractional  exponent,  as 

V*2  Va'»  orx*y*. 

XIV.  The  reciprocal  of  any  quantity  is  unity  divided  by  that  quantity ; 

thus,  the  reciprocals  of  a',  r*,  y*,  2*,  are  respectively     „,  3»  "j*  n  ?  hut  tho 

following  notation  is  generally  used,  as  being  more  commodious :  thus,  tho 

fractions  -5^  - ,,  -g,  -r,  are  expressed  by  a-*,  r-^,  y~\  z-K* 

It  will  follow  from  the  above,  and  from  the  rule  for  division  of  fractions,  that 
tho  reciprocal  of  a  fraction  is  the  fraction  inverted.  Thus,  the  reciprocal  of 
a  .    1      b 

r  IS  -=:-. 

baa 

__b 

*  The  subject  of  fractional  and  negative  exponents  will  be  fully  investigated  farther  in 
advance. 
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XV.  The  foUowiog  characters  are  used  to  connect  several  quantities  to- 
gether, viz. : 

vinculum^  or  bar     

parentheses  (  ) 

hracesj  or  brackets  J  >  or  I  I 

Thus,  m-|-n .  r,  or  (m-|-n)r  signifies  that  the  quantity  denoted  by  m-|-n  is 
to  be  multiplied  by  x,  and  J  ^4.?  \  .  j  ^— p  \  signifies  that  ^+?  is  to  be  multi- 
plied by  ^— J.     The  vinculum  or  bar  is  sometimes  placed  vertically ;  thus, 

-\'ax 

signifies  that  the  sum  of  a,  &,  and  c  is  multiplied  by  r. 

XVI.  The  signs,  r.Uierefore  or  consequently^  and  •••  because^  are  used  to 
avoid  the  frequent  repetition  of  those  words. 

XVII.  Every  number  written  in  algebraic  language,  that  is,  by  aid  of 
algebraic  symbols,  is  called  an  algebraic  quantity^  or;  an  algebraic  expression. 

Thus,  3a  is  the  algebraic  expression  for  three  times  the  number  a  ;  5a'  is 
the  algebraic  expression  for  five  times  the  square  of  the  number  a  ;  la'^b^  is 
the  algebraic  expression  for  seven  times  the  fifth  power  of  a  multiplied  by  the 
cube  of  b. 

3a^ — Ghr^c*  is  the  algebraic  expression  for  the  difference  between  three 
times  the  square  of  a  and  six  times  the  cube  of  b  multiplied  by  the  fouith 
jwwer  of  c. 

2a — 3b'^c^+Ad*e^f^  is  the  algebraic  expression  for  twice  a,  diminished 
by  three  times  the  square  of  b  multiplied  by  the  cube  of  c  and  augmented  by 
four  times  tlie  fourth  power  of  d  multiplied  by  the  product  of  the  fifth  power 
of  e  and  the  sixth  power  of/. 

XVIII.  An  algebraic  quantity,  which  is  not  combined  with  any  other  by 
the  sign  of  addition  or  subti*uction,  is  called  a  monomiaU  or  monomer  or,  a  quantity 
of  one  terntt  or  simply,  a  term.  Thus,  3a',  4fc',  6c,  are  monomials.  The  de- 
gree of  a  terra  is  tlio  number  of  its  literal  factors,  and  is  found  by  adding  to- 
gether the  exponents  of  all  the  letters  contained  in  the  term.  Thus,  ba^b'^c 
is  of  the  sixth  degree. 

An  algebraic  expression,  which  is  composed  of  several  terms,  separated 
from  each  other  by  tlie  signs  -f-  or  — ,  is  called  generally  a  polynomial^*  or  poly* 
nome.  Thus,  3a--f-46' — 6c -{-d  is  a  polynomial.  A  ix>lynomial  is  said  to 
be  homogeneous  when  all  its  terms  are  of  the  same  degree. 

A  polynomial,  consisting  of  two  terms  only,  is  usually  called  a  binomial ; 
when  consisting  of  three  terms,  a  trinomial.  Thus,  a+i,  36*c — X2,  are 
binomials,  and  a-f-6 — c,  3w'n* — 6prhr-^9di  are  trinomials. 

XIX.  Of  the  different  terms  wliich  compose  a  polynomial,  some  are  pre- 
ceded by  the  sign  +,  others  by  the  sign  — .  The  former  are  called  additive^ 
or  positive  terms,  the  latter,  subtractive,  or  negative  terms. 

The  first  term  of  a  polynomial  is  not,  in  general,  preceded  by  any  sign ;  in 
that  case  the  sign  -|-  is  always  understood. 

-I ■      ; C ; ' 

*  A  polynomial  ifl  also  colled  a  conipoaud  quantity.  PolyuomiaU,  to  save  the  trouble  of 
writing  them  repeatedly,  are  often  represented  by  a  single  largo  letter.  Tims,  if  we  hare 
two  polynomials,  x* — ij>'^y-\-ixj^ — y*  and  x^ — 3xy'i-\-3jfiy — y^,  we  may  represent  the  first 
by  A  and  the  second  by  B,  and  afterward,  in  referring  to  them,  may  call  them  the  poIy< 
nomiabi  A  and  B. 
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Terms  composed  of- the  same  letters,  affected  with  the  same  exponents,  are 
called  similar  terms. 

Thus,  lab  and  Sab  are  similar  terms,  so  are  6aH  and  7a^c ;  also,  10ahr^c*d 
and  2ab^c*d ;  for  they  are  composed  of  the  same  letters,  and  these  letters 
in  each  are  affected  with  the  same  exponents.  On  the  other  hand,  Bab^c 
and  Sa'^b^c  are  not  similar  terms,  for,  although  composed  of  the  same  letters, 
these  letters  are  not  each  affected  with  the  same  exponent  in  each  term. 

XX.  The  numerical  value  of  an  algebraic  expression  is  the  number  which 
results  from  giving  particular  values  to  the  letters  which  compose  the  ex- 
pression, and  performing  the  arithmetical  operations  indicated  by  the  algebraic 
symbols.  This  numerical  value  will,  of  course,  depend  upon  tho  particular 
values  assigned  to  the  letters.  Thus,  the  numerical  value  of  2d?  is  54  when 
we  make  a =3,  for  the  cube  of  3  is  27,  and  twice  27  is  54.  The  numerical 
value  of  the  same  expression  will  be  250  if  we  make  a =5 ;  for  the  cube  of  5 
is  125,  and  twice  125  is  250. 

The  numerical  value  of  a  polynomial  undergoes  no  change,  however  we 
may  transpose  the  order  of  the  terms,  provided  we  preserve  die  proper 
sign  of  each.  Thus,  the  polynomials  4a^ — 30^*6 +5ac^,  4a'4"^^^""3a'6, 
baf^ — 3a'64-4a',  have  all  the  same  numerical  value.  This  follows  mani- 
festly from  the  nature  of  arithmetical  addition  and  subtraction,  for  it  is  evident 
that  if  the  same  amounts  bo  added  or  taken  away,  it  is  immaterial  in  what 
order. 

Examples  of  the  numerical  values  (fedgebraic  expressions : 

Let  a=4,  6=3,  c=2;  then  wiD 

(1)  a+5-.c=44-3— 2=7— 2=5 

(2)  a«-f-a  6-t-6«=4«4.4x34-3«=16+12+9=37 

(3)  ac— a  6-f6c=4x  2— 4X3-^-3x2=8— 12-f6=2 
flg4,feg^c»  4g-f3«— 2«  16+9— 421 

'^^  a6—ac-l-6c~"4X3— 4x2-^-3 x2~12—8-|-6'"10 

(5)    y/(a+b)C'-'  V(a-fe)c»=  V(4+3)  X  2-  V(4-3)  X  2»=  ^14-  V8 

=  3-7416574  —  2  =  1-7416574 
a+b     a— c     g— 6     ^     2     1     263 
V^)  a— c+64-c~a-<-6""2+5     7~  70 

XXI.  Entire  quantities  are  those  which  are  rational  and  contain  no  de- 
nominator; such  are  47,  2a'6,  3a* — be. 

XXII.  An  algebraic  expression  containing  a  quantity  is  called  a  function  of 

that  quantity.     For  example,  the  expression  33^ —  -^x  is  a  function  of  a: ;  the 

b 
expression  a(ar-f-y)-f-^(a:4-2/)  is  a  function  of  x-{-y.    An  entire  function  of 

a  quantity  is  ono  in  which  this  quantity  does  not  enter  into  a  denominator. 

A  rational  function  is  one  in  which  the  quantity  does  not  appear  imder  a 
radical. 

To  express,  in  a  general  way,  a  function  of  x,  we  write  F(x).  Where 
many  different  functions  of  x  are  to  be  represented,  we  vary  the  form  of  this 
initial :  thus,  F(r),  f(x),  (j>(x),  F'(x),  &c.,  which  denote,  in  a  general  way, 
different  algebraic  expressions  containing  x. 

To  express  functions  of  the  same  form  of  different  quantities,  we  use  the 
same  initial  before  these  quantities;  thus,  F(x),  F(y). 
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To  express  a  function  like  3f^+2xy^y^  of  two  quantities,  we  write  F(x,y); 
of  three  quantities,  F(x,  y,  z),  and  so  on. 
What  follows  to  equations  may  be  called  tlie  algebraic  ccUcului* 


REDUCTION  OF  TERMS. 

3.  Reduction  of  similar  terms  is  the  collecting  of  several  similar  terms  mto 
one. 

The  rule  may  be  divided  into  two  cases : 

(1)  When  the  similar  quantities  have  the  same  signs. 

(2)  When  the  similar  quantities  have  different  signs. 

CASE  I. 

When  the  similar  quantities  have  the  same  signs. 
Add  the  coefficients ;  affix  the  letter  or  letters  of  the  similar  terms,  and 
prefix  the  common  sign  +  or  — .♦ 
Thus,  a+2a+3a+4a+6a=(l+2+3+4+6)a=15a, 

(-«.a)+(-.2a)+(— 3a)+(— 4a)  =— (l+2+34-4)a=— 10a. 
It  is  convenient  to  write  the  similar  terms  to  be  reduced  under,  instead  of 
after  one  another,  they  being  read  in  the  same  order  in  either  way. 


(1)  (2)  (3)  (4)  (6) 


3a  abc  9axy  —  66a:  Va+r 

7a  2abc  3axy  —  2bx  2'^a+x 

2a  labc  laxy  —     bx  S^/a+x 


EXAMPLES. 

(3) 

(4) 

9axy 

—  bbx 

3axy 

—  2bx 

laxy 

-  bx 

baxy 

—  bx 

axy 

—  ibx 

baxy 

— 106x 

CASE  II. 

a  3aic  baxy  —     bx  -/a+x 

6a  abc  axy  —  46x  T-Z^+x 

8a  babe  baxy  — 106x  4  y/a-^-x 

"Wfa  idabc 


When  the  similar  quantities  have  different  signs. 
Collect  into  one  sum  the  coefficients  affected  with  the  sign  4-t  And  also 
those  affected  with  the  sign  —  ;  to  the  difference  of  these  sums  affix  the  com- 
mon literal  quantity,  and  prefix  the  sign  -|-  or  — ,  according  as  the  sum  of  the 
+  or  —  coefficients  is  the  greater. f 

*  The  trath  of  this  nile  is  evident ;  for  suppose  the  two  temui  3a  and  5a  aro  to  be 
dnced  to  one,  then  by  the  definition  of  a  coefficient  we  have 

5a=a-|-a-|-a-j-a-|-a 
3a=:a-|-a-f-a 

Hence  5a-|-3a=:a-|-a-|~^"H*"i~^"H*~HH-^*=8<'' 
Simikrly,  -5a=(-a)+(-a)+(-.a)+(-a)+(-a) 
-3a=(-a)+(-a)H-(-a). 
Hence -«a+(-3a)=(-a)-|-(-a)+(-.a)+(-.a)+(-.a)+(-a)+(-a)+(-^) 

=8( — a)= — 8a. 
t  The  tnith  of  this  will  bo  obvioas ;  for  to  redaoe  5a  and  — 3a,  we  have 

5a=:a-f^-HH~^H~^ 
:(-aH-(-«)H-(-^). 
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Thus,  a— 2a+3a— 4a+6a=(14-3+5)a— (2+4)a=9a— 6a=3a. 
And,  3r+4y— 2r+3y=(3— 2)x+(44-3)y=x4-7y. 
Keduco  the  terms  of  the  polynomials, 

(6)  c+2£/— 2c— 3(/+3c+4e/— 4c— 5^Z+c+rf 

(7)  3a— 26+5a— 6c+36— 9c+a— 6+121C 

amkmakm 

(8)  ^'■"4'"5'"20""7'"l3"8'"9 

(9)  3a— i6+6a— 3§6+10^a— 22J6— fa 

(10)  5j:y— 4V>?r+4xy— 10a»6'+7ViJ?^— Q^+Sa'i*. 


ADDITION. 
Addition  is  the  coUecting  of  several  polynomials  into  one. 

RULE. 


VT    AAltV     UUV    ^\*kj  U 

iVruitcuQ    UMD   n&lVX    sujiv/fcAAV^x,    oxxvi  x^«aia\^v   oiminiM     ^0A«mA9. 

EXAMPLES. 

(1) 

(2) 
2i:*—  ary 

(3) 

3a«+     6« 

20   (a'— 62)*— 15-/^— y» 

2a«+  36« 

4x«— 7xy 

y/a^—b^    —  7Vx^—y* 

^a'^-{-  66« 

3a:a— 4j:y 

12  y/a^—b^   —      V^— y« 

a«+  762 

^—  xy 

4    (a«— 6=)*—  3   (x^'-y^)^ 

a«+  668 

Sjf^—Jxy 

2   (flS— 6=)*-  6   (a*— .v=)* 

13a«+226a 

(4) 

(5) 
ary —  a6 

(6) 

a+  b 

V^f^+y^  —     m2+    n«— 2mn 

— 2a+36     • 

2ry+3a6 

— 2^a^+;/3  +  3m«— 3  n^+Smn 

3a— 46 

— 5a:y+7a6 

— S-Z^a^ya  _  4m«4-5n2— 7m» 

— 6a+66 

—  xy — 3a6 

2  (a:a+y2)i^iO;„3_o^;i3^  ,„,| 

7a—  6 

8xy— 9a6 

8  (V+yi)*—  8m2—  jwa—Gmn 

4a+56 

In  example  (4), 

let  a=5  and  6=3, 

thou  a+  6=     8 

— 2a+36=— 1 

3a— 46=     3 

— 5a+66  =  — 7 

• 

7a—  6=   32 
4a+56=   35t 

Hence  5a+(--3a)=a+fl-|-a+a-fa-f  (— a)4-(— a)+(— o). 

z=a-\-a=2a. 
Similarly,  2a+(—5o}=fl+a4-(—a)+(—o)+(—a)+(—fl)+(— a) 

=+(-«)+(-a)+(-a) 
=3( — a)=— .3a. 
*  For  if  certain  quantities  arc  to  be  added  and  labtracted,  it  la  immaterial  in  what  por- 
tiona,  or  what  order. 

t  Similar  snbstitationa  maybe  tried  in  some  of  the  following  examples.  Let  the  learner 
gnbstitate  any  other  numbers  for  a  and  b,  and  he  will  find  that  the  snm  of  the  pol^'nomiala 
will  be  tmly  expressed  by  the  resnit  ia-\-5b,  the  correctness  of  which  does  not  depend  on 
the  valnei  of  a  and  b.    This  illostrates  the  general  principle  stated  in  the  note  of  Art.  L 


ia)DITION.  0 

(7)  .  (8)  

-  7aVx+2   (£-H/)*-  3(a-t)  -  b^/xy+xz+yz    -3  (ox+tt^)* 
12g  Vj~3  Vj+.v    +12(a— 6)  12    (jj/+a:2+yz)*+5  (qr+fey)^ 

-  2a^x^^yx+y   —     (a— 6)  —  2^xy-\-xz^yz    ^2^ax+by 

-  00:4   ..+      (r+y)*-  3(a-6)  (ry+r2+yz)*+     (ar+^V)^ 


(9)         •  (10) 


a+h+c+d+e—f  4(a+6)\Ar^--y»    — 2(a— 6) -/^z^+y* 

a+J+c+f/— c+Z  —  3(a+6)V^2— y«    +  la—h)y/x'+f 

a+b+c^d+e+f  —     (a+Z*)    (a:3_y5)4^3(a_5)    (j^+f)^ 

a+b^c+d+e+f  e(a+b)    (^-y^)*-  (a-5)    (x^+y*)* 

a— 6+c4-<£+e+/  10(a+6) -/a:^— y*    — 5(a— 6)    (xH^)* 

•^a+b+r+d+e+f  -2(a  +  6)    (j:»-y^)4+4(a-&)  Vx«+y« 


'  4.  Dissimilar  quantities  can  only  be  collected  by  writing  them  in  succession, 
and  prefixing  to  each  its  respective  sign.  Thus,  9jy,  — 5cd,  and  3a 6  are  dig 
similar  quantities,  and  their  sum  is  9xy-\-3ab — 5cd.  In  like  manner,  2a6, 
3ab\  Aalr^  are  dissimilar  quantities,  and  their  sum  is  2ab-{-3ab^'{'Aab^ ;  which, 
however,  admits  of  another  form  of  expression,  as  will  be  explained  in  the  rule 
of  Division.  When  several  polynomials,  containing  both  similar  and  dissimilar 
quantities,  are  to  be  collected  into  one  polynomial,  the  process  of  addition  will 
be  much  facilitated  by  ^yriting  all  the  similar  terms  under  each  other  in  verti- 
cal columns. 

This,  however,  is  not  absolutely- necessary.     The  similar  terms  may  be  col- 
lected together  as  they  stand. 

EXAMPLES.  * 

(1)  Add  together  rtr -f  26y -f  cz ;    V^+  Vy+  V^S  3y*— 2j:*-f-3z*;  Acz 
— 3ax— 26y;  2a2:— 4  Vy— 2z*. 

ax+2b}/+cz  +  y/r+  Vy  +  Vz 
— 3ax— 26y4-4r2  — 2x*4-3y"    -f32* 
2ax  — 4Vy— 2z* 

5cz —  '\/-r+2  V^=  suni  required. 

(2)  Add  together, 

Aa^b  4-  3(^d—9m^n  ;  4m«»  -|-  al^  +  5c^d+7a^b  ;  Gm^n^bc^d  -|-4mn«— 8a6» ; 
7mn« -f  6cV— Sm^Ti  —  6a-6  ;  Tc^t/  — 10a6«— 8m«n  — lOc^* ;    and  12a26— 6a6" 
-f-2(r*rf-^mn. 
Arranging  tlie  similar  terms  in  vertical  columns,  we  have 
4a'^b+   Zc^d^  9m^n 
7a^b-\-  5c'd+  4m'n+     ab^ 

—  5<^d+  Gm'^n—  Qab-+  4mn« 
—  6a^b+  Sc^d-^  5m^  +  7mn« 

4.  ic'd—  em«n— lOaft^  —  lOrf* 

I2a^b+  2<?d --  Gafc^ -\-mn 

17a'^6-|-18f^<f— 12m^n— 23fl6^-|-llmyi^— 10<i*+mn=8um. 

(3)  Add  ll6c-|-4a</— 8ac-|-5ce/;  d>ac.-{.7bc^2ad^Amn  ;  2cd—3ab^bac 
Jf-an ;  and  9an~'2bc^'2ad-{-5cd  together. 
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(4)  Add  together,  witliout  arranging  the  similar  terms  m  vertical  columns, 

Sflr*  — 4ai2—  7bj^-^    iPx-^  ikf—lbhy 
6A:y—  ki/^+llx    +146^  —  22a<^— 10j:» 

(5)  Add  together  a»— 6»+ Sa^fc— Sat^  ;   Sa'— 4^=6+ 363— Safc^ ;  a5^.6» 
+3a«6;  2a»— 4i»— 5a6«;  Sa-h+lOab^;  and  —  6a»— 7a264.4a6«+2fr». 

(6)  Add    ylHy-  VF^-^dxy  ;    -  3(3;«  -■  y^)>  +  &ry-g(3^  +  y«)> ; 
2Var^+y^~.3ry— 5  Vx^—y  ;    7xy+ 10 -/j^— y3_  i2./j:«4.y3 .    ^nd  r^ 

+  V^— y*+  V^+y  together. 

(7)  Add  if_3::L' .  £i5_£(£+i)  .nd  ?f+?!!i'_ll^+l(i±i)  h,. 

gether. 

A       B      ,    A        ,        B 

(8)  Add  together  4A— 6-+7^  and  7-— 2A+3^. 

(9)  Add  together  3  cos  a — 4  sin  6-|>6  tan  c,  2  cos  ^4-2  sin  &-|-7  tan  c, 
and  cos  a-|-3  sin  b — 2  tan  c. 

(10)  Add  together  3.290— 2.45  j) +1.84^5,  4.560+0.59  j) +6.41  U, 
and  2.220+3.11  j)  — 4.21^5. 

ANSWERS. 

(3)  166c+5ac+12c<f+4mn— 3a&+10an. 

(5)  a»+a«6+a62+6^ 

(6)  2^/?^-10Vl?+y+8ry. 

13a     5m'     6Vi?     (g+r) 

(7)  + lil+iOI-i. 

^  '     y   ^     c  Z      *        S 

.      A        B 

(8)  2A+-+10^. 

(9)  6  cos  a+sin  6+11  tan  c. 
(10)  10.070  +  1.25  ])+ 4.04  U. 

5.  When  the  coefficients  are  literal  instend  of  numerical,  that  is,  denoted  by 
letters  instead  of  numbers,  their  sum  may  be  found  by  the  rules  for  the  addi- 
tion of  similar  and  dissimilar  terms ;  and  the  sum  thus  found  being  enclosed  in 
a  parentliesis,  and  prefixed  to  the  common  literal  quantity,  will  express  the 
sum  required. 

EXAMPLES. 

(1)  (2) 

ax+by+cz  3ar+  (a+b)  (x+y)+2mnz 

bx-{-cy+az  — flj+2(a+6)  (j+y)— 5»m2 

cx+ay+bz  4mnz'^+5(a+b)  (x+y)+lOfla: 

(a+b+c)x  ^  2;77Z"-+   (p+g)  (x+y)+2pT 

+  (b+c+a)y  t  =  sura.  (I2a+2p)x+  i  s(a+b)+p+q  I  (x+y)  )  ^ 

+  (c+a+6)r  )  I  /       I  o     \ 

^^^     '       '     ^ +  {mn + 2pq)z 


•3 


sum. 
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(3)  (4) 

(a^b)Vx+  (w— n)^y  +    V^  (m+n)  ^—i  a—  b)3*+axy 

(a+c)     X*—  (m--n)     y*+2V2  (n—i?)  y»— (2a+  h)x^^bxy 

(6— c)  V-r  +3(»i— n)-/^  — 3V2  (p— 2»)y«— (  c-.3a)j:«+ca:y 

(c—g) Vj  ^5(m— n)Vy  ■-.6V2  (y—m)  y«— (  c+2e/)j:<— (jjy 


(6)  Add  ax^+by+c  to  (£j24.^y+A:. 

(6)  Add  together  a:«4-jy+y*;  aj^-^ary+ay^;  and  —  &y'+&j:3<+6a*. 

(7)  Add  l(x+y)  and  i(x-.y).    Also,     ^  ^^^  and 1-^-^. 

(8)  What  is  the  sum  of  {a+b)x+(c'^d)y-^xy/^^  (a-^b)x+(3c+2d)y 
+5xV2;  26z+3</y— 2x^2;  and  — Sir— c/y— 4x^/2  ? 

(9)  Addax4-6y+c2;  a'x-^b'y+c'z  ;  and  rt"x+t"y— c"2. 

(10)  Add  together  a j: 4- ^y+^^''  ^^i^+^i^ — ^i^i  and  a^x — &2y~l~^s^* 

ANSWERS. 

(3)  (a+f)^/a:-2(m-n)Vy-6^/2. 

(4)  ^-.(2c4-2rf)j:o+(a— 6+c— (/)ry. 

(5)  (a+d)i^+(^+h)y+c+k. 

(6)  (l+a+6)jr«+(l-a+6)jy+(l+a-.6)y«. 
•  (7)  First  part,  x.     Second  part,  3^+y^» 

(8)  (2a— 6)x+(4c+3%— 2xV2. 

(9)  (a+a'+a")x+(b'^b'+b")y+(c+&"~<rix. 


(10)      a 

x+b 

y+c 

+". 

+bx 

— ci 

+"» 

-h. 

+Ca 

SUBTRACTION. 

RULE. 

6.  Place  the  quantity  to  bo  subtracted  under  that  from  which  it  is  to  be 
taken ;  change  the  signs  of  all  tlie  terms  in  the  Jower  line  from  -{-to  — ,  and 
from  —  to  -|>,  or  else  conceive  them  to  be  changed,  and  then  proceed  as  di- 
rected in  Addition.* 


*  Tlio  ligu  — ,  profixod  to  a  mooomial,  icrves  to  iotimato  tliat  tliifl  monomial  oaght  to  en- 
ter subtractively  into  any  combination  of  which  it  formi  a  part.  If,  hr  example,  it  be  re- 
quired to  add  the  sabtractive  quantity  ( — d)  to  c,  the  lum  c-|-( — d)  is  c — d.  * 

If  the  difference  between  two  quantities,  as  m  and  «,  be  required,  m  and  $  being  both  add- 
itive, tlie  expresiion  of  the  difference  is  m — «.  If  the  difference  bo  required  between  m, 
an  additive,  and  ( — «),  a  subtractive  quantity,  let  the  difference  =<2 ;  that  is,  let 

m, — ( — «)=J. 

Adding  ( — «)  to  botli  diese  equals,  there  results 

••-(-•)+(-^)=d-f(-*). 
But  «i— (— ii)-|-(— «)=m,  and  rf-f(_,)=i— ,. 

Therefore,  m^^ — s. 

Now  m — ( — s)=^,  and  m=i — s. 

Hence  in — ( — «)  is  greater  than  m  by  the  additive  quantity  s,  oris  equal  to  m^ 

The  above  is  the  demonstration  for  isolated  tenns. 

For  polynomials  we  have  tlie  following: 

It  is  evident,  that  if  all  the  tonus  of  the  quantity  to  be  subtraoted  are  affected  with  tht 
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EXAMPLES. 

(1)  '      (2) 

From4a+36— 2c+8ci  From      lQxy+3f—17jf^+3y/2 

Take    a+2b+  c+5d  Take  —  '5jy+7y'—19j°+2\/2 

Rem.  3^4-  6— 3c+3<£  Rem.       17Ty— 4^+  2jg+    V2 

(3)  (4)  (5) 

32a+  36  28aar»— 16a«2'5+25a»j:— 13tf»         2(a+6)+3(a— a:) 

6a+176  18ax»+20a«x«— 24a'x—  7a*        •  (a+^)— 3(«— ^) 


(6)  (7) 


Sahy—Zyx+izx  V^*— y'^+^Cr +y  )  — S-Za+a: 

.2fl6y+62j:+  2ya:  3(2-  +  y)  — 2(3:^— .V')*+3    (a+a:)* 


(8)  (9) 


(10) 
2a«+  ax+  *«— 12a«j+20(ti'2—  4j:3  +6fl=j:«— lOoa:* 
a»— 3ax4-2a:«— 16a«x4-12a2:«--12ajr»— 4r»    +  2a2a« 


(11) 


4y'— 4yx4-a:«— 2a(j:4-y)+   6 -/«•'— J^— 8  V^^— y« 
43^— 4jy+y«~4fl(x4-y)  — 10  V^*— ?/^+4  y/a'^—^ 


7.  In  order  to  indicate  the  subtraction  of  a  polynomial,  without  actually  per- 
forming the  operation,  we  have  simply  to  inclose  the  polynomial  to  be  sub- 
tracted within  brackets  or  parentheses^  and  prefix  the  sign  — .     Thus,  2a^ 

sign  -\-,  we  must  take  away,  in  succession,  all  the  parts  or  terms  of  the  quantity  to  be  sub- 
tracted; and  this  is  indicated  by  affecting  all  its  terms  with  the  sign — .  But  if  some  of 
the  terms  of  the  subtrahend  are  affected  with  the  sign  — ,  as,  for  instance,  if  c — d  is  to  be 
subtracted  from  a-\-l) ;  then,  if  c  be  subtracted,  we  shall  have  subtracted  too  much  by  d ; 
hence  the  remainder  a-\-b — c  is  too  small  by  d;  and  therefore,  to  make  up  the  defect,  the 
quantity  d  must  be  added,  which  gives  fl-f"^ — ^+<^  »*  by  inspecting  wliich  we  perceive  that 
the  signs  of  the  subtrahend  have  been  changed. 

This  reasoning  may  be  generalized  by  supposing  c  to  represent  the  sum  of  the  additive 
terms,  and  d  to  represent  the  sum  of  the  subtractivo  terms  of  the  lower  line,  or  quantity  to 
be  subtracted. 

Another  mode  of  proving  the  rule  for  the  signs  in  subtraction  is  the  following : 

By  subtraction  we  solve  the  problem, "  Given  one  of  two  quantities,  and  their  algebraical 
lom,  to  find  the  other." 

Let  A  be  any  algebraical  quantity,  simple  or  compound,  from  which  it  is  proposed  to 
lubtract  another  simple  or  compound  quantity,  B.  The  quantity  A  may  be  conceived  to  bo 
the  algebraical  sum  of  B,  and  some  other  quantity  which  it  is  proposed  to  discover.  Coll 
it  X.  As  A  was  obtained  by  annexing  to  x  the  polynomial  expressed  by  B,  with  its  proper 
signi^  the  effect  of  this  process  will  be  destroyed  by  annexing  to  A  the  pol>-nomial  repre- 
sented by  B,  with  ita  tignt  changed. 
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— 3a«i4-4rt6^— (a'+Zr^+at-)  signifies  that  the  quantity  a'+i'+ai^  is  to  be 
subtracted  from  Qa* — 3a'b-\'4ah^.  When  the  operation  is  actually  perform- 
ed, we  have  by  the  rule, 

=  fl»— 3a«64-3a6«— fr». 
When,  therefore,  brackets  are  removed  which  have  the  sign  —  before  them, 
the  signs  of  all  the  terms  within  the  brackets  must  be  changed. 

8.  According  to  this  principle,  we  may  make  polynomials  undergo  several 
transformations,  which  are  of  great  utility  in  various  algebraic  calculations. 
Thus, 

a»— 3a«6+3a6«— Zr^rsflr*— (3a«6— 3a6«+6') 

=aa— fr»— (3a«6— 3a&'») 
=a3+3a6«— (3a«6+fr») 
=  — (— a=»+3a26— 3a6«+63) 
And  a:«— 2ry4-y«=a:«— (2jy— y«)=y— (2a^— a:«). 

EXAMPLES  OF  QUANTITIES  WITH  LITERAL  COEFFICIENTS. 

(1)  (2) 

From  ojf^+byx+cy^  From  (a +h)^/£-^-J/*+ (a +c)(a+xy 

Take  d2^^hxij+ky^ Take  (a^b)^/jfi+y*+         c  (a+xy 

Rem.  (a^d)3^+(h+h)xy+(C''k)y^,        Rem.  26  ^x'+y^^a(a+xY. 


(3)  From  m'^n^x^^2mnpqx-^p^q^  take  p*q*jfi-^2pqmnX'\-m'^n'', 

(4)  From  a(x+y)'-'bxy+c(X''y)  take  A(x+y)+(a+b)xy^7(x-^y), 

(5)  From  (a-^6)  (x+y)-(c-rf)  (j:-y)+A«  take  (a^b)  (x+y)  +  {c+d) 
(x^y)  +  k^. 

(6)  From  (2a— 56)  -/j+y+(a— 6)j:y— C2«  take  36ry— (5+c):«— (3a— 6) 

(7)  From2x— y4-(y— 2j-)  — (j:— 2?^)  take  y— 2x— (2y— .t)+(x4-22/). 

(8)  To  what  is  a+6+c— (a— 6)— (6— c)— (— 6)  equal  ? 

(9)  From  Xx^+Bj^+^X'^'^  take  A,r»-|-I^i^+CiT+Di. 

ANSWERS. 

(3)  (wi«»«— jp»g«)2«4-p3gfl-.wi«n«,  or  (jn^n''-'2>Y)3:^''(m^n^'^j!^^),  or  (mhi* 

(4)  (a^4){x+y)^(a+2b)xy+(c+7)  (x-y). 

(5)  26(3:+y)-2c(x-y)+;t^-A:«. 

(6)  (5a— 66)V-c+y+(a— 46)j:y+52». 

(7)  y+a:. 

(8)  26+ 2c. 

(9)  (A-A0a:'+(B-B0:r2+(C-C0x+D-Dj. 


MULTIPLICATION. 

9.  Multiplication  is  usually  divided  into  throe  cases : 

(1)  When  both  multiplicand  and  multiplier  nro  simple  quantities. 

(2)  When  the  multiplicand  is  a  compound,  and  the  multiplier  a  simply 
quantity. 

(3)  When  both  multiplicand  and  multiplier  are  compound  quantities. 


\ 
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CASE  I. 

1 0.  When  both  multiplicand  and  multiplier  are  simple  quantities,  or  monomials. 
To  the  product  of  the  coefficients  affix  that  of  the  letters.* 

Thus,  to  muhiply  5x  by  4y,  we  have 

6X4=20;   xXy=Ty; 
.•.6rx4y=20XJ^=20ry=  product. 

11.  Powers  of  the  same  quantity  are  multiplied  by  sim]^  adding  their  in- 
dices ;  for  since,  by  the  definition  of  a  power, 

a^ssaaaaa ;  a''=:aaaaaaa, 
.•.a*X  a^=fl«fl<3ffl  X  acuiaaaa^saaaaaaaaaaaas=a^*=sa^^. 
Also,    a^=:aaa ....  to  m  factors ;  a^=zaaa ....  to  n  factors ; 
.'.a"  X  a^=aaa ....  to  m  factors  x  aaa ....  to  n  factors ; 
=aaaaaa to  (m^n)  factors ; 

It  is  proved,  in  the  same  manner,  that  a"»Xfl"X«^Xa*=«"**+*^« 

*  L  The  rale  ia  derived  in  the  following  manner:  Wo  begin  by  aisuming  that  when 
leveral  letters  are  written  one  after  another  witlioat  any  sign,  their  contiuaed  moltiplica- 
tion  is  understood,  and  that  the  operation  proceeds  from  left  to  right  Then  abed  will  sig* 
vafy  a  maltiplied  by  b,  that  product  by  c,  and  that  again  by  d.  We  shall  now  prove  that  ia 
whatever  order  these  letters  or  simple  factors  are  arranged,  their  continued  product  will 
always  bo  the  same  ;t  and,  moreover,  that  they  may  be  grornpcd  into  partial  products  at 
pleasure,  provided  all  the  letters  be  employed  each  time.  Thus  the  above  product  may  be 
written  bade  (the  multiplication  here,  as  before,  going  on  by  each  factor  successively  fixmi 
left  to  right),  and  the  result  will  be  the  same  as  befiiro ;  or  it  may  be  written  aXbXcd,  on- 
derstanding  the  products  separated  by  the  sign  X  as  being  previously  formed  and  then 
multiplied  together. 
The  demonstration  depends  upon  three  propositions,  which  we  shall  first  establish ; 

(1) .  .  .  aXb=bXa        ^^'  *°  ^®  adjoining  table  of  units  let  b  denote  the  number 
b  of  units  in  each  horizontal  row,  and  a  the  number  of  rows, 

then  b  multiplied  by  a,  or  repeated  a  times,  will  give  the 
number  of  units  in  the  table.  But  a,  whidi  is  the  number  of 
hcHiEontal  rows,  is  also  the  number  of  units  in  each  column ; 
and  b  is  the  number  of  columns  ;  then  a  multiplied  by  b,  or 
repeated  b  times,  will. produce  the  number  of  units  in  the 
table  again ;  whence  b  multiplied  by  a  is  equal  to  a  multiplied  by  b. 

y. In  a  similar  manner,  fiom  the  adjoining  table,  it  may  be 

a  a  a  a  a  proved  that 

aaaaa  a.b.e=za,e.b  (2/ 


aaaaa  Al«)  that  « .  6 .  c=« .  (Ac)  (3) 

II.  By  (1)  abcd=baed=z  by  (2)  bcad=  by  (2)  beda.  Thus,  we  perceive  that  the  factor 
a  has  been  made  to  occupy  successively  every  place  from  the  first  to  the  last.  The  same 
might  now  be  done  with  the  factor  b,  and  so  with  all  the  others.  Therefore  a  projlnct  is 
Ihe  same,  whatever  be  the  order  of  its  factors. 

III.  Again-  Take  aXbXcXdXe.  It  may  bo  written  by  (3)  aXbeXdXe  or  by  (3) 
aXbcdXe,  or,  instead,  by  (3)  abXcdXe.  From  which  it  appears  that  the  factors  of  a 
product  may  be  gnniped  into  partial  products  at  pleasure,  and  tlicn  afterward  multiplied 
together  or  conversely. 

IV.  Let  us  now  suppose  tliat  the  product  3a^b'  is  to  be  multiplied  by  the  product  oa'^b*. 
Instead  of  multiplying  by  the  whole  product  5a'^b*,  multiply  by  its  factors  separately,  and  we 
have  5a'b*3cfib^.  Since  tlie  order  may  be  changed  at  pleasure,  bring  the  numerical  factors 
tx^ethcT,  and  the  diJSerent  powers  of  the  same  letters ;  thus,  5X3akfib*b*.  Grouping  the 
different  powers  of  the  same  letters  into  partial  products,  as  well  as  tlie  numerical  factors, 
the  result  is  15a^b^,  which  has  evidently  been  obtained  by  multiplying  the  cocfiicients  and 
adding  the  exponents  of  like  letters. 

t  SacharoktkwMthatofBprodacttoKibctoniicalMaiyMMtfWMrrciatlMi. 
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RULE   OF   SIGNS   IN   MULTIPLICATION. 

The  product  of  quantities  with  like  signs  is  affected  with  the  sign  -|>  ;  the 
product  of  quantities  with  unlike  signs  is  affected  with  the  sign  —  ; 

or 
-f-  multiplied  by  -|-  and  —  multiplied  by  —  give  -^  > 
-|-  multiplied  by  —  and  —  multiplied  by  -{-  give  — ; 

or 
like  signs  produce  4-  &o<l  imliko  signs  — . 
The  continued  product  of  an  even  number  of  negative  factors  is  positive ;  of 
an  uneven  number,  negative.* 

• 

EXAMPLES. 

(1)  Aa^¥cd  X  Sahc^d^      =       Ua'b^c^, 

(2)  12-/a^X46x  =       48bxy/ay. 

(3)  5iz«y»2*  X  6jyz3  =       33r'yV. 

(4)  13a363j^yx— 5a6jy  =  —  65(i^b*x*i/*. 
(6)—  52:™^"  X  — 4x"y'»      .  =  +  20j:"+"y"+". 
(6) — 20aP6'i  X  SaH^'c'  = — 100a'°+p6'»-Hc'. 

CASE    II. 

12.  When  the  mtUdplicand  is  a  compound,  and  the  multiplier  a  simple 

tjuantity. 

Multiply  each  term  of  the  multiplicand  by  the  multiplier,  beginning  at  the 
left  hand ;  and  these  partial  products,  being  connected  by  their  respective  signs, 
wiU  give  the  complete  product,  f 

EXAMPLES. 

(1)  (2) 

Multiply    a*+ah    +6«  Multiply        a«— 2a6    +6» 

By  4a  By  ^xy 


Product,  4a'»+4a«6+4fl6g.  Product,  3(Z''x>/  ~  6^637/ + 3Mzy. 

(3)  Multiply  5mn+3m''— 2/1-  by  12a6n. 

(4)  Multiply  3ax — ^iy+Tzy  by  — fahxy, 

(5)  Multiply  — 16a«6+3a6»— 12&3  by  — 5a&. 

(6)  Multip^r  aa:'— fear»+CT~.rf  by  —a*. 

(7)  Multiply  -v/a+^+  ^J^—'f—^xy  by  — 2'/x. 

(8)  Multiply  a-'af +6"y— Cy"— fZ"x"  by  ar"y». 


*  Let  m,  iii<  bo  two  monomial  qaautttici  whose  product  is  required.  If  m,  n^  are  both  addi-^ 
tive  quantitiei,  the  product  mra'  is  an  additive  quantity.  This  is  the  case  of  arithmctia 
If  the  multiplicand  m  is  an  additive  quantity,  and  the  multiplier  m'  a  suhtractive  quantity, 
the  expression  mX( — m')  indicates  that  the  multiplicand  m  is  to  be  subtracted  as  many 
times  as  tlicre  are  units  in  m^  or  that  m'  repetitions  of  the  quantity  m  arc  to  bo  subtracted, 
which  is  expressed  by  — mm'.  . 

If  m  is  suhtractive  and  m'  additive,  — m  taken  once  is  — m ;  taken  twice  is  — 8m ;  tak* 
CTi  iw'  times  is  — >n'«i. 

If  m  and  m'  are  both  suhtractive,  the  quantity  — m  is  to  be  subtracted  m'  times.  Now 
— m  subtracted  once  is  -^-m,  tvrice  is  -|-Sm ;  and  m'  times  is  '\-m.'m. 

t  1st.  Suppose  the  signs  to  be  all  plus.  The  whole  multiplicand  being  to  be  taken  as 
many  times  as  is  denoted  by  the  multiplier,  each  of  its  parts  or  terms  must  be  taken  so 
many  times.  2d.  For  the  case  where  some  of  the  signs  are  negative,  see  the  deoMMutrm- 
tion  in  the  next  note. 
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CASE    III. 


EXAMPLES. 

(2) 

(3)t 

a+h 

a  • 

-  b 

a^b 

a  • 

-  b 

a^+ab 

• 

a^. 

-  ab 

•^ab^ 

-5« 

4 

—  a6  +  6« 

a^-^b^ 

(5) 

-.2a6+6« 

a^+i 

2a  b+ 

6« 

• 

a»— 

b^ 

a*+\ 

2a^64- 

a^b^ 

— 

a*b^^ 

-2fl6»— 6« 

a*  4-1 

20^6—! 

2a  b'- 

-6* 

13.   When  both  muUiplicand  and  multiplier  are  compound  quantities. 
Multiply  each  term  of  the  maltiplicand,  in  succession,  by  each  term  of  the 
multiplier,  and  the  sum  of  these  partial  products  will  give  the  complete  prod- 
uct.* 


(1) 

a+  b 
a^4-  ab 

+  ab+b^ 
fl«+2tfA4-6« 

(4) 
a  b  -{-cd 

a  b  — cd 

a^b'^-^abcd 

^abcd^(^d* 

a*bi^irdi 

(6)  Multiply  4a3_5a36— 8a6«+26'by  2a«— 3a6— 46«. 
4a3—  6a-6—  Sa¥+  26' 

8a»^l  Oa^6  -^60^2 +"4^ 

— 12a^6+15a»624-24a«t'-    6a  5* 

' ^iGaV}"'+20a-b'^+:i2ab*—8lf^ 

8fl<>~22a^6— 17a='5'4-4Rag6'»+26tffc^~tJ^=  product. 

*  l8t  Sappofle  all  the  terms  of  the  multiplier  to  be  affected  witli  the  sign  -}-•  The  onl- 
tiplicand,  beiDg  to  be  taken  as  many  times  additively  as  is  denoted  by  the  maltiplier,  most 
be  taken  as  many  times  as  is  denoted  by  each  term  of  the  maltiiilier  separately,  and  the 
separate  results  added  together.  &d.  When  there  are  both  additive  and  subtractivc  terms 
in  the  multixilicr  and  multiplicand.  The  rule  for  the  signs  may  be  thus  demonstrated.  Let 
a — b  bo  multiplied  by  c — d.    First  multiplying  a  by  c,  the  product  a  — b 

is  ac ;  but  b  should  have  been  subtracted  from  a  before  the  mnlti-  c  — d 

plication ;  b  units  have,  therefore,  been  taken  c  times  in  the  a,  which  ac — be  •> 

ought  not  to  have  been  so  taken ;  hence  b,  taken  c  times,  must  bo  ad — bd 

subtracted,  and  there  results  ac — be  as  the  product  of  a — b  by  e.  ae — be  — ad-\-bd. 

Bat  the  multiplier  was  e — d  instead  of  e;  therefore  the  multiplicand  has  been  taken  d 
times  too  often ;  d  times  the  multiplicand,  which  will  bo  of  the  same  form  as  e  times  the 
multiplicand,  \iz.,  ad — bd,  must  be  subtracted,  and  the  rule  for  subtraction  is  to  change  the 
■igus  of  the  quantity  to  bo  subtracted.  Tlie  result  is,  therefore,  ac — be — ad-\-bd ;  cam- 
paring  which  with  the  given  quantities  we  perceive  that  like  signs  have  produced  -f~  snd 
unlike  — .  To  render  the  demonstration  still  more  gcncred,  a  may  represent  tlie  assem- 
blage  of  the  additive  terms  of  the  multiplicand,  and  b  that  of  the  subtractive ;  e  and  d  the 
same  for  the  multiplier. 

t  The  results  in  examples  (1),  (2),  and  (3)  show,  1.  That  tlio  square  of  the  sum  of  two 
nombcrs  or  quantities  is  equal  to  the  square  of  tho  first  of  tlie  two  quantities  plus  twice 
the  product  of  the  first  azfd  second,  phis  the  square  of  the  second.  2.  That  the  product  of 
tho  sum  and  difference  is  equal  to  die  difference  of  the  squares  *,  and,  3.  That  the  square  of 
tho  difference  is  equal  to  the  sum  of  the  squares  minus  twice  the  product. 


MULTIPLICATION'. 


w 


(7)  Multiply  a'b—ab'  by  h'k—hk'. 
a'h—ab' 
kk—hk 
a'bh'k—ab'k'k 

—a'bhk'+ab'hk' 


a'bh'k—ab'h'k—a'bhk'+ab'hk'=  prodnet 
(8)  Multiply  i"+i"-'y+T"-»y"+x""-»y'+  Sec.,  by  x+y. 


+  x-y4.  i»-'y+  I— «y'+. 


a:°H-'-^2»°^+2j°-'y+2a:'*-'y»+ 


(9 
(10 

(11 
(12 
(13 
(14 

(15 
(16 

(17 
(18 

(19 
(20 

(21 

(22 


(9 
(10 

(11 
(12 

(13 
(14 

(15 

(16 

(17 

(18 

(1 
(20 

(21 
(22 


I 


Multiply  a:*'+y*  by  a:*— y". 

Multiply  J^+Szy+y*  by  x — y. 

Multiply  6a«— 2a»6+4a«6'»  by  a'— 4a«ft+25». 

Multiply  t*+2x*+3j^+2x+1  by  a:«— 2r+l. 

Multiply  }2«+3ajr— Ja«  by  Sx^— ax— Ja*. 

Multiply  a«+2a64-6«  by  a--^2ah+h\ 

Multiply  3^+Ty+y^  by  ^a— ary+y^. 

Multiply  x"+y°+2' — ^ — ^ — 2/^  ^y  3:+y+^* 
Multiply  together  x — a,  z— &,  and  r— c. 
Multiply  together  g+h,  g-{-h^  g — h,  and  g — h. 
Multiply  together p-^-q,  p-{'2qy  p-^-^q^  aadp-^Aq, 
Multiply  together  z — 3,  z — 5,  z — 7,  and  z — 9. 
(a'^^a^+a^)  X  («"— a). 
(5a»r»— 46y)  X  (5a*r»+46y)  as  ex.  2. 

ANSWERS. 

ar*-y*. 

r>-J-a:«y— jyO— .y3. 

6a^— 22a«6+12a»6«— 6a*i9— 4a»6*4.8a«y. 

3^-^{a+h+c)if^-{'(ab'\'ac-\-hc)X'^dbc* 

|?«+10/?'^4-35!PY+50i?9'+24^. 
2*— 242»+2062«— 7442+945. 

a«" a"+"+a™+' — a^+^+a^+'^a'. 

25a"»a:«— 166«y»o. 


When  the  multiplicand  and  multiplier  are  each  homogeneous,  tlie  product 
will  be  also ;  and  the  degree  of  each  term  of  the  product  will  be  equal  to  the 
sum  of  the  degrees  of  a  term  in  the  multiplier,  and  a  term  in  the  multiplicand. 

This  serves  conveniently  to  verify  the  accuracy  of  the  operation.  It  is  ap- 
plicable in  the  above  examples  to  all  except  the  12th,  20th,  21st,  and  22d. 

B 
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In  moltiplyiDg  one  polynomial  by  another,  there  are  always  two  terms  of  die 
total  product  which  are  not  produced  by  the  reduction  of  similar  terms  in  the 
partial  products.  These  two  terras  are  the  term  affected  with  the  highest 
exponent  of  any  letter,  and  the  term  affected  with  the  lowest  exponent.  If 
the  terms  of  the  multiplicand,  multiplier,  and  product  be  arranged  in  the  ordnr 
of  the  powers  of  some  letter,*  as  is  usual,  and  as  may  be  seen  in  the  above  ex 
amples,  then  the  two  terms  in  question  of  the  product  will  be  the  first  and 
last,  the  one  being  produced  by  the  multiplication  of  the  first  of  the  multipli* 
cand  by  the  first  of  the  multiplier,  and  the  othec  by  the  multiplication  of  the 
last  of  the  mi)ltiplicand  by  the  last  of  the  multiplier.  The  first  of  the  multi 
plicand  by  the  second  of  the  multiplier  usually  produces  a  terra  similar  to  that 
which  is  produced  from  the  multiplication  of  the  second  of  the  multiplicand  by 
the  first  of  the  multiplier.  The  same  is  the  case  with  the  first  and  third  of 
each,  the  first  anAburth,  the  second  and  fourth,  the  third  and  fourth,  and  so  on. 

When  a  polynomial,  arranged  according  to  the  powers  of  some  letter,  con- 
tains many  terms  in  which  this  letter  has  the  same  exponent,  these  terms, 
after  suppressing  from  them  the  letter  of  arrangement,  may  be  placed  in  a 
parenthesb,  or  in  a  vertical  column  with  a  vinculum  placed  vertically  on  the 
right,  and  the  letter  of  arrangement,  with  its  proper  exponent,  following  after. 
The  polynohaial  in  the  parenthesis,  or  vertical  column,  is  to  be  regarded  as  the 
coefilcient  of  the  power  of  the  letter  which  follows,  and  is  to  be  operated  with 
exactly  as  we  do  with  a  numerical  coefficient;  t.  e.,  multiply  the  coefficient 
of  the  letter  of  arrangement  in  the  multiplicand  by  the  coefficient  of  the  same 
letter  in  the  multiplier,  and  afterward  add  the  exponents  of  this  letter. 


2b 
Multiplicand   ^  —  1 

2b 


Multiplier     j   ,  ^' 


EXAMPLE. 

+  2b 
—  1 

a—  46» 

+  1 


a+  S¥ 
—  46» 


Product  of  the 
multiplicand  by 


26 
+  1 


a  — 


Product  of  the 

multiplicand  by 

—"•46* 

+1 


Total  product 
aimplified 

f     46* 
—  1 

a»— 1663 
+  46« 
4-  26 
-  2 

a«+326* 

-  86» 

—  46« 
+  26 

k 

—  1 

a— 326» 
+  166* 
+  86* 
—  46« 


*  Thid  letter  diosen  for  this  purpose  is  called  the  letter  of  arrangement 
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+ 

GO 
I 

;^ 

I 

;^ 

T 


A 


+ 


iH 
I 

;%> 

CI 

CO 

T 


1 

1 

»o 

•O 

CI 

CI 

+ 

+ 
1 

::^ 

:i» 

OD 

OD 

1 

1 

d 

& 

1M 

CO 

^^^ 

1 

Q 

+ 

1 

£* 

o^ 

oo 

cT 

+ 

-'-t 

+ 

Q 

pO    q 

CO  -— ^ 

oO 

i-l 

rH    ^ 

CI 

+ 

+  + 

1 

01 

»o 

^^^ 

^•■O 

pO 

CI 

fh 

^  o* 

^ 

1 

1 

+J 

1 

&& 

3»& 

% 

•* 

•* 

OD    -* 

(O 

^^ 

l-l 

1 

1 

T 1 

T 

5, 

«^ 

^1 

;^ 

H^ 

^^ 

1   + 

1    1 

1 

»o 

>0 

:& 

& 

CI 

w 

"^ 

^ 

3 


+ 


OO    Ol 


&1 

^ 

1 

%::& 

00    00 

1  + 

^ 

;o 

iH 

a>      "S 


I 

:3 


r-l 

+ 

>iO  »o 

r-l 

CI  c» 

+ 

+  1 

•O 

:^S> 

CI     i-H 

^  •* 

1      + 

1  + 

CO 

% 


^ 


i 


iH    f4 

1  + 

f-l 

1 

C(    CI 

1  + 

CI    d 

s> 

I 

I  I  I 

£  a  a 

"S    00  ■* 


% 


CO 


•o 

CI 

CO 


0(1 


CI 

CO 


+       a 


S 
.Si 


^  + 


I 


CI    r-l 


5  II 


3- 


rO  »o 


I 

CI 

+ 
+  I 

00 

I 

CO 


I 

+ 


CI 


I 


t 
I 

'5 


i  I 

0* 
CI    '^i 


I 

00 


C( 

I 
T 


MULTIPLICATION  BY  DETACHED  COEFFICIENTa 

14.  In  many  cases  the  powers  of  the  quantity  or  quantities  in  the  multiidi- 
cation  of  polynomials  may  be  omitted,  and  the  operation  performed  by  the  co- 
efficients alone ;  for  the  same  powers  occupy  the  same  vertical  columns,  when 
the  polynomials  are  arranged  according  to  the  successive  powers  of  the  letters ; 
and  these  successive  powers,  generally  increasing  or  decreasing  by  a  commoD 
difference,  are  readily  supplied  in  the  final  product. 


EXAMPLES. 

(1)  Multiply  I'+i^+ar^+y'  by  r— y. 
Coefficients  of  multiplicand  1  -f- 1  + 1  + 1 
— —  multipUer     1 — 1 

1+1  +  1+1 
—1—1—1—1 

1+0+0+0—1 


flO 
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Since  3^xxz=x*,  the  highest  power  of  x  is  4,  and  decreases  snccessivelj  b^ 
unity,  while  that  of  y  increases  by  unity ;  hence  the  product  is 
a:*+0.r»y+0.a:«»y«+0.a:y«— y*=a:*— y*=  product. 

(2)  Multiply  3a«+4a*— 5x«  by  2a«— 6ax+4x«. 

3+  4—  6 
2^  6+  4 
6+  8—10 
-.18—24+30  1^ 

-1-12-1-16—20 
6—10—22+46—20 
.«.  Product  =6a*— 10a»x— 22d«j*+46aj:»— 202?*. 

(3)  Multiply  2a»— 3a6«+66»  by  2a«— 66«. 

Here  the  coefficients  of  a*  iu  the  multiplicand,  and  a  in  the  multiplier,  are 
each  zero ;  hence 

2+0—  3+  5 
2+0—  5 
4+0—  6+10 

—10—  0+15—25 
4+0—16+10+15—25 
Hence  4a»— 16«»6«+10a«6'+15a6*— 25&*=  product. 
The  coefficient  of  a*  being  zero  in  the  product,  causes  that  tens  to  dis- 
appear. 

(4)  Multiply  r»— 3j«+3x— 1  by  a«— 2x+l. 

(5)  Multiply  y«—ya+Ja«  by  y«+ya—fa«. 

(6)  Multiply  ax— 63:a+cx»  by  l— x+x«— x»+x«. 

(7)  (x«— ax«+6x— c)X(x«— c^x+tf). 

ANSWERS. 

(4)  x«— 5x*+10x'— I0x«+5x— 1. 

(5)  y-a«3^+fi^-A«^ 


(6)  ox— a 
—6 


x^+a 


X»— fl 

— & 
— c 


x«+a 


x«— 6 
—  c 


x*+cx^ 


Or,  ox- (a+6)x»+(a+6+c)x»— (a+6+c)x*+(a+5+c)x»— (6+c)x« 
+cx^. 
(7)  x»— (a+flr)x*+(6+aci+e)r»— (c+W+ae)x«+(ai+«5)x— cc 


DIVISION. 

15.  The  object  of  algebraic  division  is  to  discover  one  of  the  fbctors  of  % 
given  product,  the  other  factor  being  given ;  and  as  multiplication  is  divided 
into  three  cases,  so,  in  Hlie- manner,  is  division. 

(1)  When  both  dividend  and  divisor  are  monomials. 

(2)  When  the  dividend  is  a  polynomial,  and  die  divisor  m  monondal. 

(3)  When  both  dividend  and  divisor  are  polynomials. 

CASE  I. 

16.  When  both  dividend  and  divisor  are  monomials. 
Write  the  divisor  under  the  dividend,  in  the  form  of  a  fraction ;  cancel  like 
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quantities  in  both  divisor  and  dividend,  and  suppress  the  greatest  factor  com- 
mon to  the  two  coefficients. 

17.  Powers  of  the  same  quantity  are  divided  by  subtracting  the  exponent 
of  the  divisor  from  that  of  the  dividend,  and  writing  the  remainder  as  the  ex- 
ponent of  the  quotient.*       * 

Thus,  a*  ^aaaaaaa ;  c^^aaaa 

a'      aaaaaaa  ,       ,_ 

••.  -r  = =szaaa^ar^a'~*. 

a*         aaaa 

GeneraDy,     a"^:=aaaa to  m  factors ;  a'^aaa ....  to  n  factors ; 

b^  =6666 to  p  factors ;  h^^  =666  ....  to  9  factors ; 

a'"6p      aaa ....  to  m  factors  X  666 ....  to  ^  factors; 

*'  a"6<»  ^aaa.... to  n  factors  X  666 ....  to  ^factors; 

s=aaa ...  to  (m— n)  Actors  X  666 ....  to  (p-^q)  &ctora ; 
^a"*~"6p-*>. 
When  a  quantity  has  the  same  exponent  in  the  dividend  and  divisor,  we  have 

--=a'»-'"=a**;  but--=l. 
c"  a" 

.•.  a"=l. 
Hence  every  quantity  whose  exponent  is  Ois  equal  to  1. 

o^       aaa        1       1 
a*    aaaaa    aa    a'*    . 
But  we  may  subtract  5,  the  greater  exponent,  from  3,  tibie  less,  and  affect 
the  difference  with  the  sign  — ;  hence     ^         « 
a»  a»      1 

a' 

*  The  rale  ibr  diviAicm  IbUowt  fiom  its  object*  which  it,  having  one  of  the  facton  of  a 
inodact  given  to  find  the  other.  As  in  multiplication  we  join  togeUier  the  (acton  of  a  prod* 
act  without  any  sign,  and  without  regard  to  order,  in  division  we  suppress  from  the  prod- 
uct, i.  €.,  the  dividend,  one  of  the  factors,  %.  e.,  the  divisor,  to  obtain  the  other,  whidi  is  tha 
quotient  Note. — ^Tho  quotient  must  contain  those  factors  of  the  dividend  which  are  not  in 
the  divisor.  Note,  also,  that  dividing  one  of  tlio  factors  of  a  product  divides  the  wbola 
product.  Thxu,  dividing  a^bc  by  o^,  we  divide  the  single  fisctor  cfi,  and  get  o^ ;  so  t«  di- 
vide 16X12  by  8,  we  divide  IQ^alone,  and  get  2X12  ibr  the  quotient 

When  there  are  factors  in  the  divisor  which  are  not  in  the  dividend,  the  qnotienl  may 
be  expressed  in  the  form  of  a  fraction,  as  has  been  previously  shown  (2,  V.).  Supprosaiqg 
the  common  factors  in  this  case  amounts  to  dividing  both  numerator  and  denominator  by  tfie 
same  quantity.  That  such  a  division  does  not  aher  the  value  of  the  fraotiao,  will  be  obvious 
from  the  following  consideratioas : 

1.  If  die  numerator  of  a  fraction  be  increased  any  number  of  times,  the  fraction  itself  wfll 
be  increased  as  many  times ;  and  if  the  denominator  be  diminished  any  number  of  timei^ 
the  fraction  must  still  be  increased  as  many  times. 

9.  If  the  denominator  of  a  fraction  be  increased  any  number  of  times,  or  the  numerator 
diminished  the  same  number  of  times,  the  fraction  itself  will,  in  eidier  case,  be  diminished 
the  same  number  of  times. 

3.  If  die  numerator  of  a  fraction  be  increased  any  number  of  times,  the  fraction  is  in- 
creased the  same  nximber  of  times ;  and  if  the  denominator  be  increased  as  many  times,  the 
fraction  is  again  diminished  the  same  number  of  times,  and  must  dierefiire  have  its  original 
value.  Hence  both  terms  of  a  fraction  may  be  multiplied  by  die  same  number,  and,  by 
similar  considerations,  it  will  appear,  may  be  divided  by  the  same  number  without  changing 
the  value  of  the  fraction. 

Corollary. — Rule.  To  multiply  a  fraction  by  a  whole  number,  multiply  the  numerator  of 
the  fraction,  or  divide  its  denominator  by  the  whole  number.  To  divide  a  fraction,  divide 
its  numetator,  or  multiply  its  denominator. 
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a*       1         1 

a* 
But  ^=a«; 

1 


From  this  it  appears  that  a  factor  may  be  transferred  from  the  denominator 
Co  the  numerator,  and  vice  versa,  by  changing  the  sign  of  its  exponent. 

EXAMPLES. 

(1)  Write  a^l^c  with  the  &ctors  all  in  the  denominator. 

(2)  Write  --7^  with  the  factors  all  in  one  lino,  and  also  all  in  tlie  denomi- 
nator. 

For  more  of  the  theory  of  negative  exponents,  see  a  subsequent  article. 

18.  In  multiplication,  the  product  of  two  terms,  having  the  same  sign,  is 
affected  with  tlie  sign  -|- ;  and  tha  product  of  two  terms,  having  different 
nigns,  is  affected  with  the  sigil  — ;  hence  we  may  conclude, 

(1)  That  if  the  term  of  the  dividend  have  the  sign  ^-v  &Qd  that  of  the  di- 
visor the  sign  -|-,  the  resulting  term  of  the  quotient  must  have  the  sign  -|-  ; 
because  +  X  +  &^^9  +  • 

(2)  That  if  the  term  of  the  dividend  have  the  sign  4-«  &nd  that  of  the  divisor 
tihe  sign  — ,  the  resulting  term  of  the  quotient  must  have  the  sign  — ;  because 
—  X—  gives +. 

(3)  That  if  the  term  of  the  dividend  have  the  sign  — ,  and  that  of  the  di- 
visor the  sign  -|-9  ^^  resulting  term  of  the  quotient  must  have  the  sign  — ; 
because  -|-  X  —  gives  — . 

(4)  That  if  the  term  of  the  dividend  have  the  sign  ^,  and  that  of  the  di- 
visor the  sign  — ,  the  resulting  term  of  the  quotient  must  have  the  sign  ^. 

RULE  pr  SIGNS  IN  DIVISION. 

-|-  divided  by  ^,  and  —  divided  by  — ,  give  ^-t 
—  divided  by  -|-,  and  -|-  divided  by  — ,  give  —  ; 

or, 
fike  signs  give  -{-*  &Qcl  unlike  — ,  the  same  as  in  multiplication. 
+ab       .  ,      — ab         ,     — ah         ,     -X-ab 
-J-a        '         — a        '        -|-a  — a 

EXAMPLES. 

(1)  Divide  48a»6V(Z  by  12a&«c. 

AQa^b^d^d     ABaaabbbccd 

■         — — r r-; =4aa&ca=4a'oca. 

I2ab^c  I2abbc      — '•"««^»— *•«  *'^»- 

IbOa^b^cd^  ,     . 

(2)  -=JH:;5ii:^=5a^^^^=5a'i'^^. 


—  4abc 


(3) --^-— =4a«-»i«-»c»-»=4a6c. 
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,      15a*"2r»"y** 

— 48a"6" 

(7)  a"6V-r-a"6»c=a"-"c^*. 

(8)  a""6"+»c'-«-7-a"t''<:=a'"6c*^. 

(9)  5aP-i-3aP+'&c-»=|a-'6-»c. 

(10)  a"»-»-i-aP-^=a»-*'H-i. 

(11)  a6-i-— a6=— 1. 

(12)  — aic-i-aic=— 1. 

(13)  — 6"^— 6«=1. 

(14)  96a'iVfl?4-84a6V(f«=?^. 

(15)  r-*y-"2r«i-3-i-r-'^y-'»;-p=a:«y"'-"2>^-^-«. 

CASE  II. 

19.   When  the  dividend  is  a  polynomial,  and  the  divisor  a  monomial 
Divide  each  of  the  terms  of  the  dividend  separately  by  the  divisor.* 

EXAMPLES. 

(1)  Divide  Ca»r*y«— 12a='r»y«+15a*jr«y»  by  3a«2:«y». 
3^,^2^, =2x2y— 4axy*+5a«r^. 

(2)  Divide  15a«6c— 20acy«+5crf2  by  — 5a5c.  Ans.  — 3a+4| j. 

(3)  Divide  x"+»— x°+«+x"-H»— a:°+^  by  x».  Ans.  x— ar'+x'— x*. 

(4)  Divide  6(a+6)»—10(a+ft)2+15(a  +  6)  by  —5(a+i). 

Ans.  — (a+6)«+2(a+6)— 3. 
(6)  Divide  12ay— ]6a'y+20a«y*— 28aY  by  — 4ay. 

Ans.  — 3y»+4ay«— 5a«y+7a». 

CASE    III. 

20.   When  both  dividend  and  divisor  are  jtolynomials. 

1.  Arrange  the  dividend  and  divisor  according  to  the  powers  of  die  sanifi 
letter  in  both. 

2.  Divide  the  first  term  of  the  dividend  by  the  first  term  of  the  divisor,  and 
the  result  will  be  the  first  term  in  the  quotient,  by  which  multiply  all  the  terms 
ID  the  divisor,  and  subtract  the  product  from  the  dividend. 

3.  Then  to  the  remainder  annex  as  many  of  the  remaining  terms  of  the 
dividend  as  are  necessary,  and  find  the  next  term  in  the  quotient  as  before. 

(1)  Divide  a*— 4a'x+6a«x«— 4ar»+x*  by  a«— 2ax+x«. 

a*— 2ax+x«)  a<— 4a'x+6a«x«— 4ax'+x*  (a«— 2ax-f  2« 

g^— 2<i?x-j-  a*3* 

— 2a»x+5a«x«— 4ax» 
— 2a'x+ 4a«x«— 2ax» 


a«x«— 2ax«»+x* 
a«x«— 2ax«4-x* 


"  This  ralo  foUowi  finom  that  for  multiplication,  which  requires  cadi  term  of  the  multipli- 
cand to  be  repeated  as  many  timei  as  is  expressed  by  the  multiplier. 
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Amnging  the  terms  according  to  the  descending  powers  of  or,  we  have 

— 2(Lr»-j-5a2j:^— 4a'x 
— 2ax»+4a«a:8— 2a'x 


a2j:«— 2a»x+a* 
(2)  Divide  x*+3f^y*+y*  by  a:a^.-ry^yi. 


*  It  has  been  shown  (13)  that  when  the  dividend  (which  ii  the  product  of  the  divisor  and 
qootieot)  is  arranged  as  directed  in  the  rule,  its  first  term  is  produced  without  reduction  by 
the  multiplication  of  the  first  term  of  the  divisor  by  the  first  of  the  quotient  Hence  Uie 
rule  above  for  finding  the  latter.  This  first  term  of  the  quotient  being  found,  and  the  di- 
visor being  taken  away  firom  the  dividend  as  many  times  as  is  expressed  by  this  term,  dio 
remainder  must  contain  the  divisor  as  many  times  as  is  expressed  by  the  second  and  re- 
maining terms  of  the  quotient.  Hence  the  remainder  may  be  regarded  as  a  new  dividend, 
and  the  object  being  to  find  how  many  times  it  contains  the  divisor,  it  must  be  arranged  ia 
^o  same  manner  as  was  the  given  dividend,  and  the  first  step  will  be  the  same  as  before. 
Similar  reasoning  will  apply  to  the  rest  of  the  process. 

Noie. — ^The  urangemont  of  the  terms  is  for  convenience.  The  term  baring  the  highest 
or  lowest  exponent  of  some  letter  imght  be  fdected  from  the  dividend  and  remainders  witk' 
out  any  arrangement.  The  operation  miist  always,  however,  begin  with  tbis  term,  as  a 
reference  to  the  last  example  will  show ;  for  if  we  attempt  to  commence  with  the  term 
etfijfl,  the  third  of  the  dividend,  for  instance,  we  perceive  that  this  is  produced  by  reduction 
firom  the  term  a^afi  in  die  second  line,  the  term  ia^a^  in  the  fourth  line,  and  the  term  a*xB 
in  the  sixth.  The  first  of  these  is  produced  by  the  multiplication  of  the  first  of  the  quotient 
by  the  last  of  the  divisor,  the  second  by  the  multiplication  of  the  second  of  the  quotient  by 
tiie  second  of  the  divisor,  and  the  third  by  the  last  of  the  quotient  and  first  of  tite  divisor. 
It  is  not  till  the  first  and  soccxid  terms  of  the  quotient  have  been  found  by  the  rule  above 
given,  that  any  portion  of  the  term  St^jfi  presents  itself  to  be  divided,  or  that  we  c^n  know 
what  part  of  it  is  to  be  used  as  a  dividend. 

In  the  same  manner,  it  may  he  shown  that  it  would  be  impossible  to  begin  with  the  second 
term  of  the  dividend  iasfi  until  the  first  term  of  the  quotient  has  been  found,  which,  multi- 
plied by  the  second  of  the  divisor,  produces  — Soz^,  a  part  of  — iaafl,  and  the  subtraction 
leaves  the  other  part  — 2aafl,  which  now  we  know  is  the  product  of  the  first  of  the  diviaor 
by  the  second  of  the  quotient,  which  latter  we  may  then  find. 

The  first  of  the  divisor  multiplied  by  the  second  of  the  quotient,  and  the  second  of  the 
divisor  by  the  first  of  the  quotient,  usually  produce  the  same  power  of  the  letter  of  arrange- 
ment, and  reduce  together ;  the  first  and  third  of  each,  together  with  the  two  scocMid  terms 
of  each,  usually  produce  the  same  power,  and  so  on.  It  is  only  the  first  of  the  divisor  and 
first  of  the  quotient,  or  last  of  the  divisor  and  last  of  the  quotient,  which  always  produce  a 
term  that  does  not  reduce  with  any  other  term. 

N.B. — The  arrangement  may  begin  with  the  lowest  as  well  as  the  highest  power  of  any 
letter,  and  go  on  increasing  instead  of  decreasing.  When  either  of  these  amusements  is 
observed,  if  \k0  first  term  of  the  divisor  in  any  part  of  the  operation  is  not  contained  exactly 
in  the  first  term  of  the  remainder,  the  division  is  impossible.  By  varying  the  arrangement, 
therefore,  or  simply  considering  which  terms  would  come  first,  using  different  letters  of  ar- 
rangement, we  may  often  determine  beforehand  by  inspection  whether  the  division  is  pos- 
sible or  not 
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Another  fonn  of  the  work  which  has  the  convenience  of  placing  the  quotient, 
which  is  the  midtiplier,  under  the  divisor,  which  is  the  multipiicand,  is  the 
foUbwing. 


Dividend,  r*+a:«y'»+    y* 


ar^+ry-j-y'i  divisor. 
X* — -ry+y^i  quotient. 


ry+Tf+y* 

^y*+^+y* 


(3)  Divide  a«— a3i2+2a'6'— a6*+6«  by  a«— a6+&*. 


+  6*. 


Arranging  the  terms  according  to  powers  of  6,  we  get 


The  results  we  have  obtained  in  those  two  arrangements  are  apparently 
different ;  but  their  equivalence  will  be  established  as  follows : 

(I)  (a''— a6+6s)  (a»+a-6— a62)=a*— a'62+2a=fc«— a  b* 

Add  remainder                  ^  +^' 

Proof a^'^a^'+tia-b^"  a  b*+^ 


(2)  (63— a6+a2)  {b^'+a'^b)  =b^^a  b*+2a'l/^^a'b-+a*b 

Add  remainder                  =  — a*6-f"^' 

Proof b-^'—a  6*+2rt''6a—(i%^+tf^ 

The  moment  we  arrive  at  a  term  of  the  quotient  in  which  the  exponent  of 
the  letter  of  arrangement  is  less  than  tlie  difference  of  the  exponents  of  this 
letter  in  the  last  terms  of  the  divisor  and  dividend,  we  may  bo  sure  that  the 
division  will  not  terminate.  If  the  divisor  and  dividend  be  arranged  in  the  re- 
verse order,  that  is,  beginning  with  the  lowest  power  of  a  letter,  then  the 
division  will  not  terminate  when  the  exponent  of  this  letter  in  the  term  of 
the  quotient  is  greater  than  the  difference  of  its  exponents  in  the  last  terms  of 
the  divisor  and  dividend. 

Thus  in  the  following  example. 


x^+j^^a 


J*— r* 


— x«+  x^— 2ar*+  ax* 
—a* —  a:'—  ax* 

2x'^—  2aj*-f2ax*. 
D 
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The  last  term  of  the  quotient  must  be  x*,  in  order  that,  multiplied  by  a,  the 
last  of  the  divisor,  it  may  produce  the  last  of  the  dividend.  If.  therefore,  the 
division  is  not  completed  when  this  term  containing  x*  is  obtained,  it  will  not  be. 

EXAMFLES  FOR  PRACTICE. 

(1)  Divide  a«— SaJ+t^  by  a— 6. 

(2)  Divide  a«+4aj:+4z«  by  a+2x. 

(3)  Divide  12x«— 192  by  3x— 6. 

(4)  Divide  6jfi^6y^  by  22«— 2y5. 

(5)  Divide  a«— 3a*6«+3a«6*— 6«  by  a»—3a«6+3a6«— 6». 

(6)  Divide  ar»+5x«y+5xy«+y»  by  3*+ixy+y*. 

(7)  Divide  jfi — t^  by  x — y. 

(8)  Divide  a*—6*  by  a'+a^J+at'+i'. 

(9)  Divide  r»— 9j:2+27x— 27  by  x— 3. 

(10)  Divide  ar*+y*  by  x-\-y. 

(11)  Divide  4ar»— 76aj:«— 64a«j+105a»  by  2x— 3a. 

(12)  Divide  |r»+a:«+5x+ J  by  |j+l. 

(13)  Divide  52m»  — 93ni*i?— 70m=2/»^.48m«^  — 27wrp<  by  13»i'  — 7i»«jp 
-f  3/nj>'. 

(14)  Divide  33a363— 77a-2»<+121a-65  by  3a-i— 7a&»+lla6'. 

(15)  Divide  (Cp*— 12/?</'— 6/?'7+12^)  by  {p—q). 

(16)  Divide  (100a»— 440a*A:+235<z3^— 30aU-3)  by  (Sa**— 2a«Ar). 

(17)  Divide  (^— 4g«A+6g«;i«— 4^/i3+;i^)  by  (A«— 2Ag+g«). 

(18)  Divide  (37a'/7i=— 26a»/n+3a*— 14a7ii')  by  (3a«— 5am+2m«). 

(19)  Divide  (a^— [»«)  by  (a^h)  and  (a«+6«)  by  (a+6). 

(20)  Divide  (a^—b^)  by  (a— 6)  and  {a'+h^)  by  (a+6). 

(21)  (I— 62«+272*)  ^  (J+2z+32«)=l— 62+9r«. 

ANSWERS. 

(1)  a— 6. 

(2)  a4-2j:. 

(3)  4x8+8j:«+l&r+32. 

(4)  3r«+3j:«y+3y*. 

(5)  a»+3a«6+3a6«+i3. 

(6)  x+y, 

(7)  x*+r»y+a:^y+^+y*- 

(8)  a— &. 

(9)  20— 6x+9. 

(10)  x«-x«y+x3^-y3+ J?L. 

(11)  24x«— 2ax— 35a«. 

(12)  2^+1 

(13)  4m«— 6in^— 9p«. 

(14)  llaJ^. 

(15)  6p^^l2f. 

(16)  20a«— 80aA:+15A:». 

(17)  g^^2gh+hK 

(18)  a^^Jam. 
(^^a*h  +  (t^b^  +  a«6=»  +  ab*  +  6»,  and 

(19)  J  -        -       26« 


fls  _  a^j  ^  a35«  _  a«j3  ^  ^54  _  j^+^-r-^. 
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a«4-a*6+a*i«+a'6'+a'M+adr»+fc«,  and 

EXAMPI4:S  WITH  LITERAL  EXPONENTS. 

(1)  Divide  So*"— 6a«"6"+6a"ft«»— 26**  by  a"— 6». 

a-— 6")  20*"— Can»+6a''6*>— 26**  (2a«»— 4a"i-+2i* 
2aa"— 2fl°"fc'' 


2a  6^"— ^^^^ 
2a'»6«"  — 26*». 

(2)  Divide  a*H-i^x«y^^ni_|.yni+i  j,y  a:«+y». 

(3)  Divide  a*— x'  by  a— a:. 

(4)  Divide  x«"+x«"y»"+y*"  by  a:3»+ar"y"+y«". 

(5)  Divide  a»+«6»  — 4a"+—»6*«  — 27a'»+— «6*'+ 42a"+«-'fc<*  by  a*6* 

(6)  Divide  aJ^-^'iapc— a««^»-»6»-Pc"  +  flr«6-'c"  +  a>»-»fc'p+V  — a«"»+«^»M 
cto-i-j-Jp+ic^+^-i  by  a-"6-P^*+6c»-». 

ANSWERS. 

(2)  :r+y. 

(3)  a«-»+a»-«x+a»-^a*-{ — . 

(4)  a*i— x-y'+y*-. 

(6)  a"+3a»-»6"— 6a™-965'. 

(6)  a*»-»i'P+ic— a5iD+sii-i53gii^.jp^m^ 

EXAMPLES  WITH  LITERAL  COEFFICIENTS.* 

(1)  Divide  a2*+ax*+bx*+ax^+br'+cx^+a3fi+hjfl+c2f^-\'bx+cx+c  by 

Arrange  the  terms  of  the  dividend  in  the  foUowing  manner,  in  order  to  keep 
the  operation  within  tlie  breadtli  of  the  page. 


b 


x*+a 
-6 


b 


ax*+6  x*'\'C  x* 


x3+6 


x+c  (x'+^+^+l* 


a  x*'\'a 
b 


x»+a 
6 


ax*+6  x*+cx» 


x«+5 
c 

a  x'+^^^'+c  X 


ax'+a 
6 


a  x«+6x+c 
a  x'+6  x+c. 


*  Tho  literal  maltiplien  of  each  power  of  the  letter  of  arrangement  are  to  bo  collected 
together,  and  regarded  aa  a  polynomial  coefficient  of  that  power,  which  ia  to  bo  treated 
exactly  in  the  proceis  of  division  as  a  numerical  coefficient  would  be,  observing  only  the 
fimr  groand  mlei  applicable  to  polynomials  instead  of  nnmbers. 
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Divid. 


Product  I 
to  flub-  i 
tract.    I 


Istrem. 
or  2d 
divid. 


(2)* 

46« 

a»— 16&» 

a^+32b* 

a— 32i»    f 

c3 

+  46«c 

—  86»c 

+  ieb*c 

4-  26c« 

—  4fc«c' 

+  86»c»^ 

—  2c» 

+  26r» 

—  4&V 

—     c* 

v 

26  a  — 46« 


+  c 


26 
»  r 


|fl+86* 


a^— 462 
+26f 


—  46«c 

—  26c2 

+     ^ 


+86*    i 
— 46«cV 


86» 


Product 
to  0al>-< 
tract. 


2d  rem. 
or  3d 
divid. 

Product  I 
to  8ub-< 
tract. 

3d  rem. 


a«+326* 

—  86»c 

—  46^ 
+  26c* 

—  c* 

—166* 
+  86V 

—  46«c* 
+  46«c« 

—  26c» 

+     ^ 


a— 326* 
+  166V 
+  86V* 
—  46V 


+  166* 

—  46«c2l 


a— 3-26* 
+  166V 
+  863c3 

—  46«c» 
+326* 
—166V 

—  86'c» 
+  46V» 


Itt  Partial  Division. 
46«—  c«  i  26+c 
—26c  (  26  -c 


— 26c— c« 
o. 


ild  ParUal  JHtiaion, 

— 86»—  c»   i  26+c    

_  +  46V  (  ~^ 

+46V^^^c» 
— 26c» 


.46«+26c— c« 


— 26c=—  c» 
+  c» 


o. 


3^  Partial  Division, 
166*— 46V«  i  26+c 
—86V  i  86»'— 46«c 


— 86V— 46V» 
+46V« 


o; 


(3)  Divide  r»+aj:«+6r+c  by  x— r. 

ar—r)  af^+as^+bx+c  (x«+(r+a)x+(r«+ar+6) 
«:»- rx* 

(r+a)x^+6x 
(r+a)a:«— (r'+ar)r 


(r«+ar+6)x+c 
(r«+ar+6)x— (r»+<7r«H  .6r) 


•     r'+ar'+6r+c,  remainder 

In  the  preceding  and  similar  examples,  the  remainder  differs  only  from  the 
dividend  in  having  r  instead  of  x.  That  this  is  always  the  case  when  the 
divisor  is  x  minus  some  quantity,  will  be  shown  hereafter.  (Art.  238,  Pr.  I.) 

(4)  Divide  a^ — ax'+6x — c  by  x — r. 

(5)  Divide  aP — (a+6+c)x*+(a6+6c+ca)x — fl6c  by  x — a. 

(6)  Divide  x»— (a+2)x«+(2a+6)x— 26  by  x— 2. 

(7)  Divide  lla26—i9a6c+10a»—^5aV+3a6«+156c«— 56V  by  5a'+3a6 
— 56c. 

(8)  Divide  r»— (a+6+rf)x»+(arf+6^+c)x— cci  by  x«— (a+6)x+c. 

(9)  Divide  x"+j?x^»+9x"-»+rx"-'+,  &:c {^tx+u  by  x— a. 

*  N.B.  The  signfl  of  the  products  to  subtract  arc  actually  changed  in  this  example  befiv^ 
tbey  are  written ;  a  method  which  is  sometimes  practised.  Their  first  terms  need  not  hm 
written,  since  they  are  cancelled  by  the  first  terms  of  the  corresponding  dividends. 
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(10)  Divide 


a* 

x*+cfi 

— a»6 

-^a^b 

+a'b^ 

+a'6« 

— a6' 

+a«6» 

^2a*b^ 


x^a^b^  by      a«  |x"+a'x— o^i". 

— a6 


When  there  are  negative  exponents  of  the  letter  of  arrangement,  they 
come  afVor  the  term  containing  x^^  i,  e.,  the  term  in  which  x  does  not  appear, 
those  which  have  the  greatest  absolute  value  being  placed  last. 

(11)  Divide  — r»— x^+lOx+f— Va^»— V^»^+3^«^  J^^— 2a:— 2+Jar-» 


ANSWERS. 

(4)  x'+(r — a)x+(r* — ar-|-&)«  and  remainder  is  r* — tt7^-\-br 

(5)  j^^{b+c)x+bc. 

(6)  x«— ax+6. 

(7)  2a+6— 3c. 

(8)  X— (£. 


— c. 


(9)  a*-»+a|ar"-*+a« 

+q 


x»--*+,&c +a*-» 


(10) 


+  6= 


— a6« 


x+fc*. 


+«. 


(11)  —x— 3+2jr-». 


21.  In  those  cases  in  which  the  division  does  not  terminate,  and  the  quotient 
may  be  continued  to  an  unlimited  number  of  terms,  the  qootieot  b  termed  an 
infinite  icrUs^  and  then  the  successive  terms  of  the  quotient  are  generally  reg- 
ulated by  a  law  which,  in  most  cases,  is  readily  discoverable. . 


EXAMPLES. 

(1)  Divide  1  by  1— x. 

l—x)  1         (l+x+x«+x»+x*+x»+ 
1— X 


+x~a:« 

+x«— r» 
+x» 

The  quotient  in  this  case  is  called  an  infinite  series,  and  the  law  of  formation 
of  this  series  is,  that  any  term  in  the  quotient  is  the  product  of  the  immedi- 
ately preceding  term  by  x. 

(2)  Divide  1  by  1+x.  Ans.  1— x+a«— x'+x* 

(3)  Divide  1+x  by  1— x.  Ans.  l+2x+2x«+2x»+2x*-| 

(4)  Divide  1  by  x+1.  Ans.  x^»— x-^+x^— x-^+X"* — .. 
(6)  Divide  x — a  by  x— 6. 

Ans.  1— (rt— 6)j^»— (a— 6)6r-^— (a— 6)6«r-» — 
(6)  Divide  rby  1— 2x+x«.  Ans.  l+2x+32«+4x«+5x^+.... 
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22.  WhoD  a  polynomial  is  the  product  of  two  or  more  factors,  it  is  ofben 
,  requisite  to  resolve  it  into  the  factors  of  which  it  is  composed,  and  merely  to 
indicate  the  multiplication.     This  can  frequently  be  done  by  inspectioii,  and 
by  the  aid  of  the  foUowing  formulas : 

(x+a)(x+b)=z29+(a+b)x-\^ah (1) 

(x+a)(a:— t)=a«+(a— 6)j:— a6 (2) 

(x— a)(x+6)=2«— (a— 6)x— aft (3) 

(x— a)(x— 6)=x«— (a+6)x+a6.^....(4) 

(a+6)(a— 6)=a«— 6* .*.... (5) 

(n+l){n+l)=n«+2n+l (6) 

(n—J)(n— !)=»«— 2n+l (7) 

EXAMPLES. 

(1)  Kesolve  ax^-l-fti^ — cjfi  into  its  component  factors. 

Here  ox^+ftx^— ca*=x«(a+6— c). 

(2)  Transform  the  expression  n^-^-in^J^n  into  factors. 

Here  n»+2ii=+n=n(n'+2n+l) 

=n(n+l)(n+l)by(6) 
=ii(n+l)«. 

(3)  Decompose  the  expression  x^ — x — 72  into  two  factors. 

By  ibspecting  fonnula  (3),  we  have  — 1  =  — 9+8,  and  — 72= — 9X8; 
hence  x«— x— 72=(x— 9)(x+8). 

(4)  Decompose  5a''bc-\-10ah-c-\'l5abc^  into  two  factors. 

(5)  Transform  3m*n^ — 6m^n^p~\-3mrn*p^  into  factors. 

(6)  Transform  3iV — Sbc^  into  factors. 

(7)  Decompose  a:®-|-8x+15  into  two  factors. 

(8)  Decompose  x° — 23^ — 15x  into  three  factors. 

(9)  Decompose  x® — x — 30  into  factors. 

(10)  Transform  a«— 6^-|-26c— c«  into  two  factors. 

(11)  Transform  a*x — x*  into  factors. 


ANSWERS. 


(4)  5abc(a-\'2h+3c), 

(5)  3m*n^(mn —;?)'. 
(fi)  35c(6+c)(t— c). 
(7)  (x+3)(x+5). 


(8)  x(x+3)(x-6). 

(9)  (x+5)(x-6). 

(10)  {a+b'-^c)(a^b+e). 

(11)  x(a+x)(a— x). 


23.  By  tho  usual  process  of  division  wo  might  obtain  tho  quotient  of  a"— 6* 
divided  by  a — ft,  when  any  particular  number  is  substituted  for  n;  but  wo 
shall  here  prove  generally  that  a" — ft"  is  always  exactly  divisible  by  a — ft,  and 
exhibit  the  quotient. 

It  is  required  to  divide  a" — ft"  by  a— ft. 

a— ft)  a"— ft«      (a— >+-^ ^ — - 

fl" — a"~'ft 
Rom.        a^-^ft— ft" ; 
Rem.  under  another  form,  ft(a»~*  —  ft»->). 

an— ft"  ft(a"-»— ft"*-*) 

Hence,  r=«'"*  +-^-^-1 " (1) 

a — ft  a — ft  ^  ' 
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Now  it  appears  from  this  result,  that  a" — Z*"  will  be  exactly  divisible  by 
a — 6,  if  a°~^ — 6"~^  be  divisible  by  a  — 6 ;  that  is,  if  the  difference  of  the  same 
powers  of  two  quantities  is  dividble  by  thoir  ditforence,  then  the  diflferenca 
of  the  powers  of  the  next  higher  degree  is  also  divisible  by  that  difterence. 

But  a' — 6'  is  exactly  divisible  by  a— 6,  and  we  have 

And  since  a* — Z*'  is  divisible  by  a — b,  it  appears,  from  what  has  been  joat 
proved,  that  a' ^-6'  must  be  exactly  divisible  by  a — b ;  and  suice  a' — 6*  is  di- 
visible, it* — b*  must  be  divisible,  and  so  on  ad  infinitum. 

Hence,  generally,  a° — b^  will  always  be  exactly  divbible  by  a — 6,  and  ^ve 
the  quotient 

?-^=a»-»+a'»-«6+a»-»6»+ a»6"-»+a6»-«+6»-» (5) 

In  a  similar  manner,  we  find,  when  n  is  an  odd  number, 

^^^i^=a°-»— a— 26+a»-=6'— +a«6*-3— aftn-^-j-ft*-!   ....  (6) 

And  when  n  is  an  even  number 

^^^^^=a»-»— a°-«6+a--'6«— — a«i»-«+a6'»-«— 6"-»  ....  (7) 

By  substituting  particular  numbers  for  n,  in  the  formulas  (5),  (6),  (7),  we 
may  deduce  various  algebraical  formulas,  several  of  which  will  be  found  in  the 
following  deductions  from  the  rules  of  multiplication  and  division. 


(1 

(2 

(3 

(4 

(5 

(6 

(7 

(8 

(9 
(10 

(" 
(12 

(13 

(14 

(15 


USEFUL  AI.OEBRAIC  FOftBIULAS. 

a«— 6«=;:(a+6)(a— 6). 

a^— 6*=(a«+62)(a«— 62)=(a«+&«)(a+6)(a— 6). 

(a3— i2)^(a— 6)=a+i. 

{a^^b^)^{a—b)=:a^+ab+b^. 

{a^+lr^)Ma+b)=zar'^ab+b^. 


DIVISION  BY  DETACHED  COEFFICIENTS. 

24.  Arrange  the  terms  of  the  divisor  and  dividend  according  to  the  success- 
ive powers  of  the  letter,  or  letters,  common  to  both ;  write  down  simply  the 
coefficients  with  their  respective  signs,  supplying  the  coefficients  of  the  absent 
terms  with  zeros,  and  proceed  as  usual.  Divide  the  highest  power  of  the 
omitted  letters  in  the  dividend  by  that  of  the  omitted  letters  in  the  divisor, 
and  the  result  will  be  the  literal  part  of  the  first  term  in  the  quotient.     The 
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hteral  parts  of  the  successive  terms  follow  the  same  law  of  increase  or  de- 
crease as  those  in  the  dividend.  The  coefficients  prefixed  to  the  literal  porta 
will  give  the  complete  quotient,  omitting  those  terms  whoae  coefficionta  tie 
zero. 

EXAMPLES. 

(1)  Divide  6a<— 96  by  3a— 6. 

3—6)  6+  0+0+0—96  (2+4+8+16 
6—12 
12 
12—24 


24 
24—48 


,    48—16 
48—96 

But  a^-7-a=a',  and  the  literal  parts  of  the  successive  terms,  are,  therefiire 
4^,  <i»,  aS  a°,  or  o^,  a',  a,  1 ;  hence,  2a'+ 4a- +8^+16=  quotient. 

(2)  Divide  Sa'— 4a*j:— 2a=»x»+a^r»  by  4a«— 2«. 

4+0—1)  8—4—2+1  (2—1 
8+0—2 

-4+0+1 
—4—0+1 

Now,  a'^-4-a'=a';  hence  a^  and  a^x  are  the  literal  parts  of  the  terms  in  the 
quotient,  for  there  are  only  two  coefficients  in  the  quotient ;  therefore 

2a' — a*x=  quotient  required. 

(3)  Divide  r*— 3a2»— 8a«a;2+18a'.r— 8a*  by  a:«+2ar— 2a«. 

(4)  Divide  3y'+3j:y«— 42^?^— 4ar»  by  x+y. 

(6)  Divide  10a«— 27a'x+34a-j:2_i3^tr«_g^  by  2a«— 3ax+4a«. 
(6)  Divide  a*+5a»+a+5  by  a'+l. 

ANSWERS. 

(3)  a:«— 5ax+4a«.  I     (5)  Sa^— 6aa:— 2a«. 

(4)  -4j»+3t^^  I     (6)  a+5. 

SYNTHETIC  DIVISION. 
RULE.* 

25.  (1)  Divide  the  divisor  and  dividend  by  the  coefficient  of  the  first  term  in 


*  Tbe  rule  here  given  for  Synthetic  Divinon  is  dae  to  the  late  W.  Q.  Homer,  Esq.,  of 
Bath,  whose  researches  in  science  have  issaed  in  several  elegant  and  useful  proceases, 
especially  in  die  higher  branches  of  algebra,  and  in  the  evolution  of  the  roots  of  equation  of  all 
dimensions. 

In  tlie  common  method  of  division,  the  several  terms  in  tiie  divisor  are  multiplied  by  the 
first  term  in  the  quotient,  and  the  product  subtracted  from  the  dividend ;  but  subtraction  is 
performed  by  changing  all  the  signs  of  the  quantities  to  be  subtracted,  and  then  adding 
tiio  several  terms  in  the  lower  line  to  the  similar  terms  in  the  higher.  If,  tlierefore,  the 
signs  of  the  terms  in  the  divisor  were  changed,  we  should  have  to  add  the  product  of  the 
divisor  and  quotient  instead  of  subtracting  it.  By  this  process,  then,  the  second  dividend 
would  bo  idcrUically  the  same  as  by  the  usual  method.  We  may  omit  altogether  tfie 
products  of  the  first  term  in  tlie  divisor  by  the  successive  terms  in  the  quotient,  bcoavaii 
in  the  usual  method  the  first  term  in  each  successive  dividend  is  cancelled  by  these  piod* 
acts.    Omitting,  therefore,  these  products,  tho  coefficient  of  the  first  term  in  any  dividend 
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the  diyisor,  which  will  make  the  leading  cooflUcient  of  the  divisor  unity,  and 
the  first  term  of  the  quotient  will  bo  idonticnl  with  that  of  the  dividend. 

(2)  Set  the  coefficients  of  the  dividend  in  a  horizontal  line  with  their  proper 
signs,  and  those  of  the  divisor,  with  the  signs  all  changed  except  that  of  the 
first,  in  a  vertical  column  on  tlie  right  or  left,  drawing  a  line  under  the  whole, 
underneath  which  to  WTite  the  quotient. 

(3)  Multiply  all  the  terms  so  changed  by  the  first  term  in  the  quotient,  and 
place  the  products  successively  under  the  corresponding  terms  of  the  dividend, 
in  a  diagonal  column. 

(4)  Add  the  results  in  the  second  column,  which  will  give  the  second  term 
of  the  quotient ;  and  multiply  the  changed  terms  in  tlie  divisor  by  this,  placing 
the  products  in  a  diagonal  scries,  as  before. 

(5)  Add  the  results  in  the  third  column  for  the  next  term  in  the  quotient, 
by  which,  again,  multiply  the  changed  terms  in  the  divisor,  placing  tlie  prod- 
ucts as  befoire. 

(6)  This  process,  continued  till  the  lost  line  of  products  extends  as  far  to  the 
right  as  the  dividend,  will  give  the  same  series  of  terms  as  the  usual  mode  of 
division. 

EXAMPLES. 

(1)  Divide  a«— Sa^jr+lOa'zO— 10a'z»+5ax*— 2»  by  a«— 2ax+x«. 

1  1  —  5+10—10+5  —  1 
+  2    +2—  6+   6—2 
— 1[  _  —  1+  3—3+1 
1-.3+  3—   1     •"    • 

Hence  a' — 3a^x-^Za2!^ — r*=  quotient. 

In  this  example  the  coefficients  of  the  dividend  are  written  horizontally,  and 
those  of  the  divisor  vertically,  with  all  the  signs  of  the  latter  changed,  except 
the  first.  Then  +2  and  — 1,  the  changed  terms  in  the  divisor,  are  mnltipfied 
by  1,  the  first  term  of  the  quotient,  which  is  written  in  the  horizontal  line  at 
the  bottom,  and  is  the  same  as  the  first  term  of  the  dividend;  the  product* 
+  2  and  — 1  are  placed  diagonally,  under  — 5  and  +10,  the  corresponding 
terms  of  the  dividend.  Then,  by  adding  the  second  column,  we  have  — 3  for 
the  second  tenn  in  the  quotient,  and  the  changed  terms  +2  and  — 1  in  the 
divisor,  multiplied  by  — 3,  give  — 6  and  +3,  which  are  placed  diagonally  un- 
der +  10  and  — 10.  The  sum  of  the  third  column  is  +3,  the  next  tenn  in 
the  quotient,  wliicli,  multiplied  into  the  changed  terms  of  the  divisor,  gives 
+6 — 3,  for  the  next  diagonal  column.  The  sum  of  the  fourth  column  is  — 1, 
and  by  this  wo  obtain  the  last  diagonal  colunm  — 2+1.  The  process  hero 
terminates,  and  the  sums  of  the  fifth  and  sixth  columns  are  zero,  which  shows 
that  there  is  no  remainder.  If  the  last  terms  did  not  reduce  to  zero  by  addi- 
tion, their  sum  would  be  the  coefficients  of  the  remainder ;  the  quotient  is  com- 
pleted by  restoring  the  letters,  as  in  detached  coefficients. 

Having  made  the  coefficient  of  the  first  term  in  the  divisor  unity,  that  co- 
will  bo  tho  coefficient  of  the  succeeding  term  in  tho  quotient,  the  cocflicicnt  in  the  first 
term  of  the  di^iior  bciiiG:  unity ;  for  in  all  cases  it  can  be  made  unity  by  dividing  both 
divisor  and  dividend  by  the  coefficient  of  the  firet  term  in  the  divisor.  Tho  operation,  thus 
simplified,  may,  however,  be  farther  abridged  by  omitting  the  successive  additions,  except 
so  much  only  as  is  necessary  to  show  tho  first  term  in  each  dividend,  which,  as  before  ro- 
marked,  is  also  the  coefficient  of  tho  succeeding  term  in  tho  quotient 

c 


34  ALGEBRA. 

efficient  may  be  omitted  entirely,  since  it  is  of  no  use  whatever  in  continiuBg 
the  operation  here  described. 

(2)  Divide  2«— 5a*+15x<— 24r»+27x«— 13r+5  by  a:*— 2r»+4a*— 21+1. 

1—5+15—24+27—13+6 
+  2    +2—  6+10 
—  4           —  4-1-12—20 
+2                   +  2—  6+10 
—1 —  14,   3—5 

1—3-1-  5       0       0       0     0 
Hence  x* — 3x+5:=  quotient  required. 

(3)  Divide  a»+2a*6+3a'6«— a«6^--2a6*— 36*  by  a«+2a6+36". 

1-1-2+3—1—2—3 
—2    —2+0+0+2 
—3  —3-1-0-1-0+3 

'l+U+O— 1 
Hence  a'+0-a-6+0-a6«— 6'=a'— 6^=  quotient. 

(4)  Divide  1— r  by  1+x.  Ana.  1— 2x+2ja— 2r»+,  &c 

(5)  Divide  1  by  1— x.  Ans.  l+x+x«+r»+i  &©• 

(6)  Divide  x^ — \f  by  x — y,     Ans.  x«+x*y+x*^'+r*y'+x^2^+xy*+y*. 

(7)  Divide  a«— 3a*xa+3a2x<— x«  by  oS— 3a2x+3ax«— r». 

Ans.  a'+3a»j+3ax"+x*. 

(8)  Divide  a«— 5a*x+10a'x«— 10aV+5ax«— x*  by  a^— Oax+x«. 

Ans.  a=»— 3a-x+3ax«— x». 

(9)  Divide  4y»—24y»+60y<—80y»+602^—24y+4  by  2y^— 4y+2. 

Ans.  2y— 8y»+12^«— 8y+2. 

THE  GREATEST  COMMON  MEASURE. 

96.  A  measure  of  a  quantity  is  any  quantity  that  is  contained  in  it  exactly, 
or  divides  it  without  a  remainder ;  and,  on  the  other  hand,  a  mtUtiple  of  a 
quantity  is  any  quantity  that  contains  it  exactly.  Thus,  5  is  a  measure  of  15, 
and  15  is  a  multiple  of  5 ;  for  5  is  contained  in  15  exactly  3  times,  and  15  con- 
tains 5  exactly  3  times,  or  is  produced  by  multiplying  5. 

27.  A  common  measure^  or  common  divisor,  of  two  or  more  quantities,  is  m 
quantity  which  is  contained  exactly  in  each  of  them. 

28.  The  greatest  common  measure,  of  two  or  more  quantities,  is  composed 
of  all  the  prime*  factors,  whether  numerical,  monomial,  or  polynomial  factors, 
common  to  each  of  the  quantities ;  3x  is  a  common  measure  of  12ax  and 
I86x,  and  6x  is  the  greatest  common  measure  of  V2ax  and  18hx,  The  great- 
est common  divisor  of  2x7a(/>+r)c/  and  2x3am(2>+c)  is  composed  of  the 
common  prime  factors  2a(&+c) ;  the  factors  7d  of  the  one  and  3  of  the  other 
make  no  part  of  the  common  divisor. 

29.   To  find  the  greatest  common  measure  ofttco  polynomials* 

Arranp;e  the  polynomials  according  to  the  powers  of  some  letter,  and  divide 
that  which  contains  the  highest  power  of  the  letter  by  the  other,  as  in  divisions 
then  divide  the  last  divisor  by  the  remainder  arising  from  the  first  division ; 
consider  the  remainder  that  arises  from  this  second  division  as  a  divisor,  and 

*  A  prime  number  or  a  prime  algebraic  quantity  is  one  which  is  divisible  only  by  itself 
or  unity.  • 
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the  Inst  div!sor  as  tlio  corresponding  dividend,  nnd  continue  this  process  of  di- 
vision till  the  remuinder  is  0 ;  then  the  last  divisor  is  the  greatest  common 
measure. 

Note  1.  When  the  highest  power  of  the  leading  quantity  is  the  same  in 
both  polynominls,  it  is  indiflbrent  which  of  the  polynomials  is  made  the  divisor, 
the  only  guide  being  the  cocfTicients  of  the  leading  terms  of  the  polynomials. 

Note  2.  If  the  two  given  polynomials  have  a  monomial  factor  common  to  all 
the  terms  of  both,  it  may  be  suppressed  ;  but  as  it  forms  part  of  the  common 
measure  ('28),  it  must  bo  restored  at  the  end  of  tiie  process  by  multiplying  it 
into  the  common  mcasuro  which  is  in  consequence  obtained. 

Note  3.  If  any  divisor  contain  a  factor,  which  is  not  a  factor  also  of  the  divi- 
dend, that  factor  may  be  rejected,  as  such  factor  can  form  no  part  of  the  great- 
est common  measure,  which  is  composed  of  the  common  factors  alone. 

Note  4.  If  the  coefficient  of  the  leading  term  of  any  dividend  be  notdivisibla 
by  that  of  the  divisor,  it  may  bo  rendered  so  by  multiplying  every  term  of  the 
dividend  by  a  proper  factor,  to  make  it  divisible.  This  new  factor  thus  intro- 
duced, not  being  a  common  factor,  does  not  aflfect  the  common  measure. 

If  it  wore  already  a  factor  of  the  divisor,  it  could  not  bo  thus  used ;  the 
remedy,  in  this  case,  would  be  to  suppress  it  in  the  divisor,  according  to  Note  3. 

In  order  to  prove  the  truth  of  this  rule,  we  shall  premise  two  lemmas.* 

Lemma  1.  If  a  quantity  measure  another  quantity,  it  will  also  measure 
any  multiple  of  that  quantity.  Thus,  if  d  measures  a,  it  will  also  measure  m 
times  a,  or  ma;  for,  let  a=ihd,  then  ma=zmfid,  and,  therefore,  d  measures 
ma,  the  quotient  being  Trifi, 

Lkmma  2.  If  a  quantity  measure  two  other  quantities,  it  will  also  measure 
both  their  sum  and  difference,  or  any  multiples  of  thrm.  For,  let  a=zkd,  and 
h=zkd,  then  d  measures  both  a  and  b;  hence  a-}zh=zhdizkd=zd{hi:k)^ 
and,  therefore,  d  measures  both  a-\-b  and  a — 6,  the  quotient  being  h-^k  in 
the  former  case,  and  h — k  in  the  latter:  and  by  lemma  1,  d  measures  any 
multiples  of  a-|-6  and  a — 6. 

Now,  let  a  and  b  be  two  polynomials,  or  the  terms  of  a  fraction,  and  let 

a  divided  by  6  leave  a  remainder  c 

h c d  b)  a  (m 

e d  leave  no  remainder,  as  is  shown  m  b 

in  the  marginal  scheme.     Thon  we  have,  by  the  c)  b  [n 

nature  of  division,  these  six  equalities,  viz. :  n  c 

a — mb=:c  ....  (1)      a^mb-\-c  ....  (4)  d)  c  {p 

b — no  =d  ....  (2)       b=znc-\-d  ....  (5)  p  d 

c—pd^Q  ....  (3)       cz=pd         ....  (6) 
where  the  equalities  marked  (4),  (5),  (G)  are  not  deduced  from  those  marked 
(1),  (2),  (3),  but  from  the  consideration  that  the  dividend  is  always  equal  to 
the  product  of  the  divisor  and  quotient,  increased  by  the  remainder. 

Now,  by  (G)  it  is  obvious  that  d  measures  c,  since  c^spd ;  hence  (Lemma 
1)  ^  measures  nr,  and  it  likewise  measures  itself;  therefore  (Lemma  2)  d 
measures  nc-\-d,  which  by  (5)  is  equal  to  b  ;  hence,  again,  d,  measuring  b  and 
c,  measures  mb-\-c  by  the  Lemmas  1  and  2. 

'  A  lemma  is  a  preparatory  proposition,  to  aid  in  tho  demonstration  of  the  main  propoii- 
tion  which  follows  it.  ^ 
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.*.  d  measures  a,  which  is  equal  to  mh-\-c  by  (4). 

Heoce  d  measures  both  the  polynomials  a  and  6,  and  is  consequeDtly  a 
common  measure  of  these  polynomials ;  but  d  is  also  the  greatest  commoD 
measure  of  a  and  6 ;  for  if  d'  is  a  greater  common  measure  of  a  and  h  than  d 
is,  it  is  obvious  that  by  (1)  d'  measures  a — m6,  or  c ;  and  d'  measuring  both  h 
and  c,  it  measures  b — nc^  or  d  by  (2) ;  hence  d'  measures  d^  which  is  absurd, 
•ince  no  quantity  measures  a  quantity  less  than  itself;  therefore  d  is  the 
greatest  common  measure.  Q.  £.  D.* 

30.  If  the  greatest  common  measure  of  three  quantities  be  required,  find 
the  greatest  common  measure  of  two  of  them,  and  then  that  of  this  measure 
and  the  remaining  quantity  will  be  the  greatest  common  measure  of  all  three.f 

31.  If  the  two  polynomials  be  the  terms  of  a  fraction,  as  r,  and  d  their 

greatest  conunon  measure,  then  we  may  put  a:=zda\  and  h=db*  i  hence 

-=-—=:—,  and,  since  a',  h'  contain  no  common  factor  (28),  by  dividing  both 
b     db'     b' 

numerator  and  denominator  of  a  fraction  by  their  greatest  connnon  measure, 
tiie  resulting  fraction  will  be  simplified  to  its  utmost  extent,  and  thus  the  pro- 
posed fraction  will  be  reduced  to  its  lowest  terms. 

**  These  letters  stand  for  the  Latin  words  quod  erat  demonstrandum,  signifying  which 

was  to  be  demonstrated.    Another  mode  of  demonstrating  the  same  is  as  follows :  Let  A 

aad  B  represent  the  two  given  qnanties,  D  their  greatest  common  divisor,  Q  the  qootieiii 

of  A  by  B,  and  li  the  remainder.    We  shall  first  prove  that  the  greatest  oommoo  divisor 

of  A  and  B  is  the  same  as  the  greatest  common  divisor  of  B  and  R.    Bopreteni  the  lattsc 

byD'. 

.     „^  .  «       A    Ba  ,  R       ^  A     Ba  ,  R 
A=Ba-hR, .-.  0=^+5.  and  5>=^-fp- 

A  and  B  being  divisible  by  D,  R  must  bo,  because  a  whole  number  can  not  be  eqaal  to 
a  whole  number  phis  a  fraction.  Again,  B  and  R  being  divbible  by  JY,  A  must  be,  for  the 
snm  of  two  whole  numbers  can  not  equal  a  fractioo.  Finally,  D,  a  coamon  diwisw  oC  B 
and  R,  can  not  be  greater  than  their  greatest  common  divisor  D' ;  and  D',  a  c.  <2 .  (^  A  and 
B,  can  not  be  greater  than  their  g.c.d.D;  i.c.f  D  can  not  bo  greater  than  D\  and  ly  can 
not  be  greater  than  D. 

Or  thus :  since 

A=Ba-fR, 
the  greatest  ccNsmon  divisor  D  of  A  and  B,  must  divide  R.    Represent  tho  three  qnotifloti 
by  A',  B',  andR^  then 

A'=B'a-f-R'. 
B'  and  R'  have  no  farther  common  factor,  for  if  they  had,  it  must  by  this  equality  divide 
A ;  then  A'  and  B'  would  have  still  a  common  factor,  and  D,  the  greatest  ooomxm  divisor 
of  A  and  B,  would  not  contain  all  the  common  factors  of  these  quantities,  which  is  contrary 
to  the  dcfhiition.  Since  B'  and  R',  which  are  the  quotients  of  B  and  R  by  D»  can  have  no 
fiuther  common  factor,  it  follows  that  tlie  greatest  common  divisor  of  B  and  R  it  equal  to 
D ;  then  it  is  the  same  as  tliat  of  the  quantities  A  and  B. 

In  persuing  the  rule  for  finding  tho  g .e.d.,  we  arrive  at  a  remainder  which  exactly  di- 
%'ide8  the  preceding  divisor,  and  which  is,  therefore,  the  g.c.d.oi  itself  and  this  proce^ 
ing  divisor ;  also  by  the  above  demonstration  of  that  divisor  and  its  dividend,  and  so  00  ap 
to  the  given  quantities. 

f  For  suppose  we  have  the  three  quantities  A,  B,  C ;  let  D  be  the  greatest  common  di- 
visor of  A  and  B,  and  Tf  that  of  D  and  C.  According  to  the  definition,  D  is  the  product  of 
the  common  factors  of  A  and  B,  and  T/  is  that  of  the  common  factors  of  D  and  C ;  then  ly  is 
the  product  of  the  common  factors  of  the  three  quantities  A,  B,  C ;  therefbro  jy  is  their 
greatest  common  divisor. 
# 
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EXAMPLES. 

(1)  What  18  the  greatest  common  moasuro  of  Ax'^y^z*  and  Sx*y^z*l 

Here  4  is  the  greatest  common  measure  of  4  and  8,  and  a^y^z^  is  that  of  the 
literal  parts ;  hence  Aa^i^z^  is  the  greatest  common  measure  roqmred. 

(2)  Find  the  greatest  common  measure  of  — —  — . 

^—y^)  r'+f  (x 

^y''+y*=y'(^+y)  ?  rejecting  the  factor  y« 
x-Uy)     2«— y2  (x— y 
a^-^xy 

— J*y— y' 

Henco  x-\-y  is  the  greatest  common  measure  sought,  and 

^jg^(^+3^)^(.+y)^g^,4^.^  reduced  fraction. 

(3)  Required  the  greatest  common  measure  of  the  two  polynomials 

6a»—  6a*y+2ay*—'2y^  ....  (a) 

12a«— 15ay  +3y«  »•  •  •  •  (*)' 

Here  Ga'— •  Ga«y+2ay— 2y»=2(3al— 3a=y+ay-— y*) 

12fl2— 15<iy  -f  3y  =3(4a4-6ay  +y«) ; 

And  therefore,  by  suppressing  the  factors  2  4nd  3,  which  have  no  common 
measure,  and  wliich,  not  being  common  factors  of  the  two  given  quantities,  do 
not  affect  the  common  divisor,  wo  have  to  find  the  greatest  common  measure 
of 

3a»— 3a-y+ay'— .y^  and  4a»— 5ay+y*. 
4a«— 5ay+y«)  3a»—  3a^y+  af—  y» 

Jl 

12a'— 12a^y+4ay«—  4y»  (3a 

120^— 15a«y+3fly 

3rt^y+  arf-^  4f 
4 


12a'y+  4ay«— 16y»(3y 
12a»y—15ay«+   3y* 

19ay*— 19y«=19y«  (  a— y) 
Suppressing  193^,  by  note  3,  rule, 

d'-y)  4a«— 5ay+y«  (4a— y 
4a' — 4ay 

—  ay+y» 

-  <iy+!/'' 


Hence  a — y  is  the  greatest  common  measure  of  the  polynomials  a  and  b. 

The  factor  4  is  introduced  into  the  dividend  in  this  example  to  render  it  di- 
visible by  the  divisor.  This  can  be  done,  because  4  is  not  a  factor  of  every 
term  of  the  divisor,  and  therefore  not  a  factor  of  the  divisor.  The  quantities 
employed,  after  introducing  or  suppressing  factors,  are  different  from  the  given, 
but  as  they  have  the  same  greatest  common  divisor,  and  as  the  object  is  to  find 
this,  the  circumstance  is  immaterial. 

(4)  Required  the  greatest  common  measure  of  the  terms  of  the  fraction 
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cfl—a-x* 


Here  a*  is  a  simple  factor  of  tho  numerator,  and  a'  is  a  factor  of  the  denomi- 
nator; hence  a'  is  tho  greatest  common  measure  of  these  simple  factors,  which 
must  be  reserved  to  be  introduced  into  the  greatest  common  measure  of  the 
other  factors  of  the  terms  of  the  proposed  fraction ;  viz. : 

a* — x*  and  a'+a'^x  — ax* — x*. 
o'+o'x— ax»— x')  a*— X*  (a— x 

a} + a'x — a'^Ji^ — ar* 
— a'''x+ a-j^+ ar^  — x* 
— rf»x— a«j:«+ar»+x* 


2a^j^—2x*=z'2j^  (a'— ^)  *»  rejecting  S2i« 
a«— x«)  a3+a«x— ax«— x3  (a+x 
o^— ax« 


a*x. 
a«x. 


.x» 


Therefore,  restoring  a',  the  greatest  common  measure,  is  a^{a'^ — 2*). 


ADDITIONAL  EXAMPLES. 

(1)  Find  the  greatest  common  measure  of  l?a^X',  4x*^,  and  Gx'y. 

(2)  Find  the  greatest  common  measure  of  the  two  polynomials  a' — M 
+3a6«— 35»,  and  a«— 5a6+46«. 

(3)  What  is  the  greatest  common  measure  of  r* — xy*  and  x^+Sxy+y"? 

(4)  Find  the  greatest  conmion  measure  of  x^ — y«  and  x*' — y". 

(5)  Find  the  greatest  common  measure  of  the  polynomials 

(6_c)x2— 6(26— c)x4.6=» (a) 

(64.c):r»— 6(26+c)x-+63x (6). 

(6)  Find  the  greatest  common  measure  of  the  polynomials 

x*^  8x54.21x3— 20X+4 (a) 

2x»— 12x24-21x  —10  (6). 

(7)  f—.5fz^4yz'+2z^  and  7 ifz  + 10 ifz-+ 3:^. 

(8)  Also  u£{z^+a^x-+a'')  and  (x«-j-a.r»— a»x— a*). 

(9)  Also  of  (7a«— 2306+66')  and  (5a^— 186a«4.11a6«— 66'). 

(10)  Also  of  (5a»+10a^6+5a'6«)  and  (a^64.2a-6«4.2a63+6*). 

(11)  Also  of  (6a»  +  15a<6  —  4a«c3  —  10a-6c2)  and  (9a^6  —  27a=6c  —  6a6c« 
+  186c>). 

(12)  Also  of  (a«+y+ay6^+a«6'^+6^+^)  and  {a^m+a^n  +  h^m+h^n). 

(13)  Find  the  g.  c,  d.  of  the  three  quantities  a=»+3a'6+3<z6-+6»,  a^-\-7ab 
+  6«,  and  a»^6«. 

ANSWERS. 


(5)  X— 6. 

(6)  X— 2. 

(7)  y+z. 


(8)  x»+ax+a«. 

(9)  a— 36. 
(10)  a+6. 


(11)  3d»— 2c«. 

(12)  a«+6^. 

(13)  a+6. 


(1)  2x». 

(2)  a— 6. 

(3)  ^+y. 

A  quantity  is  said  to  be  independent  of  a  letter  when  it  docs  not  contain  this 
letter,  and,  therefore,  does  not  depend  upon  it  for  its  value. 

Note, — Id  seeking  for  a  common  divisor,  we  fiuil  ourselves  often  working  with  poljnoml- 
als  different  from  the  given,  bat  always  with  such  as  have  the  same  common  measure 
the  given  polynomials. 
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Proposition. — A  divisor  of  a  polynomial,  which  is  independent  of  the  letter 
of  arrangement  of  that  polynomial,  must  divide  separately  each  of  the  multi- 
pliers of  the  diflbrent  powers  of  tliat  letter. 

Demonstration. — Let  Ax^+Bx'^'^  +  Cx'"-',  &c.,  bo  the  polynomial,  and 
D  the  divisor.  ,Tho  quotient  must  contain  every  power  of  the  letter  of  ar- 
rangement that  the  dividend  does,  since  the  quotient,  multiplied  by  the  divisor, 
must  produce  the  dividend,  and  tlio  letter  of  arrangement  b  not  contained  in 
the  divisor.  The  quotient  must,  therefore,  be  of  the  form  A'x™+B'x"-' 
+  C'x^-\  &c.,  multiplying  which  by  tlio  divisor  gives  DA'j'°4"^^'^"~* 
4-DC'x"~^  &c.,  the  original  dividend,  the  multiplier  of  each  power  of  x  in 

which  is  evidently  divisible  by  D.  Q.  E.  D. 

N.B. — A'  is  a  dificrcnt  quantity  from  A,  B'  ffom  B,  &c. 

EXAMPLES. 

(1)  Find  a  common  divisor,  independent  of  the  letter  a,  of  tho  two  quantities 
(  a'— ca"+6«a— c^a+62— ojc-|-c«  and 

Collecting  together  in  tho  first  of  these  two  quantities  the  multipliers  of  a"  and 
a,  and  observing  that  ¥ — 2bc-{-<^  is  the  square  of  6 — c,  wo  have 

(6_c)a«-f(6^— c^)a+(&— c)«, 
and  from  tho  second  by  a  similar  process, 

(6— c)3a'+(6^— c*)a«+(fr»— c')a+(6— c)'. 
The  multipliers  of  tho  different  powers  of  a  in  tho  two  quantities  are,  there- 
fore, 6— c,  6«— c«,  (6— 0^  (6— t)',  &*— c',  and  l/^—c^.    The  only  number 
which  will  divide  them  all  is  their  common  divisor  b — c,  which  is,  therefore, 
the  answer  required. 

(2)  Find  the  greatest  common  divisor  of 

(h  — c  )a2— 26  (h  ^c)a+b^{b^c)  and 

Here  the  common  divisor,  independent  of  a,  is  b — c;  suppressing  which,  we 
have  left  tlie  two  quantities 

fl«_  Qia  4-63  and 
(6  +c)(a'-6^). 
Suppressing  tho  factor  (^-f*^)  ^^^  common  to  both,  we  shall  find  the  common 
divisor  of  these  last  two  quantities- to  bo  a — 6,  and  the  greatest  common 
divisor  of  the  two  original  quantities  is 

{b — c)  {a — b)  or  ab — ac — 6-+ic. 

The  success  of  the  pnx;css  for  finding  a  greatest  commoa  divisor  depends  upon  the  fact 
that  the  quantities  being  arranged  according  to  tho  {lowcrs  of  some  letter,  each  division 
leads  to  a  remainder  of  a  degree  inferior  to  tho  divisor.  ^Vl1en  the  polynomials  contain 
many  terms  of  the  same  degree,  a  precaution  is  necessary,  without  which  this  reduction 
would  not  always  obtain,  which  consists  in  uniting  all  these  terms  under  a  single  multiplier. 

Let  there  be  tho  two  polynomials : 

B=yar*-f-xi  -\.yiX'^yx -j-x     -fy. 
I  write  them  thus : 

A=^-f-(y-f-l)x«— (y«— 2y)z— y3  -f-ya 
B=  (y -f  l)x^4.(y*4.y  -f-l)x-fy. 
Tho  first  term,  xP,  not  being  divisible  by  {y-{-l)x'^,  on  account  o^  the  factor  y-f-l,  I  know 
(Prop,  above),  that  if  a  quantity  is  airangod  like  the  preceding,  every  divisor  of  this  quantity, 
independent  of  x,  must  divide  separately  the  multiplier  of  each  power  of  x.  From  this  it 
follows  tnat  y-\-l  has  no  common  factor  with  B,  because,  if  it  had,  this  factor  would  be 
found  in  y^-{-y-\-l  and  in  y ;  but  it  is  evident  that  y  has  no  factor  ccmmxm  with  jr-f*^* 
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We  can  then  multiply  A  by  y-\-l  without  affecting  tho  common  diviMur  loagfat ;  and  af 
It  would  be  necessary  to  multiply  again  by  y-{-l,  we  multiply  at  once  by  (y-{-l)',  or 
y3-|-2y-|-l.*    In  this  manner  we  arrive  at  the  remainder 

R=(— ^4_y3-|-^2)a— yft— y4-f-y».  , 

Before  passing  to  the  second  division,  it  is  necessary  to  suppress  in  R  the  factors  com- 
mon  to  the  multipliers  of  the  powers  of  x.  But  the  two  parts  of  R  are  evidently  divisible 
by  — y* — y^-^-y*,  and  after  this  simjilification  tliero  remains  x-\-y.  We  can  then  tako 
x-jl^y  for  a  divisor,  and  as  the  division  is  effected  exactly,  it  follows  that  tho  common  di- 
visor sought  is  X'\-y. 

The  process  is  not  always  so  easy.  To  develop  the  general  method  to  be  pursued  in 
such  cases,  let  us  consider  the  polynomials  A  and  B,  which  contain  two  letters,  x  and  jr. 
Tako  first  the  greatest  monomial  common  divisor  of  the  terms  of  A ;  let  a  be  this  divisor, 
and  A'  the  quotient  of  A  by  a :  we  shall  have  A=a  A^  Arrange  A  according  to  the  pow- 
ers of  X,  taking  care  to  collect  all  tlie  terms  containing  a  same  power  of  this  letter,  and  let 
us  suppose,  for  example,  that  we  have 

A'=Lx3-fMx-f.N. 

All  the  factors  of  A',  independent  of  x,  must  be  factors  of  the  quantities  L,  M,  N,  whidi 
multiply  the  different  powers  of  x.  These  quantities  containing  only  the  single  letter  y,  it 
will  be  easy  to  find  Uieir  greatest  common  divisor ;  let  us  name  thia  divisor  af,  and  die 
quotient  of  A'  by  o'.  A";  we  shall  have  A'=.afK",  and,  consequently, 

A=oa'A". 

a  win  be  the  product  of  the  monomial  factors  of  A.  af  the  product  of  the  polynomial  (ao- 
tors  which  do  not  contain  j*,  and  A"  the  proiluct  of  the  factors  which  contain  x. 

Let  us  effect  the  same  decomposition  of  the  polynomial  B,  and  let 

B=/J/3'B". 

Then  I  determine  tho  greatest  common  divisor  of  the  monomials  a  and  /?,  as  well  as  tliat 
of  the  polynomials  af  and  p',  which  contain  only  the  letter  y ;  and  if  I  can  also  find  tiiat 
of  the  polynomials  A'^  and  W,  which  contain  y  and  x,  I  shall  have  three  quantities,  the 
product  of  which  will  be  the  greatest  common  divisor  of  A  and  B. 

But  I  say  that  we  con  find  the  greatest  common  divisor  of  the  quantities  A''  and  W\  in 
subjecting  them  to  the  same  calculus  as  the  preceding  examples.  It  is  clear,  indeed,  that, 
these  quantities  having  no  longer  either  monomial  factors  or  pol^-nomial  independent  of  x, 
it  will  be  proper  to  multiply  the  partial  dividends  of  the  first  division  by  the  polynomial 
which  is  placed  before  the  highest  power  of  x  in  the  divisor,  and  that  we  shall  thus  arrive 
at  a  remainder  of  a  degree  less  in  x  than  the  divisor.  It  Will  be  easy  to  take  from  this  re- 
mainder all  the  monomial  factors  which  it  contains,  as  well  as  the  polynomial  factors  inde- 
pendent of  X,  and  then  proceed  to  a  second  division,  taking  for  a  divisor  this  remainder  sim- 
plified. We  operate  as  in  the  first;  then  we  pass  to  the  third,  and  continuing  always  in 
this  mamicr,  we  are  sure  of  arriving  finally  at  a  remainder  zero,  or  independent  of  x. 

In  the  first  case  the  quantities  A"  and  B''^  have,  for  greatest  common  divisor,  the  diviaor 
of  tho  last  division. 

We  have  thus  seen  that  the  finding  of  a  common  divisor,  when  the  polynomials  contain 
two  letters,  depends  upon  finding  it  when  they  contain  one ;  so  the  case  where  they  con- 
tain three  depends  upon  that  where  they  contain  two,  and  so  on,  whatever  be  the  number 
of  letters. 

There  is,  therefore,  no  case  in  which  the  common  divisor  can  not  be  found  by  the  abore 
rales. 

THE  LEAST  COMMON  MULTIPLE. 
32.  Wo  have  already  defined  a  multiple  of  a  quantity  to  be  any  quantity 
that  contains  it  exactly ;  and  a  common  multiple  of  two  or  more  quantities  is  a 
quantity  that  contains  each  of  them  exactly. 

•  ■       I    .    .  —  ■        '  ^—      —  —  ■    ■       ■  ^  ■  1  ■  ■    I       ■  ■     ■■  I    ■    ■■  ■  ■     I  ■■■■■■■  »  I  Ml 

*  Let  N  bo  the  dividend,  D  the  divisor,  c  the  coefficient  of  the  first  term  of  the  divisor. 
Multiplying  by  the  square  of  this  coefficient,  the  dividend  becomes  r-N.  The  first  tenn  of 
the  quotient  will  contain  the  first  power  of  c.  Multiplying  the  whole  divisor  by  this  term 
of  the  quotient,  every  term  of  the  product  will  contain  the  first  power  of  c,  and  the  whole 
product  may  be  represented  by  cP.  Subtracting  this  from  the  dividend,  the  remainder  ii 
^N — cP,  every  term  of  which  contains  c,  and,  therefore,  its  first  term  is  ready  fiir  divisioD 
without  multiplying  again  by  c. 
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The  least  common  multiple^  of  two  or  more  quantities,  is,  therefore,  the  least 
quantity  that  contains  each  of  them  exactly. 

N.  B.  The  least  common  multiple  must,  from  its  uaturo,  contain  all  the  dis- 
tinct factors  in  either  of  the  quantities. 

33.   To  find  the  least  common  multiple  of  two  quantities. 

(1)  Divide  the  product  of  the  two  proposed  quantities  by  their  greatest  com- 
mon measure,  and  the  quotient  is  the  least  common  multiple  of  these  quanti- 
ties ;  or  divide  one  of  the  quantities  by  tlieir  greatest  common  measure,  and 
multiply  the  quotient  by  tiio  other. 

Let  a  and  6  be  two  quantities,  d  their  greatest  common  measure,  and  fn 
their  least  common  multiple ;  then  let 

a^idf  and  b=zkd ; 
and  since  d  is  the  greatest  conunon  measure,  h  and  k  can  have  no  common 
factor,  and  hence  their  least  common  multiple  is  hk ;  therefore,  hkd  is  the 
least  common  multiple  of  hd  and  kd ;  hence, 

,,,     hkd^     hdxkd     axh     ah 

^='*^'^=-^=— ^— =-rf-=T         Q-  E.  D. 

(2)  Also,  the  least  common  multiple  is  composed  of  the  highest  powers  of  aD 
the  fiictors  which  enter  into  the  given  quantities.* 

EXAMPLES  t 

(1)  Find  the  least  common  multiple  of  2a*x  and  Sa'jr*. 

__  ab     2a'XX^a^r^ 

Here  fn=--z= — — =8a'*jr'=  least  coimnon  multiple : 

or,  by  (2),  the  two  quantities  being  2a^x  and  2'aV,  2'aV  is  the  /.  c.  m. ;  be- 
cause 2^  is  the  highest  power  of  2,  a^  the  highest  power  of  a,  and  3^  the 
highest  power  of  x,  in  either  of  the  given  quantities. 

(2)  Find  the  least  common  multiple  of  4.i:^(;c«— y^)  and  12r»(j3— y»). 
Here  dr:=4x'{x — y),  ond,  therefore,  we  have 

or,  in=l2x^+l2x^if^\2r*if'-l2r^y* ; 

or,  the  two  given  quantities  being  2^X'(X'\'y)(x — y)  and  2'.3-p'(x — y)(3^'{-xy 

.f-y«),  the  /.  c.  m,  is  2^  .3x''{x+y){x-y){jfl+xy+y^). 

(3)  Find  the  least  common  multiple  of  2^+2-i'y+y'  and  jfi — X}/*, 
Here  dr=x-{-yt  and,  therefore,  we  get 

a  ,      .7'^+2xy+'f  , 

=  {x+y){3^^xf) 

=zx{x-\'y)  {2^ — y^)=  least  common  multiple 
or,  the  two  given  quantities  being  (x-^-yf  and  ^(x-f-y)  (x — y),  the  l.  c.  m.  is 

(4)  What  is  the  least  common  multiple  of  r*— 5r*+9x-— Tx-f  2,  and 
x4— 6a:«+8x— 3  ? 

By  the  process  for  finding  the  greatest  common  measure,  we  find 

</=r*»— 3x'+3x— 1 
T«— Sx'+Ox'— 7j:+2,_     ^^  .  ^       ^^ 
•••  '"=  -x3-3T^+3x-l  -  (^-6x«+8a:-3) 

=(x— 2)  (ar*— 6j:«+8r— 3) 

=x*— 2x*— 6r»-|-20.i:^— 19J+6.  the  least  common  multiple. 

*  The  ordinary  arithmetic  method  depends  on  tliis  principle. 

F 
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(5)  Find  the  least  common  multiple  of  a^^2ah-\-b^  and  a* — 6*. 

(6)  Find  the  least  common  multiple  of  a^ — h'^  and  a'+^'* 

(7)  Find  the  least  common  multiple  of  j^ — ?/-  and  x^—tf^. 

(8)  Find  the  least  common  multiple  of  y=— 8^+7  ^^^  y^-\''^y — 8. 


ANSWERS. 


(5)  (a— 6)  (a*— 6*). 

(6)  (a— 6)  (a'+6'). 


(7)  (T+y)  (r»-y»). 

(8)  y'-572^+56. 


34.  Every  common  multiple  of  two  quantities^  a  and  h,  is  a  multiple  oj  m, 
their  least  common  multiple. 

For  let  m'  bo  a  common  multiple  of  a  and  6,  then,  because  m'  is  greater 
than  m,  if  we  suppose  that  m'  is  not  a  multiple  of  m,  we  liave,  as  in  the  an- 
nexed schemef 

m)  m*  (A 
m':=:ATO+A:  ...  (1)  hm 

m'^hmzzzk  .  .  .  (2)  A-=  remainder. 

Now  the  remainder  k  is  always  less  than  m  the  divisor ;  hence,  since  a  and 
6  measure  m  and  m\  it  is  evident  that  a  and  h  measure  m' — hm^  or,  by  (2),  k; 
therefore,  k  is  a  common  multiple  of  a  and  6,  and  it  has  been  proved  to  be  less 
than  m,  tlio  least  common  multiple,  which  is  absurd ;  hence  the  suppositioii 
that  m'  is  not  a  multiple  of  m  is  false,  or  m*  is  a  multiple  of  m. 

35.   To  find  Oic  least  common  multiple  of  three  or  more  quantities 

Let  a,  6,  r,  d^  &c.,  be  the  proposed  quantities ; 

fmd  7n,  tlie  least  common  multiple  of  a  and  b ; 

find  m', c  and  m  ; 

find  m'\ d  and  m' ;  6cc. 

The  last,  say  m",  is  evidently  a  multiple  of  a,  h,  r,  c/,  &c. 

Then,  since  every  multiple  of  a  and  6  is  a  multiple  of  m,  their  least  conunou 
multiple  (34),  the  quantity  sought,  x,  is  a  multiple  of  m ;  but  x  also  is  by  hy- 
pothesis a  multiple  of  c ;  therefore,  x  is  a  multiple  of  both  c  and  m,  and,  there- 
fore, it  is  (34)  a  multiple  of  m' ;  but  x  is  a  multiple  of  d  and  m\  and,  therefore, 
of  m'^ ;  hence  x  can  not  be  less  than  m'^  and,  therefore,  m"  is  the  least  com- 
mon multiple. 

EXAMPLES. 

(1)  Find  the  least  common  multiple  of  2aS  4a^5S  and  Gal^. 
Here,  taking  2a'^  and  4a^b'^,  we  find  </=2a=,  and,  therefore, 

ab     2<Z'X4a'6- 

Again,  taking  m,  or  4a^b-,  and  6aZr\  we  find  d=z2ab^;  hence 

cm     Gal'^X^fi^b- 
m^=-T^= ^~n =12a^o'=  answer  required. 

Or,  the  throe  given  quantities  being  2a',  2'a^b'j  and  2 .  3a6^  the  Z.  c.  m.*  b7 
33  .  (2),  is  2"- .  30^6^ 

(2)  Find  the  least  common  multiple  of  a — x,  a- — x°,  and  o^ — x*. 
Taking  a — x  and  a* — x*,  we  have  d=za — x;  and  hence 

ab     a — X 
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Again,  taking  a' — x®  and  a} — ar*,  we  find  d=za — x;  hence 

m'=-r =^ — -=(a4-x)(a^ — r*)=  answer  sought 

d  a — X  \     I     /^  / 

Or,  the  three  given  quantities  being  (a— a:),  {a—x){a+x)y  and  (a'^x){a''\-ax 
+3^),  the  least  common  multiple  is  (a— j-)(fl+j:)(<i-+«*i:+a--). 

(3)  Find  the  least  common  multiple  of  15a-6-,  12tt6^  and  6a^b, 

(4)  Find  tlie  least  common  multiple  of  Ga^x'^ia—x),  Sx\a'—3^),  and  12 
(a-xy. 

(5)  Find  the  least  common  multiple  o£ x^^J^y—xy^+f,  r»— a^j^+ar/— y», 
and  x^ — y*. 

(6)  Find  the  least  common  multiple  of  (a+b)-,  (a^— 1=),  (a— 6)«,  and  a» 
+3a^b+3ah^+b\ 

(7)  Find  the  least  common  multiple  of  45,  50,  and  75,  or  3^ .  5,  2 .  5^,  and 
3.5«. 


ANSWERS. 


(3)  60a»6«. 

(4)  24a2r»(a— a:)(a«— a:»). 

(5)  a:*— xy*— ar»y+y». 


(6)  (a+J)(a«— 6«)«. 

(7)  3^2. 6- =450. 


OF   ALGEBRAIC  FRACTIONS. 

36.  Al6Ebraic  fractions  differ  in  no  respect  from  arithmetical  fractions,  and 
aU  tlie  rules  for  the  latter  apply  equally  to  the  former.  We  shall,  therefore, 
merely  repeat  the  rules,  adding  a  few  examples  of  the  application  of  each.  It 
may  be  proper  to  remind  the  reader  that  all  operations  witli  regard  to  frac- 
tions are  founded  upon  the  three  following  principles : 

1.  In  order  to  multiply  a  fraction  by  any  number^  toe  must  multiply  the 
numerator,  or  divide  the  denominator  of  Uic  fraction  by  that  number, 

2.  In  order  to  divide  a  fraction  by  any  number,  we  must  divide  Oie  numera- 
tor, or  multiply  Ote  denominator  of  the  fraction  by  that  number, 

3.  The  value  of  a  fraction  is  not  changed,  if  we  multiply  or  divide  both  the 
numerator  and  denominator  by  Ote  same  number, — See  (17,  Note). 

REDUCTION  OF  FRACTIONS. 
I.  To  reduce  a  fraction  to  its  lowest  terms. 

37.  Rule. — Divide  both  numerator  and  denominator  by  their  greatest  comr 
mon  measure,  and  the  result  will  be  Ou  fraction  in  its  lowest  terms. 

Wlien  the  numerator  and  denominator  are,  one  or  both  of  them,  monomials, 
thoir  greatest  common  factor  is  immediately  detected  by  inspection ;  thus 


So,  also. 


a*6c       a^bxc       c 

r"^=  -k^.iij=Zk  1"  *to  lowest  terms. 
ba-b^     a-b  X  56     56 

aa:'  xy,ax         ax 


in  its  lowest  terms. 


ax'\-x^     x(a-\-x)     a+x 

If,  however,  both  numerator  and  denominator  are  polynomials,  we  must 
have  recourse  to  the  method  of  finding  the  greatest  common  measure  of  two 
algebraic  quantities,  develo[>ed  in  a  former  article.  Thus,  let  it  be  required  to 
reduce  the  following  fraction  to  its  lowest  terms : 
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The  great^ist  common  measure  of  the  two  terms  of  this  fraction  was  found  at 
page  37  to  be  a — y ;  therefore,  dividing  both  numerator  and  denominator  by 
this  quantity,  V\re  obtain  as  our  result  the  fraction  in  its  lowest  terms ;  or, 

6a»+2y« 

12a— 3y' 

In  like  manner,  taking  the  fraction Jl -,  the  greatest 

^  (>a^+4a»6— 9tf=^fri— 3tf6'+26«  ^ 

common  measure  of  the  two  terms  is  found  to  be  2a:^-\-2ah — b-;  and,  dividing 

both  numerator  and  denominator  by  this  quantity,  the  reduced  fraction  is 

2a^^2ab+  h^ 

3a«—  a6— 2i«' 

EXAMPLES  FOR  PRACTICE. 

.  V  «    ,        2r»-.l(lr— C      .     , 

(1)  Reduce       ^^^     ^^  to  its  lowest  terms. 

48ar»+36j:3— 15 

(2)  Reduce  ^4^_oi^>4.irix-ti  ^^  '^  lowest  terms. 

20x*+j«'— 1 

(3)  Reduce  .,-   .  ,  -  ^ r  to  its  lowest  terms. 

*  '  25-r*+54r* — X — 1 

/  V  *,    ,        3m-»— m'lJ— 6wn-4.27Wfi» 

(4)  Reduce  -r-; t^-t, — z tt to  its  lowest  terms. 

*  '  V2mn — I5n^ — Amp-\-5np 

in'— 27iin 

Ans.  -: r— . 

4m — on 

.     ,  ,       Aaia+Zb) 

to  Its  lowest  terms.  Ans.  z— ri-;—- :— . 

7j:^(64-c) 

38.  It  frequently  happens,  however,  tliat  when  the  polynomials  which  form 
the  numerator  and  denominator  of  a  fraction  which  can  be  decomposed  are  not 
very  complicated,  we  are  enabled  by  a  little  practice  to  detect  tlie  common 
factor  and  effect  the  reduction  without  performing  the  operation  of  finding  the 
greatest  common  measure,  which  is  generally  a  tedious  process.  The  results 
to  which  we  called  the  attention  of  the  reader  at  the  end  of  algebraic  division 
(see  page  30)  will  be  found  particularly  useful  in  simplifications  of  this  nature. 

Thus,  for  example  : 

3j^y+3jy»        Zxy(xJ^y)        ^xy(x+y)       *    xy 
3i^+ary+33^=-  3(x+y)»  ^3(x+3^)(x+y)-:r+y 

a-— i»  (fl— 6)(a+6)     a+6 


(6) 


(7) 
(8) 

(9) 
(10) 


a^— 2a6+6«'~      (a— 6)*      ""a— 6' 

ba'JclOa'b+bab^     5a(fl«+2rt6+6«)     5a(a+ft)«     5(g+5) 
8a3+8a-6        ""      8?i(a+6)       '~8a-(a+6)~"~ea     ' 

a'— r»  (a«+flT+3:«)(a— t)     a'+or+a* 

a'*— 2aj:4-i^~  (a— x)«  ""      a—x 

ac4f.bd^ad-\-bc       (a +  &)€+(« +/>)</       (cJf.d)(a-\-b)       c+i 

fl/+26j+2ax+6/~('a+6)/+2x(a+iO"(/+2^)(«+^l~7+2J' 
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Gac+l0bc+9ad+lobd_3ai2c+3d)+5b{'2c+3d)_{3a+hb){2c+3d) 
^^^'  ""Gc^+Dci^c— 3c/  "~  3c(i>c+3</)--(2c+3c/)  ""  (3t  — f)(2f+3</)" 
3a +56 


3c— 1 


^^^)    a^'AjT- 6»jr»"6x(a-— 6-i:«)""6x(a+6x)(a— 6x)"'6(a+6x)' 
(13)  -i^ 


(14) 


2xy+3y»+2x«+3ry  y+x 


8rx+12fy— 10(/x— 15rfy""4c— 5fl?* 

II.   To  reduce  a  mixed  quantity  to  an  improper  fraction, 

39.  Rule. — Multiply  the  integral  part  by  the  denominator  of  Uie  fraction^ 
and  to  the  product  add  tiie  numerator  with  its  proper  sign ;  then  the  result 
placed  over  the  denominator  will  give  the  improper  fraction  required.     Thus, 

a  a-4-6 

(1)  6+l=-^- 

('^^  ^"^a*+x«""        a^+x«        ~"a«+5' 

/  V     r        »     abc—c^d-^^cd^     aic+c«ci?+2a5(£+2c(/3-^af^«.c«i— 2r//» 
(3)  a6+cc/+ -^^^ = ^-j-25 

2abc-\-2abd 
f"  c+25 

_  2a&(c+rf) 

""  c+2(/ 

62-l-cg— a»     ofec4.6^+c>— a\    (6+r)^— a> 
(^)  ^+       26^        —  26c  ""        26^        • 

40.  It  is  to  be  remarked  that  when  a  fraction  has  tho  sign  — ,  it  signifies 
that  the  whole  fraction  is  to  be  subtracted ;  the  negative  sign,  therefore,  as 
will  be  shown  hereafter,  applies  to  the  numerator  alone  ;  when  the  numerator 
is  a  polynomial,  the  negative  sign  extends  to  all  its  terms ;  the  bar  which  sepa- 
rates tho  numerator  from  the'denominator  is  to  be  regarded  as  a  vinculum,  and 
if  it  have  the  negative  sign  before  it,  when  removed,  all  the  signs  of  the  numer- 
ator must  be  changed. 

b     a-^b 

(6)  1— = . 

^  '         a        a 

ef    cd — ff 
(6)  c-{=-^-^. 

a'i^oab+lr     a-+b^—{a'^^2ab+b"')       2ab 
(^)  ^~*      a^^>      "■  a*+63  "oTfya- 

fea^r^^a-     26c— (Rg+c«— g^) 
(®)  ^  Wc      "■  ibi 

a2_(64— o6c+c=) 


26c 
a»— (6— c)' 
'        26c        • 
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(9)  x«+2xy+i^- g^^     ^- 

x+y 
2.v(3x'+.v«) 


Smn'^ — 2pqn     fn?n — mpq-\-mn* — npq  — •  (2mn* — Spyn) 
(10)  mn — ^»7 ; = ITT";;; 

w?n — mpq — mn^  -hP^^ 
mn{m — n) — pg{in — n) 


{mn — pg)(m — n) 


m-{-n* 

III.  To  reverse  this  process,  or  to  reduce  an  improper  fraction  to  a  mixta 
quantity. 

Rule — Divide  the  numerator  by  Uie  denominator ;  the  quotient  obtained,  om 
far  as  practicable,  will  be  Ote  entire  part^  and  the  remainder,  set  over  tJie  de- 
nominator, will  be  the  fractional  part.  Then  the  Uvo,  joined  together  vritJi  thm 
proper  sign,  wiUform  the  mixed  quantity  required.    Thus, 

av+6  6 

(11)  -^^-^=a+-. 

a'+2«  2a:« 

(12)  -^=:a+r+; 


a — X  '      '  a — X 

20r»— 10a:+4  4 

^»+2;.,+,o-r-.  r±.^ 

(15)  — -^ ^T^T — 57 =m«+n«+-. 


• 


IV.  To  reduce  fractions  to  oOiers  equivalent,  and  having  a  common  denomir 
nator, 

41.  Rule. — Multiply  each  ofOie  numerators,  separately,  into  all  the  denomi- 
nators, except  its  own,  for  Oie  new  numerators,  and  all  the  denominators  to- 
getiier  for  a  common  denominator,] 

a         c  , 

Thus,  reduce  r  nnd  -;  to  equivalent  fmctions  having  a  common  aonommator 

axdxB  the  new  numerator  of  the  first, 
c  X  ^  is  the  now  numerator  of  tho  second, 

bxd'is  the  common  denominator ; 

ad         be 
Therefore,  tho  fractions  rcquiiTd  aro  t-i  and  t-;. 

*  The  rationale  of  the  above  examples  is  given  in  tho  note  on  the  next  pa^c. 

t  The  numerator  and  denominator  of  each  fraction  will  thus  be  multiplied  by  the 
number,  viz.,  the  product  of  the  other  denominators,  and,  conscqacntly,  its  value  wiU  be 
changed. 
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^^acegJcm  , 

Keduce  t»  -j*  71  t*  t»  ~» to  a  common  donommator. 
o  a  J    n    i    n 

adfhln    chfhin    ehdhln  ehdfln  k'hdfkn  mbfffhl  .,     i.       .  .     , 

— , , ,  - — - — ,  — -•' — , "^ — ,  nro  the  fractions  reauirod. 

bdfhln  hdfhln   bdfhln    bdfhln    bdfhln  *  bdfhin  requiruo. 

14-x  l-l-T*  1-l-r*  • 

Koduco  -— ^— ,  — -L  ■     _I__,  to  a  common  denominator. 

1— X  1— jr-  1— r* 
(l+T)(l-x«)(l-r')    (l+j^)(l-r)(l-r')    (l+r')(l-T)(l-j*)    ^  ^ 

(1— j.)(l— x2)(l_2"^)'   (1— x)(l— a:^)(l— r»)'   (1— -r)!!— ^')(1— J^)' 
fractions  required. 

ADDITION  OP  FRACTIONS. 
42.  Rule. — Reduce  the  fractions  to  a  common  denominator^  add  thenttmera" 
tors  together,  and  subscribe  the  common  denominator.     Thus, 
a      c     ad      be     ad-^bc 
^^)  I'^d^'bl'^ bd'^~~br'' 

a     m     p     x^an,fy     mbqy     pbny     Tbnq 
^  '   6"*'n"'  //"'  y      bnqy*bnqy*bnqy~^bnqy 

anqy  •\-mbqy-\-'pbny-\-rbnq 
"■  bnqy  " 

ace      adfifi     cbfx^      ebdr^ 

adf.v''-\.  brfr^+bdex^ 
=  bJf^'  • 

-    (l-x=)(l+x«) 
2(1 +X*) 


1— T* 

(5)  T:r;:+T-;:=ri-r^.--T.+ 


l+x^l— x""(l+.T)(l— r)^(l+x)(l— x) 

1—T+l+X 

:(l"+i)(l-x) 
o 


"~1— X** 

SUBTRACTION  OP  FRACTIONS. 
43.  Rule. — Reduce  the  fractions  to  a  common  denominator,  subtract  the 
numerator  or  the  sum  of  the  numerators  of  the  fractions  to  be  subtracted,  from 
the  numerator  or  the  sum  of  the  numerators  of  the  others,  and  subscribe  tJie  com- 
mon denominator,* 

a      c     ad      be      ad — be 
^'  b^d^~bd'"bd'^     bd     ' 

'  b*n      \q     y)      bnqy  *  bnqy      bnqy     bnqy 

^^QV  +''*^7y — P^^y — xbnq 


*  The  roles  for  addition  and  subtraction  of  frartions  follow  from  tlic  general  principle  that 
qiiantitiei  to  be  added  or  sabtractcd  most  be  of  the  same  denomination. 
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a        c        e        g       adfJuP      hcflu*       ledlix'       hdfgjfi 

adfhr^  +hcfhx'  -^bcdluc    ---hdfg 
—  bdfhx* 

W  „_^     a+b"     (a-\-b)(a^b) 

Aab 

(l+xT-(l--r^)' 
-     (l-r-')(l  +  j:^) 


1— X* 


1        J rt°— 1 


(7) 


a'"-"     a= '        a'" 


44.  Wlicri  the  donominntors  of  the  frnctions  whicli  it  is  required  to  reduce 
have  a  common  mnltiplo  loss  than  their  continued  product,  the  result  will  fre- 
quently be  much  simplified  by  finding  this  Icnst  common  multiple,  and  then 
reducing  the  fractions  to  their  least  common  denominator  by  multiplying  the 
numerator  and  denominator  of  each  fraction  by  the  quotient  of  the  least  com- 
mon multiple,  divided  by  the  denominator  of  that  fraction. 
Thusi  if  wo  are  required  to  reduce  the  following  fractions  : 

rt  — .  3  r     3/7  —  ryr     3a — 5.r 
4~"^"       5      "^     20     • 

The  least  common  multiple  of  4  and  5  is  'JO,  the  denominator  of  the  third 
fraction  ;  therefore  the  fi-uctions,  when  reduced  to  their  least  common  denomi- 
nator, are 

6fl— 15x     12a— 20x     3a— 5.r     5rt— 15.r-f-12a— 20.r-f-3a— 5r 
^20        ^       20         ^     20      ~  20 

20a— 40.r 


20 
=rt — 2x. 
So,  also,  iu 

27— 9r     5.r4-2     61      2x4-5     20-f-4T     5— 37x 
^4  6  12^     3      ^      12  12     • 

the  least  common  multiple  of  3,  4,  6  is  12,  which  will  bo  the  least  common  de- 
nominator, and  the  above  fnictions  become 

12.r     81— 27  J     lOx+4     61      8.r+20     29-f-4z     5— 37x 

Tr"^"      12  12         12"'"~12~""'      12  r2~' 

Or, 

12x4-81- 27j— lOx— 4— 614-ej4-20-f-20-f.4x— 54-37.r_24j+60 

_       _^^  __      __ 
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MUL^nPLICATION  OF  FRACTIONS. 
45.  Rule. — Multiply  all  the  numerators  togethpr  for  a  new  numerator^  and 
all  the  denominators  together  for  a  new  denominator.    Thus,* 
a     c      ac 

a     m     p     X     ampx 
^^)  b^n^'q^y^'bi^' 

/ox  ±tl^IZ±^]L±i  ^^-?     (^+h)(e''f){k+l)(p^q) 
^**^  c+d^g^h^m^n^  r+s'^(c+d)(g—h)(m^n)(r+$y 

a       h        c        d        e        ahcde        a 


bx^cj^^djT^^ex*^  fsf^'^hcdefj^^'^fx'^' 

DIVISION  OF  FRACTIONS. 
46.  Rule. — Invert  the  divisor  and  proceed  as  in  MuUipUcation,j 
a     c     a     d     ad  r>      c    ^     ^     ^^^     ? 

/m  ?±h  .  ^-/     ^+h     g-h     (a+h){g^h) 
^  ^  c+d  •  g--h-c+d^  e-^f-(c+d)(e^fy 

X^^h*  ofi+bx  x*^b*  x—b 

_        (3:<-.&4)(j— 6) 

—     (x-^by.x.ix+b) 

(x+  b)(x^b){3^+  b^){x^b) 

"      r(x— 6)(j— 6)(x+fe) 
ofi+b^ 


47.  Miscellaneous  Examples  in  the  operations  performed  in  AlgehraU  Frac- 

dons* 

3a     5f     X      42afy+356/y— 85ex 

^^^  46"*'8«""7y^  566ey 

2a      3^     deg      l6abc+l5cdf^Adeg 


*  To  multiply  a  quantity  by  the  fraction  §,  for  instance,  ii  to  take  it  as  many  timei  as  ig 
cxprcBseti  by  this  maltipUer,  tliat  is,  two'  tliirdi  of  a  time,  or  to  take  two  thirdi  of  it^ 
which  IB  done  by  dividing  it  by  3,  and  multiplying  by  2.  If  the  multiplicand  be  a  fraction, 
thifl  is  done,  as  hai  been  before  shown  (17,  Note),  by  multiplying  its  numerator  by  i,  and 
its  denominator  by  3,  which  accords  with  the  rule  above  given. 

t  This  rule  depends  upon  the  principle  that  the  divisor,  multiplied  by  the  quotient,  moat 
produce  the  dividend. 

D 
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(6)  c+2a6-3ac j— ^-  -= ^^^ . 

(6)  -^+-2-=«- 

(7)  — —=h. 

13a— 56     7rt— 26     3a__89a— 556 

3a— 46     2a— 6— c     15a— 4c__85a— 206 

^^       7  3        ■*"      12      "^       84       • 

a     a-^Sb     a'^—b^^ah     arei— 46«+a« 

^^^)  6+"~^^+        6^5        ="  M         ' 

g*  a6         ^_6 a'+a63+6» 

(^^)  (a+6)'"~(a+6)*+S+6'=    (a+6)»     ' 

3  3  1  1— J  l+x+2* 

V^^)  4(1— xyj+«(l— x)"*'8(l+x)'"4(l+j=^)""l— X— x*+«*' 

a«+6«     a— 6  a«4.6« 

(13)  :;5?TiX-T-i-=: 


ja— 93r+20     a:C— 13r+42     a:«— ll3:+28  ^ 

/Ifi^  ^+3'^+-v^+5r+4      x+2^ 
^     '  a*+2x+l^a«+7x+12""x+3' 

a     c 


,    ^  a+6^a-6 
(17)  -^ r-=l. 


a — 6     a+6 

a+ar     a— x 
'     4, 

a— X     a-l-a?     a'+x* 

18)  ^-r ^^i^=^^. 

a—x    «+x 
n— 1 

^     n+1 

a»— a'x+ax«— x"  a*— x* 

(     '  a»— a^x+a^xa— a«x»+ax*— x*"~a«— x« 

a«+a« 


'a*+a3x«4-x*' 


*  Thei e  ezamplei  idmit  of  the  application  of  the  formolaa  at  tho  top  of  page  30 
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ON  THE  FORMATION  OF  POWERS,  AND  THE  EXTRACTION 
OF  ROOTS  OF  ALGEBRAIC  QUANTITIES. 

48.  We  begin  by  considering  tho  case  of  monomials,  and,  in  order  to  sim- 
plify the  subject  as  much  as  possible,  we  shall  first  treat  of  the  formation  of  the 
squai'o  and  the  extraction  of  the  square  root  only,  and  then  proceed  to  gener- 
alize our  reasonings  in  such  a  manner  as  to  embrace  powers  and  roots  of  any 
degree  whatsoever. 

Definition. — The  square  root  of  any  expression  is  that  quantity  which, 
when  multiplied  by  itself,  will  produce  the  proposed  expression.  Thus,  tho 
square  root  of  a°  is  a,  because  a,  when  multiplied  by  itself,  produces  a* ;  the 
square  root  of  (a-|-6)^  is  a-\'h,  because  a-|-&,  when  multiplied  by  itself,  pro- 
duces (a-f-ft)* ;  in  like  manner,  8  is  the  square  root  of  64, 12  of  144,  and  so  on. 
The  process  of  finding  the  square  root  of  any  quantity  is  called  the  extrctction. 
of  the  square  root. 

The  extraction  of  tho  square  root  is  indicated  by  prefixing  the  symbol  V  to 
the  quantity  whose  root  is  required.  Thus,  ^a^  signifies  that  the  square  root 
of  a«  is  to  be  extracted ;  ^/a^'^^2ab+b*,  or  V(o^+^ah+b*),  signifies  that  tho 
square  root  of  a'*'\-2ah'\-b^  is  to  be  extracted,  &c. 

In  order  to  discover  the  method  which  we  must  pursue  to  extract  the  square 
root  of  a  monomial,  let  us  consider  in  what  manner  we  form  its  square.    Ac 
cording  to  the  rule  for  the  multiplication  of  monomials, 

(5a26ac)3==5a«6'c  X  5a«2^c=25a*6«c«. 
So, 

(9ab^c^d*y=0ab''c^d*  X  9ab*c^d*=zSld^b*<fid'. 
And, 

(Ax°'y"2''---)==A2*'y"2'»--- X  Aa:"y"2'»---= A«x*"y«'2**'--- ; 
i.  «.,  we  add  the  exponent  of  each  letter  of  the  given  monomial  to  itself. 

49.  Hence  it  appears  that,  in  order  to  square  a  monomial,  we  must  square 
its  coefficient^  and  multiply  the  exponents  of  each  of  the  different  letters  by  2. 
Therefore,  in  order  to  derive  the  square  root  of  a  monomial  from  its  square, 
we  must, 

I.  Extract  the  square  root  of  its  coefficient  according  to  the  rules  of  Arith- 
metic, 

II.  Divide  each  of  the  exponents  by  2. 
Thus,  we  shall  have  

V64a«6*=8a»ft». 
This  is  manifestly  tlie  true  result,  for 

(8a»6«)«=8a»6«  X  8a»6«=64a»6«. 
Similariy, 

Here,  also, 
Again, 


Also, 


-/62i>a«6V=:25a6\:». 
(25a6V)3=:25a6<c»  X  26a6«c»=626a«Mc«. 

5a^<f^ 

V  25a«p-"c*<^-»=5a»ir-«c«(i->«=-5^ 
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Also, 

If  the  given  quantity  bo  a  fractionf  extract  the  square  root  of  its  numerator 
and  denominator  separately.  This  rule  follows  from  that  for  multiplication 
of  fractions.    Thus, 

Also, 

64a*c*  "  8aPc« 
Also, 

(a+xYh'Y'^(a+x)hY 
Also, 


4-, 


50.  It  appears,  from  the  preceding  rule,  that  a  monomial  can  not  he  the  $qume 
of  another  monomial  unless  its  coefficient  be  a  square  number,  and  the  exponents 
of  Vie  different  letters  all  even  numbers.  Thus,  98a 6*  is  not  a  perfect  square, 
for  98  is  not  a  square  number,  and  the  exponent  of  a  is  not  an  even  number. 
In  tliis  case  we  introduce  the  quantity  into  our  calculations  affected  with  Ae 
sign  V,  and  it  is  written  under  the  form  ^9806^.  Expressions  of  this  natora 
are  called  Surds,  or  Radicals  of  Oic  Second  Degree.* 

51.  Such  expressions  can  frequently  bo  simplified  by  the  application  of  the 
following  principle :  The  square  root  of  the  product  of  two  or  more  factors  is 
equal  to  Oie  product  of  the  square  roots  of  these  factors.  Or,  in  algebraic  lan- 
guage,    _____ 

-^/abcd =  VflX  VhX  V^X  Vd 

In  order  to  demonstrate  this  principle,  let  us  remark  that,  according  to  our 
definition  of  the  square  root  of  any  expression,  we  have 

(  y/abcd Y=:abcd 

Again^        _        _        _  _  _  .. 

(VaX  VbX  Vex  Vd"-Y=z(y/ayx(VbYX(Vcyx(Vd)*"-i 

=zabcd 

Hence,  since  the  squares  of  the  quantities  V^hcd ,  and  V<<*  V^  • 

-/c.  V^ —  are  equal,  the  quantities  themselves  must  be  equal. 

This  being  established,  the  expression  f^ven  above,  V98a6^,  may  be  pat 
under  the  form  i/49A<x2c£=  '/49A*X  \/5fl*,  but  '/49b*  is  by  (Art.  49)=76« ; 
hence 

•/986«a=  y/A9b*  X  V2a  =76«  ^/2a. 
Similarly, 

V45a^b^c^d=:  V9a^SVx5fe5=  -/oM^ X  V^ 

^zZabc^bbd. 


m 


From  the  Latin  iurdtu.  They  are  Bometimes  called  incommciisiirable,  having  no  com- 
mon measure  with  unity.  They  are  also  called  irrational,  because  their  ratio  with  unity 
can  not  be  expressed  in  numbers.  Fractions  have  both  a  common  measure  and  ratio  with 
unity.  Thus  the  fraction  }  has  i  for  a  cummou  measure  with  unity,  and  its  ratio  with  ani« 
ty  is  f  t  This  Mows  from  (10,  III.,  note). 
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So,  also,  « 


Also, 
Also, 
Also, 
Also, 
Also, 


y/24a'''bziz'2:iy/r)h. 


y/bAa^b^czrzZab  y/liabc. 


2  '/8a«»+^6=4a"  ^/2ab. 


3  <)/75p»q*=zl^f  -/.Jp. 
V    12a«6    "■      2a      V'36 "       a      V "T* 


In  general,  therefore,  in  order  to  simplify  a  monomial  radical  of  the  second 
degree,  separate  those  factors  which  are  perfect  squares,  extract  their  root  (Art. 
49),  place  the  product  of  all  these  roots  before  the  radical  sigih  and  place  cUl 
those  factors  which  are  not  perfect  squares  under  the  radical  sign. 

In  the  expressions,  76'\/2a,  ^bc^bbd,  I2a¥c^ '^ 6bcj  &c.,  the  quantities 
76s  3abcj  12al^c^i  are  called  the  coefficients  of  the  radical. 

52.  We  have  not  hitherto  considered  the  sign  with  which  the  radical  may 
bo  affected.  But  since,  as  will  be  seen  hereafter,  in  the  solution  of  problema 
wo  are  led  to  consider  monomials  affected  with  the  sign  — ,  as  well  as  tlie 
sign  -|-,  it  is  necessary  that  wo  should  know  how  to  treat  such  quantities. 
Now  the  square  of  a  monomial  being  the  product  of  the  monomial  by  itself,  it 
necessarily  follows  that,  whatever  may  be  the  sign  of  a  monomial,  its  squart 
must  be  affected  with  the  sign  -f-*  Thus,  the  square  of  -f-da^^',  cur  of  — da^b', 
is  +25a*6«. 

Hence  we  conclude  that,  if  a  monomial  be  positive,  its  square  root  may  be 
either  positive  or  negative.  Thus,  -/Oo^s  +  SflS  or  — 3a',  for  either  of  these 
quantities,  when  multiplied  by  itself,  produces  9a* ;  we  therefore  always  affect 
the  square  root  of  a  quantity  with  the  double  sign  it ,  which  is  caUed  plus  or 
minus.     Thus,  ^/9a*=iz3a^  \/l44a«6^=  db  12a6V.* 

53.  If  the  monomial  be  affected  with  a  negative  sign,  the  eztmction  ti  its 
square  root  is  impossible,  since  we  have  just  seen  that  the  square  of  every 
quantity,  whether  positive  or  negative,  is  essentially  positive.     Thus,  V*-9, 

*  The  double  sign  may  be  omitted,  being  alwayi  anderetood  befbro  -|/.  An  importaac 
proposition,  not  usnally  noticed,  should  be  dcmomtratcd  here ;  it  is,  that  the  quantity  A  has 
no  other  aquare  root  than  the  two,  4~V-^  ^^  — V^^  '^^  prove  this,  let  us  observe  that 
the  different  square  roots  of  A  are  the  values  of  x  in  the  equation  a:*=:A,  or  what  is  the 
riame. 

Instead  of  afi — A,  we  may  write  afl — (i/A)*  ;  then,  decomposing  this  diflbrenee  into  two 
factors,  we  have 

afl—A={x—y/A){x-\-'\/A).  __  _ 

Under  this  form  we  perceive  that  every  value  of  x  which  is  not  cither  -\-\/A  or  — \/A, 
will  fail  to  render  either  of  these  two  factors  zero ;  then  it  will  not  render  the  product  afi — A 
zero ;  tberdbre  the  quantit>'  A  has  no  other  square  rcx)t  than  :^'\/A. 

The  square  root  of  a  quantity  has,  therefore,  iu>o  valves,  tchich  are  equal  toith  contrary 
signs,  and  U  has  no  o^er  values. 
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V  —4a',  V  ^^1  are  algebraic  symbols  which  represent  operations  which  it  if 
impossible  to  execute.  Quantities  of  this  nature  are  called  imaginary  or  tii»- 
possihle  quantities^  and  are  symbols  of  absurdity  which  we  frequently  meet 
with  in  resoh'ing  quadratic  equations. 

By  an  extension  of  our  principles,  however,  we  perform  the  same  opera- 
tions upon  quantities  of  this  nature  as  upon  ordinary  surds.  Thus,  by  (Art. 
51), 

V^      =  V9X--1  =  Vjjy^i_  =3V"^. 

V— 4fl'  =  V4a«x--1 ='v/4aV  — 1  =^^/z:^' 

V— 8a=6=  ViiX4a«x6x— l=-v/4a^X  \/26x  V— l=2a -/'-^ V— 1- 

54.  Let  us  now  proceed  to  consider  the  formation  of  powers  and  extraction 
of  roots  of  any  degree  in  monomial  algebraic  quantities. 

Definition. — The  cube  root  of  any  expression  is  that  quantity  which,  mnl 
tiplied  twice  by  itself,  or  taken  three  times  as  a  factor,  will  produce  the  pro- 
posed expression.  The  fourth^  or  hiquadrate^  root  of  any  expression  b  that 
quantity  which,  multiplied  three  times  by  itself,  or  taken  four  times  as  a  fac- 
tor, will  produce  the  proposed  expression ;  and  in  general,  the  fC^  root  of  any 
expression  is  that  quantity  which,  multiplied  (n — 1)  times  by  itself,  or  taken 
n  times  as  a  factor,  will  produce  the  proposed  expression.  Thus,  the  cube 
root  of  a?h^  is  a&,  because  a&,  multiplied  by  itself  twice,  or  taken  three  times 
as  a  factor,  produces  a^l^\  for  the  same  reason,  (a-f-^)  is  the  6^  root  of 
(a4-^)^  2  is  the  seventh  root  of  128,  and  so  on. 

55.  Let  it  be  required  to  form  the  fifth  power  of  2a'&'. 

(2a96«)»=2a'6«  X  2a*6«  X  2a»6«  X  2<r»6«  X  2a»6« 
=32a«6". 
Where  we  perceive,  1*^.  That  the  coefficient  has  been  raised  to  the  fifth 
power ;  2^.  That  the  exponent  of  each  of  the  letters  has  been  multiplied  by  5. 
In  like  manner, 

'      (8a«6»c)»= 8a«6»c  X  8a«6»c  x  8a»t»c 
=8'a»+^+«6*+»+'c»+*+* 
=512<i»69c'. 
So,  also, 

(^aV^<?d*f^2a¥c^d*X'ial^(?d'^X to  n  factors 

Hence  we  deduce  the  following  general 

RULE  TO  RAISE  A  MONOMIAL  TO  ANT  POWER. 

Raise  the  numerical  coefficient  to  the  given  power ^  and  multiply  the  exponenU 
of  each  of  the  letters  by  the  index  of  the  power  required.* 
And  hence,  reciprocally,  we  obtain  a 

RULE  TO  EXTRACT  THE  ROOT,  OF  ANT  DEGREE,  OF  A  MONOMIAL. 

1".  Extract  the  root  of  the  numerical  cotffident  according  to  the  rules  of 
arithmetic. 
2**.  Divide  the  exponent  of  each  letter  by  the  index  of  the  required  rooU 
Thus, 

V64a9fc»c<»      =4a»6cg  "* 

V 1  ea'^b'-c'^d* = 2a«6  Vrf 


*  When  a  qnantity  is  positive,  all  its  powers  are  positive ;  but  if  it  is  negative,  all  its 
even  powers  will  be  positive,  and  its  uneven  negative. 
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EXAMPLES. 

(1)  (2a6c)»=32a»6V. 

(2)  (3o'm»»*)»=27a«»i«n". 

(3)  (a-y»zP)»=a*y»z»i». 

(6)  (m<w»  XjP*-®*  X  ^•'*  X  f<wx)»"s5:}ii»««y^«W5ft«iwyCMMi. 

P  P" 

(7)  (i5)-=x^. 

F  q       m; 

(8)  (y-)-=y»-. 


/„v  .  /32m*n"     2mn« 


02)  ^^ 


1^^' 


IJjMJtTpjSlq        B*A:P2*1 


^     ^  V        256        =         2        • 


<")  v= 


When  the  root  to  be  extracted  is  of  an  uneven  degree,  its  sign  should  be  that 
of  the  given  quantity ;  when  of  an  even  degree,  it  should  be  :t .    (See  last  note.) 

'56.  By  the  rule  for  extracting  a  root,  we  perceive  that,  in  order  that  a 
monomial  may  bo  a  perfect  power  of  that  degree  whole  root  is  required,  its 
coefficient  must  be  a  perfect  power  of  that  degree,  and  the  exponent  of  each 
letter  must  be  divisible  by  the  index  of  the  root. 

When  the  monomial  whose  root  is  required  is  not  a  perfect  power  of  the  re- 
quired degree,  wo  can  only  indicate  the  operation  by  placing  the  radical  sign 
V      before  the  quantity,  and  writing  within  it  the  index  of  the  root.     Thus, 
if  it  be  required  to  extract  the  cube  root  of  ia^b^,  the  operation  will  be  indi- 
cated by  writing  the  expression, 

Expressions  of  this  nature  are  called  surds^  or,  irrational  quantities ^  or  radi" 
cats  of  the  second,  third,  or  n**  degree,  according  to  the  index  of  the  root  re- 
quired. 

57.  We  can  frequently  simplify  these  quantities  by  the  application  of  the 
following  principle,  which  is  merely  an  extension  of  that  already  proved  in 
(Arc  51). 
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The  n^  root  of  the  product  of  any  number  of  factors  is  equal  to  the  product 
of  the  i^  roots  of  the  different  factors.    Or,  in  algebraic  knguage, 

yahcd =  VaX  V^X  V^X  VdX  -— • 

Raise  each  of  these  expressions  to  the  power  of  the  degree  n^  then 

(  yabcd y=:abcd 

And, 

(VaxV^xV^x  V3--)-=(Vfl)'x(V6)-x(V0"x(V<i)'— - 

zszohcd . 

Hence,  since  the  n**  powers  of  the  quantities  yabcdy  and  Va.  V^- VcT 
yd are  equal,  the  quantities  themselves  must  be  equal.  Q.  E.  D. 

This  being  established,  let  us  take  the  expression  ybAa*h^<^f  whose  root 
can  not  be  exactly  extracted,  since  54  is  not  a  perfect  cube,  and  the  exponents 
of  a  and  c  are  not  exactly  divisible  by  3. 

We  have, 

(1)    V54a^6^c»=  V27  X  2  X  tf=* X  a X  6*X c» 

=  V''^7X  Va'X  V^X  V2ac« 
by  the  principle  just  proved. 


=3a6V2ac*- 
So,  also. 


(2)    V48a*6-ce=  Vl6x3X5*XaX^X^Xc8_        __ 

=  V16X  Vo^X  V^X  Vc*X  V3X  V«x  V? 
=2a6«cV3ac«. 


(3)  Vl92o'6c'«=^^X3xa'*XaX6Xc'*         __        _ 

=  V64X  V^X  V^^X  VSX  Vax  ^h 
==2ac^y3ab. 

(4)  V192=4V3.» 


(5)  6V56a*ft*=10a6V7a6«. 

(6)  v^*V*-*""*"'=-^y~'2°  V^l 


<')^ 

(8)'^ 


S^jiyl     a/9y 


^=^V''W. 


A.9*B^C**= 


In  the  above  expressions,  the  quantities  Zab,  2ab%  2ac^,  &c.,  placed  bctfivd 
the  radical  sign,  are  called  the  coefficients  of  the  radical. 

58.  There  is  another  principle  which  can  frequently  be  employed  with  ad^ 
vantage  in  treating  these  quantities ;  this  is. 

The  m^  power  of  the  n**  power  of  any  quantity  is  equal  to  the  mn**  power  of 
that  quantity.     Or,  in  algebraic  language, 

*  A  good  way  of  separating  a  namber  into  factors,  some  of  which  are  perfect  powers,  is 
to  try  perfect  powers  upon  it  as  divisors,  beginninp^  with  powers  of  the  lowest  namber*. 
Thus,  in  the  4tli  example,  8,  the  cube  of  2,  will  divide  193,  and  the  qaoticnt  is  34 ;  again,  8 
wfll  divide  24,  and  the  original  namber,  192,  may  bo  pat  under  the  form  8X8X3=04X9* 
and  the  cube  root  will  be  2X2X  {^3,  or  4  v^ij.  The  cube  root  oflOPO  may  bo  found  by  firrt 
dividing  by  iP,  and  that  quotient  by  3',  or  37.    Tho  result  is  ^23X33X5=3X34^5=6^5 
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For  we  have, 

And,  in  general, 

{a"}'»=a"Xa"X<3t"Xa"---to  m  factors; 

^  fl" +■+■+■»•••  to  ••  t««in«  • 

And,  reciprocally. 

The  mn**  root  of  any  quantity  is  equal  tathewf^  root  of  the  1^  root  cf  ihal 
quantity.    Or,  in  algebraic  language, 

For,  let 


Raise  the  two  quantities  to  the  power  m. 

Again,  raise  both  to  the  power  n, 

a^ip^"; 
Eztnet  the  mn*^  root, 

mny— 

But,  by  supposition. 

Hence,  as  often  as  the  jndox  of  the  root  is  a  number  composed  of  two  or 
more  factors,  wo  may  obtain  the  root  required  by  extracting,  in  succession, 
the  roots  whose  indices  are  the  factors  of  that  number.     Thus, 

(1)  V4^-='''V4^^ 

=^/  V4a-  by  the  above  principle, 
=  \/2a. 

(2)  V36^^=:^/ V36iP^ 

(3)  ^Iib6=:ij^ll56=z ^T6z=2. 

(4)  H/32a^=  y/2ab. 


(6)   'yi6a^x=y*°2*-«=V4a*J^2*'"'- 

(6)  In  general,  


That  is  to  say,  When  the  index  of  the  radical  is  multiplied  hy  a  certain 
nu7nbe.r  n,  and  t}ie  quantity  under  the  radical  sign  is  an  exact  n^  power^  we 
cant  without  changing  the  value  of  the  radical,  divide  its  index  by  n,  and  er- 
tract  the  n**  root  of  the  quantity  under  the  sign. 
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Thus, 


V25a*62c»  =  */5a«6c», 


59.  This  last  proposition  is  tho  coDvcrso  of  another  not  less  important, 
which  consists  in  this,  Otat  ice  may  multiply  the  index  of  a  radical  by  any  niim- 
ber,  provided  we  raise  Uie  quantity  undtr  the  sign  to  tite power  whose  degree  is 
marked  hy  tJiat  number,  or,  in  algebniic  languiige, 

For,  if  the  lost  rule  bo  applied  to  tho  second  of  these  quantities,  it  will  pro- 
duce the  first. 

60.  By  aid  of  this  last  principle,  we  can  always  reduce  two  or  more  radi- 
cals of  different  degrees  to  others  which  shall  have  the  same  index.  Let  it  be 
rpquu-ed,  for  example,  to  reduce  tho  two  radicals  '^'2a  and  ^'6bc  to  others 
which  shall  be  equivalent,  and  have  tho  same  index.  If  we  multiply  3,  the 
index  of  the  first,  by  5,  the  index  of  the  second,  and,  at  the  same  time,  raise 
2a  to  the  5th  power;  if,  in  like  manner,  wo  multiply  5,  the  index  of  the 
second,  by  3,  the  index  of  the  first,  nnd,  at  tlie  same  time,  raise  36c  to  the  3d 
power,  wo  shall  not  change  the  \'aluo  of  tho  two  radicals,  which  will  thus 
become 

^3Ac  ='>^  y  (SScyJ  =  ^''27U^. 
We  shall  thus  have  tha  following  general 

RULE. 

Tn  order  to  reduce  tivo  or  more  radicals  to  others  which  shall  be  equivaleni 
and  have  tiie  same  index,  multiply  tJic  index  of  each  radical  by  the  product  of 
the  indices  of  all  Oie  others,  and  raise  Oie  quantity  under  the  sign  to  the  power 
whose  degree  is  marked  by  that  product. 

Thus,  let  it  bo  required  to  reduce  •/-«»  y/'^b'c\  !^Ad*c^f^  to  the  same 
index. 

The  abovo  rule,  whicd  bears  a  great  analogy  to  that  given  for  the  roduction 
of  fractious  to  a  common  denominator,  is  susceptible  of  the  same  modifications. 

RULE. 

To  reduce  radicals  to  their  least  common  ituicx,find  the  least  common  mvlti' 
pic  of  all  the  indicts,  divide  it  by  the  index  of  each  radical,  and  raise  tkfi 
quantity  under  the  radical  to  the  2>ou'cr  expressed  by  the  quotient.* 

This  rule,  a])pliod  to  the  radicals  ^a,  ^bb,  ^'2c,  gives 

EXAMPLES. 

(1)  Kcduce   i/tf",  V^"»  ^"^  \^^''  to  t^^  same  index. 

(2)  Reduce  ^a,  V'^  ^nd  ^c  to  the  same  index. 

(3)  Reduce  ^ tf^  y/b\  \/c^,  and  yfd-  to  tho  same  index. 


*  Tbis  if,  in  effect,  multiplying  the  index  of  each  radical,  and  tho  exponents  under  thai 
radical,  by  tho  qootiest. 
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(4)  Reduce  y— ,  yy,  and  W-  to  the  same  index. 

(6)  Reduce  y  J3^.  V  STv?'  ^^  V  z*  ^®  *^®  **™®  '°*^®** 

ANSWERS. 

(1)  »ya^«,  iyft5°,  and  ^c*?. 

(2)  ""^";^.  "Y*^,  and  "77^. 

(3)  '^^"iW,  '^^^T^,  «^njf^5^,  and  '^^^1^.  . 

«)  '^^.  --  ^ 

61.  Let  us  now  proceed  to  execute  upon  radicab  the  fundamental  operar 
tions  of  arithmetic. 

ADDITION  AND  SUBTRACTION  OF  EADICALS- 

Definition. — Radicals  are  said  to  be  sirMlar  when  they  have  the  same  in- 
dex, and  when,  also,  the  quantity  under  the  radical  sign  is  the  same  in  each ; 
thus,  3 -/a,  l^ac'\/a^  Ibh^/a^  are  similar  radicals,  as  are,  also,  Ac^h-ymn^^ 
Sli/mn^,  25d^mn^,  &c. 

This  being  premised,  in  order  to  add  or  subtract  two  similar  radicals  we 
have  the  following 

RULE. 

Add  or  subtract  Oicir  coefficients,  and  place  the  sum  or  difference  as  a  coeffi' 
dent  before  the  common  radical.    For  example, 

(1)  3y6+2^ft=5^6. 

(2)  3^7— 2<y6=^6.  

(3)  3;?9Vm»+4/Vj^»=(3p9j4-4Z)V»in.» 

(4)  ^cdy/a — \cd  y/ a-=.hcd  y/ a. 

If  the  radicals  are  not  similar,  we  can  only  indieeUe  the  addition  or  subtrac- 
tion by  interposing  the  signs  -(-or  — . 

It  frequently  happens  that  two  radicals,  which  do  not  at  first  appear  similar, 
may  become  so  by  simplification ;  thus,  ^ 

(5)    >/48a6»+6-v/75a===-v/3Xl6XaX^+6-/3X25Xa 

=46V3a+56V3a 
=i9by/3a. 

^     (6)  2'v/45— 3'v/6=2-/5x9— 3-/3 

=3V5. 
(7)  y8a»64-16a<— j/6*4-2a6»=y8a»(6+2a)^.y7»»(64-2a) 

=(2a— 6)^2a+6. 


*  When  two  products,  coniiiflting  each  of  several  factors,  have  any  common  factors,  die 
other  factors  may  be  regarded  as  the  coefficients  of  these,  since  they  show  how  many  times 
the  common  (acton  are  repeated,  and  the  addition  may  be  performed  by  adding  the  ooeffl- 
donts,  and  annexing  the  common  factors  to  the  mm ;  thus,  abcd'\-mncd=:{ab'\^mn)cdf  and 
5ab^X'{'4£h^x={5a^4e)h\/x,  on  the  same  [Nriiiciple  as  ea-^ia=12a. 
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(8)  3y4a«+2y5a=3y2a+2V5a 

(9)  V8+  V50—  Vl8=4  y/'2. 

(10)  6V<'^'"+fV«<^— ^V««^"=(ft'+t'*— <'^)V«' 

(11)  2^3^+ V60-V15+-v/i=^fiVl5.» 

(12)  4a^a^b*+b^t*a!'b^^U5M*sza'b^b. 

(13)  V(3«»c+6fl6c+36'c)=(fl+6)  V3c. 

(14)  •v/45(r»— V80?4- Voa=c=(a— c)'v/5c. 

MULTIPLICATION  AND  DIVISION  OF  RADICALa 
62.  In  tho  first  place,  with  regard  to  radicals  which  have  the  same  index, 
let  it  be  required  to  multiply  or  divide  y/ahy  V6,  then  we  ahall  have 

V J X  Vb=  Vab,  and  Va^  V^=\^- 

For^  if  we  raise  V^X  V^«  s^<l  V<z^i  <^cb  to  ^^  ^^  power,  wo  obtain  the 
same  result,  ab  ;  hence  these  two  expressions  oro  equal.  Tho  some  principlB 
is  demonstrated  in  (57). 

Va  fi  a 

In  like  manner,  — =  and  y  t-,  when  raised  to  tlie  a***  power,  give  t  ;  hence 

the  two  expressions  are  equal.     Wo  shall  thus  have  the  foDowing 

RULK. 

In  order  to  mulliphj  or  divide  two  radicals  which  have  die  $ame  indcx^  mtJ- 
tiply  or  divide  the  quantities  under  the  sign  by  each  other,  and  affect  the  result 
with  Uie  common  radical  sign.  If  there  be  any^  coefficients^  we  commence  by 
multiplying  or  dividing  Oiem  separately.  The  latter  part  of  this  inile  depends 
upon  the  principles  set  forth  and  alluded  to  in  17,  note ;  the  coefficients,  or  ra- 
tional parts,  and  the  radical  parts  being  regarded  as  factors  composing  a  product. 

_     6<i^(ag+6') 


(2)  3a  V8tf''  X  26  S/^aH^^Qab  ^/3'2a^c 

=zl2a^h^2c.     

(3)  2a  V6c X 36  y/abcXa  y/2a=z6a^b  y/2a*b^ 

=6a»6^  y/2. 

U)  5^^5a   [b 
26  Vc     26  V  c* 

25a=6j/w»n_25a^  ^ 
oab'  y/ m;i*       Sab^y  mn^ 


_5a  fn^ 

-■ TV";: 

5am  li 

— ryJn- 


*  Tlie  numerator  and  denominator  of  carli  of  the  two  fractions  in  this  example  arc  multi- 
{•lied  by  its  denominator.  The  dcuominator  becomes  thus  a  perfect  square,  and  may  be  set 
i>utside  the  radical  sign. 
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fij 


<6)    ^''''+'' 


(7)  (a+6>/":il)x(a-2»\/~l)=a«+«^- 

(8)  "^ax  V^X  Vc=V«2>c. 

(9)  a^xxh^VyX£Vz=abcVxyz.     .  .  ^^ 

^(lojf  4X2V3X  V7a=8V6.S^  '   ' 

(li)  C'^axd'^asniacd. 

(12)  S'v/BxS^/SssSOv'lO. 

(13)  ^18  X  5^4  =  10-^9.  t 

(14)  ivext'j/Qr^TVVe.         ^ 

(15)  2yayx3ya/ix4v^6^=24Va'"^'*W. 

(17)  (  ^  — 15+  V  — 12—  V— 21)-i-  V— 3=^2+  V6— V7. 
If  the  radicals  have  not  the  same  index,  we  must  reduce  them  to  others 
having  the  same  index,  and  then  operate  upon  them  as  above ;  thus, 

(1)  3a  yT  X  56  V2c=3a  ^X  56^8^ 

=15a6V86V». 


(2)  V5a6c»X  V2a^6c^=  V125fr*6acox  V4a<6«c* 

=  V500tfW»_ 
=ac«V^00a6*c. 

(3)  myaX^6X»Vc=wn^'a^6iwa. 
a    ic     X   jz     ax   lr*2' 

<5)  xym^xyV»w«=jy»ym»^+''. 

(^)  yj^i^i:^^  •>^'^-^  ><V(a*-(^)«=v  a«-6«  • 

(7)  VaxV^X  Vc="7a"Pi'"Pc"». 

j(8)  A  Va"  X  B  *(/6"  X  C  Vc'= ABC"^Va'"^y5'^CW?. 

(10)  c  v'a*— x*^  Va+x=c  -{^(a— x)*(a«— 2^). 

(11)  V^i^^=^^^(a-2)=.^^. 

FORMATION  OF  POWERS  AND  EXTRACTION  OF  ROOTS  OF  RADICALS. 
63.  Lot  it  be  required  to  raise  ^a  to  the  nth  power;  then, 

( Va)"=  V^X  Vax  i/a to  n  factors, 

=  V^"*  according  to  the  rule  for  multiplication  just  established. 
Hence  we  have  the  following 
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RULE. 

In  order  to  raise  a  radical  quantity  to  any  given  power ^  raise  the  quantity 
under  the  sign  to  that  jpowcr,  and  place  over  the  result  the  radical  sign  with  its 
original  index.  If  there  be  any  coefficient,  we  must  raise  tiie  coefficient  sepa' 
rcUely  to  the  required  power.    Thus, 

(1)  ( V^y=  -VlGa"' 


(2)  (3V2«)»=3*V32a* 


=243V32a* 

3=486a  V^- 
When  tho  index  of  the  radical  is  a  multiple  ff  the  exponent  of  the  power 
which  we  wish  to  form,  the  operation  may  bo  simplified. 

Let  it  be  required,  for  example,  to  square  ^2a ;  wo  have  seen  (Art.  58)  that 

\/'itaz=:yJ  y/^a  ;  but  in  order  to  squaro  this  quantity,  it  is  sufficient  to  sup- 
press the  first  radical  sign ;  hence,  ( V2a)^=  y/2a.    Again,  let  it  be  required 

to  raise  ^^abc  to  the  5th  power;  now,  ^abc^yj  y/abc;  but  in  order  to  raise 
this  quantity  to  the  5th  power,  it  is  sufficient  to  suppress  the  first  radical  sign ; 
hence,  (^^abcy=z  y/abc,  and,  in  general, 

that  is  to  say, 

If  the  index  of  the  radical  be  divisible  by  the  index  of  the  required  power^  toe 
may  divide  the  index  of  the  radical  by  the  index  of  the  power,  and  leave  the 
quantity  under  the  sign  unchanged.* 

64.  With  regard  to  the  extraction  of  roots,  either  by  virtue  of  the  principle 
established  in  (Art.  59),  or  by  reversing  tho  last  rule,  we  shall  manifestly  have 
the  following 

RULE. 

In  order  to  extract  any  root  of  a  radical  quantity,  multiply  the  index  of  the 
radical  by  the  index  of  the  root  required,  and  leave  the  quantity  under  the  sign 
unhanged.  If  there  be  a  coefficient,  we  must  extract  its  root  separatdy. 
Thus, 

If  tho  quantity  under  tho  sign  be  a  perfect  power  of  the  samo  degree  as  the 
root  required,  we  may  simplify.     Thus, 


•  It  may  bo  well  to  note  here  that  the  even  power  of  a  radical  of  the  second  degree  is 
rational,  and  the  uneven  power  irrational,  the  latter  being  formed  by  the  mnltiplicatioa  of 
the  propoied  radical  by  a  rational  qnantity. 
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±BtiB,  tpe  may  exlrael  the  root  of  ike  quaiUUy  vnder  the  radieal  si 

HIS  C  ELLA  SeOUB  EXAMPLBI. 

(1)  ^'zi+-/^i~Ve=iVs- 

(2)  -/l2+2V27+3^/«+9-/48=39V3. 

(3)  V8i-2V'ai+ V'aa+2^/63=8y7-V"3. 

(4)  V*5^— l/80^+V"S^=(''— 'J^'S?- 

(5)  VlBa'i*+  V50a*i'=(3ii'64-6<l6)\/2a6. 

(6)  V2"a'*6'<;—  V-1 X  5'a'i'-'t.-'+  V*  X  6'aii^;  

= {8a'6— 5at'c+ 66)  V  <a4c 

(9)  y54<i-**6»~  4/ 1 6a--s6"+ ^3a"+'+ ^Sc-a-  _^ 

=(3a'6— — +<»^'+c)V^. 

.//Bo'      16a'\      2flz   1 

(11)  vTaij+Brfj+ij->=a(o+i)  Vy.  

(12)  ^ ia^l^~20,^tP+'^bab'=(2a>~ib)  -J^. 


(1*) ' 


(16) 


'.i+ft- 


(16)1/2x^x^/3=;;^. 
(17)  V*x  '■y'Sx  i{/6=  i^agsisiS 

(IB)  aV^xiVyXcV^=afe"^i°PjrPj-. 

'")  \/s;'<Vt=\/-w- 

*Itiimuiifeftthtt,iiigeaenl,  Vv'a=  Vj/'a;  iiv,by  (Art.  !#),  cacb  of  tl 
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RULE. 

In,  order  to  raise  a  radical  quantity  to  any  given  power,  raise  the  quantity 
under  the  sign  to  that  power,  and  place  over  the  result  the  radical  sign  with  its 
original  index.  If  there  be  any  coefficient,  we  must  raise  tiie  coefficient  sepa^ 
rately  to  the  required  power.    Thus, 

(1)  ( V4^)*=  Vl6a« 
=2a  Vfl*- 


(2)  (3V2a)»=35V32a» 


=243^320* 

3=486a  V^' 
When  the  index  o£  the  radical  is  a  multiple  «£  the  exponent  of  the  JMwer 
which  wo  wish  to  form,  the  operation  may  be  simplified. 

Let  it  be  required,  for  example,  to  square  ^2a ;  we  liavo  seen  (Art.  58)  that 

V2a=V  y/*'io, ;  but  in  order  to  square  this  quantity,  it  is  sufBcient  to  sup- 
press the  first  radical  sign ;  hence,  ( V2a)^=  ^2^.     Again,  let  it  be  required 

to  raise  ^^abc  to  the  5th  power;  now,  ^abc:=yj  y/abc;  but  in  order  to  nuse 
this  quantity  to  the  5th  power,  it  is  sufliciont  to  suppress  the  first  radical  sign ; 
hence,  (^^/abcyzis  's/abc,  and,  in  general, 

that  is  to  say, 

If  the  index  ofUie  radical  be  divisible  by  the  index  of  the  required  power,  we 
may  divide  the  index  of  the  radical  by  the  index  of  the  power,  and  leave  the 
quantity  under  the  sign  unchanged.^ 

64.  With  regard  to  the  extraction  of  roots,  either  by  virtue  of  the  principle 
aitablished  in  (Art.  59),  or  by  reversing  the  last  rule,  we  shall  manifestly  have 
the  foDowing 

RULE. 

In  order  to  extract  any  root  of  a  radical  quantity,  multiply  the  index  of  the 
radical  by  the  index  of  the  root  required,  and  leave  the  quantity  under  the  sign 
unchanged.  If  there  be  a  coefficient,  we  must  extract  its  root  separately. 
Thus, 


^^)  \J\/3i='^lc. 
^^)  V  V5^=  V5S. 


If  the  quantity  under  the  sign  be  a  perfect  power  of  the  same  degree  as  the 
root  required,  we  may  simpfify.    Thus, 


*  It  may  bo  well  to  note  hero  that  tho  even  power  of  a  radical  of  the  second  degree  is 
rational,  and  the  uneven  power  irrational,  the  latter  being  formed  by  the  multiplication  of 
the  propoied  radical  by  a  rational  qoantity. 
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that  is,  toe  f?uiy  extract  the  root  of  the  quantity  under  the  radical  sign. 

MISCELLANEOUS  EXAMPLES. 

(1)  V24+ V54— •v/6=4V6. 

(2)  -v/Tt5+2>/274-3V^+9V'4S=:59>/3. 

(3)  V«i-2V^+ V^+2a/63=8V7— V3- 

(4)  V^Sc*—  ■/80?+  '/5a^=(a--c)  -v/Sc. 

(5)  Vltia^^+  >/50a^=={3a-6+6afe)  \/l>a5. 

(6)  V2^^^a^^—  V4X5V'6V4-  V^XG^ai^c  

:=^(Sa^b-'5ab'C+6b)VAabc. 

">^^-#=^-'# 

(8)  y54a"-HiS="--yiCa"'-36«+<y2a*'°+«4-y2r'a'»  ^. 

26« 


=(3a26— — +a"+'+c)V2a-. 
^3 X 2^c^/*  .  y ty/r" 5  ftjf_  I  fl  ^X2V? 

,  //  8a*      lGa'\      2flz 

(10)xV(57SE+o7W=-36-^^+^^-_^ 

(11)  V4a'3/+8a6y+46^^=2(a4-&) Vy- 

(12)  V4a*6'— 20tf='^+ii5a6*=(2a"— 56)  -/o^- 

Va"J:— 2aj:-+r»     a— z    ^ 

(13)  =r-=——y/i. 

^a^+2ax+x'        a+ar 

a— 6  y/ac '^ac 

a+6     C=6__    C+6 
(1^)  5Il6-Va+6-Va-6- 

(16)  V2X\^XV3='^. 

(17)  V"4  X  '^"3  X  Kl^=  5^3981312 

(18)  a  Vr X  6 Vy X c ^Jzzzzahc ""^a:"i'y"»'2"«. 


*  It  ii  ffluiifcit  that,  in  gencnl,  V{/a=:  V  |/a ;  for,  by  (Art.  5^).  each  of  those  cxprat. 
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65.  Let  us  DOW  inquire  witli  what  sign  a  monomial  root  is  to  be  aflected. 
We  have  seen  (Art.  53)  that,  whatever  mny  be  the  sign  of  a  monomial, 

its  square  is  always  positive ;  and  it  is  evident  that,  in  like  manner,  every  even 
power  must  be  positive,  whatever  may  be  the  sign  of  the  original  monomial, 
and  that  every  uneven  power  wiU  be  affected  with  the  same  sign  as  the  origiQal 
monomial. 
Thus,  — (7,  when  raised  to  diflferent  powers  in  succession  will  give 

And  4-<z,  in  like  manner,  will  give 

+a,  +a\  4-a«,  +a*,  +6!*,  +a«,  +a^  &c. 
In  fact,  every  even  power  2n  may  be  considered  as  the  square  of  ihe  n^  power 
or  a^=(a'')',  and  must,  therefore,  be  poBitive;  and,  in  like  manner,  every 
power  of  an  uneven  degree  (2n-{-l)  may  be  considered  as  the  product  of  the 
271*''  power  by  the  original  monomial,  and  must,  tlierefore,  have  tlie  same  sign 
with  the  monomial. 
Hence  it  appears, 

I.  Jluit  every  root  of  an  uneven  degree  of  a  monomial  quantity  must  he 
affected  with  the  same  sign  as  the  quantity  itself.     Thus, 

V+8a*=2a;  V— 8«*=— 2a;  V— 3-«"'^'*=— 2a*&, 

II.  That  every  root  of  an  even  degree  of  a  positive  monomial  may  he  affected 
with  the  sign  -^-j  or  the  sign  — ,  indifferently.     Thus, 

III.  That  every  root  of  an  even  degree  of  a  negaiive  monomial  is  an  impos- 
sihle  root ;  for  no  quantity  can  bo  found  which,  when  raised  to  an  oven  power, 
can  give  a  negative  result.  Thus,  V — ^»  V — f»...  are  symbols  of  opera- 
tions which  can  not  be  performed,  and  aro  called  impossible^  or  imaginary^ 
quantities^  as  y/ — a,  V— ^»  ^^  (A.rt.  53). 

66.  The  different  rules  which  have  been  established  for  the  calculation  of 
radicals  are  exact  so  long  as  we  treat  of  absolute  numbers ;  but  are  subject  to 
some  modifications  when  we  consider  expressions  or  symbols  whicli  are 
purely  algebraical,  such  as  the  imaginary  expressions  just  mentioned. 

Let  it  be  required,  for  example,  to  determine  the  product  of  y/ — a  by 
V — «  ;  by  the  rule  given  in  (Art.  62), 

But  \/+a*=±a,  so  that  there  is  apparently  a  doubt  as  to  the  sign  with 
which  a  ought  to  be  aflfected  in  order  to  answer  l^e  question.  However,  the 
true  result  is  — a  ;  because,  in  general,  in  order  to  square  '^m^'il'iB  sufficient 


to  suppress  the  radical  sign ;  but  y/  — </  X  V  -*^  i'B  the. same  thing  as  (  V  ^^)'» 
and,  consequently,  is  equal  to  — a. 

Next,  let  it  be  required  to  determine  the  product  of  -^ — a  by  -/— ^»  by 
the  rule  (Art.  62) 
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The  true  result,  however,  is  —  '>/ab,  so  long  ns  wo  suppose  the  radicals 
V — tf»  V — ^  to  he  each  preceded  by  the  sign  +  ;  for  we  have,  accordiDg 
to  (Art.  53), 


Hence, 


=  y/abx^^l 
=  —  ^ab. 

According  to  tliis  principle,  wo  shall  find  for  tlie  different  powers  of  -/ — 1 
the  following  results : 

(V-i)^=-i 


=-v-^i     

=  -ix-i 

=+1. 

Since  the  four  following  powers  will  bo  found  by  multiplying  -|- 1  by  the 
first,  the  second,  the  third,  and  the  fourth,  we  shall  again  find  for  the  four  new 
powers  +  V — 1,  — 1,  —  V  —  1,  +1 ;  so  that  all  the  powers  of  y/  —  1  will 
form  a  repeating  cycle  of  four  terms,  being  successively,  ■/  — 1,  — 1,  —  y/  — 1, 

+  !••  

Finally,  lot  it  be  required  to  determine  the  product  of  ^ — a  by  </ — b^. 

which,  according  to  the  rule,  would  bo  ^-\-ab.     To  determine  the  true  result, 

we  must  observe  that 


And  .*. 
But, 


V_-a  =  V a  .  V -1 

V— 6  =V^.V  — 1. 


Hence, 


V— ax  V— i=Vfl6-\/— 1- 
The  above  principles  will  enable  the  student  to  operate  upon  these  quanti- 
ties without  embarrassment. 

THEORY  OP  FRACTIONAL  AND  NEGATIVE  EXPONENTS. 
67.  This  is  the  proper  place  to  explain  a  species  of  notation  which  is  found 
extremely  useful  in  algebraic  calculations. 

*  Tbifl  may  be  expressed  in  its  most  general  form  thus,  if  n  bo  any  whole  number  : 

(o\/"^)<°     =o<nx+l      =o*» 

(avA-l^)^"+*=a^"+*X-f -/— l=rt<»+i .  i/— 1 
(ay/__l)4D+8=a4ft+2x— 1  =— a<in+a 

The  first  in  the  note  oorrespouds  to  the  last  in  the  text,  the  second  in  the  note  to  the  first 
In  the  text,  and  the  third  in  the  note  to  the  second  in  the  text 

£ 
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I.  Let  it  be  required  to  extract  the  n^  root  of  a  quantity  such  as  a*°.  We 
hare  seen  by  (Art.  55)  that,  if  m  is  a  multiple  of  n,  we  must  divide  m,  the 
index  of  the  power,  by  n,  the  index  of  the  root  required.  But  if  m  is  not 
divisible  by  n,  in  which  case  the  extraction  of  the  root  is  algebraically  impos- 
sible, we  may  agree  to  indicate  that  operation  by  indicating  the  division  of  the 
exponents.     We  shall  thus  have 

m 


m 


the  expression  a'^  being  understood  to  signify  the  n^  root  of  a",  by  a  conven- 
tion founded  upon  the  rule  for  the  extraction  of  roots  of  monomial  quantities. 
According  to  this  convention  or  definition,  we  shall  have 

It  may  be  observed  that  the^  denominator  of  the  fractional  exponent  is  the 
index  of  the  radical,  and  the  numerator  the  exponent  of  the  quantity  under  the 
radical. 

II.  Let  it  be  required  to  divide  a"  by  a".  According  to  the  rule  in  (Art- 
17),  we  must  subtract  the  index  of  the  divisor  from  the  index  of  the  dividend ; 
80  that 

a" 


m — a 


a"  / 

it  is  to  be  remarked,  however,  that  here  it  is  supposed  that  m  ^  n.  But  if 
m  "^  71,  in  which  case  the  division  is  algebraically  impossible,  we  may  agree  to 
indicate  the  division  by  the  aid  of  a  negative  index  equal  to  the  excess  of  n 
over  m.  Let^  be  the  absolute  difference  of  m  and  n,  so  that  n:=m-\-f ;  we 
shall  then  have 


=a-P. 

a™  1 

But  -^j^  may  also  be  ^)ut  under  the  form  — -,  by  suppressing  the  factor  a" 

common  to  both  terms  of  the  fraction ;  we  shall  then  have 

1 
a~P=— . 
aP 

The  expression  a~P  is  then  the  symbol  of  a  division  which  can  not  be  executed ; 
and  the  true  value  of  the  expression  is  unity  divided  by  the  same  letter  a 
affected  with  the  exponent  p^  taken  positively.  According  to  this  convention* 
we  shall  have 

1  1    . 

a^  aV 

Again,  by  supposing  the  exponent  of  the  numerator  to  be  larger  by  p  than 
the  exponent  of  the  denominator,  it  may  be  proved  in  a  similar  manner  that 

1 

aP^ — -' 
fl-p 

From  these  expressions  it  appears  that  a  factor  may  be  transferred  from  the 
denominator  to  the  numerator  of  a  fraction,  or  vice  versa,  by  changing  the  sign 
of  its  exponent 
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EXAMPLES. 

Write  -^^3  in  one  line.  Ans.  M'kr^ct^, 

3a"c» 
Write     .„  „  in  one  line.  Ans.  3a"c'rf-Ptf~^. 

Write  r^^K^  in  on®  li°®«  Ans.  2  X  3-»^A*«-PJfc». 

a*i^  1 

Write  -TT,  all  in  the  lower  line.  Ans. 


A«B/JC  1 

Write  — 5:^^ —  all  in  the  lower  line.  Ans. 


A^C-^  A*B» 

Write  jTz^jp  with  all  positive  exponents.  Ans.  p^j^ 

Write  -y  Ti^  with  all  positive  exponents.  Ans.  -^. 

III.  By  combining  tho  last  two  conventions,  we  arrive  at  a  third  notation, 
which  is  the  negative  and  fractional  erjyonent. 

Let  it  be  required  to  extract  the  n***  root  of  ~. 

1  /T       _5 

In  tho  first  place,  — =a-";  hence  y~=V«~"=«  "»  substituting  the 

fractional  exponent  for  the  ordinary  sign  of  tho  radical. 

As  in  words,  a"*  is  usutdly  enunciated  a  to  (tic  power  m,  m  being  a  positive 


m  m 


integer ;  so  by  analogy,  a",  a~",  a   °  are  usually  enunciated,  a  to  the  power  m 
by  n,  a  to  the  power  minus  m,  and  a  to  the  power  minus  m  by  n. 

All  that  has  been  hitherto  said,  with  regard  to  fractional  and  negative  ex- 
ponents must  be  considered  as  a  mero  matter  of  definition ;  in  short,  that  by  a 


m 


convention  among  algebraists  a**  is  understood  to  mean  the  same  thing  as 

1-12/1 

Va™,  a~"'  to  bo  tho  same  as  — ,  and  a  °  as  j? /-^'     We  shall  now  proceed  to 

prove  that  tho  rules  already  established  for  the  multiplication,  division,  forma- 
tion of  powers,  and  extraction  of  roots  of  quantities  afifected  with  positive  in- 
tegral exponents,  are  applicable  without  any  modification,  when  the  exponents 
are  fractional  or  negative.     We  shall  examine  the  different  cases  in  sacceflsioo. 

68.  Multiplication.     Let  it  be  requu*ed  to  multiply  a^  by  a> ;  then  it  Is 
asserted  that  it  will  be  sufficient  to  add  the  two  exponents,  and  diat 


F(Mr,  by  our  definition, 
And, 


ai         =  V"a« ; 

.*.  a? X a'=  Va^X  V^ 

=z^fa'9 

s:afS  by  definition  in  (Art.  67,  I.). 
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3  B 

Again,  let  it  be  required  to  multiply  a     ^  hy  a^  \  then  it  is  asserted  that 

3  5  3    I     < 

9  _l    »« 

^fl-n  +  If 


=«T^. 


For, 


— '     *  f^  #        

a     ^=yj-^^  and  a*=  ^a^. 


=\It.X  Va" 


tf« 


=a^  by  definition  in  (Art.  67,  1.) 

m  p 

Generally,  let  it  be  required  to  multiply  a     »  by  a^ ;  then 

ni  p  ni  I   p 

np — mq 

=a   -I   . 

For, 

*""  p        

and  a^=  V^' 


np— mq 

=a   nq     by  definition. 
69.  Hence  we  have  the  following  general 

RULE  FOR  EXPOICENTS  IN  MULTIPLICATION. 

In  order  to  multiply  quantities  expressed  hy  the  same  letter ^  add  the  ex- 
ponents of  that  letter t  whatever  may  he  the  nature  of  the  exponents. 

This  is  the  same  rule  as  was  established  in  (Art.  11)  for  quantities  affected 
with  integral  and  positive  exponents.    According  to  this  rule,  we  shall  find 

1  3  1  33  II  5  9 


3a-«6^X2a     Mc»  =6a     ^*6V. 


70.  Division.  Let  it  be  required  to  divide  a^  by  a^ ;  then  it  is  asserted 
that  it  will  be  suflficient  to  subtract  the  index  of  the  divisor  from  the  index  of 
the  dividend,  and  that  we  shall  thus  have 


a* 


=a^ 
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For, 


=^  by  (Art.  62) 

f 
=a*  by  definition. 

In  llko  manner,  wo  con  prove  that 

\ 


a     « 


13 


m  p 

GonoraDy,  lot  it  bo  required  to  divide  a"  by  a^. 
Then, 


m  p  m       p 

mq — np 


=:a    "1 

For, 


m 


a"  =  V  a"f  and  at=  ^a?, 
m      p      Vo" 


j-jOj^^niq-Dp 
mq— np 

=a   "^     by  definition. 

71.  Hence  we  have  the  following  general 

RULE  FOR  EXPONENTS  IN  DIVISION. 

In  order  to  divide  quantities  expressed  hy  the  same  lettef,  subtract  the  ex- 
ponent  of  the  divisor  from  the  exponent  of  the  dividend^  tohatever  may  be  the 
nature  of  the  exponents. 

This  is  the  same  rule  as  that  established  in  (Art.  17)  for  quantities  affected 
with  integral  and  positive  exponents.    According  to  this  rule,  we  have 

3  4  _^   1 

a^-^a^  =a     ^. 

a    3  1    7  0     1        \ 

72.  Formation  of  powers. — In  order  to  raise  a  monomial  to  any  power, 
the  rule  given  in  the  case  of  positive  and  integral  exponents  was,  to  multiply 
the  index  of  the  quantity  by  the  index  of  the  power  sought.  We  have  now 
to  prove  that  this  holds  good,  whatever  may  be  the  nature  of  the  exponent. 
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5 

Let  it  be  required  to  raise  a^  to  the  4***  power. 
Then, 


5    4  5 


X4 


For, 


But, 


J=  ya\  and  (a^)*=(  V^T 


( l/a^Yz=^  ya^,  by  (Art.  63) 

90 
m 

Generally,  let  it  be  required  to  raise  a"  to  the  power  jp. 
Then, 


(in\p  m 


Xp 


np 


For, 


But, 


m  /    Bi\p  


mp 

The  demonstration  will  manifestly  be  precisely  the  same  if  we  suppose  one 
or  both  of  the  indices  to  be  negative. 

73.  Hence  we  have  the  following  general 

'RULE  FOR  RAISING  A  MONOMIAL  TO  ANT  POWER. 

Multiply  the  exponent  of  the  monomial  hy  the  exponent  of  the  power  required, 
tohatever  may  he  the  nature  of  the  exponents. 

This  is  the  same  rule  as  that  established  in  (Art.  55)  for  quantities  affected 
with  positive  integral  exponents.     According  to  tliis  rule,  we  have 

15 


(a*)  =a' 


:a« 


74.  Extraction  of  Roots. — ^In  order  to  extract  the  n^  root  of  any  quan- 
tity according  to  the  rule  in  (Art.  55),  we  must  divide  the  exponent  of  each 
letter  by  the  index  n  of  &e  root.  Let  us  examine  die  case  of  fractional  ex- 
ponents. 

Let  it  bo  required  to  extract  the  cube  root  of  a'» 
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TheD, 


"a^=J*' 


=a^. 


For, 


But, 


a^=  ya\  and  .-.  ya'ar V  ^a*. 

ssa*^,  by  definition. 


GeneraDy,  let  it  be  required  to  extract  the  p^  root  of  a 
Then, 


m 
n 


\C 


m  m 


P/  -    p 


and  .•."va"^y  Va°. 


For, 


But, 

Va"=V^.  (by  Art.  68), 

m 

sa^P,  by  definition. 
75.  Hence  we  have  tho  following 

RULE  FOR  THE  EXTRACTION  OF  ANY  ROOT  OF  AN  ALGEBRAIC  MONOMIAL. 

Divide  the  exponent  of  the  monomial  hy  the  exponent  of  the  root  required* 
whatever  may  be  the  nature  of  the  exponents.    Thus, 


'■Jj=a^ 


r»-' 


=«ifo 


8  /     2  2  . 


=a~TJ. 


4 


7/3     __,  3  J.-    —2^7 

-'an     '=a^^h 

3  ** 

76.  We  shall  close  this  discussion  by  an  operation  which  includes  the  demon- . 
stration  of  every  possible  variety  of  the  two  preceding  rules. 

Let  it  be  required  to  raise  a  °  to  tho  power  of  — ;  we  must  prove  that 

s 

mr 
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If  we  recur  to  the  origin  of  this  notation,  we  (ind  that 


m  r       »  / 


=V«-'"' 


mr 


=:a     •»,  by  definition. 
77.  The  notation  above  explained  can  be  extended  to  polynomials,  by  in- 
cluding them  within  brackets,  in  the  same  manner  as  was  explained  in  the  case 
of  integral  exponents. 


Thus,  (x+a)^  signifies  the  same  thing  as  V^+<2»  or  ^^  square  root  of 
x-|-<i. 

1  1 

So,  (x+fl)     *'*  is  equivalent  to  ,  or  unity  divided  by  the  square  root 

yx+a 

ofx-\-a. 


In  like  manner,  (x+a+5)*^  will  bo  the  same  as  V(*p+^+^)'»  ^^  the  fourth 

3 

root  of  the  third  power  of  Oie  quantity  x+a+6,  and  (x+a+fe)  ^  will  be 
unity  divided  by  the  last-mentioned  quantity.  Since  unity  is  always  under- 
stood to  be  the  exponent  when  no  other  is  expressed,  (x-^a)~^  is  the  same  as 

— : — ,  and  so  on.  The  same  rules  which  have  been  established  for  the  treat- 
x+a 

ment  of  monomials  affected  with  exponents  will  also  manifestly  apply  to  poly- 
nomials under  the  same  restrictions.* 

EXAMPLES.  * 


(l)a     ^xa     *=a      *  =-;7=,. 

aya^ 

3   5        5   1  1    3       c    fa 

(2)  a     *h     ^xan^cz=za^b     ^c=^y-^^. 


7 

an 


5V     c     ^  a'^Vad* 


*  The  calcalaa  of  fractional  exponents,  says  Lacroix,  is  one  of  the  most  remarkable  ex- 
amples of  the  utility  of  signs,  when  they  are  well  chosen.  The  analogy  ^hich  exists  be- 
tween fractional  and  entire  exponents  renders  tlio  rules  to  be  followed  in  the  calculus  of 
die  latter  applicable  to  the  former,  while  particular  rules  are  requisite  for  the  calculus  €€ 
radicals.  The  farther  wo  advance  in  algebra,  the  more  we  perceive  the  numerous  advan- 
tages which  have  resulted  to  that  science  from  the  notation  of  exponents,  invented  bj 
Descartes.  . 
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m  p  p    in  np — mq 

(4)  a'~^-^a'~^=ay°=sa   "^ 

3  s       c  i 

(5)  ca^^da^=:2*a     ^-\ 

3 

(6)  Jbi^a^h^K^—. 

c 

0    1  20     1  I  1134 

a     25T     fl—^^y      a*6T3 


(7) 


I  •  8  I    ao 

c^(P  b^  c^d  ^ 


(9)  (a26""5c— i)-i=a-i6V« 

(10)  ] A        = 37 

((a+6)M  (fl+6)     ^ 

(11)  (a2+a=i^+a^6J^+afe+a26ir^j5J  ><  (a7_6^)=a»_6«. 
/  1       11       J\      /  I        »\       3       3 

(12)  W+xY+yl  X  \i:^-yV  =i:^-y^. 

(13)  (x*+y^)  X  (x""Hy""*)=^^y""H2+ar"y. 

,--v   0        33        33        « 

(14)  ^J       J=a^-a^6*+a^6^-fe^ 

(15)  ^^-a-6"^^aH+6^^^,^^ 

(16)  (a^-fe')  :  (a*-5')=a^+5H(«^)^- 

(17)  a-«6^V»o  X  i'^'a^c-s  x  a^b^c^=€fib-^c*. 

351  17         a  00331837    13 

(18)  m'jf^q^r* XP     ^^q^     ^m^^xp^q*=hi  * p^^q^r*. 

I      30  ■ 

13        3       11  a^d^ 

(19)  a^6'^c-«i/^-^a'62c*ci-8=-5-7T- 

(20)  (z^+6ZV+9a')  .  ^5^  •  (  VZ+3  Va')  =  (z'+3a*)' .  ^  V5A:*. 

It  may  be  asked  here  whether  the  roles  for  the  calcolos  of  exponents  apply  to  incom- 
mensurable and  imaginary  exponents.  ' 

With  regard  to  incommensurable  exponents,  it  may  be  said  that  they  have  not  absolutely  / 
of  themselves  any  signification,  and  that,  in  order  to  give  them  one,  it  is  necessary  to  con- 
ceive them  in  imagination,  replaced  by  their  approximate  commensurable  values.  A  forma- 
U,  therefore,  into  which  incommensurable  exponents  enter,  should  be  considered  ns  repre- 
■enting  the  limit  toward  which  the  values  deduced  from  it  tend  by  the  substitution  of 
commensurable  numbers  for  the  exponents,  differing  from  them  by  as  small  a  quantity  as 
we  choose  to  assign ;  in  this  way  we  perceive  that  the  proposed  expression  will  represent 
exactly  this  same  limit,  when  the  same  operations  shall  have  been  executed  upon  the  iiv 
oommensorable  exponents  which  it  contains,  as  would  be  if  they  were  commensurable. 

Thus,  for  example,  tn  and  n  being  incommensurable  quantities,  we  shall  always  have 

a'"Xa"=^"'"'""« 
For,  if  m^  and  «i<  represent  their  approximate  commensurable  values,  we  have 
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Tho  first  members  of  this  equality  tcud  toward  the  some  limit  as  the  second.  But 
a^Xa"  represents  the  limit  of  tho  one,  and  am-H>  that  of  the  other;  hence,  a™Xa"=«'^'*. 

With  regard  to  imaginary  exponents,  there  is  necessary  here,  as  every  where,  a  tacit 
admission  that  the  general  relations  of  real  qaautitics,  represented  by  lettera,  hold  good  when 
these  letters  are  replaced  by  symbols  of  quantities  which  are  imaginary. 

This  subject  will  be  better  understood  allcr  the  student  has  been  over  that  of  extrac- 
tion  of  roots  by  approximation. 

78.  Having  thus  discussed  the  formation  of  powers,  and  the  extraction  of 
roots  in  monomial  quantities,  we  shall  now  direct  our  attention  to  polynomials ; 
and,  in  the  first  place,  let  it  be  required  to  determine  the  square  of  z-f-a ; 
then, 

(x+ay=z(x+a)x(x+a) 

=a:^+2xa+a*  by  rules  of  multiplication. 
By  inspection  of  this  result,  it  is  perceived  that  the  square  of  a  binomial  con- 
tains the  square  of  each  term  together  with  twice  tho  product  of  the  two. 

Next,  let  it  be  required  to  form  the  square  of  a  trinomial  (x-\-a-\-b).     Let 
ns  represent,  for  a  moment,  the  two  terms,  x-\-a,  by  tho  single  letter  z. 
Then, 

(x+a+hy={z+hY 

=z^+2zb+¥ (1). 


But, 


And, 


2«=(x+a)» 


2zh=2b(x+a) 
=i2xh+2ah. 
Therefore,  substituting  for  z^  and  2zb  their  values  in  (1),  we  find 
(x+a+bY=3^+a^+b^+2xa+2xb+2ab. 

Hence  it  appears  that  the  square  of  a  trinomial  is  composed  of  Oie  sum  of  the 
squares  of  all  the  terms,  together  with  Oie  sum  of  twice  die  products  of  all  the 
terms  multiplied  together  two  and  two. 

We  shall  now  prove  that  thisf  law  of  formation  extends  to  all  polynomials, 
whatever  may  be  the  number  of  terms.  In  order  to  demonstrate  this,  let  us 
suppose  that  it  is  true  for  a  polynomial  consisting  of  n  terms,  and  then  en- 
deavor to  ascertain  whether  it  will  hold  good  for  a  polynomial  composed  of 
(n-f-1)  terms. 

Let  x+a-|-^+c-l h^'+^  be  a  polynomial  consisting  of  n-^-l  terms, 

and  let  us  represent  tho  sum  of  the  first  n  terms  by  the  single  letter  z  ;  then 

(x+a+b+c+'-^+k+l)  =(r+Z), 
and  ...(a:+a-f6-fc^ [-k+ly=(z+lY 

or,  putting  for  z  its  value,  =(x4-a+6+c-j |-^)'  +  2(x+a+6 

+C-1 \-k)l+l^. 

But  the  first  part  of  this  expression,  being  the  square  of  a  polynomial  con- 
sisting of  n  terms,  is,  by  hypothesis,  composed  of  the  sum  of  the  squares  of 
all  the  terms,  together  with  twice  the  sum  of  the  products  of  all  the  terms 
multiplied  two  and  two ;  the  second  part  of  the  above  expression  is  equal  to 
twice  tho  sum  of  the  products  of  all  the  first  n  terms  of  the  proposed  poly- 
nomial, multiplied  by  the  (n+1)'*  term  I;  and  the  third  part  b  the  square  of 
the  (n-f  ly*  termZ. 
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Hence,  if  the  law  of  formation  already  enounced  holds  good  for  a  poly- 
nomial composed  of  n  terms,  it  will  hold  good  for  a  polynomial  composed  of 

(n^-l)  terms. 

But  we  have  seen  above  that  it  does  hold  good  for  a  polynomial  composed 
of  three  terms ;  therefore  it  must  hold  for  a  polynomial  composed  of  four  terms, 
and  therefore  for  a  polynomial  office  terms,  and  so  on  in  succession.  There- 
fore the  law  is  general,  and  we  have  the  following 

RULE  FOR  THE  FORMATIOX  OF  THE  SqUARE  OF  A  POLYNOMIAL. 

T?ie  square  of  any  polynomial  is  comj^osed  of  the  sum  of  the  squares  of  all 
the  terms,  together  with  twice  the  sum  of  the  products  of  all  the  terms  multiplied 
together  two  and  tujo.     According  to  this  rule,  we  shall  have, 

(1)  {a  +  h+c+d+eY=a^+h^+c^+c^+e'^+2ab+2ac+2ad+2ae+2hc 
•\^2bd+2be+2cd+2ce+2de, 

(2)  (a—b-~c+dY=a^+h^+(^+d^''~2ah—2ac+2ad+2hc—2hd^2cd. 

■  If  any  of  the  terms  of  the  proposed  polynomial  be  affected  with  exponents 
or  coefiicients,  we  must  square  these  monomials  according  to  the  rules  already 
established. 

(3)  (2a— 46-c')3=:4a3+16t*c«— 16ai«c5. 

(4)  (3d»— 2a6+46»)«r=9a*+4a26«+166*— 12a'6 

+24a«6a— 16<26» 
=9a*  —  I2a^b+28a-b"  —  16ab^  +  I6b\  arranging  ac- 
cording to  powers  of  a,  and  reducing. 

(5)  (5a«6 — 4a5c+  6bd^ — Sa^c)^ = 25a<63  + 1 6a"b^c^  +  366-c*+ 9a*c» 

— 4  0a36V-f  60a25«c« — 30a*bc 
— 48ai«c3+  24a35c3— 3Grt2ic5. 
=25a*h^—40(^b^c+7Ga^¥c^'-4Sab^<^ 
+  36i»V— 30a<6c+24a36c3 
— 36a*6<r»-f-9aV. 

79.  Let  us  now  pass  on  to  the  extraction  of  the  square  root  of  algebraic 
quantities. 

Let  P  be  the  polynomial  whose  root  is  required,  and  let  R  represent  the 
root  which  for  the  moment  we  suppose  to  bo  determined ;  let  us  also  suppose 
the  two  polynomials,  P  and  K,  to  be  arranged  according  to  the  powers  of 
tome  one  of  the  letters  which  they  contain ;  a,  for  example. 

If  we  reflect  upon  the  law  just  given  of  tlie  formation  of  the  square  of  a 
polynomial,  it  will  bo  seen  that  the  first  two  terms  of  the  polynomial  P,  when 
thus  arranged,  are  formed  without  reduction,  and  will  enable  us  at  once  to  do- 
termino  the  first  two  terms  of  the  root  sought ;  for, 

1**.  The  square  of  the  first  term  of  R  must  involve  a.  affected  with  an  ex- 
ponent greater  than  any  that  is  to  be  found  in  the  other  terms  which  compose 
the  square  of  R  ;  because  this  exponent  is  double  the  highest  exponent  of  a  in 
R,  and  must  bo  greater  than  the  double  of  any  lower  exponent,  or  than  the  re- 
sult produced  by  adding  it  to  one  of  the  lower  exponents,  or  by  adding  any 
two  of  tliem  together. 

2**.  Twice  the  product  of  the  first  term  of  R  by  the  second  must  contain  a, 
affoctod  with  an  exponent  greater  than  any  to  be  found  in  the  succeeding 
terms ;  for  it  will  be  the  sum  of  the  highest,  and  tho  next  to  the  highest  ex- 
ponent of  a  in  R. 
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.    It  follows  from  this,  that  if  P  bo  a  perfect  square, 

I.  The  first  term  must  be  a  perfect  square  ;  and  the  square  root  of  this 
term,  when  extracted  according  to  the  rule  for  monomials  (Art.  49),  is  the  first 
term  of  R. 

II.  The  second  term  must  be  divisible  by  twice  the  first  term  of  R  thus 
found,  and  tlic  quotient  will  be  the  second  term  of  R. 

III.  In  order  to  obtain  the  remaining  terms  of  R,  square  the  two  terms  o/K 
already  determined,  and  subtract  the  result  from  P ;  we  thus  obtain  a  new 
polynomial,  P',  which  contains  twice  the  product  of  the  first  term  of  R  by  the 
third  term,  together  with  a  series  of  other  terms.  But  twice  the  product  of 
the  first  term  of  R  by  the  third  must  contain  a,  affected  with  an  exponent 
greater  than  any  that  is  to  be  found  in  the  succeeding  terms,  and  hence  this 
double  product  must  form  the  first  term  of  P'.* 

IV .  The  first  term  of  P'  must  be  divisible  by  twice  the  first  term  of  R,  and 
the  quotient  wiU  be  the  third  term  of  R. 

y .  In  order  to  obtain  the  remaining  terms  of  R,  square  the  three  terms  of 
the  root  already  determined,  and  subtract  the  result  from  the  original  poly- 
nomial P  ;t  wo  thus  obtain  a  new  polynomial,  J^",  concerning  which  we  may 
reason  precisely  in  the  same  miinnor  as  for  P',  and  continuing  to  repeat  the 
operation  until  we  find  no  remainder,  we  shall  arrive  at  the  root  required. 

The  above  observations  may  be  collected  and  imbodied  in  the  following 

RULE  FOR  THE  EXTRACTION  OF  THE  SQUARE  ROOT  OF  ALGEBRAIC  POLY- 
NOMIALS. 

I*'.  Arrange  the  polynomial  according  to  the  powers  ofsom^  one  Utter, 

2".  Extract  the  square  root  of  the  first  term  according  to  the  rule  for  monomi- 
als^ and  the  result  will  be  the  first  term  of  the  root  required, 

3".  Square  the  first  term  of  the  root  thus  determined^  and  subtract  it  from  the 
original  polynomial. 

4°.  Double  the  first  term  of  the  root,  and  divide  by  it  the  first  term  of  the  re- 
mainder,  and  annex  the  result  {which  wiU  be  the  second  term  of  the  root),  with 
its  proper  sign,  to  the  divisor, 

5°,  Multiply  the  whole  of  this  divisor  by  the  second  term  of  the  root,  and  *u5- 
tract  the  product  from  Uie  first  remainder, 

6®.  Divide  this  second  remainder  by  twice  the  sum  of  the  first  two  terms  of 
the  root  already  found,  and  annex  the  result  (which  will  be  the  tJiird  term  of 
the  root),  with  its  proper  sign,  to  the  divisor, 

7®.  Multiply  the  whole  of  this  divisor  by  the  third  term  of  Oie  root,  and  sub' 
tract  the  product  from  the  second  remainder ;  continue  the  operation  in  this 
manner  until  the  whale  root  is  ascertained. 

The  above  process  will  be  readily  understood  by  attending  to  the  foUowing 
examples : 

EXAMPLE  1. 

Extract  the  square  root  of  lOr*— 10x»— 12a*+5a:*+9a:«— 2x+l. 
Or,  arranging  according  to  the  powers  of  x. 


*  The  square  of  the  second  term  of  R  asuolly  contains  the  same  exponent  of  the  letter 
of  arrangement,  but  this  is  already  subtracted  from  P,  and  not  left  in  P'. 

t  Li  practice,  this  operation  is  dispensed  with  by  following  tlie  precepts  5o,  T*',  in  the  fol- 
lowing role,  which  evidently  come  to  the  same  thing. 
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9j:« 


Cr»— 2a:o 


— 12j:*+      4x* 


62'»—  4x*+  a- 


6x*  — 10jr»+5x*— 2x+l 
6a:*  —  4r»+  3* 


60:3  _  4j<+oj:— 1 


—  6x3+40^2— 2X+1 

—  6jr»+4j:«— 2t+1 


0. 

HaviDg  arranged  Ihe  polynomia]  according  to  powers  of  x,  we  first  extract 
the  square  root  of  9j:*,  the  first  terra ;  this  gives  Sor*  for  the  first  term  of  the 
root  required ;  this  we  place  on  the  right  hand  of  the  polynomial,  as  in  division ; 
squaring  this  quantity,  and  subtracting  it  from  the  whole  polynomial,  we  ob- 
tain for  a  first  remainder,  — 122*+ lOx-* — l0r^-\-bx9 — 2a:+l ;  we  now  double 
32^,  and  place  it  as  a  divisor  on  the  left  of  this  remainder,  and  dividing  by  it 
—  12j*,  the  first  term  of  the  remainder,  we  obtain  the  quotient  — 21^  (the 
second  term  of  the  root  sought),  which  we  annex,  with  its  proper  sign,  to  tlio 
double  root  6r* ;  multiplying  the  whole  of  this  quantity,  6r* — 22^^  by  — 22* 
(which  produces  twice  the  product  of  tho  first  term  of  the  root  by  the  second, 
together  with  the  square  of  the  second),  and  subtracting  tlio  product  from  the 
first  remainder,  we  obtain  for  a  second  remainder,  (ii* — lOr'+Sx' — 2x+l. 
Next,  doubling  33^ — 2jfi,  the  two  terms  of  the  root  thus  found,  and  dividing 
62*;  the  first  term  of  the  now  remainder,  by  Gjc^^  the  first  term  of  the  double 
root,  we  obtain  x  for  a  quotient  (which  is  the  tliird  term  of  tho  root  sought), 
and  annex  it  to  tho  double  root  62^ — 42^,  multiplying  the  whole  of  this  quan- 
tity 62* — 42^+2  by  X  (which  produces  twice  the  first  by  the  thii*d,  twice  the 
second  by  the  third,  and  the  square  of  the  third),  and  subtmcting  tlie  product 
from  the  second  remainder,  we  obtain  a  third  remainder,  — 62^+42® — 22+1 ; 
we  now  double  82* — 22'+2,  the  three  tei-ras  of  the  root  already  found,  and 
dividing  — 62:*,  the  first  term  of  the  new  remainder,  by  6r*,  the  first  term  of 
the  double  root,  we  obtain  — 1  for  the  quotient  (which  is  the  fourth  term  of 
the  root  sought),  and  annex  it  to  tho  double  root  62^ — 4^:^+22 ;  multiplying 
the  whole  of  this  quantity  6r* — 42^+22 — 1  by  — 1,  and  subtracting  it  from 
the  third  remainder,  we  find  0  for  a  new  roma'mder,  wliich  shows  that  the 
root  required  is 

Sr*— 222+2^1. 
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80.  If  the  proposed  polynomial  contain  several  terms  affected  with  the  same 
power  of  the  principal  letter,  we  "must  arrange  the  polynomial  in  the  manner 
explained  in  division  (Art.  20) ;  and  in  applying  the  above  process  we  shall  be 
obliged  to  perform  several  partial  extractions  of  the  square  roots  of  the  coejffi' 
dents  of  the  different  powers  of  the  principal  letter,  before  we  can  arrive  at  the 
root  required. 

Extract  the  square  root  of 
{a^'^2ab+¥)x*+2(a--b)(c--d)r'+\2(a--'h)(f+g)+(c'^dy\3p+2(c—d) 

Ans.  (a-h)x-  +  (c--d)x+f+g. 

Such  examples,  however,  very  rarely  occur. 

Before  quitting  tliis  subject,  we  may  make  the  following  remarks: 

I.  No  binomial  can  be  a  perfect  square  ;  for  the  square  of  a  monomial  is  a 
monomial,  and  tiie  square  of  the  most  simple  polynomial,  that  is,  a  binomial, 
consists  of  three  distinct  terms,  which  do  not  admit  of  being  reduced  with 
each  other.  Thus,  such  an  expression  as  a'-\-b'^  is  not  a  square ;  it  wants  the 
term  ±2^6  to  render  it  tlie  square  of  (a  it  ft)- 

II.  In  order  that  a  trinomial,  wlien  arranged  according  to  the  poirr/s  of 
some  one  lettcTy  may  be  a  perfect  square,  the  two  extreme  terms  must  I  e  perfect 
squares,*  and  tJie  middle  term  must  be  equal  to  twice  Oie  product  of  the  square 
roots  oftJte  extreme  terms.  When  these  conditions  are  fulfilled,  we  may  obtain 
the  square  root  of  a  trinomial  unmed lately,  by  the  following 

RULE. 

Extract  tlie  square  roots  of  Uie  extreme  terms,  and  connect  the  two  terms  thus 
found  by  Uie  sign  +,  when  the  second  term  of  the  trinomial  is  positive,  and  by 
the  sign  — ,  when  Oie  second  term  of  Uie  trinomial  is  negative.  Thus,  the  ex- 
pression 

9a«— 48a^i-+G4a-6* 
is  a  perfect  square ;  for  tlie  two  extreme  terms  are  perfect  squares,  and  the 
middle  term  is  twice  tlfb  product  of  the  square  roots  pf  the  extreme  terms; 
hence  the  square  root  of  the  trinomial  is 

-v/Tk?—  y/Q\ci'b\ 
Or, 

3a3— 8aft2. 

An  expression  such  as  4a-+ll?a6 — 9i-  can  not  bo  a  perfect  square,  although 
4a'  and  9&-,  considered  independently  of  their  signs,  are  perfect  squares,  and 
I2a&=:2(2a  .56) ;  for  — 9i-  is  not  a  square,  since  no  quantity,  when  multi- 
plied by  itself,  can  have  the  sign  — . 

III.  In  performing  the  operations  required  by  the  geneitd  rule,  if  we  find 
that  the  first  term  of  one  of  the  remainders  is  not  exactly  divisible  by  twice 
the  first  term  of  the  root,  we  may  immediately  conclude  that  the  polynomial 
18  not  a  perfect  square ;  and  when  we  an'ive  at  a  term  in  the  root  having  a 
power  of  the  letter  of  arrangement  of  a  degree  less  than  half  that  of  this  letter 
in  the  last  term  of  the  given  polynomial,  we  may  be  sure  that  the  operation 
will  not  terminate.    This  is  on  the  supposition  that  the  given  polynomial  is  ar- 

*  Li  order  that  any  polynomial  may  bo  a  perfect  sqaarc,  the  two  extreme  terms  most  be 
perfect  iqaarcs,  if  it  be  arranged  acooniing  to  the  powers  of  some  letter. 


CJBE  ROOT  OF  POLYNOMIALS.  hi 

ranp;od  accoitlmg  to  the  «lecrcHsiiifj  ))owers  of  tlio  letter.  If  it  be  according  to 
tbo  increasing  powers,  substitute  tho  word  greater  for  **lo»s''  in  the  abpvn 
precept. 

IV.  We  may  apply  to  the  square  roots  of  polynomials' which  are  not  per- 
fect sfpiares  the  siinplitications  already  employed  in  the  case  of  monomials 
(Art.  .51).     Thus,  in  the  expression 

The  quantity  under  tlie  radical  sign  is  not  a  perfect  square,  but  it  may  be 
put  under  the  form  • 

y/ah(u-  +  4ah  +  Ab^-) . 
Tlie  factor  within  brackets  is  manifestly  the  square  of  a-\-'2b;  hence 

V^'64-4«-7y-+4rt/>»=  's/ab{a'-\-4ab+-ib') 

=  ^/ab(u  +  '2b)' 
=  (a  +  2h)  y/~ilb. 

81.  Let  us  next  proceed  to  form  the  cubfi  of  a:+a. 

=jr'+oX-«+3.r</-+//'  by  rules  of  multiplication. 

Lot  it  he  required  to  form  the  cube  of  a  trinomial  (x-\-a'\-b);  represent 
the  lust  tw^^nns  ii-\-b  by  the  single  letters;  then 

(x+a+br=(x +sf 

=:r'^:ix'(a+b)  +  3.r(a+h)'+{a+bY 
=.r'+  0.r-  a + Dx-b  +  '.Ira- -\-Gxub  +  3xb^+  a' 
+  3(1-  b+3rib^'+lr\ 

This  expression  is  comjwsrd  ofUu;  sum  of  the  cubes  of  all  (he  terms,  together 
icith  three  times  the  sum  of  the  squares  of  each  term,  multiplied  by  Uic  simple 
power  of  each  of  the  others  in  succession,  together  with  six  times  the  product  of 
the  simple  jiower  of  all  the  terms, 

"By  following  a  process  of  reasoning  analogous  to  that  employed  in  (Art.  78), 
we  ran  ])n)ve  that  the  above  law  of  formation  wil^liold  good  for  any  polynomial 
of  Wiiatever  number  of  terms.     Wo  shall  thus  find 

{^a+b+c+d)"^     =a^  +b^  +  c"*  +d^  +  3a'-b+3u'C+3a'd+3b-a-\'  3h'C+3b^d 

+  3c-a+3(-b+:)r-d+3d-a  +  3d'b+3d'C  +  Gabc+Gabd+6aco'+iU)cd 
(2a5  — 4(z6+36-)3=  Sa''  —  G-iaVP  +  27^-^  —  4Sa^'b  +  36a*b'  +  [)iJa*b'  +  144a-/j* 

+ r>4a^b* — 1 0«ai* — 1 44rt=»6' 
z=ztia''^Af*a-'b+l3'2a*b*-'20iia^b'^+ldSa'^b*  —  10fta6*»+276''. 

In  a  similar  manner,  we  can  obtain  the  4th,  5th,  &c.,  powers  of  any  poly- 
nomial. 

For  more  upon  this  subject,  see  a  subsequent  article  (105). 

82.  We  shall  now  explain  the  process  by  which  we  can  extract  tho  cube 
root  of  any  polynomial,  a  method  analogous  to  that  employed  for  the  square 
root,  and  which  may  easily  be  generalized,  so  as  to  be  applicable  to  tho  ox- 
traction  of  roots  of  a!iy  degree. 

Let  P  be  the  given  polynomial,  R  its  cube  root.  Let  these  two  poly- 
nomials be  an'anged  according  to  the  powers  of  some  one  letter,  a,  for  exauiple. 
{t  follows,  from  the  law  of  formation  of  tho  cube  of  a  polynomial,  that  the  cube 
of  II  contains  two  terms,  which  are  not  susceptible  of  reduction  with  any 
others ;  these  ore,  the  cube  of  the  first  term,  and  three  times  the  square  of 
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the  first  term  multiplied  bj  the  second  term ;  for  it  is  manifest  that  these  two 
terms  will  involve  a  affected  with  an  exponent  higher  than  any  that  is  to  be 
found  in  the  succeeding  terms.  Consequently,  these  two  terms  must  form 
the  first  two  terms  of  P.  Hence,  if  we  extract  the  cube  root  of  the  first  term 
of  P,  we  shall  obtain  the  first  term  of  R,  and  then,  dividing  the  second  term 
of  P  by  three  times  the  square  of  the  fii*st  term  of  R  thus  found,  the  quotient 
will  be  the  second  tcnn  of  R.  Having  thus  determined  the  first  two  tenns  of 
R,  cube  this  binomial,  and  subtract  it  from  P.  The  remainder,  P',  being  ar- 
ranged, its  first  torm  will  bo  three  times  the  product  of  the  square  of  the  first 
term  of  R  by  the  third,  together  with  a  series  of  terms  involving  a,  affected 
witli  a  less  exponent  than  that  with  which  it  is  affected  in  this  product. 
Dividing  the  first  tenn  of  P'  by  three  times  the  square  of  the  first  tenn  of  R, 
the  quotient  will  bo  the  tliird  term  of  R.  Forming  the  cube  of  the  trinomial 
root  tlius  detcnninod,  and  subtracting  tliis  cube  from  the  original  polynomial 
P,  we  obtain  a  new  polynomial,  P",  which  we  may  treat  in  the  same  manner 
OS  P',  and  continue  the  opemtion  till  the  whole  root  is  determined.* 

EXAMPLES. 

(1)  Extract  the  cube  root  of  27r»— 135a:=+225r— 125. 

(2)  y(ar«+462a:*+C022j:*— 80z3r»— 902^i:-+1082'^x— 272«).  0 

ANSWERS. 

(1)  3x— 5.  I  (2)  2a:«+42x— 3z«. 

EXTRACTION  OF  THE  SQUARE  ROOT  OF  NUMBERS. 

83.  Rules  are  given  in  Arithmetic  for  extracting  tho  square  and  cube  roots  of 
any  proposed  number;  we  shall  now  proceed  to  explain  the  principles  upon 
which  these  rules  are  founded.  • 

The  numbers 

1,  2,  3,   4,    5,    6,    7,    8,    9,    10,    100,       1000, 

when  squared,  becomo 

1,  4,  9,  IG,  25,  ?6,  49,  61,  81,  100,  10000,  1000000, 

and  reciprocally,  the  numbers  in  the  first  line  are  the  square  roots  of  the  num- 
bers in  the  second. 

Upon  inspecting  these  two  lines  we  perceive  that,  among  numbers  expressed 
by  one  or  two  figures,  there  are  only  nine  which  are  the  squares  of  other 
whole  immbers ;  consequently,  the  square  root  of  all  other  numbers  consisting 
of  one  or  two  figures  must  be  a  whole  number  plus  a  fraction. 

Thus,  the  square  root  of  53,  which  lies  between  49  and  64,  b  7  plus  a  frac- 
tion.    So,  also,  the  square  root  of  91  is  9  plus  a  fraction. 

84.  It  is,  however,  very  remarkable  Ouil  Uic  square  root  of  a  whole  ntmber^ 
which  is  not  a  perfect  square,  can  not  be  expressed  by  an  exact  fraction,  and  if, 

therefore,  incommensurable  wiOi  unity, 

a 
To  prove  this,  lot  -v,  a  fraction  in  its  lowest  terms,  be,  if  possible,  the  square 

a       a^ 
root  of  some  whole  number ;  then  the  square  of  y,  or  y;:,  must  be  equal  to  tliis 

whole  number.    But  since  a  and  b  are,  by  supposition,  prime  to  each  other 


This  sAbjcct  will  bo  resumed  a  few  pages  farther  on. 
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(t.  Cm  have  no  cuuiinoii  divisor),  a-  and  b'  aro  ulso  i)rinio  to  eucli oilier;*  there- 
fore  j-^  is  an  iiTcdiicib!o  fraction,  and  can  not  bo  equal  to  a  wliolo  umnbor. 

85.  The  dilferonco  between  ibo  squares  of  two  con?ecutivo  whole  numbers 
is  greater  in  proportion  as  tlie  nuinlxn's  themselves  aro  greater;  the  expres- 
sion for  this  dirtcrenco  can  easily  be  found. 

Let  a  and  a-f-1  bo  two  consecutive  wliolo  numbers; 
Then, 

Hence. 

(a4-l)^_a-=:2fl  +  l  ; 

that  is  to  say,  tJir.  dlfftircnt'c  of  thr  squares  nf  two  consecutive  whole  numhers  xs 
equal  to  twice  the  li6s  of  the  two  numbers  plus  unltij. 

Thus,  tl)o  dilVerence  between  the  squares  of  318  and  317  is  equal  to 
2X347  +  1,  or  ():)5. 

*  This  ilrpenJs  U]K)n  the  prinri]ik>  thnt,  if  uny  prime  iiuml^cr.  P,  will  divide  the*  product 
of  two  iiiimltorR,  it  must  di\idc  oiio  of  thorn,  which  mny  be  domoustrntofl  as  follows: 

Let  A  .md  n  he  thi>  two  imiiihons  aitd  let  it  bo  Hiip|Kiscd  thut  P  will  itut  divide  A,  we 
arc  to  pnive  thnt  it  mast  di\idc  B. 

Dividin<^'  A  by  P.  and  denoti'.ig  the  quotient  by  Q,  airl  the  roinaind«.'r  by  P',  we  havo 

A=Pa+P'  .-.  luuUinlyin-J!  by  B.  AB=:PaB-fP'B  .'.  dividing  by  P,  '^"::=aB-|-"'". 

Rim.-e  by  bypothosla  AB  is  divisible  by  P,  P'B  mnst  ho,  else  we  Rhi»uM  linvf  a  wholo 
numhcr.  equal  to  a  whole  miudior  j'his  a  fraction,  vvliich  is  imiKissihle.  Proceed  now  with 
P  and  P'  nftor  the  mi'thod  for  fiudintr  u  common  divisor,  uud  h  t  P".  P'",  &r.,  be  the  sue- 
ccsfive  remaindc»"s.  whirh  can  noiu*  nf  tliem  he  xcro.  bccniise  P  is  hv  Ir.  {Olln.-.jis  :i  i  rhne 
uumbi'r  [i.e.,  a  miniber  jiivisible  only  by  itself  and  unity) :  thesi*  remnintlors  muist  'jo  (ja  di- 
minishing till  the  lust  becomes  imily,  and  wo  shall  have  the  series  of  cquahtics, 

P-P'a'-fP^  P'=P''a"+P'",  Jcc. ; 
or,  multiply  in*;  by  B  and  dividimr  hy  P, 

„_P'a'B     P"B  P'B     P''a"B.P'"B 
B— — p h-  jT'  -p— — ii — r    p-'  *<^- 

The  first  of  these  diualities  shows  tlmt  if  P'B  is  divisible  by  P.  P"B  must  also  bo  divisi^ 
ble  ;  nmlif  bolh  thi.'de  are  divisihlir.  the  second  equality  yhows  that  P"'B  is  diviaihlo  by 
P,  uud  so  on.  But  tlwj  n  inaiiid.-rs,  V",  P'",  iVe.,  diminish  till  the  last  becomes  unity,  and 
wo  shall  thus  have,  fmaliy,  IXB,  or  B  divisible  by  P.  CL  E.  D. 

Now.  since  0"^  is  th;;  pn.nluct  o^  a  and  a,  any  prime  number  which  divides  «-  must  divido 
a,  or  which  dividi*s  /<-  nmst  divide  b,  so  that  any  prime  number  which  divides  both  a-  and 
£>  must  divido  a  and  /'. 

Every  number  is  either  prime  or  com])OScd  of  prime  nun)l>ers  as  factors,  and  if  this  num- 
ber will  divide  the  two  tonus  of  a  fraetiou,  its  prime  factors  will  snrcesiiively  divi«le  them. 
This  follows  from  (10.  I.,  2). 

As  an  addition  to  this  note  may  be  demonstrated  the  following  theorem :  A  literal  (juan- 
iUy  can  not  f.c  Jccoinjfoacd  into  prime  factor*  in  di^iferent  vaf/». 

Let  ABCD...  be  a  pnxluct  of  prime  facUirs,  and  suppose  that  it  could  be  equal  to  ap- 
other  product,  abed...,  the  f:ictorfl  a,  h,  c,  d...  bemi?  also  prime.  The  fnctor  a,  dividing 
ctbcdt  must  divide  the  equal  ABCD... ;  but  if  the  prime  quantity  a  ii  dilTiTcnt  fmm  caf^h 
of  the  quantities  A,  B,  (?.  D,  cVc,  it  can  not  divide  any  of  them.  Not  dividing,'  either  A  or 
B  accordinc;  to  the  above  theorem,  it  can  not  divide  the  product  AB.  Not  dividiuir  oil  her 
AB  or  C,  it  v.'ill  not  divide  the  prodact  ABC,  ond  so  on.  The  fn^'tdr  a  must,  therefore, 
necessarily  be  cfjual  to  one  of  the  f«cti>rs  A,  B,  C,  Ace.  Pu[qiose  o.—A.  Dividinrr  tin*  two 
products  by  A.  the  remaining  pniducts,  BCD . . .  and  hrd . . .,  are  still  etpial,  and  api-1;  inq  to 
tfacm  the  prcccdini^  rca^oniiiir,  v.'c  conclude  that  h  onirbt  to  be  equal  t.)  one  of  the  fnctor*  of 
tho  product,  BCD . . .,  and  ro  en.  The  two  products,  ABCD . . .  and  abed,,.,  mu!?t,  there- 
ibre,  be  composed  of  tho  samo  prime  factors.  U.  E.  D 
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The  sq'.iJiro  of  a  niimbor  will  uhvny.s  consist  of  twice  as  iir.my  dlj;its,  or  one 
less  than  twicir  as  many,  as  the  niinil)er  itself.  Thus,  the  square  of  10  is  100, 
uud  the  square  of  any  number  less  than  10  mu^^t  bo  less  than  100,  or  contain 
not  more  than  two  figun;s.  The  square  of  100  is  10000,  and  the  square  of  all 
numbers  between  10  and  100  must  be  between  100  and  10000;  i.  c,  consist 
of  .'}  or  4  figures.  In  the  snmo  way  it  may  be  shown  that  the  square  of  a 
number  containin)|;  three  figurA^s  nmst  be  one  containing  five  or  six  figures,  and 
so  on ;  i.  r.,  the  square  of  a  number  consists  of  twice  as  many  digits  as  the 
number  itself,  or  one  less  than  twice  as  many. 

Let  us  now  proceed  to  investigate  a  process  for  the  extraction  of  the  square 
root  of  any  number,  begiiming  wi»h  whole  numbers. 

EXTIIACTIOX  OF  THE  SQUARE  ROOT  OF  WHOLE  NUMBERS. 

6o.  If  the  number  proposed  consist  of  one  or  two  figures  only,  its  root  m;ny 
be  found  immediately  by  inspecting  the  squares  of  the  nine  first  numbers  in 
(Art.  t:3).  Thus,  the  square  root  of  23  is  5,  the  square  root  of  42  is  G  plus  a 
fraction,  or  C  is  the  approximiite  square  root  of  4'2,  and  is  within  one  unit  of 
the  true  \al:ie ;  for  42  lie^  between  3(),  which  is  the  square  of  G,  and  49,  which 
is  the  sqnai'o  of  7. 

Let  i:s  coii.sUlei',  llien,  a  number  composed  of  more  tha:i  two  figures,  G0S4 
for  example. 

Since  this  number  consist  of  four  figun*s,  its  root  must  GO'81'-. 

uer;*ssarily  consst  of  two  figures,  that  is  to  s»y,  of  tens  4\)      \' 

and  units.     iJesiguating  the  tens  in  the  root  sought  by  rz,  14.rjlTh^-J 

and  the  units  bv  A,  we  have  »  ll^?'l 

GOt4  =  («  +  /.)'=rr2-|-2<;6  +  ?>-,  0. 

wh'.ch  shows  that  thr  srjt/itrc  of  //  numhir  comiist'iii}^  of  tfjis  and  vnit.s  is  com- 
jjosfd  of  thf  stpinrc  of  On  (tnsy  plus  tiiitr  thr  j/rodiict  of  the  tens  hj  the  ufiiL<^ 
jilits  the  square  of  the  units. 

This  being  premised,  since  the  square  of  a  ceitain  number  of  tens  must  be 
a  certain  number  of  hundreds,  or  have  two  ciphers  on  the  right,  it  follows  thai 
the  sq'iares  of  the  tens  contained  in  the  root  nmst  be  found  in  the  [lart  GO  (or 
GO  hundreds),  to  the  left  of  the  last  two  figures  of  GOi^A  (which  written  at  full 
length  is  <)000  +  t'0  +  4),  the  84  forming  no  part  of  the  square  of  the  tens;  we, 
therefore,  separate  the  last  two  tigures  from  the  others  by  a  point.  Tlie  pait 
CO  is  co!nprised  between  the  two  perfect  sipiares  40,  and  G4,  the  roots  of  which 
are  7  and  H ;  hejx:*  7  is  the  figure  which  expresses  the  number  of  tens  in  the 
root  sought;  for  GOOO  is  evidently  comprised  betwt^en  4900  and  G400,  which 
nre  the  squares  of  70  and  80,  and  the  root  of  G084  must,  therefore,  bo  com- 
prised between  70  and  c*0  ;  hence,  tlie  root  sought  is  composed  of  7  tens  and 
u  certain  number  of  units  less  than  ten. 

The  figure  7  being  thus  found,  we  place  it  on  the  right  of  the  given  nnmber, 
in  the  place  of  tens,  sei)aiated  by  a  vertical  line  as  in  division ;  we  then  sub- 
tract 49,  which  is  the  square  of  7,  from  GO,  which  leaves  as  remainder  11 
(which  is  11  hundreds),  after  which  we  write  the  remaining  figures,  84. 
Having  taken  away  the  square  of  the  tens,  the  remainder,  1184,  contains,  as 
we  have  seeu  above,  twice  the  product  of  the  tens  multiplied  by  the  unit* 
plus  the  square  of  the  units.  I^it  the  prwluct  of  the  tens  multiplied  by  the 
units  must  be  tens,  or  have  one  cipher  on  the  right,  aiid,  thereftire,  the  last 
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figure  4  can  not  fonn  iifiy  part  of  tlio  product  of  tlic  tons  by  the  units ;  wo, 
therefore,  separate  it  from  the  others  hy  a  i)oint. 

If  we  double  the  tens,  which  gives  14,  and  divide  the  118  tens  by  14,  the 
quotient  8  is  the  figure  of  units  in  the  root  sought,  or  u  figure  greater  than  the 
one  required.  It  may  manifestly  !)e  greater  than  the  figure  sought,  for  118 
may  contain,  in  addition  to  twice  the  product  of  the  tens  by  the  units,  other 
tens  arising  from  tlie  square  of  tho  units,  which  may  exceed  the  denomination 
units.  In  order  to  determine  whether  8  expresses  the  real  number  of  units 
in  the  root,  it  is  sufificient  to  place  it  on  llie  right  of  14,  and  then  multiply  tho 
number  148,  thus  obtained,  by  8.  In  this  manner  we  form,  1**,  the  square  of 
tho  units ;  2**,  twice  the  product  of  the  nnits  by  the  tens.  This  operation 
being  effected,  the  product  is  1184  ;  subtracting  this  product,  the  remainder  is 
0,  w*hich  shows  that  G084  is  a  perfect  square,  and  78  the  root  sought. 

It  will  be  seen,  in  reviewing  the  above  process,  that  we  have  successively 
subtracted  from  6084,  the  square  of  7  tens  or  70,  plus  twi^e  tho  product  of  70 
by  8,  plus  the  square  of  8,  that  is,  the  three  parts  which  enter  into  the  com- 
position of  the  square  of  70-|-8,  or  78;  and  since  the  result  of  this  subtraction 
is  0,  it  follows  tliat  6084  is  the  square  of  78. 

The  quotient  obtained  from  dividing  by  double  tho  tens  is  a  trial  figure  ;  it 
win  never  be  too  small,  but  may  be  too  great,  and  on  ti'ial  may  require  to  be  di- 
minished by  one  or  two  units. 


Take  as  a  second  example  the  number  841.                                       8'41 
This  number  being  comprised  between  100  and  10000,  its  ^ 


•iO 


44'1 
441 


0. 


root  must  consist  of  two  figures,  that  is  to  say,  of  tens  and  ^^ 
units.  We  can  prove,  as  in  tlie  last  example,  that  the  root 
of  the  greatest  square  contained  in  8,  or  in  that  portion  of  tho 
uumber  to  the  left  of  the  last  two  figures,  expresses  the  number  of  tens  in  tlie 
root  required.  But  the  greatest  square  contained  in  8  is  4,  whose  root  is  *J, 
which  is,  therefore,  the  figure  of  tho  tens.  Squaring  2,  and  subtracting  the 
result  from  8,  the  remainder  is  4 ;  bringing  down  tho  figures  of  the  second 
pericKl  41,  and  annexing  them  on  tlie  right  of  4,  the  result  is  441,  a  number 
which  contains  twice  the  product  of  the  tens  by  the  units,  plus  the  square  of 
the  units. 

We  may  farther  prove,  as  in  the  last  case,  that  if  we  point  off  the  last  figure 
1,  and  divide  the  preceding  fijLijures  44  by  twice  the  tens,  or  4,  the  quotient 
will  be  either  the  figure  which  expresses  the  number  of  units  in  the  root,  or  a 
figure  greater  than  the  one  sought.  In  this  case  the  quotient  is  11,  but  it  is 
manifest  that  we  can  not  have  a  number  greater  than  0  for  the  units,  for  other- 
wise we  nnut  suppose  that  the  figure  already  found  for  the  tens  is  incorrect. 
Let  us  try  9 ;  place  9  to  the  right  of  4,  and  then  multiply  this  number  49  by 
9;  the  product  is  441,  which,  when  subtracted  from  tho  result  of  the  fii-st 
operation,  leaves  a  remainder  0,  proving  that  129  is  the  root  required. 

Let  us  take,  as  a  third  example,  a  number  which  is  not  a  i)erfect  square, 
such  as  1*287. 

Applying  to  this  ntimbrr  the  process  descri!>ed  in  the  pre-  12'87  35 

ceding  example,  we  find  that  tho  root  is  n.'>,  with  a  remainder  ^ 

62.     This  shows  that  11287  is  not  a  j)erfect  square,  but  that        65  38'7 
It  is  comprised  between  the  square  of  35  and  that  of  36. 
Thus,  when  the  number  is  not  a  |)erfect  square,  the  above 


3L»5 


62 


Tyi'iy 


ri'i> 


7-jr) 


571' 1 
4500 


1J054'4 
l'J0544 


0. 
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process  enables  lis  nt  least  to  determine  the  root  of  the  greatest  square  con- 
tained in  the  nuniljor,  or  tho  inte^nU  part  of  the  root  of  the  mmiber. 

87.  Let  us  pass  on  to  consider  tho  extraction  of  tho  square  root  of  a  num- 
ber composed  of  more  than  four  figures. 

Lot  508*21441  be  tho  number.  5f3'82'14'44j7538 

Since  the  number  is  greater  than  10000,  its  root  49 

must  be  greater  than  100;  that  is  to  say,  it  must      145 
consist  of  more  than  two  fiirures.*     But,  whatever 
the  uumbi'r  may  be,  we  may  always  consider  it  as      1503 
composed  of  units  and  of  tens,  the  tens  being  ex- 
pressed by  onc^  or  more  figures.     (Thus,  any  num-       i->00p 
ber  such  as  3711:2  mny  bo  resolved  into  37110+2, 
or  3714  tens,  plus  two  units.) 

Now  tho  square  of  tho  i-oot  sought,  that  is,  tlie  proposed  number,  contains 
the  square  of  tlie  tens,  plus  twice  the  product  of  tho  tons  by  tho  units,  plus 
the  square  of  the  units.  lUit  tlie  square  of  the  tens  must  give  at  least  hun- 
dreds ;  hence  the  last  two  figiu*es,  44,  can  form  no  part  of  it,  and  it  is  in  the 
portion  of  the  number  to  the  left  hand  that  we  must  look  for  that  gqunre. 
IJut  this  portion  containing  more  than  two  figures,  its  root  will  consist  of  units 
and  tons  ;  it  will,  therefore,  be  necessar}'  to  commence  the  process  for  finding 
the  root  of  this  portioti  by  cutting  off  its  two  right-htind  figures,  14,  and  the 
square  of  tho  tens  of  the  tens  is  to  be  sought  in  the  figures  now  remaining  at 
the  left,  liG&3.  This  number  being  the  square  of  two  figures,  we  again  scjmi-ate 
82,  and  seek  for  tho  square  of  the  tens  of  tho  tens  of  the  tens  in  tho  two  re- 
maining figures,  .50.  The  given  number  is  thus  sepaitited  into  jieriods  of  two 
figures  each,  beginning  on  the  right.  We  then  go  on  to  extract  the  root  of 
tli(^  number  56H2,  as  in  the  previous  examples ;  this  will  give  the  tens  of  the  root 
of  tho  number  566214.  We  then  double  these  tens  for  a  divisor,  and  take  the 
remainder  after  the  last  operation,  w^ith  14  annexed  for  a  dividend  ;  we  divide 
this  dividend,  after  cutting  ofi^*  the  right-hand  figure,  and  the  quotient  will  be 
the  units  of  the  root  of  5G8214.  All  the  figures  now  found  of  the  root  will 
constitute  the  tens  of  tlie  root  of  tho  given  number,  and  we  find  the  units  by 
tho  rule  previously  given.     The  detail  of  tho  wholo  operation  is  as  follows  : 

Kxtracting  the  root  of  5G,  we  find  7  for  the  root  of  49,  tho  greatest  square 
contained  in  50;  we  place  7  on  tho  right  of  the  i)roposed  number,  and  squaring 
it,  subtract  49  from  50,  which  gives  a  remainder  7,  to  which  we  annex  the  fol- 
lowing period,  82.  .Sej)arating  tho  lajst  figure  to  the  right  of  7H2,  and  then 
dividing  78  by  14,  whicli  is  twice  the  root  already  found,  we  have  5  for  a  quotient, 
which  we  annex  to  14;  we  then  multiply  th.?  whole  number  145  by  5,  and 
subtract  the  product  725  fr^m  782.  Wo  next  bring  down  the  period  14,  an- 
nex it  to  the  second  remainder  57,  imd  j>o!nt  oif  the  last  figure  of  this  number 
5714.  Dividing  571  by  150,  which  is  twice  the  root  already  found,  tlie  quotient 
is  3,  which  we  place  to  the  right  of  150,  and  multiplying  the  whole  number 
1503  by  3,  we  subtract  the  pmduct  4509  from  5714. 

Finally,  we  bring  down  the  last  period  44,  annex  it  to  .the  third  remaindct 
1205,  and  point  off  the  last  figure  of  this  number  120544.     Dividing  12054  by 

*  We  hnve  seen  in  the  last  articlo  that  it  will  consist  uffoar  fi^oircs.  half  as  many  as  the 
^vou  number.  Had  the  given  number  contained  but  seven  fignrcs,  the  root  would  still  bo 
oomposcd  of  four. 
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1506,  which  is  twico  tho  root  already  fouml,  iho  quotient  is  8,  which  wc  place 
on  tho  right  of  150G,  and  inultiplying  tho  wliole  number  ir>0G8  by  8,  we  sub- 
tract tho  product  120541  from  tho  last  result  I'JOoll.  The  remainder  is  0; 
henco  7538  is  tho  root  sought. 

From  what  has  been  said  above*  it  is  ea^v  to  deduce  the  rule,  ordinarilv 
gh'en  in  Arithmetic,  for  the  extrnction  of  the  square  root  of  a  number  consist- 
ing of  any  number  of  figures,  and  which  it  is  unnec(*ssaiy  here  to  rep(?at. 

EXTRACTION  OF  THE  SaUAllE  ROOT  HY  APrROXIMATION. 

88.  When  a  whole  number  is  not  tho  square  of  another  whole  number,  we 
bavo  seen  (Art.  84)  that  its  root  can  not  be  expressed  by  a  whole  number  and 
an  exact  fraction  ;  but  although  it  is  impossible  to  determine  the  precise  valuo 
of  tho  fraction  which  completes  tho  root  sought,  wo  can  approximate  il  as 
nearly  as  w^e  please. 

Suppose  that  a  is  a  wholo  number  which  is  not  a  perfect  square,  and  that 

we  are  required  to  extract  the  root  to  within  — ,  that  is,  to  dotomrmc  a  number 

which  shall  dificr  from  tho  true  root  of  ff,  by  a  qiumtity  less  than  the  fraction  — . 

To  eflect  this,  let  us  observe  that  the  quantity'  a  may  bo  put  under  tho  form 

— 5" ;  if  wo  designate  the  integnd,  or  wholo  number,  portion  of  the  root  of  aw' 

by  r,  this  number  an-  will  be  comprised  between  r-  and  (r+1)- ;  hence,  — j- 

is  comprised  between  --  and 1 — ,  and  consequently,  the  root  of  a  is  com- 

r-         (r-f-lV                               r         r-4-1 
prised  between  the  roots  of  —  and ~- ♦  that  is,  between  -  and .     Thus, 

it  appears  tliat  -  represents  the  square  root  of  a  within  -  of  the  true  value. 
From  this  we  derive  tho  following 

KULK. 

To  extract  the  square  root  of  a  wholt  nunihf.r  to  within  a  ffivcn  fracl ion ^  mul- 
tiply the  given  numhrr  hif  the  sfjuarc  of  the  di  nominator  of  the  given  fraction  ; 
extract  the  intcfrral  part  of  the  square  root  of  Olc  product^  and  divide  this  «7i- 
ttgral part  by  the  given  dt nominator. 

Let  it  bo  required,  for  example,  to  find  the  square  root  of  59  within  jV  of 
tho  true  Yaluo. 

Multiply  59  by  the  square  of  11>,  that  is,  144,  the  product  is  849^ ;  the  in- 
tegral part  of  the  root  of  HliKJ  is  92.  Hence  '/^  or  7-^^  is  the  approximate  root 
of  59,  tho  result  dilfering  from  the  true  value  by  a  quantity  less  than  jV. 

So,  also, 

yyj  =  3/5  tnioto-,'3, 

'/•-i'-*3=14JJ  true  to  ^\. 

89.  Tho  method  of  approrimation  in  decimals^  which  is  tho  process  most 
frequently  employed,  is  an  immediate  consequenre  of  thf»  preceding  rule. 

In  order  to  obtain  the  square  loot  of  a  wholo  number  within  -^^,  ^  J -,  jj^^^  . . . 
€>f  tho  true  value,  we  must,  according  to  the  above  rule,  multiply  the  proposed 
nambor  by  (10)S  (lOOV,  (1000)-, or,  which  comes  to  tho  same  thing, 
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place  to  tho  right  of  tlio  number,  two,  four,  six, ciphers,  then  extract 

the  integral  part  of  the  root  of  the  product,  and  divide  the  result  by  10,  100, 
1000 

Hi»uce,  in  order  to  obtain  any  required  number  of  decimals  in  the  root,  we 
must 

Place  on  the  right  hand  of  the  projwstd  number  twice  as  many  zeros  as  we 
wish  to  hare  decimal  figures ;  extract  the  integral  part  rf  the  root  of  this  new 
number,  and  then  mark  off  in  Uic  result  the  required  number  of  decimal  places. 

EXAMPLES. 

(1)  Extract  the  square  root  of  \\  to  six  places  of  decimals. 

Ans.  1.732050. 

(2)  Extract  tlie  square  root  of  5  to  six  places  of  decimals. 

Ans.  2.23G068. 

(3)  Extract  the  square  root  of  12  to  six  places  of  decimals. 

Ans.  3.4G4101. 
When  half,  or  one  more  than  half,  tho  figures  arc  found,  the  rest  may  be 
found  by  division. 

(4)  Extract  the  square  root  of  2  to  nine  places  of  decimals. 

The  first  five  figures  of  the  root  found  by  tho  ordinary  method  are  1.4142; 
with  the  remainder,  3830.  The  next  divisor  is  2S284.  Dividing  383G  by 
28284,  according  to  the  ordinary  method  of  division,  produces  1356  for  a  quo- 
tient, which,  annexed  to  1.4142,  before  found,  gives  for  the  root  required 
1.4142135G.* 

Extract  the  square  root  of  11  to  six  places  of  decimals. 

Ans.  3.31G624! 

EXTRACTION  OF  THE  SaUARE  ROOT  OF  FRACTIONS. 


Jr. —    it' 


We  have  seen  (Art.  62)  that  - /^="~77;  hence,  in  oi-der  to  extract  tho 

V  6       y  0 

square  root  of  a  fraction,  it  is  sufficient  To  extract  the  square  roots  of  the  numer- 
ator and  denominator,  and  then  divide  the  former  result  !)y  the  latter.  This 
method  may  be  employed  with  advantage  when  either  one  or  both  of  the  terms 
of  the  proposed  fraction  are  perfect  squares;  but  when  this  is  not  the  case,  it 
will  be  found  inconvenient  in  practice.     If,  for  example,  we  take  the  fraction 

/3      V3 
?,  allhough  - /-^~~^  (since  each  ol  these  expressions,  when  multiplied  by  it- 
\  5       yb 

self,  produces  the  same  quantity,  ^?),  we  must  find  an  approximate  value  both 

for  \/3  and  also  for  \/5,  and,  after  all,  we  shall  not  be  able  to  determine  at 

once  the  d(^gi*ee  of  approximation  in  tho  rt^sult.     Under  such  circumstances 

the  following  process  may  be  employed : 

Let  the  proposed  fraction  !)e  p  this  may  be  put  under  the  form  jj ;  this 

being  premised,  let  r  represent  the  integi-al  part  of  the  root  of  tho  numerator 

*  The  rcaijon  for  thi«  nile  may  be  L'ivcn  thus :  Let  k  bo  the  part  of  the  nxit  already 
ft)nntl,  RiiJ  z  the  romaiiiinar  part.  Then  k-\-z  will  bo  the  whole  root,  and  {k-\-z)-^k'-\-^z 
-\-t-  the  civen  iiuuiber;  as  z  is  but  a  «mall  frartioii  of  k,  r-  will  be  a  still  smaller  fraction, 
au<l  mnv  be  nc'-'le«'tr»l,  wi  that  the  iz'wv.n  number  may,  without  senniblc  error,  bo  eonRiilorc<l 
oi'ual  to  h--\-^lkz.  But  k-  has  been  t;ikcn  away,  aiift  the  remainder,  'ikz,  diviJo<l  by  "V, 
•.Iw-^  z. 


sauAUE  uooT  oy  FUACTit)?;.-.  so 

_     ,  ah         a  r-  (r+lV 

ab;  ncuce -j-Tj  or  ti  is  comprised  brtwoeii  t^  and  —  - — ;  consoqiUMiUy,  tJie 

a  r         '"+1  f 

root  of  J  is  comprised  Ijctwoeii  t  and  —. — .     Thns,  it  ii])pears  that  j  vcpre- 

a  1 

sents  thfl  root  of  7  within  7  of  the  true  vahio.     II once,  in  ordtn*  to  obtain  the 

0  b 

square  root  of  a  fraction, 

Make  the.  duwminator  of  thu  frurl'um  a  2yfrft:rt  hqnarc^  hy  multiulijlng  both 
terms  of  tJif  fraction  by  the.  dinoininator  :  extract  thr  inti^^ral  part  tf  the  root  of 
the  numerator^  anil  divide  the  residt  hy  the  denominator. 

Let  it  be  required  to  extmct  the  s(|uaro  root  of -^Tj. 

This  fraction  is  the  same  as  -  -      r,  or  tt-t-,-     But  tlie  intejj^-al  part  of  the 

(l.j)-         (i:>)- 

square  root  of  91  is  9 ;  hence  -^  is  tlio  root  sought,  a  result  wiihin  -^\j  of  the 

true  value. 

A  greater  degree  of  approximation  may,  perhaps,  1)(^  required.     In  this  case, 

returning  to  the  number—^- — ,  extract  tho  root  of  01  to  any  required  degree 
of  approximation.  Suppose,  for  cxamph?,  we  wish  to  tind  the  root  of  01  witliin 
TTTT  of  the  real  value,  it  will  become  by  (Art.  i*6)  y/[il=[) .  03  . . . .     Ilenco 

7  91  0.53  1 

the  root  of — ,  or  — — ,  will  be  -  --'-,  equal  '73  within of  tho  true  value. 

13         (13)-  13         *  1300 

Rkmark. — It  frequently  happens  that  tho  denominator  of  the  fraction,  al- 
though not  a  perfect  squan*,  has  a  )HMloct  square  for  one  of  its  factors,  in 
which  case  tho  above  operation  may  be  simplifuKl. 

23 
Let  the  fraction,  for  example,  be  7-.     18  is  equal  to  16x3,  or  (4)-x3; 

~*3  X  3 
hence,  multiplying  both  terms  of  the  fraction  by  3,  it  becomes  , , . .  --tttt:,  or 

(♦)-Xl->r 

69 

^        ;  and  the  denominator  is  thus  made  a  perfect  scpiaro.     Exti-acling  tlio 

1  H   3  H3 

root  of  09  to  — ,  wliich  gives  8 . 3,  we  find  -— ,  or  —'—  for  tho  root  required,  a 
10  ^  V>         IJO  * 

result  within  r— -  of  the  true  value. 
1-JO 

In  general,  therefore,  urhc never  the  denominator  of  the  fraction  invotves  a 

factor  ichich  is  a  perfect  square^  multiply  both  terms  of  the  fraction  hy  the  factor 

ti^ich  is  not  a  perfect  stpiare. 

^  5  1 

Extract  tho  square  root  of  -  to  within  — . 


5 
G 
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EXTRACTION  OF  THE  SUUARE  UOOT  OF  DECIMAL  FRACTION'S. 

90.  This  process  is  an  immediate  consequence;  of  the  preceding  remark. 
Required,  for  example,  the  square  rout  of  2 .  3G. 


90  aloebha. 

230 
This  fraction  is  tho  same  as  rrr ;  in  this  case  tho  denominator  is  a  perfect 

square  ;  cxlrftctiug,  ihcrcforc,  tlie  iutegnil  part  of  tho  root  of  the  numerator,  we 

lo  1 

have  — »  a  result  within  -—  of  the  true  value. 

10  10 

Again,  let  it  be  required  to  extract  tho  square  root  of  3.425. 

3425 
This  fraction  is  the  same  as  -tttttt:'     But  1000  is  not  a  perfect  square  ;  it  is, 
^  1000 

however,  equal  to  100x10,  or  (lO)-XlO;  thus,  in  oi-der  to  render  tho  de- 
DominiiiDr  a  ptM-fcct  square,  it  is  sufficient  to  multiply  both  terms  of  tho  frac- 
tion by  10,  which  givea  v,  Ly*  or  /^"tttt'    Extracting  the  integral  part  of  the 

185 
root  34250,  we  find  185;  hence  the  root  requu*ed  is  r— ,  or  1.85,  a  result 

which  is  within  -  --  (if  the  true  value. 

lOJ 

It  ajipears  from  tho  above  that  tho  number  of  decimal  places  must  always 
be  mado  even  bel'uro  the  operation  comineiices. 

If  wo'wibh  to  have  a  j;reater  nunjber  of  decimal  ))laces  in  the  root,  we  must 
add  on  the  riglit  of  34250  twice  as  many  zeros  as  we  wish  to  have  additional 
decimal  figures. 

Wo  thus  deduce  for  tho  extraction  of  the  square  root  of  a  decimal  fraction 
the  following 

RULE. 

Annex  ciphers  till  Oure  arc  twice  as  many  decimal  places  as  are  required  in 
the  root,  and  tlic?i  proctcd  as  in  whole  numbers  ;  or,  beginning  at  the  decimal 
pointy  point  off  both  ways  the  usual  periods  cf  two  figures  each. 

By  which  we  obtain 

^^79970510  =  62. 4 G,  V 73. 5  =  8. 5,   V77i)=2.yi. 

EXTRACTION  OF  TIIE  CUBE  HOOT  OF  NUMBERS. 

91.  The  numbers 

1,  2,  3,    4,     5,      G,      7,      8,      9,      10,        100,  1000, 

when  cubed,  become 

1,  B,  27,  Gl,  125,  21G,  343,  512,  720,  1000,  1000000,  1000000000; 

and,  i-eciprocally,  the  nuiiibers  in  tho  firat  line  are  the  cube  roots  of  tho  num- 
bers in  the  second. 

Upon  inspecting  tlie  two  lines,  we  perceive  tliat,  among  the  numbers  ex- 
pressed by  one,  two,  or  three  figures,  there  are  only  nino  which  are  perfect 
cubes  ;  c(tiisequently,  the  cube  root  of  all  the  rest  niu.st  be  a  whole  number  plus 
a  fraction. 

92.  But  we  can  prove,  in  the  same  manner  as  in  tho  case  of  the  square 
root,  that  the  cube  root  of  a  whole  number,  which  is  not  the  perfect  cube  of  sonic 
oUier  whole  number,  can  not  be  expressed  by  an  exact  fraction ,  and,  eonsc- 
qucjitly,  its  cube  root  is  incommensurable  with  unity. 

93.  The  difierence  between  tho  cubes  of  two  consecutive  whole  uumbors 
is  greater  in  proi)oilion  as  the  numbers  themselves  are  greater;  the  exprcssiou 
for  tills  dilTereuco  can  easily  bo  found. 


Let 

Then, 
Hencei 
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a  and  a'\-lho  two  consecutive  >vLoIc  niunbers ; 
(a+iy=:a^+3a'^+3a+l; 


that  is  to  sny,  Uie  difference  of  the  cubes  of  Uco  consecutive  whole  numbers  u 
equal  to  three  times  the  square  of  the  less  of  the  two  numbers,  plus  three  timei 
the  simple  -power  of  the  number,  plus  untttj. 

Thus,  the  clifTercnco  between  the  cube  of  90  and  the  cube  of  80  is  equal  to 
3  X  (e9)«+3  X  89+ 1  =24031. 

Let  us  now  proceed  to  investigate  a  j)rocess  for  the  extraction  of  the  cube 
root  of  any  number. 

EXTRACTION  OF  THE  CUBE  ROOT. 

94.  The  cube  root  of  a  proposed  nunibor,  consiisting  of  one,  two,  or  three 
figures  only,  will  be  found  ininiediately  by  inspecting  tlie  cubes  of  the  first 
nine  numbers  in  (Art.  91).  Thus,  tlio  cube  root  of  125  is  5,  and  the  cube  root 
of  54  is  3  plus  a  fnirtion,  for  3  x  3  X  3=27,  and  4  X  4  X  4=G4  ;  therefore  3  is 
the  approximate  cuIm*  root  of  51,  within  one  unit  of  the  true  value. 

For  the  puiT^ose  of  investigating  a  new  and  simple  rule  for  the  extraction  of 
the  cul>e  root,  it  will  be  nocej^sar}'  to  attend  to  the  composition  of  a  complete 
power  of  the  tliird  degree.     Mow,  since  wo  have 

(n+i)3=(a+6)(rt  +  />)(rt+^;)=a^+3a-i+3ff/>-+^/^ 

it  is  obvious  that  the  cube  of  a  number,  consisting  of  tens  and  units,  will  bo  al- 
gebraically indicated  by  llie  i)olynomiul 

where  a  designates  the  number  of  teuiJ,  an!  b  the  number  of  units  in  the  root 
souglit.  The  number  in  the  tens'  place  Avill  evidently  be  found  by  extracting 
the  cube  root  of  the  monomial  tf\  for  \/a-'=rt,  and  removing  iv^  from  the  poly- 
Doniial  a^-\'2a-b-\'^ab^'-\-b^,  we  have  the  remainder, 

3ff7;+3rt6-+Zr»=(3rt-  +  3rt6+^^)6  ; 

and  the  difficulty  that  has  been  hitherto  experienced  in  the  extraction  of  the 
cube  root  entirely  consists  in  the  composition  of  the  expression  3a"'^+3<z&  +  6', 
which  is  obviously  the  true  divisor  by  wliich  to  divide  the  remainder,  after 
subtracting  a^  or  the  cube  of  the  tons,  for  the  determination  of  &,  tlie  figure 
of  the  root  in  the  place  of  units.  The  part  3a-  of  the  expression  3a-+3tf&+ 6-, 
boing  independent  of  b,  the  yet  unknown  part  of  the  root,  is  employed  as  a 
trial  divisor  for  the  determination  of  b  ;  but  since  the  expression  3a-+3f/6+6* 
involves  the  unknown  part  of  tlie  root  in  its  composition,  it  is  obvious  that  the 
trial  divisor  Sa-,  which  does  not  contain  b,  will,  at  the  Hrst  step  of  the  opera- 
tion, give  no  certain  indication  of  the  next  figure  of  the  root,  unless  the  figure 
denoted  by  b  bo  very  small  in  comparison  with  that  denoted  by  a ;  for  the 
trial  divisor  3«'^  will  be  considenibly  augmented  by  the  addend  3rt?i-f-i-  when 
i  is  a  large  number,  while  the  augmentation,  when  6  is  a  small  number,  will 
not  PO  materially  affect  the  trial  divisor. 

When  the  figure  in  the  tens'  place  is  a  small  number,  as  1  or  2,  it  is  hence 
obvious  that  little  or  no  dependence  can  be  placed  on  the  trial  divisor;  but  if  a 
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be  great  and  h  siiinllf  the  ti-iiil  divisor,  ^ia-,  will  generally  point  out  the  voluo 
of  6.  All  this  will  be  evident  if  we  consider  that  the  relative  values  of  a  and 
h  mnterially  affect  the  true  divisor,  :.W--|-3« />+/»-.  In  the  successive  stops, 
howev(^r,  of  the  cube  root  this  uncertainty  diminishes ;  for,  conceiving  a  to 
designate  a  number  consisting  of  tens  and  hundreds,  and  6  the  nuuilM>r  o 
units,  then  the  value  of  b  being  small  in  comparison  with  a,  the  amount  of  the 
effect  of  /;  in  the  addend  otib-^h'^  will  be  very  inconsiderable  ;  hence  the  trial 
divisor,  3«-,  will  generally  indicate  the  next  figure  in  the  root. 

To  remove,  in  some  measure,  the  difficulty  which  has  hitherto  been  ox 
perienced  in  the  extraction  of  the  cube  root,  we  shall  proceed  to  point  out  two 
metliods  of  comixising  the  true  divisor,  3a--J-.>rt6+t^.  and  leave  the  student 
to  select  that  which  he  conceives  to  possess  the  great4?r  facility  of  operation.* 

95.  First  method  of  composition  of3a''-\'3ab-^b^. 
axa         =  a-  a=*_|_3a-6+3ti6-+6'  (a  +  b=z  root  sought. 

a  rt-  X  <?  = (^ 


a  d^ 


3a«6  +  3a2»2+6=» 


2a} 
(3rt+?/)X^=  3ii&+   li^ 

b  

b  (3«-+3a/>+  6-')x6=....3t/-&+3<7//2+63 

b^  


3rt  +  32»  3fl:*+(;«i»+3//'. 

Distinguishing  the  three  columns  from  led  to  right  by  firsts  second,  and 
third  colunuis,  we  write  a  in  the  root,  and  also  three  times  vertically  in  the 
first  colunui ;  then  a  X  <'  produces  a-,  wliich  >\Tite,  also,  three  times  vertically 
in  the  second  column ;  multi])ly  the  second  a^  by  </,  ])lacing  the  product,  a', 
under  a^  in  the  thinl  column  ;  then,  subtnicting  a^  from  the  ])i-oposed  quantity, 
wo  have  the  remainder,  ']a'b-\-'3uh--\-b'^.  The  sum  of  the  three  quantities  in 
the  second  column  gives  3'/*  for  the  triid  divisor,  by  which  find  6,  the  next 
figure  of  the  root,  and  to  3^/,  the  sum  of  the  last  three  written  quantities  in 
the  first  column,  annex  b;  then  the  sum,  Sa-^-b,  is  multiplied  by  6,  and  the 
product,  ?>ab-\-b-j  is  placed  in  the  second  column;  then  the  trial  divisor,  3a*, 
and  the  addend,  3/7ft  +  6-,  being  collected,  give  the  true  divisor,  3//-+3ff64-6*, 
which  multiply  by  ?;,  and  place  the  product,  3«=6'+3f7/;--J-t^  under  the  re- 
mainder, 3//'-7>+3^//-+//'*.  When  there  is  a  remaijuler  after  this  operation, 
the  process  mtiy  be  continued  by  writing  b  twice  in  the  fii*st  column,  under 
2a-\-b,  and  //*  once  in  rhe  second  column,  imder  the  last  true  divisor  ;  then  3a* 
4-Grt6  +  3/>-,  the  sum  of  the  last  written  three  lines  in  the  second  column,  will 
be  another  ti-ial  divisor,  with  which  proceed  as  above.  We  have  written  efl 
in  the  4«econd  column  three  times  in  succession,  to  assimilate  the  first  step  in 
the  operation  to  the  other  successive  ste])s,  but  the  first  trial  divisor,  3fl*,  may 
be  written  at  once,  and  the  symmetry  of  the  disposition  of  the  quantities  in 
the  first  steps  disregarded. f 


*  Those  inothoib)  may  i>l'  jiasscd  uv«'r  by  the  stii<liMit,  a.s  well  as  that  given  for  tbo  bi- 
qutuii'uto  HKit,  mill  th«  m:-tho.l  ciiiployr.!.  ^v]iu-h  is  doscrilted  at  (Art.  11-2),  wbiiii  is  appli- 
cable to  tlio  extraction  <if  tin?  root  of  tin-  tliini  nii«l  fourth,  n.s  well  ns  (if  njiy  other  degree. 

t  Three  qiioiitlticB  arc  aihled  each  time ;  iu  the  method  ou  uext  pugc.  two. 


EXTllACTION  or  TIIK  CUBK  i|OOT.  O'J 

0(».  Second  method  ofconq^osing  JJa-+o«//>-|-/>-.  tli(=  trur  dinsor. 

a  a^ a* 


2a 2(1"  3rt*6+3<f6-+// 

a  3«- 

3a+  h  ,  .  .  .  :\ah+  /;« 


h  o«-+:J</6+  b-  ,  ,  .  ,  ?,a'b  +  :\alr  +  lP 


6  


3a'^-\-Guh-\-'ib-^  second  ti'iiil  divisur. 


3(/  +  3fe 

In  tliis  method  wo  \vnt(»  a  under  a  in  tho  first  column,  iind  tlio  sum  2a 
being  nuUtipIiod  i)y  </,  p\os  'J/;-  to.placo  under  cz'  in  thu  second  column,  and 
tlie  sum  of  2a'-  nnd%'-  is  3a*  for  tho  triid  divisor.  A^iiin,  under  2(i  in  tho  first 
column  write  r/,  and  tlie  sum  of  1?//  and  a  ^ives  3(2.  Now.  having  found  h  hy 
tho  tria?  divisor,  amiiuut  to  3//  in  the  first  cohimn,  nuikin^  :\(i-[-b,  which,  mul- 
tiplied i)y  h^  and  tln^  prodnct  placed  in  the  second  cohnnn,  ^ives,  by  addition, 
tho  true  divisor,  [\n'-{-'U.'b-\-h-,  n<  het'ore.  Wo  shall  exhiUiC  the  operation  of 
extracting  the  cube  root  l)y  both  tliese  methods. 

KXAMI'LKS. 

(1)  What  is  tho  cube  root  of  ./■«''— i>.r'+30.r»— 0IU^+15G.r^— 14tr+()4  ? 

Bi/  thffinft  intthod, 

J' 


afl 

ar» 

ar3 

xi 

afl 

Xi 

3X* 


— 9^4-3J)x"— yi'.r» 


— a.f li;.ri— 7i;a-=»-|-i:nU-— 144J--J-G4 

3.r«— lff.<-4--:;7r^ 


ara— Pi^-l-i  .  .  .  111,1-— aox-fic 

3^-»_le«j<i_|_3{J.r-— UOr-f  1()  .  .  .  1  Ori— 7-^r»-f  1  r)(;j- J—  1 4 4 r-ffi4. 

(2)  What  is  tho  cube  root  of  .r-'+Gj-'-—- IOj-»+I)<Jr— (M  ? 

Jiij  the.  second  methmL 

aci  J* n"' 


0^2 

.  2x* 

tiX 

3.£^^-  6.r'-i-  4j:- 

.-U-'-f  4.C  .  . 

1  r 

fc.r 

:irJ-l-li»^5-H-»J-3 

Oj;6— -40x8 


Cj:«-|-12jH+  PjO 


— l-i/t— 4i<^:i+9G.i-— G4 


a^H-Cx— 4  .  .  — Viz'i— LM.r+16 


3x«4-12j"—  iil.c4-lG  — libH— 4P.r3-fPG.r— n  t. 
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(3)  What  is  llio  cube  root  of  rt^+3«-6  + 3a6=4-//^'+3tz-c+ 6/260+ 3/>-r+3ac« 
.|-3/;(-+c-'»?  Ans.  fl  +  i,+c. 

(1)  Extinct  tho  cube  root  of  j^^— Gx*+15r«  — SOjr'+l.j.c^— ()i:+l. 

Alls,  a:-— 2j+1. 

97.  The  saino  process  U  employ ed  in  tlio  oxtruction  of  tho  cube  root  of 
nuiiiLors,  as  in  the  subsequent  examples. 

KXAMPLES. 

(1)  Extnict  the  cube  root  of  403583419. 

.      • 

7 49  403583419  (739  =  root 

7  49 343 

7  49  


G05rt3 


147 
213 639 


3  

3  15339 46017 

9 


15987 


145GG419 


2199 19791 


1618491  14566419. 

(2)  What  is  tlio  cube  root  of  115501303  ? 


•  • 


115501303(487  =  root 
16 64 


51501 


8 32 


48 


128 1024 

8  


5824 46592 


136 1088 


8  4909303 

—  6912 


1447 10129 


701329  4909303. 


98.  Tho  local  values  of  tho  iij^urcs  in  the  root  dotormino  tho  orranfrcmeiit 
of  tho  figures  in  tho  several  columns,  as  is  exemplified  by  working  tho  last  ex- 
ample ns  on  next  page;  by  omittino;  the  tcriuin.tl  ciphers,  tho  aniuigoinnut  is 
precisely  the  game  a3  in  tho  preceding  example. 
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•     •     • 

115501303  (400+80  +  7 

400 IGOOOO ClOOOOOO 

400  


51501303 


800 320000 

400  

480000 


1200 
80 


1280 102400 

80  

582400  4G592000 

1360 108800  

80  4909303 

691200 


1440 
7 


1447 10129 


701329  4909303 


99.  Extraction  of  the  fonrth  root  of  whole  numhcrs. 

The  iiivostigalion  of  n  inotliod  for  rxtractiiii;;  tho  fourlli  root  of  auy  number 
is  similar  to  that  employed  for  tho  cube  root.     Thus,  since 

{a+6)<=a*+4a36  +  6a-ft-+4tfi»=»+6S 

we  may  conceive  a  to  denoto  tho  number  of  tens,  and  6  tho  number  of  units 

in  the  root  of  tlie  number  expressed  by  a^+4rt^A+6a*6-+4<z63+ft<.     Then 

Va^==tz,  the  figure  in  tho  tons^  place,  nnd  thn  remainder,  when  a*  is  removed,  is 

4a36+6a*6«+4aZr»+t^=(4a^+Ga-/>+4a[»=+63)^. 

The  method  of  compo!5ing  the  divisor  4a^+6rt-6+4/2/>-+Z»\  for  tho  deter- 
mination of  6,  the  figure  in  the  units'  place,  may  bo  illustrated  as  follows : 

flXfl    =  fl'  a^+4a'6  +  Ctf2i^+4a&3+6*(a+6 

a  a^Xa  =  <r» 


2axa    =2a»  ct^Xa  =a* 


3a*xa  =3a'  ia^b+GoT-b'+Aalr^+b* 


3a  X  a    =3a*  40^ 

a  


6a* 


{4a+h)h=z4ah+b^ 


{ea*+iab+b'^)b=6a'^h+Aah'+h* 


(4a'+6a-6+4a6«+fr'»)6=4a*ft  +  Grt^63^4ai3+6*. 

100.  From  this  modo  of  composing  tho  complete  divisor  we  easily  derive 
the  following  process  for  the  extraction  of  tho  fourth  root  of  any  number. 
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EXAMPLK. 

What  is  tlio  fourth  i-oot  of  lieo!)2l  ? 

3X3     =      9  1185001  (33  =  root 

3  9X3     =     27 


«  X  3 
3 

9X3 
3 

=    IH  y7X3         =     81 

27  X  3     =     81  375921 

=  27     .        TosT. . 


54   .  . 
123X3   =      31)0 


57<)'JX3=     17307 


1253U7X3   =     375021 

III  the  same  manner,  Ihc  student  may  readily  investigate  rules  for  the  ex- 
traction of  the  higher  rootij  of  uunilK^rs,  simply  obsurving  to  use  an  additional 
colunm  for  each  successive  root. 

101.   To  rrprracnt  a  rational  quantitij  as  a  surd. 

Let  it  hv.  required  to  represent  a  in  the  form  of  a  surd  of  the  wth  order ; 

I 

then,  by  (Art.  03),  the  form  will  be  y/(i'\  or  (a"")^- ;  for  by  raising  a  to  the  «th 
power,  and  then  extracting;  the  «th  rnnf  of  the  »/th  [nnrfr  of  a,  wo  muj»t  evi- 
dently revert  to  the  proposed  tpiantity,  a.     Hence  we  have 

//  =  (ff-)"-^  =  ((Z-)*'  =  (/i^)"<^  =  («")'". 

102.  When  the  given  rpiantity  is  the  product  of  a  rational  quantity  and  a 
burd,  we  1^u^t  nitpresent  t)je  ra1i(»i!al  quanlity  in  the  form  of-the  given  surd, 
and  then  express  the  product  with  u  >.in^le  radical  sign,  or  fractioual  index. 
Thus,  we  liave 

a  \/6   =  ^/(i'X  y/h^  -y/u'h 


3^/  \/5/>=  y/'A'i  X  3r/  X  v'5A    =  s/iUr  X  5/>    =  y/ Aint-b 

a  y7ii=  V'lxTi  X  </  X  V^=  y^/'X  yn/=  V'rUjf 

12V7=VM4X\/7  =y/i\AX7     =y/l0i)6 

11  T  1  


fl(l_-rt-^j^-)-=  (a')'  (i—a  -j'-y   =  (a-— «V)-i  =  y/u'-^i'. 

KXAMFLr.S. 

(1)  Re])resent  «-  m  the  form  of  a  surd,  whose  index  is  5. 

(2)  Represent  2 —  V'^  '"  fhe  forju  of  a  quadratic  surd. 

(3)  Tmnsform  (i\/ll  '"to  tlie  form  of  a  quadratic  sunl. 

(4)  Transform  a'^a  —  b  into  the  form  of  a  quadratic  surd. 

(5)  lloprcsont  as  a  surd  the  mixed  quantity  (j'+y)   r     -^ 

(6)  Reproaont  as  a  sili-d  the  niLxed  quantity  (3*+ 4)  /—L- . 

A.'VSWKRS. 


(1)  Vfl'"  or  (rt»")^.  1         (4)    ^a^-^a-h  or  (a*— a^J)^. 

(2)  V7-4V3.  '■        '""^       '  '  " 

(3)  V^- 


(5)  y/x^-~,f  or  (x'-j^)». 

(6)  Vj4-4  or  (x+4)'2. 


BINOMIAL  SURDS.  97 

103.  To  find  mtUHpliera  which  will  render  hinomal  surd^  rational. 

Tho  product  of  two  imitional  qunntities  is,  in  many  instances,  a  rational 
quantity,  and,  therefore,  an  irrational  quiintity  may  frequently  he  found,  which, 
employed  as  a  factor  to  multiply  some  other  given  irrational  quantity,  will 
produce  a  rational  result ;  thus, 

Again,  since  the  product  of  tho  sum  and  difference  of  two  quantities  is  equal 
to  the  difference  of  their  squares,  we  have,  evidently, 

( ^/a-  Vh)(  y/a+  V6)=a  -~b 

i^+      Vy)(j:     — '/y)=J^— ?/ 

( '/■r  —  2/)(  ^/^+  V)  =^  — y^- 
Hence  it  is  obvious  that,  in  tlieso  and  similar  equalities,  if  one  of  the  factors 
be  given,  the  other  factor  or  inultiplier  is  readily  known,  and  the  proposed 
irrational  quantity  is  thus  rendered  rational.  By  a  double  opoFBtion  of  this 
kind,  multiplying  ( -v/n+ -v/^^- -/'/)  hy  (V'i+  Vp-—  Vq)^  wo  have  (^/n 
+  Vi')*— 7»  or  n-^p — 7+2  -^/np;  and  multiplying  tliis  by  n+j? — q — 3  V^P> 
the  given  expression,  -v^n-^-  y/p-^-  V^i  is  rationalized.  In  tlio  same  manner, 
since 

and  the  expression  V-ri  Vy  i^^y*  therefore,  be  rationalized  by  multiplying  it 
by  yj*=f  yiy+^/y';  and  ^s-^^lnj+^if,  multipUed  by  ^x±^y,  will 
produce  a  rational  result. 

Again,  by  division  [see  Art.  23  (5),  (G),  (7)], 

^^^=:x--'+x-^'y+Jf'-Y+x--^f+  ....  +r'"* 
x"" — v" 

2*4- v" 

— ~^r=a:'»-i— a:"-2y+x°-'2/'— a:'»-y+  ....  +y'^K 

Put      i"=a  ;  then  T=Va;  j"-'  =  V«""* ;  i""" '  =  V«°"'»  &c. ; 
y"=6 ;  then  y=  V6  ;  y-    =  V^' ;  y'^=  V^\  &c. ; 
hence,  by  substitution  in  tho  three  preceding  equalities,  we  have 


Va.-H/&~  V«""'+  V<^"~'^+  V<^"~^6'+  Va•'-'63^ 1.  n/^„_i  ^  ^^j 


II.-& 


j^     I   H/^=  Va"-*—  Va"~=^+  V«"  "'^'—  V«"''^^H V^""'  •  (2) 


a+& 


Va+V^"^  Va"-*-  Va---6+  Va-^^^-  ya'^-b^+  ...  +  V^""^ .  (3) 

Now,  tfao  dividend  being  tho  product  of  tho  divisor  and  quotient,  it  is  obvi- 
that  a  binomial  surd  of  the  form  V^ —  V^  will  ^  rendered  rational  by 
multiplying  it  by  n  terms  of  the  second  side  of  equation  (1),  and  a  binomial 
•mrd  of  the  form  y/a-^  y/h  vnW  bo  rationalized  by  employing  n  terms  of  the 
second  «d^  of  equality  (2)  or  (3),  according  ns  ?(  is  even  or  odd,  tho  product 
in  the  former  case  being  a— &,  and  in  the  latter  a — &  or  a-)-(* 

G 
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Note. — When  n  is  nn  even  number,  employ  equation  (2),  and  when  it  it 
odd  number,  equation  (3),  in  order  to  rationalize  V^-{-  V^- 

EXAMPLE9. 

(1)  Find  a  multiplier  to  rationalize  v^ll  —  ^7. 

Employing  equation  (1),  we  have  a=zll,  5=7,  and  n=3 ;  hence  required 
multipUer  ===yTl*+yTr:7+^y^==yT21  +  ^77+^I^ 

And,  VTyi  +  V77+  V4y 

yii     --V7 '     .     * 

V1331+  V5T7+  V555 


—  ^84"—  V539~  V343 
Tl  ♦  *  —      7~~  =4,  a  rational  product. 


(2)  Rationalize  the  binomial  surd  \/5-f-v^4. 

Hero  we  hnvo'  ar=5,  6=4,  7i=3,  an  odd  nimiber;  hence  by  equation  (3) 
we  have  multiplier  required,  r=<^25 — ^20+s/16;  and,  by  multiplication« 
(^5+s!/-J)(^^— y^+ yi6)=5+4=9==  a  rational  number. 

(3)  Whftt  multiplier  will  render  the  denominator  of  the  fraction  ^.   ^. 

a  rational  quantity  ? 

5 

(4)  Change  ,  s   .^.^  into  a  fraction  that  shall  have  a  rational  denominator. 

(6)  Change  ttttv; .  ^,  .,  into  a  fraction  that  shall  have  a  rational  de- 

nominator. 


(6)  Change  — 7:^^:^        .- into  a  fraction  that  shall  have  a  rational  de- 

ya+a: — ya — x 


nominator. 

ANSWERS. 


(3)    V7'+  V7VJ+  V7-.2-+  V7.23+  ^2*. 

I*) 7y • 

x±y  xfy 

X 

104.   To  extract  the  square  root  of  a  binomial  surd. 

Before  commencing  the  investigation  of  the  formula  for  the  extraction  of 
the  square  root  of  a  binomial  surd,  it  will  be  necessary  to  premise  two  or  tfazeo 
lemmafl. 

Lemma  1.  The  sqnare  root  of  a  quantity  can  not  bo  portly  rational  and  partlj 
irratiooaL 

For,  if  V<i=&+  */^i  then,  by  squaring,  we  have 

a — 6« — c 
0^6*4-^+26-/^;  therefore,  \/c=: —jr ; 

tbit  ii,  an  irrational  equal  to  a  rational  quantity,  which  is  absurd. 
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Lemma  2.  If  ai  ^h=x_L  Vy  ^("^  ^^  equation  consisting  of  rational  and  ir- 
rational quantities,  then  a=x,  and  y/b=.  y/y ;  i.  c,  the  rational  ana  irrational 
parts  of  the  two  members  of  an  equation  must  bo  separately  equal. 
For,  if  a  bo  not  eqnnl  to  t,  let  a — x=d ;  thon  wo  have 

i  Vy^  ^h:=^a — .r;  but  a — x=:d;  therefore 
dL  Vy^  ')/b=d,  which  is  imposslblo  ; 
.'.  a=i-,  and,  taking  away  tbcso  equals,  '\/b=  ^/ij. 


Lemma  3.  If  \/a+  V^=^+yt  then    y/a —  '^bz=zx — y ;  where  r  and  y 
ore  supposed  to  bo  one  or  both  iiTational  quantities. 

For,  since  a+  \/6:=x-+3/"+2t7/;  and  since  2^  and  ^  aie  both  ratiooal* 
2zy  must  be  irrational.     By  Lemma  2,  we  have 

a^x'^-\-tf\    y/b=2xy 
...  a—  y/bz=zx'^—2xy^y^ 

and  \/a —  -yj b-=zx — y. 

Let  it  now  be  required  to  extract  the  square  root  of  a+  V^» 

Assume  ^Ja^\^  ^Jbz:^x-\-y  ;  then  \/a — '>Jb^=ix-^y 

.'.  a-\-  '^b-=.x'^-\-y'^-\-^xy 
a —  '\/b:=x"-\-y'^ — 2^?/ 

••.  By  addition,  2a  =2(x*+7/-),  or  a=j:=4-y«. 


Again,  y/a+  y/bx  y/ a—  y/b:=x''—y\  or  Va-— 6=x»— ^. 
Hence  ±^-\-y'=a 

X- — y-:=  y/a- — 6=f,  suppose. 

Therefore,  by  addition  and  subtraction,  we  have 

a-\-c  a — c 

x2=-^  and  !/^=-Tr- 


.-.  x=yj'^  and  2/=^^. 


Hence  y/a+  V^=V~ir'"'"  v  "T 
_-        ja-\-c       [a^ 


(1) 


(2) 


where  c=  V^^ — ^ »  '^"^^  therefore,  a* — h  must  be  a  perfect  square ;  and  this 
it  the  test  by  which  wo  discover  the  possibility  of  the  operation  proposed.* 


*  When  the  quantity  a- — b  is  not  a  square,  tho  values  of  a  and  b  arc  no  longer  rational, 
but  it  is  clear  that  the  formulas  (1)  and  (2)  will  still  give  true  results.  As,  however,  these 
are  more  oomplicated  than  the  orij^nal  expressions  themselves,  they  ai*e  rarely  employed ; 
jBtr  when  \/6  is  imaginary,  the  result  merits  attention. 

In  order  to  examine  this  case,  change  b  into  — b"^;  a-\--\/b  becomes  a-^by/ — 1.  The  pb- 
maikaUo  circumstance  just  alluded  to  is  this,  that  tho  square  root  of  a-^hy/ — 1  has  the 
same  fiarm  as  this  quantity  itself. 

This  ii  shown  from  tho  formula  (1),  for  since  c=:y/ a<^-\-b%  when  h  is  changed  into  — Ifl, 
Ae  second  member  becomes     h-\-V^--\-b'^    /a— i/oH^     .pj^^  quantity  under  the 


vtdical  is  positive,  and  that  under  the  second  negative,  since  1/0^4*^  ^  greater  tiian 


_^      V>^    v_jr  _lii.    y,^    %^ 
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EXAMPLES. 

(1)  What  is  the  square  root  of  11+  ^fll,  or  11  +  C  '/2  ? 
Here  a=:ll;  Z>=72;  c= 'v/tf^--fc=  Vlt>l— 7i>=7 

(2)  What  is  the  square  root  of  23—8  ^/l1 


Here      a=23;  6=8«X7=448;  c= -v/a«— 6=  \/529— 448=9 


, 7-        /a4-c        fa — c 

...  V23-8V7=^-^-^^-=4- V7. 


(3)  What  is  the  square  root  of  14dL6  \/5  ?  Aos.  3:1:  •/S 

(4)  What  is  the  square  root  of  18zt2  V77  ?  Ans.  -/iTit  -/T^ 
(6)  What  is  tho  square  root  of  94  +42  -v/5  ?  Ans.  7+3  \/ 6. 

(6)  To  what  is  yjnp + 27n'» — 2m  -/ w/; + »i^  equal  ?  Ans.  \/ii/;+w*-— m. 

(7)  Simplify  the  expression V 16+30  '/3I+ V  ^6— 30  V"^-     Am.  10. 

(8)  To  what  is  V 28+ 10^3  equal  ?  Ans.  5+  -/S. 

(9)  V6c+26'/^c— 6^+V^c— 26'/^c— i^r=±26 


^/ 


(10)  Va&+4c»— rf^+2-v/4a6c-  — a/>c/-=  V«^+  \/4c2— t/*. 

(11)  What  is  the  square  root  of  —  2  ->/  —  1  ?  Ans.  1—  \/  —  1. 

(12)  What  is  the  square  root  of  3— 4  V  — 1  ?  Ana.  2—  V— 1- 

„r.       .  .3V3+2V6    II2+2O-/T2, 

(13)  What  is  square  root  of . -rz 7 

Aas.  (1+  V2)  .  (5+  y/2). 
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105.  It  is  manifest,  from  what  hns  been  said  above,  that  algebraic  polynondals 
may  bo  raised  to  any  power  merely  by  applying  the  rules  of  multiplication. 
We  can,  however,  in  all  cases  obtain,  the  desired  result  without  having  recourse 
to  this  operation,  which  would  frequently  prove  cxcoedingly  tedious.  When 
a  binomial  quantity  of  the  form  x+a  is  raised  to  any  power,  the  successivo 
terms  arc  found  in  all  cases  to  bear  a  certain  relation  to  each  other.  This  law, 
when  expressed  generally  in  algebraic  language,  constitutes  what  is  called  the 
**  Binomial  Theorem.**  It  was  discovered  by  Sir  Isiiac  Newton,  who  seenui 
to  have  arrived  at  the  general  piinciplo  by  examining  the  results  of  actual  mul- 
tiplication in  a  variety  of  particular  cases,  a  method  which  we  shall  hero  pursue, 
and  give  a  rigorous  demonstration  of  the  proposition  in  a  subsequent  aiticle  of 
this  treatise. 


9;  repre«cnting  the  qanntity  under  the  first  radical  by  a^,  and  that  under  tbo  tcooiid 
by  — ^,  the  oxpreasion  takes  the  form  o+f?"v/ — 1 ;  hence 

•/a+^\/— l=a+.5v/^. 

a.E.D. 


■:^ 


r 
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Let  as  form  the  saccessive  powers  o£  x-^-a  by  actual  multiplication. 

x+a 
X  -|-a 


af+  xa 

z"+2xa+a« 2d  power. 

3r+  fl 

+  j^<i+  2xa»4-a' 
z»+aj:«a+  3ja«+a3 3d  power. 

4-  J^g-f  33:^a'+  3j-fl'+a* 

r*+42»a+~6i^+~4!r'rt^-fa* 4th  power. 

X  4-  a 

x*+4x*a4-  6r»tf*+  4x^4-     xo* 

+  J*g+  4r»fl»+  6^a'4-  4x  a*+fl* 

x*+6x«a+  10jr»a«+  10?a»+  5x  a'^+o* 6th  power. 

a:  +  g  

+  a:*a+  5x<fl»+10jV-}-^0j'^<^*+  .5xa*+g« 
x«+6r'^tf+15x*a«+20x3"a=»+T5x^*+"6x~a*+tf« 6th  power. 

x'+&i*a+15x6a»+20x«a'+15?a*+  6j^a*+  xa« 

+  2^4-  6x<^g«.f  15r^a^+-^J^^^+15j^<»'^+6xg^+ay 
x»+7x%+ 21x»a«+  35x*a»+35x»a*+ 21x8a»+ 7xa«+ a^  .     .     .     .  7th  power. 

lo  order  that  these  results  may  be  more  clearly  exhibited  to  the  eye,  wo 
than  arrange  them  in  a  table. 

TABLE  OF  THE  POWERS  OF  X+g. 


(x+fl) 


x+a 


(x+a)«x«+2xrt +a« 


(x+  ay  2?»+  2rt^a  +  ara«  +  a' 


(x+aY 


r*+42«a+  6x=g«+  4xflr»  +a* 


(x+a)»x»+5x^a+10rV+10x=a'+  5xa^ +a* 


(x+aY 


(x+aY 


{x+aY 


j«+C^a+15x^a2+20x'a=»+15x=<7^+  6xa'^ -{-a^ 
xT+7x^a+21x*a«+35x«a^+35r»a<+21x»rt«+  7xa«  +07 


x«+  8x'a+ 28j«a2+ 5Gx»a^+  70x<(z*+ 5Gx'a*+  28x3a<'+  8x0^+  a". 


In  the  above  table,  the  quantities  in  the  lofl-hnnd  column  are  called  the  ex- 
pranans  for  a  binomial  raised  to  the^rs^  second,  third,  dec,  pcwcr ;  the  cor- 
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respondiDg  quantities  in  the  right-hand  column  are  called  the  expansions,  or 
developmenls,  of  those  in  the  left. 

lOG.  The  developments  of  the  successive  powers  of  x — a  are  jirecisely 
the  same  with  those  of  x-f-a,  with  this  dlfTerence,  that  the  signs  of  the  tenns 
are  alternately  -|-  and  —  ;  thus, 

tnd  so  for  all  the  others. 

107.  On  considering  the  above  table,  we  shall  perceive  that, 

I.  In  each  case  the  first  tenn  of  tlie  expansion  is  the  first  term  of  the  bi- 
nomial raised  to  the  given  power,  and  the  last  term  of  the  cxpiinsion  is  the 
second  term  of  the  binomial  raised  to  the  given  power.  Thus,  iu  the  expan- 
sion of  {.r-{-ay  the  first  term  is  x*,  and  the  last  term  is  a\  and  so  for  all  the 
otlier  expansions. 

II.  The  quantity  a  does  not  enter  into  the  first  term  of  the  expansion,  but 
appears  in  the  secoird  term  with  the  exponent  unity.  The  jwwers  of  x  de- 
crease by  unity,  and  the  powers  of  a  increase  by  unity  in  each  successive 
term.     Thus,  in  the  expansion  of  (x+a)*  we  have  x^,  x^a.  x*aS  r*a',  x'o*, 

III.  The  coefficient  of  the  first  term  is  unity,  and  the  coefTiciont  of  tho 
second  term  is,  in  eveiy  case,  the  exixinent  of  the  power  to  which  tlie  binomial 
is  to  bo  raised.  Thus,  the  coefficient  of  the  second  tenn  of  {x-\-ay  is  2,  of 
(x+a)o  is  6,  of  (x+a)Ms  7. 

IV.  The  coclTicient  of  any  term  after  the  second  may  be  found  by  multiply- 
ing the  coefTiciont  of  the  preceding  tenu  by  the  index  of  x  in  that  term,  and 
dividing  by  the  number  of  terms  preceding  tlie  required  term.  Thus,  in  the 
expansion  of  (x-f-a)^  the  coefliciont  of  the  second  term  is  4  ;  this  multiplied 
by  3,  tho  index  of  x  in  that  term,  gives  12,  which,  when  divided  by  2,  the  num- 
ber of  tenns  preceding  the  third  tenn,  gives  6,  the  coefficient  of  the  third  term. 
Again,  G,  the  coefficient  of  the  thiixl  term  multiplied  by  2,  the  exponent  of  x 
in  that  term,  gives  12,  which,  when  divided  by  3,  the  number  of  terms  pre- 
ceding the  fourth  term,  gives  4,  the  coefficient  of  the  fourth  term.  So,  also, 
35,  the  coefficient  of  the  fifth  term  in  the  expansion  of  {x-\-ay,  when  multi- 
plied by  3,  the  index  of  x  in  thrft  term,  gives  105,  which,  when  divided  by  5, 
the  number  of  terms  preceding  the  sixth,  gives  21,  the  coefficient  of  that 
term. 

By  attending  to  the  above  observations  we  can  always  raise  a  binomial  of 
the  form  (x+a)  to  any  required  power,  without  the  process  of  actual  multi« 
pfication. 

EXA&IPLE  I. 

Raise  x-f-a  to  the  9tli  power. 

The  first  term  is afiaP ; 

The  second  term  is Qx^a* ; 

9xB 
Tho  third  term  is — jj--x^a'=:  36xV; 

The  fourth  term  is — - — x«a»=  842«a' ; 

«5 
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The  fiMi  torm  18 — ^x«a*=126a*a*;     - 

4 

1*^6  y  5 

The  sixth  term  is "  ^      j<a'^=lgGj<a»; 

5 

126x4 
The  seventh  term  is -^^— — r»a«^  84a;"a« ; 

T^e  eighth  term  is — —x^aJ=  3Gj*a» ; 

36  X^ 

The  ninth  term  is — ^-^j'a'=     Oa^a^ ; 

8 

9X1 
The  tenth  term  is aPa^=z      tPcC. 

Hence, 

(j+a)9  =  x»+9j<a+36j:7a3  +  842«a'+  12Gj*a^+126j:*a6+84r»a'''+36x*a' 

EXAMPLE  II. 

tn  Mke  manner, 

(x— a)w=x'o— 10j:3a+45a:«a^— 120j:^a'+210i:«a<— 252x*a«+210jr*a«— 120 
x»a»+45j:=a«— 10j:a'^+«^o. 

108.  The  labor  of  determining  the  coefficients  may  be  much  abridged  by 
attending  to  the  following  additional  considerations : 

V.  The  number  of  terms  in  the  expanded  binomial  is  always  greater  by 
umty  than  the  index  of  the  binomial.  Tlius,  the  number  of  terms  in  (x-\-aY 
is  4+1,  or  5;  in  (x+a)»o  is  10+1,  or  11. 

VI.  Hence,  when  the  exponent  is  an  even  number,  the  number  of  terms  in 
the  expansion  will  be  odd,  and  it  will  bo  observed,  on  examining  the  examples 
ah^ady  given,  that  after  we  pass  the  middle  tonn  the  coeHlcients  are  repeated 
in  a  reverse  order ;  thus, 

The  coefficients  of  (x+a)*  are  1,  4,  6,  4,  1. 

The  coefficients  of  (x+a)^  aio  1,  C,  1.3,  20,  15,  6,  1. 

The  coefficients  of  (x+</)«  are  1,  8,  28,  56,  70,  50,  28,  8,  1. 

Vn.  When  the  exponent  is  an  odd  number,  the  number  of  terms  in  the 
expansion  will  bo  even,  and  there  will  bo  two  middle  terms,  or  two  contiguous 
>  terms,  each  of  which  is  equally  distant  from  the  corresponding  extremities  of 
the  scries;  in  this  case  the  coefficient  of  the  Xrwo  middle  terms  is  the  same, 
and  then  the  coefficients  of  the  preceding  terms  are  reproduced  in  a  reverse 
order;  thus. 

The  coefficients  of  (x+a)^  are  1,  3,  3,  1. 

The  coefficients  of  (x+a)''  are  1,  5,  10,  10,  5,  1. 

The  coefficients  of  (x+a)^  are  1,  7,  21,  35,  35,  21,  7,  1. 

The  coefficients  of  (x+a)'»  are  1,  9,  36,  84,  126,  126,  84,  36,  9,  1. 

109.  If  the  terms  of  the  given  binomial  bo  aflected  with  coefficients  or  ex- 
ponents, they  must  be  raised  to  the  required  powers,  according  to  the  princi- 
ples already  established  for  the  involution  of  monomials ;  thus. 


104  ALGEBBA. 

EXAMPLE  III.* 

Kaise  (2r*+5a')  to  tlio  4th  power. 

The  first  term  will  be (^x^Y  =:16a:»»; 

The  socoDd  term  will  bo  ....  4(2ryx(5a-)  =4x8x5j:®a«; 

The  third  term  will  bo -^x(i.V*»)^X(5«=)«=6x4x26x«a*; 

The  fourth  term  wiD  bo    ....  -y^('3i-y  X  (Sa^     =4x2xl25r»a*; 

4 
The  fifth  tenn  wUl  bo -(2z''Y  X  (^a-y  =625a»; 

EXAMPLE  IV.* 

In  like  mnnuor,  \ 

{ a»+  3aby=z  (ay  +  9 (a^  X  ( 3tf 6 )  +  36 {ay  X  ( 3a6  f  +  84 (a»)«  X  ( 3a6 )» 

+  126  (a^  X  (3aby  +  V26(ay  X  (3(2&)*+  84(a')»  X  (3fl6)« 
+  36(ayx(''i(ihy+9a^X(3aby+(:iabf 
=5a27+27a"^6  +  324fl«»62  +  2!268a-»63+  10206a»«6*  +  30618a"6» 
+  61236a»*6«+78732rt>^i;^+59049a"i»*+19683a'»6». 

110.  Wo  shall  now  proceed  to  exhibit  the  binomial  theorem  in  a  general 
form.  Let  it  be  required  to  raise  nny  binomial  (j*+a)  to  the  power  represent- 
ed by  the  general  algebraic  symbol  n.  Then,  by  the  preceding  principles,  we 
shall  have 

The  first  tenn x" ; 

The  second  term nx*-^a ; 

n(n— 1) 
The  third  term 1  2     •'^°^^*» 

fi(n— l)(n— 2) 
The  fourth  term -^ — t— -jf"^c^ ; 

«,.       ^.                                                          n(n— l)(n— 2)(n— 3) 
The  fifth  term -^^ Vo  .»  / x^a*, 

&C &C. 

The  last  term a". 

The  whole  number  of  terms  will  be  n-j-lf  and  the  coefllcionts  be  repeated 

in  a  reverse  order  after  the  ("~:7~)'*'»  or  (o+O*''  term,  according  as  n  is  odd 

or  even;  moreover,  the  terms  will  nil  have  the  sign  4-«  if  the  quantity  to  be 
expanded  be  of  tlio  form  x-\-ay  and  they  will  have  the  sign  -\-  and  —  alter- 
nately, if  the  quantity  bo  of  the  form  x — a.     Hence,  generally, 

w(w  — 1)               7?(w  — l)(/j--2) 
(a:+a)"=a:"+na:«-'a+-^-— y--i*-V+-^^ --j~ '-x^a^+ 

.  n(n— l)(n— 2)  ^      ,     w(w  — 1) 

n(n—l) 
(x— aj^rsj"— nx"-»aH — ^r-r— V^^a' ±a\ 


*  The  best  metliod  of  procccdinpr  in  tlicso  examples  is  to  raise  (y-f-r)  to  the  fourth  and 
ninth  powers,  and  then,  iu  tlie  expansions  thus  obtained,  to  substitute  flx^  for  y,  and  54*  §ae 
z  in  the  first,  and  €f^  for  y,  and  3al  for  z  in  the  second. 
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In  this  Inst  cnso,  if  n  bo  an  even  number,  tlic  last  term,  being  one  of  the  odd 
terms,  will  have  the  sign  -f-  *i  and  i^  ^  he  an  odd  number,  the  last  terui,  being 
one  of  the  even  terms,  will  have  the  sign  — . 

Both  forms  may  be  included  in  one  by  employing  the  double  sign. 

/     I     X         .1       nil  w(n  — 1)_^„  „  ,  n(fi  —  \)(n — 2)      ,  ,  . 

If  we  make  x  and  a  each  cqnal  to  1,  (x-f )"  becomes  (l-f-l)",  or  3^,  and  the  second  mom* 
ber  reduces  to  its  coefficients  ;  hence  the  sum  of  the  coefficients  in  tlie  binomial  formula  is 
equal  to  the  n^  power  of  S. 

KXAMPLE  V. 

To  exemplify  the  application  of  the  theorem  in  this  form,  let  it  be  required 
to  raise  x-\-a  to  the  power  5. 

Here  we  have  n=5,  n— 1=4»  n— 2=3,  <kc. 
Hence, 

2*  •  •  •  •  • is  X* 


fix< 


o— 1 


a is  5x*a 


3^-^a^ 


«(n-l) 

1.2 
ii(n— l)(n— 2) 


.    5.4 
is j^a^ 


1.2.3 
n(n— l)(n--2)(n— 3) 

1.2.3.4 
fi(ii— 1)(«— 2)(n— 3)(n— 4) 


.    5.4.3 
J^-^a^ is  ,    ^  ..jOtf^ 


-x"-^a< 


IS 


x^a* 


1.2.3 
5.4.3.2 
1.2.3.4 
5.4.3.2.1 


=     x» 
=  bx^a 

=10x»a? 
=10x«a* 


xa^      =  5x(z* 


IS 


1.2.3.4.5  ~~  ^1.2.3.4.5 

(x+a)»=x«+5.r*a+10x»a«+10x-a'»+5xa<+a». 


X"fl^  =     sPc^ 


EXAMPLE  VI. 

Raise  6c«— 2ys  to  the  4th  power 
Here, 

.'.X* becomes 

nx""*  a becomes 

n(n-l) 


x=s5c* 

a=2yz 

fls4 


1.2 
n(n-l)(n-2) 


x°"^a' becomes 


1.2.3 
n(n— l)(n— 2X»— 3) 


x"~"3a'  .  .  .  becomes 


(5c«)*  =  625e* 

4(5c«)3X(2?/r)  =1000c«yz 

4.3 

TT)(5cTx(22/r)2=  600<r*3/«z« 

j^(5c«V  X  (2T/rf  =  160c«y»2' 


4.3.2.1 
1.2.3.4  ^r^a^becomes— — -  (5c5)0X  (22/:)*=     16^2* 

...  (5f«— 23/2)*=C25c«— 1000c''7/c  +  600cyz«— 160cyz3+  IC^z^ 

111.  We  have  sometimes  occasion  to  employ  a  particular  terni  in  the  ex- 
pansion of  a  binomial,  while  the  remainder  of  the  sones  does  not  enter  into  our 
calculatioDS.  Our  labor  will,  in  a  case  like  this,  be  much  abridged,  if  we  can 
at  once  determine  the  tern*,  sought,  without  reference  either  to  those  which 
precede,  or  to  those  which  follow  it.  This  object  will  be  attained  by  finding 
what  is  called  the  general  term  of  the  series. 

If  we  examine  the  general  formula,  we  shall  soon  perceive  that  a  certain 
relation  subsists  between  the  coefficients  and  exponents  of  each  term  in  the 
expanded  binomial,  and  the  place  of  tho  term  in  the  series ;  thus. 
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The  first  lerm  is 
r",  which  may  be  put  under  the  form  x'^*+^ ; 
The  second  term  is 

The  third  term  is 
n(n— 1)  n(n— 3+2) 

1.2    -^    "  -   1.(3-1)  "^       "^     ' 

The  fourth  term  is 

n(n-l)(.-2)  _!^-zl)(!LZ±tl)^-.+.«4-i . 

1.2.3  ""       1.2.(4  —  1)                        ' 
The  fifth  terra  is 

n(n-l)(n-2)(n-3)  n(n-l)(n-2)(.-5+2)                ,  ^ 

1.2.3.4  "~          1.2.3.(5  —  1)                           ' 

The  sixth  term  is  • 
n(n-T){«-2)U-3)(«-4)         ^     w(n-l)(n-2)(n-3)(n-6+2)__^^,^^ 

1.2.3.4.5  1.2.3.4.(6  —  1) 

Observing  the  connection  between  the  numerical  quantities,  it  is  manifest, 
that  if  wo  designate  the  place  of  any  term  by  the  general  symbol  p,  the  f^ 
term  is 

"-^^:-=fi^-'^ <"-"t'^^-^-«-'- 

1.2.3.4  (p — 1) 

This  is  called  the  general  term,  because  by  giving  to^  the  values  1,  2,  3,  4, 
we  can  obtain  in  succession  the  dinferont  terms  of  the  series  for  (x+a)". 

EXAMPLE  VII. 

Required  the  7*  term  of  the  expansion  of  (j+a)". 
Here  n  =  12  )  .-.  w— ;7+2=7»  n— ^+1=6 

p=  7  S  j^— 1=G. 

Substituting  those  values  in  the  general  expression,  wo  find  that  the  terno 
sought  is 

12.11. 10.9.8.7 
1.2.3.4.570^'-^^-'  °^  ^^^^^'^ 

EXAMPLE  VIII. 

Required  the  5***  tenn  of  (2c*— 4/47'. 

Here  7i:=9,  7?=5,  r=2f^,  a=4/r'; 

.'.  n— j?+2=6,  w— j)+l=5,  ^ — 1=4; 

9.8.7.C 
.-.  the  6^  term  is  _    ^,   ^    -(2c'f  X  (4/t7^  or  120  X  32  X  256c»A». 

Since  the  second  term  of  the  proposed  binomial  has  the  sign  — ,  all  the 
even  terms  of  the  expansion  will  have  the  sign  — ,  and  all  the  odd  terms  the 
•ign  -|-  ;  therefore  the  5^''  term  is 

+  1032192c2o;t«'. 

EXAMPLE  IX. 

Required  the  middle  term  of  the  expansion  of  {x — a)". 

Since  the  exi^nent  is  18,  the  whole  number  of  terms  will  be  19,  and  hence 

**  The  oporation  hero  t3  be  pcrfjrmcd  is  best  oScctod  by  canccliDg  the  facton. 
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the  middle  terra  wUl  bo  the  10"' ;  and  since  it  is  an  oven  term,  it  will  have  the 
sign  —  ;  hence  it  will  be 

18.17.16.15.14.13.12.11.10 
-1.2.3.4.5.6.7.8.9^^^-  er-48620.^a'. 

EXAMPLE  X. 

Required  the  third  and  the  last  terms  of  the  expansion  of  (o^+^y)^ 

21 
Ans.  -rrx^y^  and  128y' 

TO  EXTRACT  THE  n*''  ROOT  OF  A  NUMBER. 

112.  The  »*  power  of  10  is  1  with  ti  ciphers,  and  the  /i*''  power  of  any 
munber  below  10  mus];  be  less,  and  can,  tlierefore,  be  composed  of  no  more 
than  n  figures.     The  n}^  power  of  100  is  1  with  2/i  ciphei-s,  and  the  ?i^^  power 
of  any  number  between  10  and  100  can  not,  therefore,  contain  more  than  On 
figures,  nor  less  tlian  n.     For  a  like  reason,  the  m'''  power  of  three  figures  can 
not  contain  more  than  3/2,  nor  less  than  2/z.     That  of  four  figures  can  not  con- 
tun  more  than  4w,  nor  less  than  3n,  &c.     The  n"*  root  of  a  number  being  re- 
quired, it  is  evident  from  the  above  that  there  will  be  as  many  figures  in  the 
root  as  there  are  periods  of  n  figures  in  the  given  number,  counting  from  right 
to  left,  and  oue  more  if  any  figures  remain  on  the  left.     The  root  mny  be 
divided  into  units  and  tens,  and  the  n*''  power  of  it,  or  the  given  number,  will 
be  equal,  according  to  the  Binomial  Theorem,  to  the  n^''  power  of  the  tens  plus 
fi  times  the  n  —  1  power  of  the  tens  into  the  units  plus  a  number  of  other  terms 
which  need  not  be  considered.     Tens  havo  one  cipher  on  the  right,  and  hence 
the  n*  power  of  tens  has  n  ciphers  on  the  right ;  the  n  right-hand  significant 
figures,  therefore,  make  no  part  of  the  7i"'  power  of  the  tens ;  to  find  the  tens 
of  the  root,  then,  tlie  n'*^  root  of  tliose  figures  which  remain,  after  rejecting  n  on 
the  right,  must  be  sought  by  an  independent  operation  ;  but  if  there  are  more 
than  n  of  these  remaining  figur.es,  the  tens  of  the  root  are  expressed  by  a 
number  containing  more  than  one  figure,  which  number  may  be  separated  into 
its  units  and  tens,  the  n***  power  of  the  tens  of  which  does  not  contain  the  n 
significant  figures  on  the  right  of  that  number  upon  which  the  independent 
operation  is  now  performing,  and  in  consequence  these  ?i  figures  are  also  re- 
jected.    After  rejecting  periods  of  n  figures  successively,  beginning  on  the 
right  until  there  remains  but  one  period  and  part  or  the  whole  of  another 
period  on  the  left,  let  these  be  considered  an  independent  number,  its  root  will 
^contain  two  figures,  tens  and  units ;  the  n^''  root  of  the  tens  is  to  be  sought  in 
whatsis  left  after  rejecting  the  right-hand  period;  the  n — 1  power  of  the 
tens  has  n — 1  ciphers  on  the  right;  so,  also,  has  any  multiple  of  this,  and, 
therefore,  n  times  the  ti — 1  power  of  the  tens  into  the  units;  which  last 
quantity,  therefore,  is  not  to  be  sought  in  the  n  —  1  right-hand  significant 
figures ;  after  subtracting  the  n^''  power  of  the  tens  just  found,  only  one  figure 
of  the  next  period,  therefore,  is  to  be  placed  on  the  right  of  the  remainder, 
which  is  then  divided  by  n  times  the  n — 1  power  of  the  tens;  the  quotient 
win  not  be  exactly  the  units,  for  the  dividend  contains  also  a  part  of  the  otlier 
terms  of  the  power  of  the  binomial  which  were  not  considered ;  tliis  quotient 
may  be  greater  than  the  units  of  the  root,  but  never  can  be  less ;  it  must  be 
diminish«)d  till  the  n^**  power  of  the  two  figures  found  is  equal  to  or  less  than 
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the  independent  number  under  consideration.  Annex  now  to  this  independent 
number  the  next  period  on  the  right  of  it,  and  consider  what  is  thus  obtained 
as  a  new  independent  number ;  the  two  figures  of  the  roof  already  found  will 
be  tlio  tens  of  the  root  of  the  new  number;  bringing  down  one  figure  of  the 
right-hand  period  of  it  to  the  remainder  after  subtracting  the  n^  power  of  the 
two  figures  of  the  root  just  found  from  the  first  independent  number,  and 
dividing  by  n  times  the  n — 1  power  of  the  tens,  now  composed  of  two  figures, 
a  third  figure  of  the  root  is  obtained ;  proceeding  in  this  manner,  the  entire  root 
of  the  given  number  will  at  length  be  extracted.* 


EXAMPLES. 


(1)  V504321,  2366=8»921. 

(2)  V11C4532,  07234. 


(3)  V233416517309451. 

(4)  ^^282429536481. 


113.  By  employing  the  binomial  theorem,  we  can  raise  any  polynomial  to 
any  power,  without  the  process  of  actual  multiplication. 

For  example,  let  it  be  required  to  raise  x-\-a-^h  to  the  power  4. 
Put 

a+h  =?/; 

Then, 

(x+a+hy={x+y)\ 

=r«4-4r*y+6Ty+4i"y'+i/*,  or  putting  for  y  its  value, 
=j:*+4r'(a+b)  +  6jf'{a+bY+Ax{a  +  by+(a+by. 

Expanding  (a-\-by,  {a-{-b)\  (^4-6)%  by  the  binomial  theorem,  and  per- 
forming the  multiplications  indicated,  we  shall  arrive  at  the  expansion  of 
(x+a+by. 

It  is  manifest  that  we  may  apply  a  similar  process  to  any  polynomial. 

The  following  is  a  demonstration  of  a  general  formula  for  the 

POWER   OF   A   POLYr^OMIAL. 

Id  the  expression 

(a+b+c+d....)'' 

make  x^b-\-c-{'d . . .  the  above  power  will  bo  equal  to  (a-)-x)'",  and  by  the 
binomial  theorem  the  term  which  contains  a^  in  the  development  of  this  may 
be  written 

1.2.3.4....mxa"r™-" 
1.2.3...7iXl72~.3...(m— «)*'  '■^■' 

Making  y=zc-{-d. . .  we  have  x^-°={b-^y )"*-'',  and  developing  this  last  power, 
the  term  containing  6°'  may  be  put  under  the  form 


*  If  tborc  be  decimals  in  the  given  number,  ciphcni  must  be  annexed,  if  necessary,  to 
make  exact  periods  of  dctumals,  on  a  principle  similar  to  that  explained  in  (Ait.  90). 

If  the  index  of  the  root  to  be  extracted  be  composed  of  factors,  it  can  be  extracted  by 
means  of  the  snccessivo  n>ots,  the  degrees  of  which  are  expressed  by  these  factors.    For 

if  the     "(/a™"?  be  required,  wo  have  |/a"">i'=anp,  i|/a"P=aP,  and  ^oPsru. 

The  best  way  to  extract  roots  of  numbers  of  a  deg^ree  higher  than  the  square  is  by  means 
of  k>;?arithins. 

t  This  may  bo  obtained  from  the  ordinaiy  form  of  the  general  term  of  tho  binomial 
formula 

fn{m — 1)  ....  {m — n-f-l)ri»»«"— » 
1 .2.3  ....  n  ' 

by  multiplying  both  numerator  and  denominator  by  1 . 2 . 3  . . .  (m — n). 
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1.2.3.4....(m— w)X&"'y'"~°~°' 
1.2.3...n'Xl«2»3....(m— w— n')' 

It  is  €Vtdent  that  if  this  qutiotity  be  put  in  the  place  of  x°^^  in  the  ez- 
prMsion  [a],  the  result  will  represent  the  assemblage  of  the  terms  wiiich 
coDtaki  a" 6*^  in  the  power  of  the  given  polynomial.  This  result,  after  can- 
oeliog  coromon  factors,  will  be 

1.2.3.4....7»X  a^i^'y"*-"--' 
1.2.3...nXl.2.3...n'xi.2.3...(m— n— »')'        ^  ■' 

Mak'mg  z=:d-\' ...  we  shall  have  y"-'*-°'=(c+2)'"-'»-"',  and  the  term  con- 
taining c°"  will  be 

1.2.3..  .(nt'—n-^n')  X  c'»"2»-'»-»'-"" 

1.2.3 n"Xl.2.3 (w— »— n'— n")  ' 

substituting  this  expression  for  y*"-"-"'  iu  [6],  we  have 

1 . 2 . 3 . . .  m  X  g^^'^c^^^z"-"-"'-"^^ 

1.2.3...nXl-2.3...n'Xl.2.3r..«"xl-Ji.3...(TO— n— »'— n")* 

It  is  evident  now,  without  carrying  tho  reasoning  farther,  that  if  V  be  the 
general  term  of  the  development  ol 

(<z-|-6+c+c^...)", 
due  term  may  be  represented  thus, 

1.2.3.4 rnXfl'^^'c"' 


¥=: 


\'t  ^  ^ 


1.2.3...nXl.2.3...n'Xl-2.3...n"X.' 
n,  n',  n". . .  being  any  positive  whole  numbei's  at  pleasure,  subjected  only  to 
the  condition  that  their  sum  shall  bo  equal  to  m.    So  that  all  the  terms  of  the  re- 
quired development  may  be  obtained  by  giving  in  this  formula  to  n,  n',  n" . , , 
all  the  entire  positive  values  which  satisfy  tho  condition 

n-\-n' -\-n" . . .  .=r/n. 
When  one  of  these  numbers  is  made  zero,  V  takes  an  iUusory  form.     If,  for 
example,  n=0,  the  series  1 . 2 . 3 . . .  n  placed  in  the  denominator  it  nonsensical, 
because  factors  increasing  from  one  will  never  present  us  with  a  factor  zero. 
To  relieve  this  difficulty,  let  us  recur  to  the  general  term  [a]  in  the  development 

of  (a-j-j)",  and  observe  that  the  hypotliesis  n=0  reduces  it  to  - — -r—r -• 

But  the  hypothesis  n=0  ought  to  give  in  this  development  the  term  which 
does  not  contain  a,  and  this  term  is  x"*.  Then,  in  order  that  this  term  shall  be 
deduced  from  the  formula  [a],  it  is  sufficient  to  consider  the  series  1 .2.3...n 
aa  equivalent  to  1  in  this  pnrticular  case  of  ns=0.  The  same  observation 
thould  be  extended  to  tho  other  series  of  factors  contained  in  the  denominator 
of  V,  and  then  V  will  give,  without  any  exception,  all  the  terms  of  the  power 
of  the  polynomial  a-f-b-f-c-}-)  &^> 

TO  EXTRACT  THE  m«»>  ROOT  OF  A  POLYNOMIAL. 

The  problem  is,  having  given  a  polynomial,  P,  which  is  the  m'*  power  of 
another  polynomial,  p,  to  find  the  latter. 

Let  us  consider  the  two  polynomials  as  arranged  according  to  tlie  decreas- 
ing exponents  of  some  letter,  x,  and  call  a,  6,  c, . . . .  the  unknown  terms  of  the 
root  p.  They  must  bo  such  that,  in  raising  a-\'h-\-c,..  to  the  power  7/1,  we 
obtain  all  the  terms  which  compose  P.  But  if  we  imagine  that  we  have 
formed  this  power  by  successive  multiplications,  it  is  clear  that,  in  the  resultt 
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tlio  torm  in  which  x  has  the  highost  exponent  is  the  m^  powor  of  tf,;  then 
shall  knoxo  the  first  term  of  the  root  sought,  p,  hy  extracting  the  nf^  root  of  Ait 
first  term  of  the  given  jiolynomiaU  P« 

Tho  first  term  of  the  ro^it  being  found,  it  will  be  easy  to  flibtaiD  the  seoand ; 
but  I  prefer  to  show  at  once  how,  when  wo  know  several  succeative  term  of 
tho  root  sotting  out  from  the  Hi-st,  wo  can  determine  the  term  which  comes 
immediately  after. 

Let  u  represent  the  sum  of  the  known  terms,  and  v  that  of  tho  unknown ; 

then  P=(m-|-i')'"«  ^**»  developing, 

P  =  M'"+/;iu'"-ir+A:u"'-2i;=+A:'7i"-V+,  &c. 

I  have  not  exhibited  the  composition  of  tho  coefficients  Ar,  Tc' . .,  this  not 
being  necessary,  as  will  appear.  tVom  this  equality,  by  subtracting  u"  from 
both  the  equals,  we  obtain 

P— ?*'"=7/iM'"-'r+/tM"'-V4-^-'w"'-"V+,  &c. 

Tho  first  of  these  equals,  P — u"",  is  a  quantity  which  we  can  calculate  by 
forming  the  /rt^''  power  of  the  known  quantity  w,  and  subtracting  it  from  tho 
polynomial  P.  The  second  is  a  sum  of  prod  nets,  by  means  of  which  wo  con 
easily  assign  the  com|)osition  of  the  first  term  of  the  remainder  P — u",  and, 
consequently,  discover  the  first  term  of  tho  unknown  pait,  v. 

First,  if  we  develop  7<'"~S  it  is  clear,  by  the  rules  of  multiplication  alone, 
that  tho  first  t(;rin  of  the  development^  that  is,  the  one  which  contains  t,  with 
the  highest  exponent,  will  be  a'"~* ;  then,  if  wo  call/  the  first  tenn  of  r,  tho 
fu*8t  term  of  the  product  ?n?t"'~'y  will  be  mu"*~f  I5y  a  similar  course  of  rea- 
soning, we  perceive  that  the  first  terms  in  the  developments  of  the  other  prod- 
ucts will  bo  respectively  ka'^'-f-^  k'a""  y"\....  These  terms,  abstraction 
being  made  of  the  coefficients, which  have  no  induonco  upon  the  degree  of  x, 
can  be  deduced  from  the  term  md^'f^  by  suppressing  in  it  one  or  more  fac- 
tors equal  to  a,  and  replacing  them  by  as  many  factors  equal  to/.  But/ being 
of  a  degreo  inferior  to  a  with  respect  to  t,  these  changes  can  give  only  terms 
of  a  degree  inferior  to  ma^~f*  Then,  after  having  subtracted  from  tho  given 
polynomial  P  tlio  m*''  power  of  the  psat  u  of  tho  root  already  found,  tho  first 
term  of  the  remainder  is  equal  to  the  product  of  m  times  the  power  ni  —  1  of 
the  first  term  a  of  the  root  by  the  first  of  those  terms  whlcli  remain  still  to  be 
found.  Therefore,  dividing  the  first  term  of  tho  remainder  by  m  times  tlio 
power  m — 1  of  the  first  term  of  the  root,  the  quotient  will  be  a  new  terra  of 
this  root.  This  conclusion  furnishes  the  means  of  discovering  successively  all 
the  terms  of  the  root  as  soon  as  tho  first  is  known..  To  have  the  second  term, 
b,  subtract  from  the  given  polynomial  P  the  m'*  ^)oztTr  of  the  first  term  of  the 
root,  then  divide  Uie  first  term  of  the  remainder  by  ma"'"* ;  to  have  Uie  Oiira 
term,  c,  of  the  root,  subtract  from  P  the  m'''  power  of  a-|-b,  tfien  divide  the  first 
term  of  this  remainder  by  ma'"~S  and  so  on. 

If  in  any  part  of  the  process,  tlie  remainder  being  arranged  accoi-ding  to  the 
powers  of  x,  its  first  term  is  not  divisible  by  m  times  the  m — 1  power  of  the 
first  term  of  the  root,  the  given  polynomial  will  not  have  an  exact  root  of  the 
degree  m. 

Wo  may  arrange  according  to  tho  ascending  powers  of  a  letter,  r,  as  was 

•  Thug,  for  example,  it  a  contain  jr^,  and/ contain  x*,  and  m=10,  then  a"— '/will  contain 
aM,  a^-'f^  will  contain  a**',  a^-^f^  will  contain  x^,  and  so  on. 
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Jf'tapinPftd.Bt  (Art.  80,  III.),  when  treating  of  the  square  root,  and  the  above 
^flbwirtiViWf  will  undergo  the  same  niodifiration  as  there  stated. 
■^  ^It  wottU'be  superfluous  to  speak  of  the  case  where  the  letter  of  arrangement, 
J$  enters,  with  tlw  same  exponent,  into  several  terms.    The  method  of  proceed- 
big  ip  such  a^case  has  been  aheudy  sufficiently  indicated  in  previous  articles. 

•  EXAMPLES. 

(1)  Extract  the  5th  root  of  32x5— e0.r*+80r»— 40.T«+10a:— 1. 

(2)  Extract  the  Cth  root  of  7ii9— 291625+48G0jr^— 4320z«+2160.t«— 576x» 

+64r'«.  Ans.  3— 2z». 

(3)  Extract  tlie  fifth  root  of  ar^o+lSar-^O— 5z-'*+90r-»«— 60.r-»o+28'2z-« 

—  252.r-<^  +  505.r-  -»  —  40Gjr^  +  495  —  465z« 
+  275i-*— 80.£*+ 15j^— x'^ 

Ans.  x-^4-3 — ar*. 

114.  In  the  observations  made  upon  the  expansion  of  (r-l-fl)",  we  have  sup- 
posed n  to  be  a  positive  integer.  The  binomial  theorem,  however,  is  applica- 
ble, whatever  niny  be  the  nature  of  the  quantity  «,  whether  it  be  positive  or 
negative,  integral  or  fractional.*  When  w  is  a  positive  integer,  the  series  con 
sists  of  n+I  terms ;  in  every  other  case  the  series  never  terminates,  and  the 
development  of  (x-|-r7)°  constitutes  what  is  called  an  infinite  scries. 

Before  proceeding  to  consider  this  extension  of  the  thcorvjin,  we  may  re- 
mark, that  in  all  our  reasonings  with  regard  to  a  quantity  such  as  (.r+'i)",  wo 
may  confine  our  attention  to  the  more  simple  form  (1+a)",  to  which  th» 
fiormer  may  always  be  reduced.     For, 

{x+a)  =a^(l+^) 

.:(x+<,Y=\x{l+l)\° 

/       a\"  a 

=a:"l  14--)  t  or  2*(l+w)",  if  wo  put  -s=t* 

a     w(7i  — 1)  fl^     w(n— l){n— 2)  a» 


=-s 


n(n-l){n-'2){n-:i)   a*  ) 

u^TaTi •  ii+ '*<=•$  t 

r 
Suppose  ?i=-,  where  r  and  s  are  any  whole  numbers  whatever, 

I  r 

Then  (r-|-a)°  becomes  {x-\-a)\  and  substituting  -  for  n  in  the  series, 

(i+a);=xi(i+j): 

r        r  a     s\s       J    a?     a\i       /\a       /a' 

=*"(^+i-i+    1.2    •?+      TTaTa       '? 


+ 


1.2.3.4  a:4-i-'«<^-$ 


*  A  perfectly  rigorous  demonstration  of  the  binomial  theorem  for  any  exponent  what- 
ever, integral  or  fractional,  positive  or  negative,  will  bo  found  towards  the  close  of  thia 
treatiBe. 

t  Thif  expansion  may  be  obtained  by  substituting,  in  the  general  (brm  (Art.  110),  1  ibr 

fl^and-  for  a. 

X 
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Or,  reduced, 

!         r    a     r{r—&\    a^     rir — «)(r — 2«)    o^ 


+ 


The  biuomiul  theorem,  under  this  form,  is  exteusively  employed  in  analysis 
for  developing  algebraic  expressions  in  series. 


EXAMPLE  I. 


Expand  ^/ x-^-a  in  a  series. 


.=j-*(l+-)^     Hero  r=l,  «=2. 

^^\\        1    a     2\2""V    ^     2\2""V\2""V    fl» 
^"'"2'i"'"     1.2     V+         1.2.3  V 

iG-)G-')(H . 

■^  1.2.3.4  'x*''" 


11  113 

—  i^        la     2^  ""2      a«     2^  "2^  ^2     ^ 
—^  (  ^+2  •  x+    1 .2     •  ?^       TTTs        •  J? 
11^5 

"^  1.2.3.4  '  x*"^ 


—  i  5  111  ?         1       /z°         1.3        ^         1.3.J 
—^    i    ■^2'x""l.2.4'x^"'"l.2.3.8'r''"l.2.3.4. 


1.3.5_ 
16 


a* 


?+ 


which  last  may  bo  derived  at  once  from  [a],  and  put  under  the  form 

^C         1    a     _1_    fl2       1  .3      ^       1.3.5      a< 
^    i  ^  "'"2  •  a:""2 .  4  '  x^  "'"2.4.6  '  5  ""2. 4. 6. 8  *  r* 
1.3.5.7       o^        .  ) 

"'"2.4.6.H.10'?""'** \ 


wherb  the  law  of  the  series  is  evident. 

EXAMPLE  II. 


Expand  ^/a^ — d-e-  in  a  series. 

1 


=a(l— c«)'      Here,  r=l,  «=2,  ?=— «« 


X 


,    1      -2(5-0      5(3-0(5-2) 

5(5-0(5-0(5-0 
+  l.i.i.i  *"- •  *^-  •  •  •  •  • 

<        1  1  1.3  1.3.5  > 

="  i  ^  -2*'-2i'*-5T4r6''-27rc:8''-'  *«•  $ 
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EXAMPLE    Ilf. 


Expand  — ■==.  in  a  serios. 


=  7^11  f! .  zilzizil  ^ 

^   (    ^""2  •  6«  +  1.2  •  fc* 

■*■  1.2.3  •  b^ 

.  -2-(-^-0(-H(--H  /c^v. 

+  1.2.3.4  •  W    *^' 

(  _1      _3  ^25 

»n<  1    c*  2  ^  ""2     c«      ""2^  ""2  ^""2 

==  6  ( ^ "  2 '  6«  +      1T2       •  P"!         TTTTs 

13         5  7 

c^     •"2^""2^^2^""2    c»« 
*  77'+  1.2.3.4  •  "5^+'  &c.  .  .  . 


4 


-"6i^""2T«+2T4'6^""2TTr6'  &e+'*^ S 

which  last  expression  might  be  derived  immediately  from  formula  [a].     The 
aame  remark  will  apply  in  the  following  examples. 


EXAMPLE  IV. 


Expand  ~,,  in  a  series. 


=n6      ^^"""^j  ^^'^  r=— 1,  *=2,  -=—- ^. 

=1  i  ^  +  2  •  T^  +  iT2  •  \"T^; 

■■2\'"2-M\""2-^)  /  c«<f«  \* 


1.2.3 


+ 1:2:374 Its-;  -•  ^-  \ 

=  6i^''"2'     6»    +  274  •  "6^  +  2.4.6  •     6« 
1.3.5.7    c^        .  f 


H 
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EXAMPLE   T. 

Expand  ^ .  =  in  a  series. 

p4-g  3 

-7====(p+g)(m»+n«)     ^ 


=m'"'(p+^)(l+-!^)  Here,r=— 3,  «=4, 


3/      3        \ 
=     ffti^      r-4-m»+  1.2  •  W/ 

""4(""4""V(""4""^)     /nK'  > 

+  1.2.3  •  \mV S 

-.iZ-illf         3    n»        3.7     n">        3.7.11 
fj       |^'"4'fi?''"l.2.4«m»""l.2.3.4» 
n«      3.7.11.15  n»  > 

i;i^+1.2.3.4.4^m"»"''       S 

EXAMPLE  TI. 

1  ,    .     ,         1  (        2x  .  .3a*     4x»  .     ,      > 

EXAMPLE  VII. 

^  '  J        2«c«2»c*2»c«2»c«  S 

EXAMPLE  Till. 

3    X  .  3.13        x^       .3.13.23  x» 


/^         X— A     -:?  ^  ,  •    3    *  I  3  •  13        a:*       , 
(o^— ox)     ^•ssaMH . [ 


10«         1 . 2 . 3  .  a» 


,3.13.23.33  X*  ,      . 

^  10*  1.2.3.4.0*^ 


EXAMPLE  IX. 
1 


(1+^) 


-     ,      X  ,    6a*      6. 11. ar»  ,  6.11.16.x*         .      > 
1=1 — ,  occ.  > 

^  6^6.10     5.10.15^6.10.16.20  > 


EXAMPLE  X. 


The  eleventh  tenn  of  the  series  for  (a'— x*)*  is — —  .  —-. 

^  '  4782969   a« 

115.  The  binomial  theorem  is  also  employed  to  determine  approximate 
values  of  the  roots  (^  nmnbers. 
In  the  fominla 

V*T»;  V  T      jj^    1.2      a«^        1.2.3  «»^         ' 
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Let  us  put  n=-,  the  expression  becomes  (x-f-a)'  or  Vx-j-a,  and  we  have 


Vr+a=V^(l+i.f4 

.  r  X 


r\r       )    a«  ,  r\r       )\r       )    c? 


1    *> 


■^■^ 


1.2.3 


r,  ,-  ,  1    a     1   r— 1    a»  ,  1    r— 1    2r— 1    a^       , 
^  ^  r  X     r     2r     x^^  r     2r         3r       r» 


•) 


If  we  wished  to  form  a  now  term,  it  would  manifestly  be  obtained  by  mul- 

3r— 1         a 
tiplying  the  fourth  by  — —  and  — ,  then  changing  the  sign,  and  so  on  for  the 

rest,  the  terms  after  the  first  being  alternately  positive  and  negative. 

This  being  premised,  let  it  be  required  to  extract  the  cube  root  of  31.  The 
greatest  cube  contained  in  31  is  27 ;  in  the  above  formula  let  us  make  r=3, 
r=27,  a  =4,  and  we  shall  then  have 


V31=  y27  +  4 

14      1 
=  '(1  +  3  -27-3 

4  16 

=  3-1 ^ 

^27       2187  ^ 


1 

3  • 
320 


729^3 


1 
3 


64 


9  •  19683      '  ^'^ 


531441 


— ,  &c. 


320     .     3r— 1    a 


The  succeeding  term  will  be  found  by  multiplying  r^^^ji  -j 

2    4  2560 

J.—,  and  then  changmg  the  sign,  which  will  give  us  —43046721' 


In  like  manner,  we  shall  find  the  next  term  by  multiplying 

4  112640 


2560 


43046721 


by 


:,  and  so  on 


4r— 1    «    .       .„     ,        p        ,         2560  11       4  _ 

^     .  ^,  It  win,  therefore,  be  43^4^721  ^  15  ^  27  ~  17433922005' 

for  any  number  of  terms. 

Let  us,  however,  confine  our  attention  to  the  first  five  terms  of  the  series, 
and  reduce  them  to  decimals ;  we  shall  have,  for  the  sum  of  the  additive  terms, 

3=3.00000  ^ 


-=0.14815 


y  =3.14875. 


320 


=0.00060 


[  531441 

And  for  the  sum  of  the  subtractive  terms, 

16 


-2187=-^-^^^^ 


2560 


►  =—0.00737. 


=  —0.00006 


43046721 
Hence 

V"3T=3.14138 

a  result  which  we  shall  proceed  to  show  is  within  0.00001  of  the  truth. 

116.  When  the  expression  for  a  number  is  expanded  in  a  series  of  terms, 
the  numerical  values  of  which  go  on  decreasing  continually,  we  easily  perceivo 
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that  the  greater  tlio  number  of  terms  which  we  take,  the  more  noarlj  shall  wo 
approach  to  tlie  real  value  of  tlio  proposed  expression.  Such  a  series  is  called 
converging.  If  we  suppose  the  terms  of  the  series  alternately  positive  and 
negative,  we  can,  upon  stopping  at  any  particular  term,  detennino  precisely 
the  degree  of  approximation  at  which  wo  have  arrived. 

Let  there  be  aseriosa— 6+c— c?+c— /+g-— ^+/:— Z+m composed 

of  an  indoiinite  number  of  terms,  in  which  we  suppose  tliat  the  quantities  a, 
h,  c,  d  go  on  diminishing  in  succession,  and  let  us  designate  by  N  the  ntufnber 
represented  by  this  series,  we  shall  prove  that  the  numerical  value  of  N  lies 
between  any  two  consecutive  sums  of  any  number  of  the  terms  of  the' above  series. 

For  lot  us  take  any  two  consecutive  sums, 

a— fe+c— rf+c— /,  and  a— 6+c — d-\'e—f-\-g. 

Upon  considering  the  first  of  tliese,  we  perceive  that  tlie  terms  which  fol- 
low —/are  •\-(g — h)-\-{k — 1)-\- ;  but  since  the  series  is  a  decreasiil||; 

one,  the  positive  differences  g — /i,  k — /,  &c.,  are  all  positive  numbers;  hence 
it  follows  that,  in  order  to  obtain  the  complete  value  of  N,  we  must  add  to  the 
sura  a — 6+c — <i-|-c— /some  positive  number.     Hence 

a-.6+c— rf+c— /<N. 

With  regard  to  the  second  sum,  the  terms  which  follow  +g"  are  — (h — k)^ 

—  (/ — w), ;  but  the  partial  differences,  h — k^  I — m,  Ace,  are  positive; 

hence  — (h — A:),  — (/ — m) ,  are  all  negative,  and,  therefore,  in  order  to 

obtain  the  complete  value  of  N,  we  must  subtract  some  positive  number  from 
the  sum  a — 6+r — d-{-c—f-{-g.     Hence 

a-6_|.c-rf+^-/+^>N, 
and  it  has  l>een  shown  that 

a_fe+r-rf+c-/        <N; 
therefore  N  lies  between  these  two  sums. 

From  this  it  follows  that,  since  g  is  the  numerical  value  of  the  difference 
of  these  two  sums,  the  error  committed  when  we  assume  a  certain  number  of 
terms  a  —  b-\-c — d-\-e^f  for  the  value  of  N  is  numerically  less  than  Oie  term 
which  immediately  follows  that  at  which  ice  stopped. 

In  the  preceding  example,  all  the  terms  after  the  first  being  alternately  posi- 
tive and  negative,  we  may  conclude  that  the  numerical  value  of  the  first  fivo 

t4)rms 

4         Ifi  320  2560 

'"^  "I"  xi7~"21d/j"  531441  ""43046721 

differs  from  the  true  value  of  V**!  ^y  *^  quantity  loss  than  the  value  of  the 

112640 
sixth  terra,  which  was  found  to  be  equal  to ;  but  this  fraction  is 

17433922005 

by   mere   inspection   less   than  ,   therefore,  when   we    assume   that 

"^ 100000 

V3I =3.14138,  the  result  is  within  0.00001  of  the  truth. 

117.  From  what  has  been  said  above  it  will  be  seen  that,  in  order  to  obtain 
an  approximate  value  of  the  n*^  root  of  any  number  N  by  the  method  of  series, 
we  may  make  use  of  the  following 

RULE. 

Resolve  the  given  number  N  into  two  parts  of  the  form  p"+q,  where  p"  is  (lie 
highest  n'*  power  contained  in  N,  and  in  the  development  of  (x-(-a)°  makt 
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x^p",  a=q.  The  number  of  terms  to  be  taken  in  tlic  resulting  scries  will 
depend  upon  the  degree  of  accuracy  required^  and  can  be  determined  by  the 
principle  just  explained.  Convert  all  Uie  terms  of  which  account  is  taken  into 
decimals^  and  then  effect  the  reduction  between  the  additive  and  subtractive 
terms. 

This  method  can  not  bo  employed  with  advantage  except  when  -^  is  a  small 

fraction ;  for  unless  this  be  the  case,  the  terras  of  the  series  will  not  dhninish 
with  sufficient  rapidity,  and  it  will  be  necessary  to  take  account  of  a  great 
number  of  terms  in  order  to  arrive  at  a  near  approximation. 

It  may  happen  thatj?"  is  <^q ;  we  must  tlien  modify  the  above  process,  for 

,      l?"       a  .  a 

then  —  or  —  is  greater  than  unity,  and  therefore  all  the  powers  of  -  will  in 

crease  in  numerical  value  as  the  degree  of  the  power  hicreases. 

Suppose,  for  example,  that  the  cube  root  of  56  is  sought,  27  being  the 

greatest  cube  contained  in  56,  we  shall  have 

a     29 
x=27,  a=29  and  .*.  -=— , 

X     27 

and  the  terms  of  the  series  will  go  on  increasing  instead  of  diminishing  (we  do 

not  speak  of  the  coefficients,  which  are  fractions  differing  but  little  from  unity). 

_  8         1 

But  we  may  resolve  56  into  64 — 8,  or  4=*— 8 ;  but  — ,  or  -,  is  a  small  fraction. 

04         o 

On  the  other  hand,  if  we  substitute  — a  for  a  in  the  expression  for  V-^+<^» 
we  have 

1    a     1    n— 1    a^     1    n— 1    2n— 1    a' 


V^ — a=:rn(l . . 


n    X     n      2n      2^     n      "^n         3n      x^ 

If  we  put  r^64,  a =8,  we  shall  obtain  a  aeries  of  tei'ms  which  ^vill  de- 
crease with  great  rapidity. 

Here  aU  the  terms,  with  the  exception  of  the  first,  are  negative,  and  we  can 
not  apply  to  this  series  the  criterion  established  in  (Art.  116)  for  fixing  the  de- 
gree of  approximation.  But  wo  shall  approach  very  nearly  to  the  required 
degree  of  approximation  if  we  take  into  account  such  a  number  of  terms  that 
the  first  which  we  neglect  shall  be  less,  by  one  tenth,  for  example,  than  the 
decimal  place  to  which  we  wish  to  limit  the  approximation. 

The  student  may  take  the  following  examples  as  exercises : 


(1)  V39  =^'3-2  +7  =2.0807 true  to  0.0001. 

(2)  ?/65  =  V64   +1   =4.02073  . . .  true  to  0.00001. 

(3)  V260=  V^m+A  =4.01553  . . .  true  to  0.00001. 

(4)  Vl08=  Vl*-^*^— 20=1.95204  . . .  true  to  0.00001. 

lljB.  Roots  of  imaginary  expressions  of  the  form  a±6\/ — 1  are  extracted 

by  putting  the  expression  und^r  the  form  (a  it  6  \/  — 1)",  and  developing  by  the 
binomial  theorem ;  a  series  of  terms  will  thus  be  obtained,  which  may  be  put 
nnder  the  form  A-|-B  \/  — 1,  A  representing  the  algebraic  sum  of  the  rational 
terms,  and  B  the  algebraic  sum  of  the  coefficients  of  V — 1.  Algebra  fur- 
nishes no  other  general  method  for  this  transformation,  but  when  n  is  a  power 
of  2,  it  can  be  effected  without  the  aid  of  series. 


• 
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V.a+i\/— 1  andVa— fcV— 1. 


Let  U8  coDsider,  first,  the  two  radicals  '\l.a-\-b  ^  -^1  and 
PlaciDg 

[2]  Va+ftV"^-V«-^V'^=y» 

and  squaring  both,  there  results 


2tf— 2 -/«'»+ 6*=y«. 

Whatever  may  be  the  sign  of  a,  the  value  of  3^  is  positive,  but  that  of  y^  is 
negative.     From  these  equalities  we  derive 

[3]  ar=V2a+2  Va»+&'t  y=\V  — 2a+2  Va«+6V  yf^. 
But  the  equalities  [1  ]  and  [2]  give 

Then,  finaUy,  putting  for  x  and  y  the  values  [3],  we  shall  have 

[4]  J^+h^l=    ij2a+2V^q:^ 

[5]  ^a-6  V'^=     ^2a+2V^H^ 

-^J-2(2+2  Va'+6V^. 
Now,  if  we  consider  the  radical  expressions 

.  / H   s/ IZ   ,e/  ZI 

we  observe  that  the  extraction  of  a  single  root  which  is  some  power  of  two, 
can  be  replaced  by  successive  extractions  of  the  square  root;  consequently, 
the  repetition  of  the  formulas  [4]  and  [5]  will  always  reduce  the  above  ex- 
pressions to  expressions  of  the  form  ArtB  \/ — 1. 

Remark. — In  each  of  these  foiinulas  the  first  member,  by  reason  of  the 
radicals  which  it  contains,  may  have  four  diflferent  values,  and  the  same  is 
true  of  the  second  member.  In  both,  the  four  values  of  the  first  member  are 
the  same,  and  this  is  the  case  evidently  with  the  second  member;  so  that 
the  two  formulas  make  really  but  one.  They  present  no  difference  except 
when  wo  use  them  simultaneously  in  the  same  algebraical  calculation,  because 
then  we  ought  to  regard  the  terms  into  which  \/ — 1  enters  as  affected  with 
contrary  signs.  But  then  it  is  necessary  to  remark  besides,  that,  by  the  very 
manner  in  which  we  have  arrived  at  these  formulas,  '/<Z'+^'  ii^  them  repre- 
sents the  product  of\/rt+fcV  —  1  \la — b  ^  — 1 ;  consequently,  the  determ- 
inations of  these  two  radicals  ought  always  to  be  supposed  associated  in  such 
a  manner  that  their  product  should  have  the  sign  which  is  given  to  \/a'-)-6- 
in  the  second  member.  Without  attention  to  this  the  formulas  might  lead  to 
&l8e  results. 
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Another  remark  of  importaoce  may  be  added  here. 

The  methods  of  proceeding  in  certain  operations  upon  imaginary  expressions, 
exhibited  at  (Art.  66),  were  suited  to  the  restrictions  which  in  ordinary  cases 
would  be  understood  as  pertaining  to  the  radical  sign.  If,  however,  this  sign 
have  its  most  general  signification,  it  must  be  used  in  its  ambiguous  sense, 
that  is,  as  having  i  before  it.  Then  -y/  — a  X  V  — «  would  have  a  more  ex- 
tended sense  than  simply  the  square  of  \/  — a.  It  would  have,  in  fact,  four 
values, 

+  V— a  X  +  V— fl,    —  V  — a  X  +  \/  —  a,    +  y/  —  a  X  —  V  —  «, 

—  V— «X  — \/— 0. 
or 

—a,  +a,  +a,  —a 

These  four,  in  fact,  amount  to  but  two,  -|-a  and  — a,  which  are  tlie  values 
obtained  by  the  ordinary  rule  of  multiplication,  ^J  — a  X  V  — a=  ^a?'=.-^a» 

If  the  quantities  under  the  radical  are  different,  the  reasoning  will  be  a  little 
varied.     Let  the  product  be  required  of 


The  first  of  these  factors  \/  — a  may  be  put  under  the  form  a'  \/  — 1,  and 
the  second  under  the  form  h'  y/  —  1.     The  product  will  then  be  expressed  by 

a'V  -/^  X  V  — 1. 
But  after  what  has  just  been  said,  if  there  be  no  restriction  in  the  meaning 
of  the  sign  V     ,  we  have  \/ — IX  V — I^itl*     Hence 

But  smce  the  square  of  a'b'  is  a'^6'^,  or  ah,  we  have  a'6'=  -^ahf  and,  there- 
fore,   

V— ax  \/^=±  y/ab, 
the  result  which  we  should  obtain  by  the  ordinary  rule  for  the  multiplica- 
tion of  radicals.    We  thus  perceive  that  this  rule  gives  us  the  true  product 
in  its  most  general  form  when  there  is  no  restriction  in  the  sense  of  the  radi- 
cal sign. 


V 
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119.  Numbers  may  be  compared  in  two  ways. 

When  it  is  required  to  determine  by  how  much  one  number  is  greater  or 
less-  than  another,  the  answer  to  this  question  consists  in  stating  the  difference 
between  these  two  numbers.  This  difference  is  called  the  Arithmetical  Ratio 
of  the  two  numbers.  Thus,  the  arithmetical  ratio  of  9  to  7  is  9 — 7,  or  2,  and 
if  a,  6  designate  two  numbers,  their  arithmetical  ratio  is  represented  by  a— &. 

When  it  is  required  to  determine  how  many  times  one  number  contains,  or 
18  contained  in  another,  the  answer  to  this  question  consists  in  stating  the 
quotient  which  arises  from  dividing  one  of  these  numbers  by  the  other.  This 
quotient  is  called  the  Geometrical  Ratio  of  tlio  two  numbers.  The  term 
Ratiot  when  used  without  any  qualification,  is  always  understood  to  signify  a 
geometrical  ratio,  and  we  shall,  at  present,  confine  oar  attention  to  ratios  of 
this  description. 
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120.  By  the  ratio  of  two  numbers,  then,  we  mean  the  quotient  which  arises 

from  dividiDg  one  of  these  numbers  by  the  other.     Thus,  the  ratio  of  12  to  4 

12  6  1 

is  represented  by  -r  or  3,  the  ratio  of  5  to  2  is  -  or  2.5,  the  ratio  of  1  to  3  is  - 

4  2  o 

or  .333 . . .  We  hero  pei*ceive  that  the  value  of  a  ratio  can  not  always  be  ex- 
pressed exactly,  except  in  the  form  of  a  vulgar  fraction,  but  that,  by  taking  a 
sufficient  number  of  terms  of  the  decimal,  we  can  approach  as  nearly  as  we 
please  to  the  true  value. 

121.  If  a,  h  designate  two  numbers,  the  ratio  of  a  to  6  is  the  quotient 

a 
arising  from  dividing  a  by  6,  and  will  be  represented  by  writing  them  a  :  &,  or  r* 

122.  A  ratio  being  thus  expressed,  the  first  term,  or  a,  is  called  the  ante- 
cedent of  the  ratio;  the  last  term,  or  6,  is  called  the  consequent  of  tho  ratio. 

123.  It  appears,  therefore,  that,  in  arithmetic  and  algebra,  the  theory  of 
ratios  becomes  identified  with  the  tlieory  of  fractions,  and  a  ratio  may  be  de- 
fined as  a  fraction  whose  numerator  is  the  antecedent,  and  whose  denominator 
is  the  consequent  of  tho  ratio. 

124.  When  the  antecedent  of  a  ratio  is  greater  than  the  consequent,  tho 
ratio  is  called  a  ratio  of  greater  ineqttality ;  when  the  antecedent  is  less  than 
the  consequent,  it  is  called  a  ratio  of  less  inequality ;  and  when  the  antecedent 

and  consequent  are  equal,  it  is  called  a  ratio  of  equality.    Thus,  *t-  is  a  ratio 

12  3 

of  greater  inequality,  rji  ^  *  ™^*°  ^^  '®^  inequality,  -  or  1  is  a  ratio  of 

equality.  It  is  manifest  that  a  ratio  of  equality  may  always  be  represented  by 
unity. 

125.  When  the  antecedents  of  two  or  more  ratios  are  multiplied  together 
to  form  a  new  antecedent,  and  their  consequents  multiplied  together  to  form 
a  new  consequent,  the  several  ratios  are  said  to  be  compounded^  and  the  re- 
sulting ratio  is  called  the  sum  of  the  compounding  ratios.     Thus,  the  ratio  t 

is  compounde(f  with  the  ratio  -j  by  multiplying  tlie  antecedents  a,  c  for  a  now 
antecedent,  and  the  consequents  6,  d  for  a  now  consequent,  and  the  resulting 

ratio  Ti:  is  called  the  sum  of  the  ratios  r  and  ->. 
bd  b         d 

m  p  r   t 
In  like  manner,  the   ratios  -,  -,  -  —  are  compounded  by  multiplying  all 

the  antecedents  together  for  a  new  antecedent,  and  all  tho  consequents  for  a 

mprt 
new  consequent^  and  the  resulting  ratio, ,  is  called  the  sum  of  the  ratios 

mprt 
n  g  s  to 

126.  When  a  ratio  is  compounded  with  itself  the  resulting  ratio  is  called  the 

duplicate  ratio,  or  double  ratio  of  tlie  primitive.     Thus,  if  we  compound  the 

a  a  ,  a"^  a 

ratio  T  with  t«  the  resulting  ratio,  y-.,  is  called  the  duplicate  ratio  of  p 

<*'  .    .  a 

Similarly,  tj  is  called  the  triplicate  ratio,  or  triple  ratio  of  ^. 
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a"  a 

"    And,  generally,  j-  is  called  the  sum  of  the  n  ratios  r* 


1 


Accordiog  to  the  same  principle,  the  ratio  -7  is  called  the  suhduplicaie  rcUiOf 

a  a^      a*     ^4     ^ 

or  half  ratio  of  r ;  for  the  duplicate  ratio  of  — r  is  — j-  X  "T=v 

'^  h^      b^     62     ^ 

So,  also,  the  ratio  —  is  called  the  sublriplicate  ratio,  or  one  third  of  the  ratio 

b^ 

^fl      _  a^      a^     a'     a^     a 

of  J.    For  the  triple  ratio  of  —  is  —  X  —  X  "T=T- 


And,  in  general,  —^  is  called  one  n***  of  (lie  ratio  -r ;  for  n  times  the  ratio 

fe- 
ll      I       1 

«■ .   a"     a"     a"  a 

—  w  —  X  —  X  —  X  . . .  to  n  t«rms  =r« 

*■      5^     5^     6» 

3 

Note. — The  ratio  —^  is  called  the  sesquiplicate  ratio  of  7-,  for  it  is  com- 

b^  ^ 

1  9 

a-     a     rt"* 
poanded  of  the  simple  and  subduplicato  ratio ;  thus,  — ^  Xt-=~* 

127.  ijT  the  terms  of  a  ratio  be  both  multiplied,  or  both  divided ^  by  Oie  same 

quantity i  the  value  of  the  ratio  remains  unchanged. 

a 
The  ratio  of  a  to  &  is  represented  by  the  fraction  j  ;  and  since  the  value  of 

a  fraction  is  not  changed,  if  we  multiply,  or  divide,  both  numerator  and  de- 
nominator by  the  same  quantity,  the  truth  of  tlie  proposition  is  evident.    Thus« 

a 

5 ^ ^,  or  a:5=wia:m5=-:-. 

b'~'mb     b  ^   ^ 

n 

128.  Ratios  are  compared  with  each  other  by  reducing  the  fractions^  by 
tchich  they  are  represented,  to  a  common  denominator. 

If  we  wish  to  ascertain  whether  the  ratio  of  2  to  7  is  greater  or  less  tlian 

2  3 

that  of  3  to  8,  since  these  ratios  are  represented  by  the  fractions  -  and  ^, 

I  o 

16         21 
which  are  equivalent  to  —  and  —  ;  and  since  the  latter  of  these  is  greater  than 

the  former,  it  appears  that  the  ratio  of  2  to  7  is  less  than  the  ratio  of  3  to  8. 

129.  A  ratio  of  greater  inequality  is  diminished,  and  a  ratio  of  a  less  inequaU 
ity  is  increased^  by  adding  Oie  same  quantity  to  both  terms. 
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Let  r  represent  any  ratio,  and  let  x  be  added  to  each  of  its  terms.    The 

two  ratios  will  then  be 

a  a+z 

which,  reduced  to  a  common  denominator,  become 

ab'\-ax   ab-^-bx 
b(b+xy  b(b+xy 

If  a^&,  i.  e.,  if  V  be  a  ratio  of  greater  inequality,  then 

ab-\-ax     ab-\-bx 
b(b+xyb(b+xy 

and  .*.  T  is  dinunished  by  the  addition  of  the  same  quantity  to  each  of  its  terms* 

Again,  if  a  ^6,  t.  e.,  if  t  be  a  ratio  of  loss  inequality,  then 

ab-\-ax      ab-\-bx 

b(b+x)^b(b+x)' 

a 
and  .*.  T  is  increased  by  the  addition  of  the  same  quantity  to  each  of  its  term5# 

130.  If  there  be  any  number  of  ratios  in  which  the  conseqiicnt  of  the  first  ratio 
is  the  antecedent  of  tJie  second,  and  the  consequent  of  Oie  second  the  antecedent 
of  the  thirds  and  so  on,  the  sum  of  any  number  of  said  ratios  is  the  ratio  of  the 
first  antecedent  to  the  last  consequent. 

Let  the  proposed  ratios  be 

a    b   c   d  e 

Then,  by  (Art.  125),  their  sum  is 

a     b     c     d     e 
Z^'i^d^l^f'"' 

Qt 

abcde 


bcdef-'"' 

a 

1.  e.,  ^. 

131.  Proportion  is  an  equality  of  ratios. 

Thus,  if  a,  &,  c,  d  bo  four  quantities,  such  that  a,  when  divided  by  &,  giyes  the 

same  quotient  as  c  when  divided  by  d,  then  a,  5,  c,  d  are  said  to  be  inpropor^ 

Hon,  or  to  be  proportionals ;  the  numbers  20,  5,  36,  9  are  proportionals,  for 

20  ,  36 

-=4,and~=4. 

When  four  quantities  are  proportionals,  it  is  usually  enunciated  by  saying 
that  the  first  is  to  the  second  as  Oie  third  is  to  the  fourth.  Thus,  if  a,  6,  c,  d  aro 
proportionals,  we  say  that  aisto^ascistoJ,  and  this  is  expressed  by  wri- 
ting them 

aibiicid,  or  a: 6=c : d, 
or  as  fractions, 

a      c 

6=3- 
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The  first  or  secoDd  form  of  notation  is  usuafly  employed  in  geometry,  the 
last  in  analytical  investigations.  The  signs  : :  and  =  liavo  precisely  the  samei 
meaning.     The  sign  :  is  the  sign  of  division. 

a     c 

132.  The  expression  aihiicid^  or  t=-;i  is  called  a  proportion,  and  a,  6,  r,  d 

are  severally  called  the  terms  of  the  proportion.  Tho  first  and  last  are  called 
the  extreme  terms,  the  second  and  third  tlie  mean  terms.  The  first  term  is 
called  the  first  antecederU,  the  second  term  \he  first  consequent,  the  third  term 
the  second  antecedent,  and  the  fourtli  term  the  second  consequent. 

133.  When  the  second  and  third  terms  of  a  proportion  are  identical,  the 

quantity  which  forms  these  terras  is  called  a  mean  jrroportional  between  the 

other  two;  thus,  if  we  have  tliree  quantities  a,  b,  c,  such  that 

a     b 

a:b::b:c,  or  t=- 

o     c 

then  b  is  said  to  be  a  mean  proportional  to  a  and  c,  and  c  is  called  a  third  pro^ 
portional  to  a  and  b. 

If ,  in  a  series  of  proportional  magnitudes,  each  consequent  bo  identical  with 
the  next  antecedent,  these  quantities  are  said  to  be  in  continued  proportion ; 
tfans,  if  we  have  a  series  of  quantities,  a,  b,  c,  d,  e,  /,  g,  h,  such  that 

a:b::b:c::c:d  ::d:e::e :/::/:  g ::  g:h, 
or 

a     b      c     d     e     f     g 
b     c     d      e     /     g     A' 
then  the  quantities  a,  6,  c,  d,  e,f,  g,  h  are  in  continued  proportion. 
A  continued  proportion  is  called  a  progression. 

The  following  are  the  most  important  propositions  connected  with  the  sub- 
ject of  proportion. 

I.  If  four  quantities  be  proportionals,  the  product  of  the  extreme  terms  vnU  he 
equal  to  the  product  of  the  mean  terms. 

Let 

aibiicid, 

or 

a     c 

b'^d' 
Multiplying  these  equals  by  bd,  the  expression  becomes 
y-  ad:=.bc. 

II.  Conversely,  If  the  product  of  any  two  quantities  be  equal  to  the  product 
of  any  other  two,  Ouse  four  quantities  will  constitute  a  proportion,  the  terms  of 
cne  of  the  products  being  the  means,  and  the  terms  of  the  other  the  extremes. 

Let  ' 

ad=zbc. 
Diriding  these  equals  by  bd,  the  expression  becomes 

a     c        c     a 

b^d'^'^d^b' 
i.e.,  a\bi\cid,  or  cid\ia:b. 
In  the  first,  a  and  b  are  the  extremes,  and  b  and  c  the  means ;  in  the  second, 
h  and  c  are  the  extremes,  and  a  and  d  the  means. 

III.  If  three  quantities  be  in  continued  proportion^  the  product  of  the  extreme 
itrms  i9  equal  to  the  square  of  the  mean. 
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This  follows  immediately  from  I. ;  for  let  a,  &,  c  be  three  qaantitjes  in  con- 
tinued proportion,  then 

a     b 

aihwhic^  or  r=~ 
0      c 

.'.  acz=.h  x6  by  I. 

r=6«,  or  6=  ^/ac. 

IV.  Conyersely,  If  the  product  of  any  tico  quantities  he  equal  to  the  square 
if  a  thirds  Uie  last  quantify  unll  be  a  mean  proportional  between  the  oOier  two* 

Thus,  if  ac=&^  &  is  a  mean  proportional  between  a  and  c  ;  for,  since 

ac=ib\ 
dividing  these  equals  by  be, 

-=-,  or  a:b::b:c. 
b     c 

V.  Quantities  lohich  have  tJie  same  ratio  to  the  same  quantity  are  equal  to 
one  another,  and  those  to  which  the  same  quantity  has  tlie  same  ratio  are  equal 
to  one  another. 

First,  let  a  and  b  have  the  same  ratio  to  the  same  quantity  r,  then  a=?&. 
Since 

aiciibic, 
or 

a_b 

multiply  these  equals  by  c  .*.  a^&. 
Again,  let  c  have  the  same  ratio  to  each  of  the  quantities  a  and  6,  then  assh. 
Sinqp 

ciaiicib, 


or 


c     c 


dividing  these  equals  by  c. 


1_1 

.*.  a=&. 

VI.  Ratios  that  are  equal  to  the  same  are  equal  to  one  another. 

Let  0'^-'^*y  )  r,,. 

.    J  J  >  Then  a: 6: :c:a. 

And  c:a::x:yS 

This  is  an  axiom. 

VII.  If  four  quantities  be  proportionals,  they  will  be  proportionals  also  altera 
nando,  that  is,  the  first  will  hare  the  same  ratio  to  tfie  third  that  tfte  second  has 
to  the  fourth. 

Let  aibiicid,  then,  also,  a:c::b:d. 

a     c 
Since  T=;7t  divide  each  of  these  equals  by  c,  and  multiply  each  by  b. 

ah 

Then  "•=-i;  i.  e.,  a:c::b:d. 

c     a 

VIII.  If  four  quantities  be  proportionals,  tJiey  will  be  proportionals  also 
invertondo,  that  is,  the  second  will  have  to  Ou  first  the  same  ratio  thai  the 
fourth  has  to  the  third. 
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Let  a:5::c:cif,  then,  also,  &:a::J:c. 

a     c 
Since  T^^i  divide  unity  by  each  of  these  equals. 

We  hare 

1  1 


(I)  ©■ 


or 

b     d 

-:=-;  i.  e.,  b:a::d:c. 


a     c 

IX.  If  four  quantities  he  proportionals,  they  will  be  proportionals  also  com- 
ponendo,  that  is,  the  first,  togetfier  with  the  second,  will  have  to  the  second  the 
same  ratio  that  the  third,  together  with  the  fourth,  hcu  to  tJie  fourth. 

Let  aibwcxd,  then,  also,  a'\-hihiiC'\-did, 

a     c 
Since  Ir^l^  ^^^  ^  ^^  ^^^  ^^  these  equals,  then 

a  c 

cr 

a-\-b     c-\'d  _    ,  -    , 

— ^= — y— ;  1.  e.,  a+o56::c+d:tf. 

X.  If  four  quantities  be  proportionals,  they  wiU  be  proportionals  also  divi- 
dendo,  that  is,  the  difference  of  tJie  first  and  second  will  have  to  the  second  the 
same  ratio  that  the  difference  ofOie  tJiird  and  fourth  hcu  to  the  fourth. 

Let  a:b::c:d,  then,  also,  a — b:bi:c — did. 

a     c 
Since        1=^*  subtract  unity  from  each  of  these  equals,  then 

a  c 

or 

a— 6     c—d     . 

— r — = — J-  ;  1.  e.,  a — 6:6::c — did. 
0  a 

* 

XI.  If  four  quantities  be  proportionals,  they  will  be  proportionals  also  con- 

rertendo,  that  is,  the  first  will  have  to  tiie  difference  of  the  first  and  second  the 
same  ratio  that  the  third  has  to  the  difference  of  Lite  third  and  fourth. 

Let  aibiicid,  then,  also,  aia — biicic — d. 

I  a     c  ^         h     d 

Since  j^-p  then,  by  prop.  VIII.,  -:=- ;  and  licnco,  subtracting  these  equal 

quantities  from  unity, 

6 d 

a  c' 

or 

a — 6     c — d 


or 


a  e 

— r= -ji  i.  e.,  a:a — 6::c:c— e/. 

— 0     C'^a 
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XII.  If  four  quantities  he  proportionals,  the  sum  of  the  first  and  second  will 
have  to  their  difference  the  same  ratio  that  the  sum  of  the  third  and  fourU^  has 
to  their  difference. 

Let  a:b::c:df  then,  also,  a-\-b:a — b::C'^d:c — d, 

a     c 
Since  h^^d*  ^®  ^▼®» 

a+h     c+d 
by  prop.  IX.,  -y-  =-^  : 

a — h     c — d 
and,  by  prop.  X.,  — r — ^ — j —  > 

diridmg  these  equals  by  each  other, 

a+6     c-\'d 


a~~b     c—d 
"V    IT 
or 

11+6     c+rf     .  I       ,  J        J 

T^ 3;  1.  e.,  a+&:a — &::c4-a:c — a. 

a — 6     c — d  '  ' 

XITI.  i/*  there  be  any  number  of  quantities  more  than  two,,  and  as  many 
others^  which,  taken  two  and  two  in  order,  are  proportionals  (ex  aequali),  the 
first  will  have  to  the  last  of  the  first  rank  the  same  ratio  that  the  first  of  the 
second  rank  has  to  the  last. 

Let 

a,  &,  c,  <£....  be  any  number  of  quantities, 


and 
Let 


e,ft  g,h   ....  as  many  others. 

a:b  ::c  :/ 

b:c  ::/:^^Then,  also,  aidiiexh. 

c  idiigih 


For,  since 


a     e 

c      g 

d^h' 

multiplying  the  first  column  together,  and  also  the  second, 

abc     efg 

or 

a    € 

2=r»  i*  e*>  aidixeih. 

XIV.  If  there  he  any  number  of  quantities  more  than  two,  and  a$  many 
others,  which,' taken  two  and  two  in  a  cross  order,  are  proportionals  (ex  equafi 
pertnrbatft),  the  first  will  have  to  the  last  of  the  first  rank  Uie  same  ratio  that  the 
first  of  the  second  rank  has  to  the  last. 


Let 
and 

Let 


For,  since 


or 
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a,  &,  c,  (f  .  .  .  .  be  any  number  of  qoantitieB, 
^*y*  ^f  ^  •  •  •  •  &s  many  others. 

a:b  ::g:h  ^ 

b:c  ::/:^  >  Then,  also,  aidiieih. 

e  :d::e  :f  ) 

«     /? 

c     g 

d-f 
ahc     gfe 

^  a     e     , 

XV.  If  four  quantities  he  proportionals  j  any  powers  or  roots  of  these  quan* 
tiiUs  toill  also  be  proportionals. 

Let  a:&::c:(2;  then,  also,  a°:6"::c°:(^". 

Since 

a     c  /a\  ^     /  c  \  * 

^=2,  raising  each  of  these  equals  to  the  nth  power,  IrJ  ^(;7)i 

or 

6"^3»'  >•  0-1  a":i°::c»:(i", 
where  n  may  be  either  integral  or  fractional.* 

XVI.  If  there  he  any  number  of  proportional  quantities^  the  first  will  have  to 
the  second  the  same  ratio  that  the  sum  of  all  tJie  antecedents  ha^  to  the  sum  of 
all  th^  consequents. 

IM  a»  bf  c,  d,  e,  /,  gt  h  be  any  number  of  proportional  quantities,  such  that 

a:b  ::c:d : :  e:f::  g  :h. 
Then 

Since 
wehxre 


a:6::a+c+«+^'^+^+/+^» 

a    c      e     g 
I'^d'^f^V 


ab^ha 
ad^bc 
af=zhe 
ah=^bg, 
and  •.  a{b+d+f+h)=h(a+c+e+g) 

a     a^c+e+g 
'''  b-b+d+f+h 
or  aihiia+c+e+g:b+d+f+h. 


*  Ihe  ratio  of  tibe  lesoItiDS  propoitioo  is  the  n^  power  of  the  ratio  of  the  giyen  proportion. 
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XVII.  If  Oirtt  quantities  he  in  continued  proportion,  the  first  vnR  have  to 
the  third  the  duplicate  ratio  of  that  which  it  has  to  the  second. 

Let  a:b::b:c,  then  a:c::a^:b\ 

Since 

T=-i  multiply  each  of  these  equals  hy  ^ ;  then 
a     a     b     a       a'^     a     , 

XVIII.  If  four  quantities  be  in  continued  proportion,  the  first  wiU  have  to 
the  fourth  the  triplicate  ratio  oftfiat  which  it  has  to  the  second. 

Let  a,  b,  c,  dhe  four  quantities  in  continued  proportion,  so  that 

a:bi:b:c::c:d  ;  then,  also,  a:d::a^:b^. 

Since . 

a     b     c 

t:=-^  J,  we  have 

bed 

a_b 

6— c 

a     c  ^ 

I'^d 

a     a 

b^V 

Multiplying  these  equals  together, 

d^     bca 

V^Tdb' 
or 

a'     a 

T5=^;  i.  e.,  aidiia^il^. 

XIX.  If  two  proportions  be  multiplied  together,  term  by  term,  (he  products 
will  form  a  proportion. 

Let  aibiic'.d, 

and  e:f::g:h; 

then  ae :  bf: :  eg :  dh, 

a     c       ,  «      ^ 
for  j=^.and-^=;^.- 

hence,  multiplying  equals, 

ae     c  g 

TTr^Tk''  ^^  fiC'bfiicg: dh.* 

The  compatibility  of  any  change  in  the  order  of  die  terms  of  a  proportion 
may  bo  tested  by  forming  the  product  of  the  extremes  and  means  in  both  the 
original  and  changed  proportion,  when,  if  they  agree,  the  change  is  correct. 
Thus,  a:b::c:d  may  bo  written  d:b::c:a,  for  we  have  ad=ibc  in  both. 

EXAMPLES  Iff  raOFORTIOIf. 

(1)  The  mercurial  barometer  stands  at  a  height  of  30  inches,  and  the  specific 
gravity  of  quicksilver  is  13^  J.    How  liigh  would  a  water  barometer  stand  ? 

Ans.  33  feet  llj^  inches. 

(2)  The  weights  of  a  lever  have  the  same  ratio  as  the  lengths  of  the  oppo- 
site arms.     The  ratio  of  the  weights  is  5,  and  the  longer  arm  10  inches. 

What  is  the  length  of  the  shorter  arm  7  Ana.  2  inches. 

0  '■  ■       ,1  ■  ,...1,1-1  — . —  ■■  — 

*  The  rado  of  the  nsaltinff  proportica  is  the  prodoct  of  die  ratios  of  the  two  given  pio- 
portions. 
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(3)  The  weights  of  a  lever  are  6  and  8  pounds,  and  the  length  of  the  shorter 
■rm  18  inches.    What  is  that  of  the  longer  ?  Ans.  2A  inches. 

(4)  At  the  end  of  an  arm  of  a  lever  5  inches  long,  what  weight  can  be  sup- 
ported by  2}  pounds  acting  at  the  end  of  an  arm  4|  inches  long? 

Ans.  2^*7  pounds. 

(5)  Triangles  are  to  each  other  as  the  products  of  their  bases  by  theur  alti- 
tudes. The  bases  of  two  triangles  are  to  each  other  as  17  and  18,  and  their 
altitudes  as  21  and  23.     What  is  the  ratio  of  the  triangles  tdemselvos  1 

^^  Ans.  119 -.138. 

(6)  The  force  of  gravitation  is  inversely  as  the  square  of  the  distance.  At 
the  distance  1  from  the  centre  of  the  earth  tliis  force  is  expressed  by  the 
number  32.16.     By  what  is  it  expressed  at  tlie  distance  60  ? 

Ans.  0.0089. 

(7)  The  motion  of  a  planet  about  the  sun  for  a  short  space  is  proportional 

to  unity  divided  by  the  duplicate  of  the  distance.     If  the  motion  be  represented 

by  V  when  the  distance  is  r,  by  wliat  will  it  be  expressed  when  the  distance  is  r'  ? 

.        r«t7 
Ans.  — . 

(8)  The  times  of  revolution  of  the  planets  about  the  sun  are  in  die  sesquipli- 
cate  ratio  of  their  mean  distances.  The  mean  distance  of  the  eartli  from  the 
sun  being  expressed  by  1,  that  of  Jupiter  will  be  5.202776 ;  the  time  of  revolu- 
tion of  tlie  earth  is  365.2563835  days.  What  is  the  time  of  revolution  of 
Jupiter?  Ans.  4332.5848212  days. 


EQUATIONS. 

PRELIMINARY   REMARKS. 

134.  A^  equation,  in  the  most  general  acceptation  of  the  term,  is  composed 
of  two  algebraic  expressions  which  are  equal  to  each  other,  connected  by  the 
sign  of  equality. 

Thus,  ax=6, cx^'\-dx=zc,  cj^-^-g:t-=hx-\-k%  mx*-\-nr^-\-px^-\-qx-\-r=zO,nTe 
equations. 

The  two  quantities  separated  by  the  sign  =  are  called  the  members  of  the 
equation,  the  quantity  to  the  left  of  the  sign  =  is  called  the  first  member,  the 
quantity  to  the  right  the  second  member.  The  quantities  separated  by  the 
signs  -)-  and  —  are  called  the  terms  of  the  equation. 

135.  Equations  are  usually  composed  of  certain  quantities  which  are  known 
and  given,  and  others  which  are  unknown.  The  known  quantities  are  in 
general  represented  either  by  numbers,  or  by  tlie  Hrst  letters  in  the  alphabet, 
a,  h,  c,  &c. ;  the  unknown  quantities  by  the  last  letters,  s,  t,  x,  y,  z,  &c. 

136.  Equations  are  of  different  kinds. 

1**.  An  equation  may  be  such  that  one  of  the  members  is  a  repetition  of  the 
other;  as,  2j: — 5=2r — 5. 

2**.  One  member  may  be  merely  the  result  of  certain  operations  indicated 
ID  the  other  member;  as,5x-f-16=10r— 5— (5j:— 21),  (j:-J-y)(x— y)=a:»— y«, 

I 
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3**.  AH  the  quantitios  in  each  member  may  be  knowD  and  ghren ;  as,  25=10 
-)-15,  a-^-bsizc — (/,  in  which,  if  we  substitute  fur  a,  6,  c,  d  the  known  quan- 
tities which  tliey  rcprestMit,  the  equality  subsisting  between  the  two  members 
will  be  self-evident. 

In  each  of  the  above  cases  the  equation  is  cfilled  an  identical  equation. 

4  .  Finally,  the  equation  may  contaicf  both  known  and  unknown  quantities, 
and  be  such  that  the  equality  subsisting  between  the  two  members  can  not  be 
made  manifest^  until  we  substitute  for  the  unknown  quantity  or  quantities  cer- 
tain other  numbers,  the  value  of  which  depends  UfMm  the  known  numbers 
which  enter  into  the  equation.  The  discovery  of  these  unknown  numbers 
constitutes  what  is  called  the  solution  of  the.  equation. 

When  found  and  put  in  the  place  of  the  letters  which  represent  them, 
if  they  make  tlie  equality  of  the  two  members  evident,  the  equation  is  said  to 
be  verified y  or  satisfied. 

The  word  equation,  when  used  without  any  qualification,  is  always  under- 
stood to  signify  an  equation  of  this  last  species  ;  and  these  alone  ore  the  objects 
of  our  present  investigations. 

r-)-4=7  is  un  equation  properly  so  called,  for  it  contains  an  unknown 
quantity  r,  combined  with  other  qiumtities  which  are  known  and  given,  and 
the  equality  subsisting  between  the  two  members  of  the  equation  can  not  be 
made  manifest  until  we  find  a  value  for  j*,  such  that,  when  added  to  4,  th^ 
result  will  be  equal  to  7.  This  condition  will  be  satisfied  if  we  make  r=3; 
and  this  value  of  j*  being  determined,  the  equation  is  solved. 

The  value  of  the  unknown  quantity  thus  discovered  is  called  the  root  of  the 
equation,  being  the  radix  out  of  which  the  equation  is  formed ;  the  term  root 
here  has  a  dilferent  sense  from  tliat  in  which  we  have  hitherto  used  it,  viz., 
that  of  the  base  of  a  power. 

137.  Equations  are  divided  into  degrees  according  to  the  highest  jiower  of 
the  unknown  quantity  which  they  contain.  Those  which  involve  the  simple 
or  first  power  only  of  the  unknown  quantity  are  colled  simple  equations^  or 
tquaixons  of  the  first  degree ;  those  into  which  the  square  of  the  unknown 
quantity  enters  are  called  quadratic  equations,  or  equations  of  the  second  de- 
force :  so  we  have  cubic  equations,  or  equations  of  Uie  Odrd  degree  ;  biquad- 
ratic equations,  or  equations  of  the  fourth  degree  ;  equations  of  OiefifUi^  sixths 

n^  degree.     Thus, 

ax  •\-b    r=ex-\-d  is  a  simple  equation. 

4j:' —  2x  =5— x'  18  a  quadratic  equation. 

jr3+;;j*'-=27  is  a  cubic  equation. 

x"+^j:"-»  +  7j*-'+,  &c.,  =r,  is  an  equation  of  the  n"»  degree. 

138.  Numerical  equations  are  those  which  contain  numbers  only,  in  addition 
to  the  unknown  quantities.  Thus,  z'+5j:^=3j:+17  and  4x=7y  are  numer- 
ical equations. 

139.  Literal  equations  are  those  in  which  the  known  quantities  are  repre- 
■ented  by  letters  only,  or  by  both  letters  and  numbers.  Thus,  j^+/jj:*4-9x=r, 
r* — Spr'^ + Sqx^i/^ -J-  rxif = 5  are  literal  equations. 

140.  Let  us  now  pass  on  to  consider  the  solution  of  equations,  it  being  under- 
stood that  to  solve  an  equation  is  to  find  the  value  of  the  unknotcn  quantity ^  or 
to  find  a  number  which,  when  substituted  for  the  unknown  quantity  in  Uie  equa- 
tion, rvndcrs  the  first  member  identical  with  the  second. 
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The  difficolty  of  solving  equations  depends  upon  the  degree  of  the  equntions 
and  the  number  of  unknown  quantities.  Wo  first  consider  the  most  simple 
cise. 

ON  THE  SOLUTION  OP  SIMPLE  KaUATIONS  CONTAINING  ONE  UN- 

KiNOWN  QUANTITY. 

141.  The  various  operations  which  wc  perform  upon  equations,  in  order  to 
arrive  at  the  value  of  tho  unknown  quantities,  arc  founded  upon  the  following 
axioms : 

If  to  two  equal  quantities  tJic  same  quantity/  be  added,  the  8u?ns  will  he  equal. 

If  from  two  equal  quantities  the  same  quantity  be  subtracted,  the  remainders 
vnll  be  equal. 

If  two  equal  quantities  be  niultij)lied  by  the  same  quantity,  the  products  ioill 
he  equal. 

If  two  equal  quantities  be  divided  by  Oie  same  quantity,  the  quotients  will  be 
equal.  t 

These  axioms,  when  applied  to  tho  two  equal  quantities  which  constitute 
the  two  members  of  every  equation,  will  enable  us  to  deduce  from  them  new 
equations,  which  are  all  satisfied  l)y  the  same  value  of  tlie  unknown  quantity, 
and  which  will  load  us  to  discover  that  value. 

142.  The  unknown  quantity  mny  bo  combined  with  the  known  quantities  in 
the  given  equation  by  tho  operations  of  addition,  subtraction,  multiplication, 
and  division.     We  shall  consider  these  different  cases  in  succession. 

T.  Let  it  be  required  to  solve  the  equation 

If,  from  the  two  equRl  quantities  x-\-a  and  b,  vre  subtract  the  same  quantitj 
a,  the  remainders  will  be  equid,  and  we  shall  have 

r+tf — a=zb — a, 
or 

x=zb — a,  the  value  of  x  required. 

So,  aL^,  in  tlie  equation 

a-+6=24. 

Sttbtracting  6  from  each  of  tho  equal  quantities  x-\-6  and  24,  the  resoltifl 

x=24— 6 
=:18,  the  value  of  x  required. 

II.  Let  the  equation  be 

X — a=:b. 

If,  to  the  two  equal  quantities  r — a  and  b,  the  same  quantity  a  be  added^ 
the  flums  will  be  equal ;  then  we  have 

X — a'\-a=zb-\-a, 
or 

x=zb-{-a,  the  valoe  of  x  required. 

So,  also,  in  the  equation 

ar— 6=24. 

Adding  6  to  each  of  these  equal  quantities,  the  result  is 

ar=24+6 
^30,  the  value  of  x  required. 

It  follows  firom  (I.)  and  (II.)  that 
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We  may  transpose  any  term  of  an  equation  from  one  member  to  the  other  6j 
changing  the  sign  of  that  term,* 

We  may  change  the  signs  of  every  term  in  each  member  of  the  equation  vnth 
out  altering  the  value  of  the  expression.^ 

If  t)te  same  quantity  appear  in  eacfi  member  of  the  equation  affected  with  th 
same  sign,  it  may  be  supjncssed, 

III    Let  the  equation  be 

ax:=b. 

Dividmg  each  of  those  equals  by  a,  the  result  is 

b 
r:=-,  the  value  of  x  required. 

So,  also,  in  the  equation 

6t=24. 
Dividing  each  of  these  equals  by  6,  the  result  is 

2-^4,  the  value  of  x  required. 

From  this  it  follows  that, 

When  one  member  of  an  equation  contains  the  unlcnovm  quantity  aume, 
affected  with  a  coefficient,  and  the  other  member  contains  known  quantities  only, 
(he  value  of  the  unknown  quantity  is  found  by  dividing  ecwh  member  of  the 
equation  by  the  coefficient  of  the  unknown  quantity 

IV.  Let  the  equation  be 

a 
Multiplying  each  of  these  equals  by  a,  the  result  is 
•  T=:ab,  the  value  of  x  required. 

So,  also,  in  the  equation 

-=24. 
G 

Multiplying  each  of  these  equals  by  6,  the  result  is 

j:=144. 

From  this  it  follows  that, 

When  one  member  of  the  equation  contains  the  unknown  quantity  alone,  di- 
vided by  a  known  quantify,  and  the  other  member  contains  known  quantities 
only,  the  value  of  the  unknown  quantity  is  found  by  multiplying  each  member 
of  the  equation  by  the  quantity  which  is  the  divisor  of  the  unknown  quantity, 

V.  Let  the  equation  bo 

ax  dx     m 

b  c       n' 

In  order  to  solve  this  equation,  wo  must  clear  it  of  fractions ;  to  effect  th]«| 
reduce  the  fractions  to  equivalent  ones,  having  a  common  denominator  (Art. 
41),  the  equation  becomes 

aenx     been     bdnx     bem 
ben       ben        ben       ben' 
Multiply  these  equal  quantities  by  the  same  quantity  ben,  or,  which  is  en- 


*  If  wo  transpose  a  plas  term,  it  subtracts  tliis  term  from  both  members ;  and  if  we 
transpose  a  mtims  term,  it  adds  tliis  term  to  both. 

t  This  is,  in  fact,  the  same  tiling  as  transposing  every  term  in  each  member  of  the  eqoa- 
tion,  or  moldphing  throaghoat  by  — I. 


SQCFLE  BaUATIONS.  133 

dently  the  same  thing,  suppress  the  denominator  ben  in  each  of  the  fractioiiti 
the  result  is 

€unx — hcen^bdnx — hem^  an  equation  clear  of  fractions* 
So,  also,  in  the  equation 

2x     3  X 

Iteducing  the  fractions  to  a  common  denominator 

40j:     45_660     12x 

Multiplying  botli  members  of  the  equation  by  60,  the  result  is 
AOx — 45^660-{-12j:,  an  equation  clear  effractions. 

If  the  denominators  have  common  factors,  wo  can  simplify  the  above  opera- 
tion by  reducing  them  to  their  least  common  denominator,  which  is  done  (see 
Art.  44)  by  finding  the  least  common  multiple  of  the  denominators.  Thus,  in 
the  equation 

5x     ix  7     13j: 

12  ""¥""^^=8       6"' 

The  least  common  multiple  of  the  numbers  12,  3,  8,  6  is  24,  which  is,  there- 
fore, the  least  common  ^Inominator  of  the  above  fractions,  and  the  equation 
will  become 

IOj     32x     312__21      52x 
"24"~  24 —^  ~24 ""IT* 
Multiplying  both  members  of  the  equation  by  24,  the  result  is 

IOt — 32j: — 312=21 — 52^,  an  equation  clear  effractions. 
Hence  it  appears  that, 

In  ordjsr  to  clear  an  equation  of  fractions,  reduce  the  fractions  to  a  commtm 
denominator^  and  then  multiply  each  term  by  this  common  denominator.  In  the 
fractional  terms  the  common  denominator  vnll  be  simply  suppressed. 

143.  From  what  has  been  said  above,  we  deduce  the  following  general 

mULE  rOR  THE  SOLUTION  OF  A  SIMPLE  EQUATION  CONTAINING  ONE  UNKNOWN 

QUANTITY. 

1".  Clear  the  equation  of  fractions,  and  perform  in  both  members  all  the  alge- 
hraie  operations  indicated. 

2?,  Transpose  all  the  terms  containing  the  unknoum  quantity  to  one  member 
of  the  equation,  and  all  the  terms  containing  known  quantities  only  to  the  other 
member,  and  reduce  each  member  to  its  most  simple  form. 

3**.   We  thus  obtain  an  equation,  one  member  of  which  contains  the  unknoum 

quantity  alone,  affected  with  a  coefficient,  and  the  other  member  contains  known 

quantities  only  ;  the  value  of  the  unknown  quantity  will  be  found  by  dividing  the 

'  member  composed  of  the  known  quantities  by  the  corfficient  of  the  unknoum 

quantity. 

The  terms  containing  the  unknown  quantity  are  usually  collected  in  ikxefird 
member  of  the  equation,  tliough  they  may  often  be  more  conveniently  col- 
lected in  the  second ;  the  second  being  afterward  written  as  the  first  member, 
and  the  first  as  the  second. 

Sometimes  an  equation  presents  itself  os  one  of  a  degree  higher  than  th6 
fint,  but  both  members  are  divisible  by  such  a  power  of  the  unknown  quan- 
tity af  to  reduce  the  equation  to  one  of  the  first  degree. 
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Ja  other  ctses,  doaring  on  equation  of  fractions  reduces  it,  by  the  canceling 
of  those  terms  which  contain  tlio  higher  powers  of  the  unknown  quantity,  to 
the  first  degree. 

A  proportion  containing  nn  unknown  quantity  in  any  of  its  tertns  can  be 
thrown  into  the  form  of  an  equation  by  multiplying  the  extremes,  and  also  thn 
means,  and  setting  the  two  products  thus  formed  equal  to  each  other. 

EXAMPLE  I. 

Given,  19x+13  =69— 4jr. 

Transposing,  19x4-  4^*1=59 — 13. 
Reducing,  23x=46. 

Dividing  by  23,  x=2. 

Verification. — Substitute  2  for  x  in  tho  given  equation,  it  becomes 

19x2+13=59—4x2,  or 

38+13=59—8,  an  identity. 
Let  this  process  bo  repeated  in  some  of  the  following  examples. 

EXAMPLE  II. 
XX  XX 

Given,  6-4+^°  =     3-2+^^'       - 

Reducing  to  least  common  denominator  12, 

2r     3j*  Ax     62: 

---  +  10   =   i2-J5+ll. 

Multiplying  both  members  by  12, 

Sx— 3a:+120  =  4j:— fia:+132. 
Tran»|X)sing,   2x— 3x— 4x+Gx=132— 120. 
Reducing,  x        =  12. 

example  iii. 
5t+3  41-— 10 

Given,  "-?"+''  =  -To~"+^®- 

Reducing  to  least  common  denominator  20, 

25T+15  8r— 20 

Multiplying  both  members  by  20, 

25i:+15+140=  8j:— 20+200. 

Transposing,  25j:—  8t=200— 20— 15— 140. 

Reducing,  17r=  25. 

25 
Dividing  by  17,  t=  — . 

EXAMPLE  IV. 

2t— 5     7J+10  12t— 10 

Given.  —^ —^  =16—^—. 

Reducing  to  common  denominator, 

30a-— 75     140t+200_  144t— 120 

60      ■"        60        ~^^  60        ' 

Multiplying  both  members  by  60, 

30r— 75— 140jr— 200   =960  — 144t+120. 
Transposing,  30x— 140x+144r=9C0+  75  +200+120. 
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Reducing,  34  j- = 1 355. 

DWiding  by  34,  z=-S— -. 

•54 

It  is  unnecessary  to  write  the  coininun  denominator. 

EXAMPLE  V. 

^.                    12— 4x     2j'+5  Tj+GO 

Given,  -j-^ ^     =,3+-^— 50. 

Reducing  to  least  common  donominntor,  10,  and  neglecting  it,  wo  have 

lo_4j._4a._io  =30+   35T+300— 500. 
Transposing,      — 4j:— 4j:— 35a=30+300  —  12+10—500. 
Reducing,  — 43j==  — 172. 

Changing  the  signs  of  both  moinbers,* 

43j-=      172. 
Dividing  by  43,  x^         4. 

KXAMPLE  VI. 

Given,  ax-\-h  ^cx-^-d. 

Transposing,  ax — cx=:  d — h. 

Simplifying,  (a — c)x^  d — b. 

Dividing  by  (a — c;,  x^ . 

EXAMPLE  VII. 

ax     ex  ftx 

Reducing  to  a  common  denominator, 

adhx     hrhx  hdffx 

Multiplying  by  bdh, 

adhx-\-  hchx-^-  bdeh = bdfkr-^-  bdgX'\-  bdhnu 
Transposing,  adhx  +  bchx — bdfhx — b  dgx = b  dh  m — bdeh . 
Simplifying,        (adh-\-bch^bdfh^bdfi:)x^bdhm^bdih, 

bdhm  —  bdeh 
Dividing bjr  coefficient  of  x,  ''=;iJh+bd;:iU/h=bdi 

bdli{m — e) 
~  adh+bdi^  bd/'h-'bdg 

EXAMPLE  VIII. 

X           dx 
Given,  1 -+3ab=0. 

Reducing  to  common  dcnoiriinator  and  neglecting  it, 

ex — ac — adx-\-'3a^brz=0. 
Transposing  and  simplifying,  (c — ad)x-=ac — 3aVjr. 

Pit idins  by  coefficient  of  x,  j = t — . 

Verification. 
ac(l  ^Zah) 

c-^ad  acd(\—Zab) 

a  c(c — ad)      ' 


*  Or  dividinif  both  mcmberi  by  — 43,  givoi  2=4. 
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c(l— 3a6)  acHl—dah) 


c — ad 


c — ad 


or 


c— 3a6c— c+acf— arf+Sa'ftcf+Saic— 3a«6«f=:0. 


EXAMPLE  IX. 

GiveD, 

ar+18=3x— 5. 

TraDsposmg, 

18+5  =3t— a: 
23=2x 

23 
x=-  =  llj-. 

EXAMPLE  X. 

Qiven, 

X     c  '  e 

CleariDg  of  fractions, 

acez=b6x-\-cdx 
ace=(he-^cd)x 

ace 

be-\'cd 

1 

EXAMPLE    XI. 

GivoD, 
Dividiiig  by  x, 

3a<— 10z=8j:+2^. 
3j:— 10  =8  +x 

/ 

x=9. 

EXAMPLE  XII. 

Givon, 

x^szax*^^. 

Dividing  by  af^*, 

xz=a. 

EXAMPLE  Xllf. 

HivAn 

oj:"— a'             a" 

2*  j^-r 

Multiplying  by  a:",         oz* — a'z=.a3!^^a"x. 
Canceling  ax°*  in  both  members, 


— a'= — a  *x  .•.  x= 


a' 


a 


ir 


GiTon, 


EXAMPLE  XIV. 

ad 


a:bx::c:d .'.  hcxz=ad  .'>x=z 


be 


144.  In  addition  to  the  axioms  in  (Art.  141)  we  may  subjoin  the  foUowiog: 
If  two  equal  quantities  be  raised  to  the  same  power,  the  results  mil  be  equaL 
If  the  same  root  of  two  equal  quantities  be  extracted,  the  results  will  be  equal. 
Hence  any  equation  may  be  cleared  of  a  single  radical  quantity  by  trans- 
posing all  the  other  terms  to  the  opposite  side,  and  then  raising  each  member 
to  the  power  denoted  by  the  index  of  the  I'udical.     If  there  bo  more  than  one 
radical,  the  op«»ration  must  be  repeated.    Thus : 
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EXAMPLE  XV. 


Gireo,  V3x+7=10. 

Squaring  each  momber  of  the  equation, 

3j:+7=100. 
Transposing,  3j:=:100— 7« 

Reducing,  and  dividing  by  3,  z=31. 

EXAMPLE  XVI. 


Ghren,  y/Ax+2=z  V4x4-5. 

Squaring  both  sides  of  the  equation, 

4t+2=4x+  10  -/4X+25. 
Reducing,  —10  V4x=23. 

Squaring  both  sides,  400j:=529. 

_529 
^"-400' 


Given, 


EXAMPLE   XVII. 

Vx+2S      V^+38 


Clearing  the  equation  of  fractions, 

r+28  y/x+G  Vj+168=j+38  /j:+4  '/•r+152. 
Transposing  and  reducing,  16=8  -^x. 

Dividing  both  members  by  8,  2=    -/r. 

Squaring  both  members,  4:=       x. 

EXAMPLE  XVIII. 


Given,  ^a+x  =:^^j^+bax+bf. 

Raising  both  members  to  the  m^  power. 

Squaring  both  members,  a^'{-2ax-{-x^z=i^-^5ax-\'h^. 
Transposing  and  reducing,  — 3ax  z=:b^ — a'. 

Changing  the  signs,  3a:r  ^a^ — b\ 

Dividing  by  3a,  x  =— — . 


EXAMPLE  XIX. 


Since  ^x  is  the  square  of  ^r,  and  a^  is  the  square  of  a,  we  can  perform 
the  division  indicated  in  the  first  fraction,  and  have  for  a  quotient 

«Vx+a=  ^-^— , 

...  (6— lyVi— — (^+i)a,    * 
_    (fc+i)g 

•'•^^■""  (6—1)' 

(20)  Given  4:r+36=:5x+34.  Ans.  f =2. 

(^1)  Given  4z—12+3x+l=2x+4.  Ans.  x=3. 


•■• 
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[22)  Given  3rt  +  2:— 56+2=7^— a+c+e.  Ans.  x=126— 4a+c+4. 

[23)  Given  13J— 2=2j:— 8J.  Ans.  x=9. 

7x     3r  .                    - 

[24)  Given  12{+3x— 6— —  =-7— 6}.  An8.x=139j. 


[251 


3       4 

XXX 


Given  7;+o  =  :^  +  7.  A.ni  x==12. 

2      3      4  • 


[26)  Given -+^+j=13.  Ans.  x=12. 

[27^  Given  a:+-— -=4a:— 17.  Ans.  x=s6. 

t4-4 

[28)  Given  5 -y-rsa:— 3.  An8.x=7. 

3^;. 3  2t— 4 

[29)  Given  T+— ^=12—     ^     .  Ans.  r==5. 

x+l     r+3     T+4  .     ^  A  ^, 

30)  Given  -J-+-^=— ^  +  16.  Ans.  a:=41. 

'>JT  4j? 

[3n  Given  5x— — +12=— +26.  Ans.  ar=12. 

[32)  Given7x+13J— |=y— 8J+-^.  Ans.  x=9. 

[33)  Given  8x—7i— Jx±  10— 5x—2J=0.  Ans.  x=0,  or  8^ 

[34)  Givon4(5j+7— J)=J(3z+9— 4).  Ans.  x=— If. 

j.+  ir+«j     20x— 25  .  .. 

[35)  Given    ^^J^     =-ToT~-  ^^*  ^"^^^^^ 

x^5  284 —J 

[36)  Given  — ; — |-6x= — - — .  Ans.  x=9, 

11-.X     19— X 

[37)  Given  x+ — 7 — = — - — .  Ans.  x=5. 

2J-+G  llx— 37 

[38)  Given  3j+  =5+ x —  '  '^"*'  '^'^^ 

6jr— 4  18— 4x 

[39)  Given— g — —2= — - — +x.  Ans.  x=4. 

3x— 11     5x— 5     97— 7x 

[40)  Given  21+     ^^     =— ^ h — ,j— .  Ans.  x=9. 

jr— 4  5X+14       1 

[41)  Given  3x 4= — '- — .  Ans.  x=s7. 

r— 1     23— X  4+x 

[42)  Given  -—  +  — —  =7 ^  -  AnS.  x=:8. 

7x+5     16+4X  3x+9 

[43)  Given  — 77—— — \ —  +6  =— tt"-  ^"•'  ^=^' 

3x+4     7x— 3     X— 16 

[44)  Given  — ^ —-=-——.  Ans.  x=2. 

5  2  4 

17— 3x     4x+2  ^    .  7X+14  ^ 

[45)  Given  — — —  =5— 6x+ — ^ — .  Ans.  x=4 

3x— 3  20— X     6t— 8  .  4x— 4  .  ^ 

[46)  Given  X——T — 1-4  =  — g- — ^+— ^.  Ans.  xrs6 
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4x— 21        .     57— 3r                Sr— 96 
^47)  Givon — \-3}^ — =241— — p; llx.       Anfc  r=21. 

6r+18        .     11— 3r  13— a:     21— 2r 

(48)  Ghren— ^5 4J— tttt— =5x— 48— 


13 


3G 


12 


18 


3x— 11     6r— 5     97— 7x 

(49)  Given21+-^^j^=— -+— 2-. 

^     ,   «.        hx     d     a     ex 

(50)  Given =7 — y, 

^    '  a     c      b     a 


Ana.  xsslO. 
Ans.  x:=9. 
ad 


Ans.  x= 


6c' 


(51)  Given  23H — - — |- 


5t— 1     3r— 2     llx— 3     13x— 15     8x— 2 


11 


12 


..  V  ^.  .1      3x— 13     12+7X 

(52)  Given  4x+— — — — ^^=7x— 33— 


3  7" 

Ans.  x=9. 
9+5x     llx— 17 


10 


16 


9 


(53)  Given  -^— ^  ^  ' 6x=ac— 36x. 

^     ,   ^.        a4-3x     7a — 5x  ^9x      x      5x 

(54)  Given -^--,^+3--=-^+^. 


10  8 

Ans.  x=15. 
a«fi(c — d) 


Ans.  x= 


(a-+6*)ii' 


4a 


66 


Ans.  x= 


39a5— 14<z« 


27<i6— 96+12* 


6x        (36c+fle/)x       5a6       (36c— flrf)x     5(i(26— a) 
(55)  G"^  26:iS"'"2a6(<i+6)  ■~3^<i~  2a6(a-6)  ""    a--6~' 


Ans.  x= 


(56)  Giveii  ax4-c=6x-)-(/. 

(57)  Given  2ax— 6x-f  2a6=4a3— a6— 3ax. 

(58)  Given  (3a— x)(a— 6)+2ax=46(a+x). 

(59)  Given  -ax+-6x=c. 

(60)  Given-— l——+3tf6=0. 


Ans.  x^ 
Ans.  r:= 


5/7(26— fl) 
3c-</    • 
</ — c 


fl-6- 
4a«— 3a6 


Ans.  x= 


6a— 6   ' 
7a6— 3a« 


Ans.  x= 
Ans.  x= 


a— 36   • 

6c 


3a +26' 
af(l— 3a6) 


Ans.  x= 


c — ad 
a  6c — flc^  +  6rr/ — c«rf 


6*— 6c— a« 

hen  -|-  6rfn 


(61)  Given  T |-</c=:6x— ac. 

ax  mx 

(62)  Given -J--  c=: |-a. 

ax  ex 

(63)  Given  ^36+4^=3^+6'  '^^  *-3a«+a6-ac+6c- 

36x     X— 6     6x— rt«     i        A         _     4a8(tf9+a6— 6«) 

(64)  Given  2^-jq:ft=-5ii::fc:i-^4^-       A°8-  ^=3a'-6a«6+a6*+66»- 


Ans.  x=: 
Ans.  x= 


an— 6wi 
8a6«+46'— 12a=6 


(a+6)(x-6) 


(65)  Given  ^^ 3a  = 


4a6— 6« 


■2x4 


a8— 6x 


a+6  ^      6 

fl4+3a^6+4a^6»— 6fly+26* 
6(4a«+2a6— 26«) 


Ans.  xs= 
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_        ax     b     ex    px     q     rx       ^  kb'\-kq 

(66)  Given  — l — +t= JT-      ^^'  *=— i::; — r^.  ^^_j_^^ 

-     k(a-p)-\-m{e^T)- 

^        X     ax     hx      cx     mx 

(67)  Given  j^+25t+33t+43fc=T+^- 

. l^M 

Ans.  ^-i2(l-m)+2(3a+26)+3c' 

cj — rh 

(68)  Given  r(ax+6—c)=c(j7x+^—r).  Ans.  r=^^— -. 

a:-L.par — qx     mx — n  .  n{g — p) 

(69)  Given  --^ ^= .  Ans.  x=   '^        . 

(70)  Given  (Jm+i?)(?z— 3r)=(|m+2p)(Jr— 7r). 

r(952m+4928p) 
Ans.  x^- 


9/?i+208/» 


(71)  Given |-5nx= 


4fi;t« 
Ans.  x=i 


13(5flx-22j6)     24(3/ix-20|6) 

(72)  Given ^^jj^ = ;^ . 

(2041c^4406iA:)6 
Ans.x-    (455c648jt)a   • 

^.        13m — 7x     Am — x      m4-p 

(73)  Given ; + = — -^-^ — kx. 

^    ll>ny— 16m«-fji' 
^^'  ^=ep—Qfn+k(m-'-p'y 

3ahc      l2a+hWx       a^h^  hx 

(74)  Given  —n+     /    .  Iw  +/    .  i.x3=3g3^+-"' 
^     '  a+6  *    a{a+by  ^(a+bf  '   a 

3a*bc{a+by+a^b^ 

(3czc+6)(a+6)3— (2a+6)(a+6)6»' 

_  a«— 36x       ,       ,       66x~5a»     &x+4a 

(75)  Given  ax --a6«=:6xH r — r — • 

^    '  a  ^       2a  4 

4a&*— 10a 

An«-  ^=   4a-.36   • 


Ans.  r=i 


(76)  Given  ax«4-6x=cx«+rfx.  Ans.  x= 


a — e 


(77)  Given  Ax»+Bx»-»=Cx»—Dx»->.  Ans.  x=^^-r-. 

14a'--2a«6x  21a»+5a«5x 

105a» 
Ans.  x=: 


161a«6+28611c»m 


4m(K»— 5x8)                 5m(;^— 2x)  ,  2K« 

(79)  Given  -'=7mp+ — ^^^- ^.  Ans.  x=; 


24x*         5x* 
(80)  Given  ^H^^flT^'  ^^^'  ^^^H- 
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(81! 


(82 

(83 
(84 
(86 

(86 

(87 
(88 
(89 
(90 
(91 
(92 

(93 


(94 
(95 


_.          ax*         mar"  ,              hm — ap 

Given  r-j — = — ; — .  Ans.  r= -. 

0'\'CX    p-\'fix  aq — an 

X 

Given  12 — j::-::4:1.  Ans.  x=4. 

6r+4  18— r 

Given — - — : — - — ::7:4.  Ans.  a;=:2. 

*  4 

Given  20:1  ::1:3.1416.  Ans.  0=0.1591. 

h  ,             lat* 

UiTen  ait',',-:lc,  Ans.  (=—;—. 

e  b 

Given  r:l::c:3.1416.  Ans.  r= 


3.1416* 


Given  V4x+16=12.  Ans.  x=32. 

Given  V2x+3+4=7.  Ans.  zs=:12. 

Given  \/J2+t=2+  V^:.  Ans.  j=4. 

Given  '/^+40=10~  \/r.  Ans.  x=9. 

Given  Vj^— 16=8—  -/x.  Ans.  r=25. 

Given  V^— 24='vAr—2.  Ans.  x=49. 

25a 

16' 

_        9 

Given  y/bx  '/^+2=  '^bx-^-^,  Ans.  x=— . 


Given  •/'—«=  V^ — \  \/tf«  Ajis.  r:= 


20 

^  —  (6— a)« 

Given  V4a+^=2V^+J^— Vj^«  -^°*' ^=1^^ — ^■• 

(96)  Given  x+a+  V2az+^=6.  Ans.  r=     ^^   . 

«.       a: — ax     V-c  1 

(97)  Given  — ^zr-= .  Ans.  x=: 


y/x        ^  1— a 

/fto.  n-         Vx+28      V7+38 

(98)  Given  — =- = — := .  Ans.  x=4. 

Vx+A        y/x+e 

^^^.  ^.         Vx+2a      y/x+Aa  ^  /  ah  \* 

(99)  Given  VJ       =    _         .  Ans.  x=( r)  . 

y/x+b       y/x+3b  \a—bj 

3r— 1  V^x— 1 

(100)  Given  ^^^=^=l+-2- 

(101)  Given  =c+-^ •  ^™- ^=a(*+;ir[) 

(102)  Given  x=    a^+x  ^  69+?— a.  Ans.  j:= 

—         15 

(103)  Given  V5+a:4-  V^= — : «  Ans.  x=4 

y/b+x 


Ans.  x=:3. 


fc»— 4a« 
4a 


(104)  Given  Jx+  y/x—Jx^  y/x=z-J— — p. 

V  V  ^  V  3,^  ^jj 

^.11        /l         /  4        9 
(106)  Given -+-=V5i+VaT^+ii- 


A  25 

Ans.  ar= — . 
16 


Ans.  x=r2a. 


\ 
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. .  46 

(106)  GiTen  ^/liix+3=7.  Ana.  rr=— . 


(107)  Giveu  -/x— 32=16—  y/x  Ans.  x=81. 

5r— 9  y/Kr-^^ 

(108)  Given  -^= — 1= .  Ans.  r=5. 


(109)  Giveikh^/ax—b=zk^vx+dx—f.  Ans.  i= 


aA»— (r+c/)jfc» 


(110)  Given  -^^-^— ^ — rriz==  Vwi.  Ans.  x=-7-i . 

'  ^a+x— Va— I  1  +  w 

(111)  Given  vSqr.=^^/g^.  Ans.  z=  J7^-=-9. 

(112)  Given  —  y/iy'jc^^q^+-^—=:rx.        Ans,  3r='     ^   ,/~ ^. 

When  an  equation  can  never  be  verified,  whatever  value  we  put  in  die 
place  of  the  unknown  quantity,  it  is  naid  to  be  impossible  ;  and  when  an  equa- 
tion is  always  verified,  whatever  value  be  put  for  the  unknowD  quantity,  it  is 
said  to  bo  iudeterniiimte. 

CASES  OF  IMPOSSIBILITY  AND  INDETEUMLVATIOX  IN  EaUATIONS 

OF  THE  FIRST  DEGREE. 

I.  Problkm. — To  find  n  number  such  that  the  third  of  it,  augmented  by  75, 
and  five  twelfths  of  it,  diuiinished  by  'jft,  shall  make  three  quarters  of  it,  added 
to  49. 

The  equation  is 

X  ryx  3x  ,  , 

3+75+p^-35=-+49,  [1] 

X     5x     3.r 

•'•    3+il»~T=^ 

.-.  4j:+5r— 0j-=108 

.-.  0  =  108. 

An  absurdity.     There  is,  therefore,  no  value  of  x  which  can  satisfy  the 

equation  [1]. 

The  impossibility'  may  be  rendered  evident  in  the  equation  [1]  itself  by  le- 

ducing  the  similar  terms  in  the  first  member;   thus, 

3j-  3i- 

-+40=-+49. 

It  is  evident  tliat  the  two  mcmboi*s  will  always  differ  by  9,  whatever  bo  the 
value  of  J*. 

II.  Problkm. — To  find  a  number  such  that,  adding  together  the  half  of  it  in- 
creased by  10,  two  thirds  of  it  increased  by  20,  and  five  sixtlis  of  it  diminish- 
ed by  34,  the  sum  shall  be  equal  to  twice  the  excess  of  this  number  over  5. 

r+10     2(^4- -20)     5(t— 34)        ,         , 

.•.3x+30+4r+80  +5x  — 170=12ar— 60 
.-.  3x4-4x4-5t— 12j-=170— 30  —80  ^60 
i.  f.,  0=0. 
The  unknown  x  is,  therefore,  altogether  indeterminate ;  that  is  to  sajt  it 
may  be  taken  equal  to  2  or  3,  or  any  number  whatever. 
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ON  THE  SOLUTION  OP  SIMPLE  EaUATIONS,  CONTAINING  TWO  OR 

MORE  UNKNOWN  aUANTlTIES. 

145.  A  single  equation,  containing  two  unknown  quantities,  admits  of  an  in- 
finite  number  of  solutions ;  for  if  we  assign  any  arbitrary  value  to  one  of  the 
unknown  quantities,  the  equation  will  detenninc  the  corresponding  vahie  of 
the  other  unknown  quantity.  Thus,  in  tlie  equation  y=x-\'lOt  each  value 
which  we  may  assign  to  x  will,  when  augmented  by  10,  furniah.a  correspond- 
ingTalueof^.  Thus,  if  x=2, ^=12;  ifr=3,  iy=13,  and  soon.  An  equation 
of  this  nature  is  called  an  indeterminate  equation,  and  since  the  value  of  y  de- 
pends upon  that  of  r,  y  is  Haid  to  be  n  function  of  r. 

In  general,  every  quantity,  whose  value  depends  upon  one  or  more  quantities^ 
ii  said  to  be  a  function  of  these  quantities. 

Thus,  in  the  equation  yzTzar-^-h,  we  sny  that  ^^  is  a  function  of  r,  and  that 
y  is  expressed  in  terms  of  x,  and  tho  known  quantities  a,  h. 

If,  however,  wo  have  ttvo  equations  between  two  unknown  quantities,  and 
if  these  equations  hold  good  together,  tli(»n  it  will  be  seen  presently  that  we 
can  combine  them  in  such  a  miuiner  as  to  obtiiin  determinate  values  for  each 
of  the  unknown  quantities;  that  is  to  say,  each  of  the  unknown  quantities  will 
have  but  -a  singlo  value,  which  will  satisfy  the  equations.  Tho  equations  in 
this  case  are  called  determinate. 

In  general,  in  order  that  questions  may  admit  of  determinate  solutions,  we 
must  have  as  many  separate  equations  as  there  are  unknown  quantities;  a 
group  of  equations  of  this  natun;  is  calhul  a  systfjm  of  simultaneous  equations. 

If  the  nunibor  of  equations  exceed  the  number  of  unknown  quantities,  un- 
less tho  equations  in  excess  confoinn  to  the  values  of  the  unknown  quantities 
determined  by  the  others,  the  equations  are  »iid  to  be  incompatible.  Thus, 
if  we  have  x-\-y=il{.)  and  x — 3^=t>»  the  only  values  of  x  and  y  which  will  satisfy 
both  these  I'^quations  are  8  for  x,  and  '2  for  y.  Now,  if  wo  were  to  add  an- 
other equation  to  these,  it  must  conform  to  these  values,  and  could  not  be 
written  in  any  form  at  pleajure.  Thus,  wo  might  for  a  third  equation  say 
xy=:lG ;  but  we  could  not  writo  xy=lOO,  for  this  third  equation  would  be  in- 
compatible with  tho  other  two.* 

*  Equations  may  bo  iiiooiupatibh"  whcu  the  uuiiibfr  ilocs  not  exceed  the  uumber  of  un- 
known!!, aa  the  followiufi:  prohlom  will  show: 

A  iportumaii  was  asked  h(rw  mniiy  birds  he  had  takoD.  He  replied,  if  5  be  added  to  the 
third  of  those  I  took  last  year,  it  will  make  tlie  half  of  tlic  natnber  taken  this  year.  But  if 
from  tlirce  times  this  last  half  5  be  taken,  you  will  have  precisely  the  nomber  taken  Uat 
year.    How  many  did  he  take  iu  each  year  ? 

Let  x^  the  number  this  year,  and  y=  the  number  last  year. 

X      y                 3.r 
-=■—1-5,  y= 5. 

Sohititating  in  the  first  tho  value  of  y  in  the  second, 

-= 4-5 

.'.  3x— 3x=30— 10 
0  ='iO; 
in  absurd  eqaality,  whence  we  conclude  that  there  exist  no  values  of  x  and  y  which  satisfy 
the  two  tqaationa. 

Thii  is  because  the  conditions  of  the  problem  are  inconsistent  with  ca(*h  other.  When, 
however,  the  two  equations  ore  derived  from  the  same  problem,  and  its  conditions  are  not 
eoBtradietory,  values  fiir  x  and  y  will  always  be  f  >und  to  satisfy  them. 
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14G.  In  order  to  solve  a  system  of  two  8im]5Ie  equations  contn'ming  two  un- 
known quantities,  we  must  endeavor  to  deduce  from  them  a  single  equation 
containing  only  one  unknown  quantity ;  we  roust,  therefore,  make  one  of  the 
unknown  quantities  disappear,  or,  as  it  is  termed,  we  must  eliminate  it.  The 
equation  thus  obtained,  containing  one  unknown  quantity  only,  will  give  the 
▼alue  of  the  unknown  quantity  which  it  involves,  and,  substituting  the  value  of 
this  unknown  quantity  in  either  of  tlie  equations  containing  the  two  unknown 
quantities,  we  jshtll  arrive  at  the  value  of  the  other  unknown  quantity. 

The  process  which  most  naturally  suggests  itself  for  the  elimination  of  one 
of  the  unknown  quantities,  is  to  derive  from  one  of  the  two  equation.'^  an  ex- 
pression for  that  unknown  quantity  in  terms  of  the  other  unknown  quantity, 
and  then  substitute  this  expression  in  tlio  other  equation.  We  shall  see  that 
the  elimination  may  be  effected  by  different  methods,  which  are  more  or  leas 
simple  according  to  the  nature  of  the  question  proposed. 

EXABIPLE  I. 

Let  it  be  proposed  to  solve  the  system  of  equations 

y-^=  6 (1)  > 

y+x=:l2 (2)  S 

147.  First  Method. — From  equation  (1)  we  find  the  value  of  y  in  terms 
of  X,  which  gives  y=zx-\-6;  substituting  the  expression  x-\-6  for  y  in  equation 
(2),  it  becomes  x-f-64-<^=12t  horn  which  we  find  the  determinate  value  x=r3 ; 
since  we  have  akeady  seen  that  y=r-\-G^  we  find  also  the  detemunato  value 
y=3-|-6  or  9. 

Thus  it  appears,  that  although  ench  of  the  above  equations,  considered  sep- 
arately, admits  of  an  infinite  number  of  solutions,  yet  the  system  of  equations 
admits  only  ono common  solution^  x=3,  y^9. 

148.  Second  Method. — Derive  from  each  equation  an  expression  for  y  in 
terms  of  x,  we  shall  then  have 

y=  T+6 
y=12-j-. 

These  two  values  of  y  must  bo  equal  to  one  another,  and,  by  comparing 
them,  wo  shall  obtain  an  equation  involving  only  one  unknown  quantity,  viz., 

x-|-6=12— X. 
Whence 

j:=3. 
Substituting  the  value  of  t  in  the  expression  y^x-ifQ^  we  find  y=9. 
The  substitu^on  of  3,  the  value  of  x,  in  the  second  expression,  y=12 — x, 
leads  necessarily  to  the  same  value  of  y ;  thus,  12 — 3^=9,  for  we  derived  the 
Talue  of  X  from  the  equation  x-|-6=12 — x. 

149.  Third  Method. — Since  the  cocfBcients  of  y  are  equal  in  the  two 
equations,  it  is  manifest  that  we  may  eliminate  y  by  subtracting  (lie  two  equa- 
tions from  each  otJur,  which  gives 

(2/+^)-(y-^)=12-6. 
Whence  ^ 

2x=6 
x=3. 

Having  thus  obtained  the  value  of  x,  we  may  deduce  that  of  y  by  making 
:rsss3  in  either  of  the  proposed  equations ;  we  can,  however,  determine  the 
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TBlue  of  y  directly,  by  observing  tliat,  since  the  coefficients  of  r  in  the  proposed 
equations  are  equal,  and  have  opposite  signs,  wo  may  eliminate  x  by  adding 
ike  two  equations  together,  which  gives 

(y-^)+(y+^)=i2+6. 

Whence 

2y=18 

If  we  examine  the  three  above  methods,  we  shall  perceive  that  they  con- 
sist in  expressing  that  the  unknown  quantities  hone  the  same  values  in  h^ 
equations. 

These  methods  have  derived  their  names  from  the  processes  employed  to 
effect  the  elimination  of  the  unknown  quantities. 

The  first  is  called  the  method  of  elimination  by  substitution. 

The  second  is  called  the  method  of  elimination  by  comparison. 

The  tliird  is  called  the  method  of  elimination  by  addition  and  subtraction. 

The  rule  for  the  first  is  to  find  the  value  of  one  oftlie  unknown  quantities  in 
one  of  the  equations,  and  substitute  it  in  the  other  equation. 

For  the  second,  is  to  find  the  value  of  the  same  unknown  quantity  in  each  of 
the  two  given  equations,  and  set  these  values  equal. 

And  for  the  third,  is  to  make  the  coefficient  of  the  unknown  quantity  to  be 
eliminated  the  same  in  the  two  equations,  and  add  or  subtract  as  Oie  case  may 
require.  Add,  if  the  signs  of  the  equal  terms  are  different,  and  if  they  are 
alike,  subtract. 

By  either  of  these  rules  a  single  equation,  containing  but  one  unknown  quan 
tity,  is  obtained. 

EXAlfPLE  II. 

■ 

Take  the  equations 

2r+3y=13 (1)  > 

5x+4yz=22 (2)  S 

1*.  Eliminating  by  substitution. 
From  equation  (1),  wo  find 

13 --2a: 

Substituting  the  value  of  y  in  terms  of  x  in  equation  (2),  it  becomes 

13— 2x 
5X+4X — 3 — =22; 

an  equation  containing  x  alone,  which,  when  solved,  gives 

ar=2. 
This  value  of  x,  substituted  in  either  of  the  equations  (1)  or  (2),  gives 

y=3. 

2*.  Eliminating  by  comparison. 

13— 2x 
From  equation  (1)  y= — r — . 

22—51 
From  equation  (2)  y= — ^ — • 

13— 2r     22— 5;r 
Equating  these  values  of  y,  — ^r^:=-^ — ;  an  equation  containing  or  only 

K 
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Whence 

Substituting  this  value  for  x  in  either  of  the  preceding  expressions  for  y, 
we  find 

y=3. 

3^.  Eliminating  hy  subtraction. 

In  order  to  eliminate  y,  we  perceive  that  if  wo  could  deduce  from  the  pro- 
posed equations  two  other  equations  in  x  and  y,  in  which  the  coefficients  of  y 
should  be  equal,  the  elimination  of  y  would  be  effected  by  subtracting  one  of 
these  new  equations  from  the  other. 

It  is  easily  seen  that  wo  shall  obtain  two  equations  of  the  form  required  if 
we  multiply  all  the  terms  of  each  equation  by  the  coefTiciont  of  y  in  the  other. 
Multiplying,  therefore,  all  the  terms  of  equation  (1 )  by  4,  and  all  the  terms  of 
eq[uation  (2)  by  3,  they  become 

ar+12yr=:52 
15x+12y=C6. 
Subtracting  the  former  of  these  equations  from  the  latter,  we  find 

7i'=14. 
Whence 

r=z2. 
In  like  manner,  in  order  to  eliminate  .r,  multiply  the  first  of  the  proposed 
equations  by  5,  and  the  second  by  2,  they  will  then  become 

10x+15y=65 
10j:+  8y=:44. 
Subtracting  the  latter  of  these  two  equations  from  the  former, 

7y=21. 

Whence 

y=3. 

In  order  to  kolve  a  system  of  tJircc  simple  equations  between  tJirec  unknoivn 
quantities,  we  must  first  eliminate  one  of  the  unknown  quantities  by  one  of  the 
methods  explained  above ;  this  will  lead  to  a  system  of  two  equations,  con- 
taining only  two  unknown  quantities ;  the  value  of  those  two  unknown  quan- 
tities may  bo  found  by  any  of  the  methods  described  in  the  last  article,  and 
substituting  the  value  of  tlioso  two  unknown  quantities  in  any  one  of  the  original 
equations,  we  shall  arrive  at  an  equation  which  will  determine  the  value  of  the 
third  unknown  quantity. 

EXAMPLK  III. 

Take  the  system  of  equations 

;jx-|-2y-f  2=16 (1) 

2x+2y+2z=:lS (2) 

2x+2y+  2=14 (3) 

1**.  Eliminating  by  substitution. 
From  equation  (1),  we  fmd 

2=1()— 3x— 2y (4). 

Substituting  this  value  of  z  in  equations  (2)  and  (3),  they  become 

2x+2y-|-2(16— 3x— 2y)=18  .  .  .  (5)  ) 
^x+2y+  (IC— 3r— 2y)=14  .  .  .  (G)  S 
these  last  two  equations  contain  x  and  y  only,  and,  if  treated  according  to  anj 
of  the  above  methods,  will  give  us 

x=2,  y=3. 
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Substituting  these  values  of  r  and  y  in  any  one  of  the  equations  (1),  (2),  (3), 
4),  we  find 

z=4. 

2°.  ElimineUing  by  comparison. 

In  order  to  eliminate  :,  derive  from  each  of  the  three  proposed  equations  a 
value  of  z  in  terms  of  x  and  y ;  we  then  have  * 

2  =  16— Or— 2y 
2=  y—  J—  y 
2=14— 2.r— 2y  ; 
equating  the  first  of  the^e  values  of  z  with  the  second  and  with  the  third  m 
succession,  we  aiiive  at  a  system  of  two  equations  : 

IG— 3.r— 2y=  9—  J—  y> 
IG  — 3.r— 2y  =  14— 2j:— 2y  \ 
containing  x  and  y  only  ;  these  equations  give 

1=2,  y=3; 
those  values  of  x  and  y,  when  substituted  in  any  of  the  three  expressions  for 
2,  give 

2  =  4. 

3**.  Eliminating  by  subtraction. 

In  order  to  eliminate  2  between  equations  (1)  nnd  (2), 

3x+2y+  2  =  16 

we  perceive  that,  in  order  to  reduce  those  equations  to  two  others  in  which 
the  coefficients  of  z  shall  be  the  same,  it  will  be  sufficient  to  divide  the  two 
members  of  the  second  equation  by  2,  fur  we  thus  have 

Subtracting  this  from  the  first  equation, 

3r-j-2i/+2=16, 
we  find  an  equation  between  two  unknown  quantities, 

2^+y=7 (a). 

In  order  to  eliminate  z  between  equations  (1)  and  (3), 

3.r+2y-f  2=1G 
Ox+2y+zz=U, 
Subtract  the  latter  from  the  former,  which  gives 

2=2; 
the  substitution  of  tliis  value  of  x  in  equation  (a)  gives 

y=3, 
and  the  substitution  of  these  values  of  x  and  y  in  any  of  the  proposed  equa 
tioDS  gives 

2  =  4. 

The  particular  form  of  the  proposed  equations  enables  us  to  simplify  the 
above  calculation ;  for  if  we  subtract  equation  (3)  from  equations  (1)  and  (2) 
in  succession,  we  have 

(3a:+2y+  2)— (2x+2y+2)=lG— 14,  whence  a:=2 
(2a:+2y+22)— (2j:+2y+2)=18— 14,  whence  2=4; 

and  substituting  these  values  of  x  and  2  m  any  of  the  proposed  equations,  we 
find 

y=3. 
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In  order  to  solve  a  system  of  four  equations  between  four  unknown  quantities' 
wo  reduce  this  case  to  the  last  by  eliminating  one  of  the  unknown  quantities. 
We  th'us  arrive  at  n  system  of  three  equations  between  three  unknown  quan- 
tities, from  which  the  value  of  these  three  unknown  quantities  may  be  found. 
Substituting  these  values  in  any  one  of  the  equations  which  involve  the  other 
luknown  quantity,  we  deduce  from  it  the  value  of  that  unknown  quantity. 

EXAMPLE  IV. 

Take  the  system  of  equations 

^+y+^+  '=14 (1) 

ar+y+z—  t=s  4 »  .  .  .  .  (2) 

x+y^z  +  2t=ll (3) 

x-^y+z+3t=l8 (4) 

The  first  equation  gives 

Substituting  this  expression  fur  t  in  the  tliree  other  equations,  we  find 

x+  y+  z=  9 (6) 

x+  y+3z  =  l7 (7) 

x+2y+  2=12 (8). 

In  order  to  solve  these  tliree  equations  between  r,  y,  2,  we  find  from  the 
first 

2=0-3:-.y (9)  ; 

and  substituting  this  value  of  z  in  the  two  otlier  equations,  they  become 
^•+3^=5 (10) 

2/=3 (11) 

Whence  r=2 (12). 

Substituting  the  values  of  x  and  y  in  equation  (8),  we  find 

2=4 (13). 

Substituting  these  values  of  j*,  y,  z  in  any  of  the  first  five  equations,  we  find 

t=5. 

We  can  arrive  at  the  same  result  more  simply  by  subtracting  equation  (1) 
from  the  three  following  in  succession ;  we  shall  thus  find 

2/  =  14— 4,  22—^  =  14  —  11,  2y— 2^=14-18; 
the  fii*st  of  these  three  new  equcitions  gives  tz=!) ;  this  value  of  t,  substituted 
in  the  two  other  equations,  gives  ;=4,  y=3  ;  and  substituting  these  values  of 
y,  2,  t  in  any  one  of  the  original  equations,  we  find  .r=2. 

By  following  a  process  of  reasoning  analogous  to  the  above,  we  shall  be  able 
to  resolve  a  system  of  any  number  of  equations  of  the  first  degree,  provided 
there  be  as  many  equations  as  unknown  quantities. 

It  frequently  happens  that  each  of  the  proposed  equations  do  not  involve  oil 
the  unknown  quantities.  In  this  case,  a  little  dexterity  wiU  enable  us  to  eflTefct 
the  elimination  very  quickly. 

EXAMPLE  V. 

Take  the  system  of  equations 

2j— 3y+22=13 (1) 

At  — 2r=30 (2) 

4y+22=14 (3) 

5y+.3f=32 (4) 

Upon  examining  these  equations,  we  perceive  that  the  elimination  of  z  bo- 
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tween  equatioDs  (1)  and  (3)  wiH  give  an  equation  in  x  and  y,  and  that  tbo 
elimination  of  i  between  equatioos  (2)  and  (4)  will  give  a  second  equation  in 
X  and  y.     These  two  unknown  quantities  may  thus  be  easily  determined : 

The  elimination  of  z  between  (1)  and  (3)  gives    ....  ly — 2x^  1 

The  climinatioD  of  i  between  (2)  and  ^4)  gives     ....  20y-l-6x=38 
Multiply  the  first  of  these  equations  by  3,  and  then  add 

them,  we  have 41y^4I 

Whence y=  1 

Substituting  the  value  of  y  in  7y — 2x=l,  we  have  .     .     .  z=  3 

Substitute  this  value  of  r  in  (2),  we  have ii — 6=30 

Whence {=s  9 

Finally,  the  substitution  of  the  value  of  y  in  (3)  gives    .     .  7=5 

The  foUowing  general  rule  may  be  given  for  a  system  of  any  number  of 
equations : 

Eliminate  one  of  the  unknown  quantities  by  combining  the  first  equation 
with  each  of  the  others,  or  by  combining  thorn  all  in  any  way  in  separate 
pairs.  The  number  of  equations  and  of  unknown  quantities  is  thus  made  one 
less.  Proceed  with  these  in  the  same  way  till  there  is  but  one  equation  and 
one  \inknowii  quantity.  Having  found  the  value  of  this,  substitute  it  in  a  pre- 
ceding equation  containing  but  two  unknown  quantities,  which  will  then  have 
but  one,  whose  value  may  be  found.  Substitute  the  values  of  the  two  un- 
known quantities  thus  found  in  an  equation  iuimediately  preceding,  containing 
only  three,  and  so  on,  till  all  the  values  of  the  unknown  quantities  are  obtained. 

We  have  seen  in  the  method  of  elimination  by  subtraction  that,  in  order  to 
render  the  coefficients  of  the  unknown  quantity  the  same  in  both  equations, 
we  must  multiply  each  of  the  equations  by  the  coofTiciont  of  the  unknown 
quantity,  which  it  is  required  to  eliminate,  in  the  other.'  If  the  coeflicients  of 
iJie  unknown  quantity  have  a  common  factor,  this  operation  may  be  simplified; 
thus 

EXAMPLE  VI. 

Take  the  system  of  equations 

12ar-|-32y=340 (1)  > 

8x4-24^=254 (2)  > 

In  order  to  render  the  coefficients  of  y  equal,  observe  that  32  and  24  have  a 
common  factor,  8 ;  it  will  suffice  then  to  multiply  equation  (1)  by  3,  and  equa- 
tion (2)  by  4  ;  they  then  become 

36x-|-96y=1020 
32j:-|-96y=1016. 
Subtracting  the  latter  from  the  former, 

4x=4 
x=l. 

Again,  in  order  to  eliminate  7,  since  12  and  8  have  a  common  factor,  4,  it 
will  suffice  to  multiply  equation  (1)  by  2,  and  equation  (2)  by  3 ;  we  then  have 

24a:-|-64y=G80 
24j-|-72?/=762. 
Siibtracting  the  former  of  these  two  equations  from  the  latter,  we  have 

8y=82 

y=ioj. 


■ 
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(7)  Given  x-fky==l5 

x— y=  7 

(8)  Given    x+y  =10 

2x— 3y=  5 

(9)  Given  2x+3j^= 13 

5x+4y=22 

(10)  Given    a:=4y 

2x+3?^=44 

(11)  Given  2r+3.v=  70 

4r+r>\/=l«0 

m 

(12)  Gi^tn  Sx— 5y=13 

2j+7y=81 

(13)  Given  lla:+0^=100 

4x— 7.y=     4 

(14)  Given^+|=7 

H=» •- 

(16)  Given  ?+7y=99 

y 

j;+7j:=51 • 

7  ' 

(16)  Given"  3^^-~=22 

iiii— r=20 

(17)  Given.r-|-1:7^::5:3 

7-j-x     5— V     42     2x— 1 

T'"""~la^-12""     4       •  •  •/ 

2r     4n- 

(18)  GivPii-+-^=04 

Sr     9« 

---1— =77 

(19)  Given    5^+»a=131} 

13p_  a=U2\ 


y 


Ans.  z=:llt  ^=4. 


Ans.  x=7t  y=:3. 


Ads.  x=z2,  y='6. 


Ans.  r=lG,  y=4. 


Ans.  j=20,  y=10. 


\n8.  T=1G,  y=7. 


Ans.  ar=:8,  y=4. 


Ans.  T=G,  2/=!'-. 


Ans.  J=7,  ^  =  lt 


Ans.  /=:5, 11=2. 


Ans.  2:=4,  y^3. 


Ans.  r=GO,  «=30 


Ans.  P=1GJ{;5,  <^=722S1 
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(20)  GiTen6»;t— 14V=5V^+119J (1) 

7;r+140=2V' (2) 

Ans.  ;t=— 24.06,  V=  — 14.2. 

(21)  Given  9x=42:' (1) 

x+z'=26 (2) 

Ans.  a:=8,  x'=18. 

(22)  Given  j^=g5^_^ W 

2l2i+28Za=334 (2) 

Ans.  2i==6lJ^,  Za  =  — 33ffS. 

1/+3 

(23)  Given  2x— "^^=7 (1) 


8— X         ,      2v+l 
4y _=24-J— ^ 


3 2  2       ^^) 

Ans.  x=5,  y=:5. 

ioAX  r-    r.    r;j_y-®     3r+4.v+3     2x+7-v  .  . 

(24)  Given    6+-^= -^ ....  (1) 

7x+6     9v+5j-8_  x+y 

11     "~         12  4      ^  ' 

Ans.  2:^7,  ^=9. 

(25)  Giv§n(x+5)(y+7)=(r+l)(y-9)  +  112.  ...  (1) 

2x-|-10=3y+l (2) 

Ans.  x=3,  y^5, 

2ar  V  3v      1 

(26)  Given --4+|+x=8-f+~ (1) 

hl+-=i-^+^ (2) 

Ans.  x=2,  y^7. 

a:_2     10— r     w— 1^ 
(27)  Given    -^ -^=^- (1) 

2y+4     2r+y_T+13 

3     "      8     -      4        ^"^^ 

Ans.  2:=7,  y=10« 

2v     8.r— 2  44-v     a:— v 

(28)  Given  j|—3g-=l—±^+--' (1) 

x:3y::4:7 (2) 

Ans.  2:=12,  y=7. 

(29)  Given  x--^^-3^=l  +  — 33-^ (1) 

3r+2y     y— 5     ll3r+152     3y+l 
6^"""    4    "■       12       "" 

Ans.  x=sS,  y=9. 

/oAx  n-        ,.25+6y     7x-6  3r-.10+7y 

(30)  Given  1  +  — ^ 3"=^^ 12 *  *  ^^^ 

12— r  14 +y 

-g-:5x P::l:8 (2) 

Ans.  x^3,  y=7. 


7i- (2) 


152 


ALGEBBA. 


4t     5v     9 
(31)  Given*  ^+^=--1 


5     4__7     3 


(32)  Given    6j+7y=43 

lla:-i-9y=69   . 

(33)  Given  ar— 211/=  33 

6x+35y=l77 


•(1) 

.(2) 
Ans.  x=4,  y=:2. 

.(2)S 
Ans.  x=3,  y^4 

.(2)i 

Ans.  T= 12,^=3. 


2i:           V                 3v      1  ^ 

(34)  Gwen  -_4+|+x=8— f+j^ (1)  I 


y    X  1 

~— 1-2= 2X-4-6 


3ar+5v  4r+7 

(35)  Given  x-—^+17=5y+—^ 


22— 6y     5x--7     T+1     8y+5 

^    6    """ 


11 


18 


•(2) 

Ans.  x=2,  y=7. 

(1) 

(2) 

Ans.  z^B,  y=2. 


(36)  Given  ax+  by=zc (1)  ? 

fx+gy=h (2)  S 

(37)  Given  x+y=ff (1) 

:r-y=rf (2) 

8'{-d         s~^d 
Ans.  x=-^,  y=-^. 


(38)  Given    x+y=« 
hxz=ay  .  . 


(1) 


Ans.  r= — r-r,  y=- 


(39)  Given  ax+hy=zc (1) 

mx — ny=d (2) 

tic-\-bd         mc — ad 
"wa-|-w//  "^     na-^-mb' 

(40)  Given  7<u=46 (1) 

2rx4.3Jy=4c (2) 

46  28ac*8^ 


Ans.  x=- 


(41)  Given  bcxs=:cy — 25 

a(<r»— ts)     Oft** 


Ans.  x=— ,  y= 

0) 
(2) 


7a'-'""     21ad 


a  a+2b 

Ans.  x=T-,  t/= • 

be  "^  c 


*  Tbeie  equations  slioald  not  be  cIcaro<l  of  fractions,  but  tbc  unknown  fractions  be  elimi- 
mted  by  making  them  alike,  aud  subtracting. 
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»^)°""i^=n;rr. O 


az+3by=d (2) 

ai       ■ 

(43)  fiivcn  i-^=c (1) 

y-.^=d (2) 

a—ab+b'^+bd          a+ab  —  br+bhi 
An-.  ^= jqn '  !'= P+I -• 

(«)u,„„-i_=___ „) 

Suj'— 2ly=<: (2) 

(45)  Givon  b'y+~^—^=c'x <l) 

6(«+2)=^ (3) 

(46)  GifeDir^-~+(i+10/)i,=/'r (1) 

9fc-2/ 
ix+5ii  =  -^r-j!^ (2) 

a     b 

(47)  Givon -+'  =  m (1) 

r     d 

i+y  =  ™ (2) 

ic — ad  he— ad 

(48)  Oben  r  +j  =» (1) 

•■-■/•"i (S) 

(49)  Gifoa xJrV-a::x—y.i (1) 

•>'-j'=' m 


Ans.  i=— 


a+6    (c  a_6  /e 


(50)  Giren  t+  Vr'+ysa (1) 

1+  Vi'-J=J (2) 

a*+i'  at{a— 6) 

(51)  Gi-CD  •■+,,=« (1) 

S'+'J=» (2) 
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(52)  Given  2x+3y+4z=16  (1) 

•  3j:+2y— 5z=  8  (2) 

5z— 6y+3z=  6 (3) 


Ans.  x^3;  y^2;  z=l« 


(53)  Given  5z— 6y+4z=15 (1) 

7a:+42/— 3z=19 (2) 

2x+  y +62=46 (3) 


Ans.  x=3 ;  y=4  ;  z=6. 

(54)  Given*  ^+J=a (1) 

\+\=' (^) 

H=^ ^'h 

2  2  2 

Ans.  a:= — r-r »  y= rr—  t  2:=r-; • 

a+6— c  a — 6+c  64-c — a 

(55)  Given  r+y=36;  x+z=49;  y+z=63. 

Ans.  x=16;  y=20;  z=33. 

(56)  Given  r+M^+z =30;  r+u? — z=18;  v — w+z=:li. 

Ans.  v=16;  u?=8;  z:=6. 

(57)  Given  11+ Jt?=164 ;  t?+|t£?=82;  tt+}w=136. 

Ans.  u=128;  v=72;  «;=40. 

(58)  Given  or +5y^c;  tny-\'nz=p  ;  fx-\'gz=q. 

Ans  j._W+g^-^gp 
agm+hfn      ' 


ogp-^-cfn — anq 

agm+hfn 
amq+hfp — cjm 


agm+bjh 


(59)  Given  3(ax+6y)=z;  5y=7(x+3a);  lla:=Jz+121. 

4840+189a& 


Ans.  x= 


y= 


z^ 


440— 45a— 636  * 
6776+184  8a— 189a« 
440— 45a— 636      ' 
14520a+5544a6+203286 


440— 45a— 636 


7        5     9       11       13        15 

(60)  Given  7="?  ~= S?  "~= 75- 

^     /  X — 5     z     y     z — 9      X      y — 13 

An8.x=-40J?^;  y=-34,\;  z=-32AV 

a+6     6 — c     6+c     c — d     d+k     k — h 

(61)  Given  ^^=j^;  ^ry=^::i '  5+7=&=5- 


*  Do  not  dear  of  fractions,  bat  make  -,  -,  &,c.,  the  ankDOwn  qoantitiea. 
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(62)  Given  22— .—=93— .-x— -y 


•  •  •  •  • 


7r— 62=y  +x  —86 
X     V       z 
2+5  +4   =58    .  . 


...  (1) 

(2) 

....  (3) 

Ans.  2:=48;  y^54  ;  z=64. 

163)  Given    6a:— 4y4.52=2}i (1) 

4x+3y-72=l| (2) 

12x— 6y— 32=3i (3) 

Ana.  x=J;  y=J;  2=}. 

(64)  Given  18x— 7y— 62  =  11 (1) 

4y— fx+2j2=108 (2) 

H^+^y+i^  =  80 (3) 

Ans.  x=12;  y^25;  2=6. 


(65)  Given  y+\=l+5 


3     5 
X— 1     y— 2     2+3 


X — 


4  5 

2v-5 


—  10 
-^*      12 


(1) 
(2) 
(3) 


(66)  Given  |  +  |  +  ~  68 
5x      v      2 

T+l+-3='''' 

X         32        U 

2  +  8-+6='» 


Ann.  x:=5;  y=7  ;  2= — 3. 
(1) 


(2) 

(3) 
(4) 


y  +  2  -I-  tt  =248 

Ans.  x=12;  y=30j  2=168;  ti=50. 

(67)  Given  7x— 22+3m=17 (1)  ^ 

4y-.22  +    /=11 (2) 

5y— 3x— 2m=  8 (3) 

4y_3M-j.2^=  9 (4) 

32+8m=33 (6)^ 

Ans.  x=2;  y=4 ;  2=3;  u=3;  2=1. 

Elimination  vcbj  be  effected  in  a  general  form,  and  particular  eases  be  re* 
served  by  substitution  in  this  form. 

We  shall  iUustrate  this  with  a  system  of  three  equations. 

Given  ax  +6y  -^cz  -{-k  =0, 

a'x  +b'y  +c'z  +k'  =0, 
a"x-f-&"y  -l-c"2+^-"=0. 

Eliminating  among  these  three  equations  by  any  of  the  foregoing  methods, 
we  find 

(fc"c'  ^b'c")k  +  (bc"  — 6"r)A:'  +  {b'c  ^br/)t 


Ur 


Xss 


(a'b''—a"by  +  (a"b-^ab")c'+(ab'  -^a'by" 
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_  (a  V^  —  a"c')k  +  (a"C'^ac")k'  +  {ad  '^a*c)k" 
^       The  samo  dcnomiDator  as  in  the  value  of  x  * 

The  same  denominator  as  in  the  value  of  x 
To  a])|)ly  this  general  form  to  a  paiiicular  case,  take  (Example  53)  above. 

(IX— 3— 4X6)(— 15)+(— 6X6— 1X4)(— 19)+[4X4— (— 6X— 3)](--46)__1957 
*^ (7X1— aX4)4+(2X— 6— 5X1)"(— 3)+(5X4— 7X— 6)6     '  "~419        ' 

(4o+C)(  — 15)  +  (8— 30)(  — 19)  +  (  — 15— 28)(— 46)      1676 

y—  419  "~419"^* 

(l)(-,15)  +  (+17)(-19)  +  (-62)(-46)     2514 
*—  419  —  419  -"^' 

Changing  tlie  signs  of  A-,  k\  k"^  in  order  that  they  may  bo  positive  in  the 
second  member  of  the  three  proposed  equations,  and  performing  the  multipli- 
cations indicated  in  the  general  values  of  x,  y,  and  z,  they  may  be  written  as 
follows : 

kh'c"  —kc'h"  +cA:^&^^  —hk'cf'  -\-hc'k"  ■-  ch'k" 
^"^ab^-^ac'b"  +ca'b"  —ba'c"+bc/a"  —ch'a"' 
ak'c"  -^ac'k"  +ca'k"  ^ka'c"+kc'a''  ^ck'a" 
^  The  same  denominator  as  that  of  x  ' 

ab'k" — ak'b"  -|-  ka'b"  —  ba'k"+bk'a"  ^kh'a'' 


2  =  - 


ryy 


The  same  denominator  as  before 


By  observing  carefully  the  composition  of  the  fonnulas  for  two  and  throe 
equations,  we  may  discover  general  rules  by  means  of  which  we  can  calcu- 
late the  formulas  suitable  for  any  number  of  equations. 

FiasT  Rule. — To  find  the  common  denominator  in  the  values  of  all  the 
unknown  quantities.  With  the  two  letters  a  and  6  form  the  arrangements 
ab  and  &a,  then  interpose  the  sign  —  between  them,  thus : 

ab — ba. 

If  there  are  but  two  equations  to  resolve,  place  an  accent  on  the  2°  letter 
of  each  term,  and  the  result,  ab' — ba'^  will  bo  the  common  denominator  of 
the  values  of  x  and  y» 

If  there  are  three  equations,  pass  the  letter  c  through  all  the  places  in  each 
term  of  the  expression  ab — ba^  taking  care  to  alternate  the  signs ;  ab  will  thus 
give  abc — acb-^-cab  ;  also,  — ba  will  give  — bac-\-bca — c6fl,  and  the  wholo 

abc — acb-^-cab  —  baC'{-bca — cba  ; 
then  place  one  accent  on  the  2°  letter  of  each  term,  and  two  on  tlie  3",  and  the 
resulting  expression  will  be  the  common  denominator  of  the  values  of  r,  y,  and  z. 

If  there  are  four  equations,  take  the  letter  d^  which  is  the  coeflicient  of  the 
fourth  unknown  i/,  and  pass  it  tli rough  all  the  places  in  eacli  term  of  the  soxi- 
nomial  above  formed,  tiiking  care  to  alternate  the  signs  of  the  terms  furnished 
by  each  of  them,  beginning  with  -f-  ^or  those  which  result  from  a  term  pre- 
ceded by  the  sign  -|-,  and  with  —  for  those  resulting  from  a  term  affected 
with  the  sign  —  ;  finally,  place  one  accent  on  the  2°  letter,  two  on  the  3",  and 
three  on  the  4".  The  resulting  polynomial  is  the  common  denominator  of  the 
four  unknown  quantities  ar,  y,  z,  li. 

ab'c"d"'  -^ab'd"d" + ad.'b"c'" — da'b"c" 
^ac'b"d"'-\-ac'd"h'"^ad'c"b"'^da'c"b* 
+ca'h''d'''^ca'd'V"J^cd'a"b*"->dc'a"b' 
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— ha'c"d"' + ha'd"c"'  —  hd'a"c"'  -|-  dh'a"d" 
+  hda"d"' — hcfd"a"'  -|-  hd'd'a!"  -^db'c'^a!" 
—ch'a"d"'-\'ch'd"a'"-^cd'h"a"''\'ddh"a"'. 

If  there  be  a  greater  nninber  of  cqnations,  proceed  in  the  same  manner. 

Second  Rule. — The  numerators  may  be  derived  from  the  common  do 
nominator.  For  this  purpose,  it  is  only  necessary  to  replace,  without  touch- 
rag  the  accents,  the  letter  which  serves  for  coefficient  of  the  unknown  quanti- 
tf  we  wish  to  find,  by  the  letter  A:,  which  represents  the  known  term  in  the 
second  member.  Thus  :  change  a  into  A:,  to  have  the  numerator  of  j:;  h  mto 
jc,  to  have  that  of  ^ ;  and  so  on. 

There  remains  still  a  method  of  elimination  to  be  mentioned,  which  alone 
ii  applicable  to  equations  of  higher  degrees,  as  well  as  to  those  of  the  first.  It 
ii  called  the  method  of  the  common  divisor.  It  consists,  where  two  equations 
•re  given,  in  dividing  one  by  the  other  (after  transferring  all  the  teroos  to  the 
first  member  in  both),  that  divisor  by  the  remainder,  and  so  on  till  the  letter 
of  arrangement,  which  must  be  one  of  the  unknown  quantities,  is  exhausted 
from  the  remaindei-s.  The  last  remainder  containing  but  the  other  unknown 
qnantity,  being  put  equal  to  zero,  will  present  an  equation  from  which  the  first 
nnknown  quantity  is  eliminated. 

If  there  be  three  or  more  equations,  eliminate  one  of  the  unknown  quanti- 
ties in  this  way  between  the  first  and  second,  then  between  the  first  and  third, 
and  so  on. 

The  reason  which  may  be  given  for  this  rule  here,  though  a  better  one  wiD 
be  fbrnished  hereafter,  is,  thut  the  dividend  being  zero  and  the  divisor  zero, 
the  quotient  must  be  zero  and  tlie  remainder  zero. 

Let  us  apply  this  method  to  Example  (d)  above.   The  two  given  equations  are 

r+  y— 10=0 
2x— 3y—  5=0. 


2x— 32^—  5 
2T-|-2y— 20 


x+y-lO 


— 5//  +  15  -j-5. 
—  2/+  3  =0  .'.  y=3. 
Sobatituting  this  value  in  x-f-^^— 10=0,  we  obtain  r=7. 

EXAMPLE   II. 

Given  r»+3yi«+3;/«ar— 98=0 (1) 

a«-j-4yjr  _-2y  —10=0. 
JSLxmxnaixon^ 


a^-\-2y3ft"\-  3y^x —    98 


a:«-f4va?— 2y«— 10 


x—y 


—  yifi—  4y.'j:4-    2y>-|-10y 


9^«z+  10  «—  8y»—10y— 98,  or 
(9y«  4-10)  J—  gy**— lOy— 98 


(9y«-fl0)arH-(3«yH-40y)j>-18y4— 110/1— lO0|£-i-]liy34-25y4-49 

(9yt-f lojga— (  gyg-f^Oy   -f 98)j 

(38y»-f50y   -f98)x—  18y*— 110y«— lC0-r2 
(19y3-|-25y   -f^^)^—     ^y*—  55y2—  50 

9^*4-  10 

(9y«4-10)(19y»+25y  -|-49)*-.  81y«— 585y<— 1000y«— 500 
(9y^-|-10)(19jf8-f  25y  -f49)j;—  38y«»-~240.y<— l{;60y«— 250y^— 2n40y— 480g 

—  43y«— 345^44-1960^1— 750ye4.]»'40y^8(»L 
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This  last  remainder,  put  equal  to  zero,  will  make  an  equation  from  which  x 
18  eliminated,  aud  which  contains  only  y.     It  is  culled  the ^naZ  equation. 

ON  THE  SOLUTION  OF  PROBLEMS  WHICH  PRODUCE  SIMPLE 

EaUATIONS. 

150.  Every  problem  wliich  can  bo  solved  by  Algebra  includes  in  its  enun- 
ciation a  certain  number  of  conditions  of  such  a  kind  that,  in  taking  at  pleasure 
values  for  the  unknown  quantities,  it  is  always  easy  to  see  whether  or  not  they 
will  verify  these  conditions.  In  the  greater  part  of  questions  in  Algebra,  these 
verifications  consist  in  tliis.  that,  after  having  effected  certain  operations  upon 
the  values  of  the  known  and  unknown  quantities,  we  ought  to  arrive  at  equali- 
ties. This  being  understood,  if  the  unknown  quantities  be  represented  by 
letters,  algebraic  expressions  may  be  formed  m  which  shall  be  indicated,  by 
means  of  signs,  all  the  calculations  necessary  to  be  made,  as  well  U|)oo  the  un- 
known numbers  as  upon  the  known,  to  find  the  quantities  which  ought  to  be 
equal.  Consequently,  joining  these  expressions  by  the  sign  of  equality,  we 
shall  h(ive  one  or  more  equations,  which  will  bo  satisfied  when  the  true  val- 
ues of  the  unknown  quantities  are  substituted  in  the  place  of  the  letters  which 
represent  them. 

Keciprocally,  when  all  the  conditions  of  the  problem  are  expressed  in  the 
equations,  the  values  of  the  unknown  quantities  which  satisfy  these  equations 
must  certainly  satisfy  the  enunciation  of  the  problem. 

It  is  impossible  to  give  a  general  rule  which  will  enable  us  to  translate  eve- 
ry problem  into  algebraic  language ;  this  is  an  art  which  can  be  acquired  by 
reflection  and  practice  alone.  Two  rules  which  may  be  of  some  service  are 
the  following:  1.  Indicate  upon  the  unknown  quantities  represented  by  letters^ 
and  upon  the  known  quantities  represented  either  by  letters  or  numbers^  the  same 
operations  as  would  be  necessary  to  verify  them  if  they  were  known.  2.  Form 
two  different  expressions  of  Oic  same  quantity,  and  set  tfieni  equal.  We  shall 
give  a  few  examples,  which  will  soito  to  initiate  the  student,  and  the  rest 
mu8t.be  left  to  his  own  ingenuity. 

PROBLEM  1. 

To  find  two  numbers  such  that  their  sum  shall  be  40,  and  theur  difTerence 

16. 

Let  7  denote  the  lenst  of  the  two  numbers  required, 

Then  will   ♦        a'-|-16=  the  greater, 

And  a:-j-.r4-16=40  by  the  question  ; 

That  is,  2x=40— 16=24  ; 

^  24 

Or  x=— =12=  less  number. 

And  x-|-16=12-|-16=28=  greater  number  roqubed. 

PROBLEM  2. 

What  number  is  that,  whoso  ^  part  exceeds  its  |  part  by  16  ? 

Let  T=  number  required. 

Then  will  its  J  part  be  .'r,  and  its  }  part  Jx  ; 

And,  therefore,  }x — J t=:  16  by  the  question, 

Or,  clearing  effractions,  4a:— 3^=192  ; 

Hence  x=192,  the  number  required. 
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PROBLEM  3. 

Divide  oClOOO  among  A,  B,  and  C,  so  that  A  shall  have  <£72  more  than  B 

tnd  C  dClOO  more  than  A. 

Let  x=  B*s  share  of  the  given  sum, 

Then  will         x+  72=  A's  share, 

And  x-fl72=  C*s  share, 

And  the  sum  of  all  their  shares,  r4-x4-72+ar4"172. 

Or  3x+ 244  =  1000  by  the  question ; 

That  is,  3a:=  1000 —244 =756, 

^  756 

Or  =-;r-=je252=  B*s  share; 

Hence  x+  72=252+  72=c£324=  A's  share, 

And  z+172=252+172=.£424=  C's  share; 

B*s  share d6252 

A*8  share 324 

C's  share 424 

Sum  of  all  .  .  «£1000,  the  proof. 

PROBLEM    4. 

Out  of  a  cask  of  wine,  which  had  leaked  away  j,  21  gallons  were  drawn, 
and  then,  being  gauged,  it  appeared  to  be  half  full:  how  much  did  it  hold  ? 
Let  it  be  supposed  to  have  held  x  gallons, 
Then  it  woukl  have  leaked  \x  gallons ; 
Consequently,  there  had  boon  taken  away  21-|- jz  gallons. 
But  21  -|-  *j:=5X  by  the  question. 

Or  126+2x=3x; 

Hence.      3x— 2z=126, 
Or     £:=  126^  number  of  gallons  required. 

PROBLEM  5. 

A  hare,  pursued  by  a  greyhound,  is  60  of  her  own  leaps  in  advance  of  the 
dog.  She  makes  9  lca])s  during  tho  time  that  the  gi'cyhound  makes  only  6; 
hut  3  leaps  of  the  greyhound  arc  equivalent  to  7  loops  of  the  hare.  How 
many  leaps  must  tho  greyhound  make  before  ho  overtakes  tho  hare  ? 

It  is  manifest,  from  the  enunciation  of  the  problem,  that  the  space  which 
must  be  traversed  by  the  greyhound  is  composed  of  the  60  leaps  which  the 
hare  is  in  advance,  together  with  the  space  which  the  hare  posses  over  from 
the  time  that  the  greyhound  starts  in  pursuit  until  he  overtakes  her. 

Let  x=  the  whole  number  of  leaps  made  by  the  greyhound.     Since  the 

hare  makes  9  leaps  during  the  time  that  the  greyhound  makes  6,  it  follows 

9        3 
that  the  hare  will  make  ^  or  -  leaps  during  the  time  that  the  greyhound 

0  <w 

makes  1,  and  she  will  consequently  make  -^  leaps  dming  tho  time  that  the 

greyhound  makes  x  leaps. 

We  might  hero  suppose  that,  in  order  to  obtain  tho  equation  required,  it 

3a: 
ivonld  be  sufficient  to  put  x  equal  to  6O-I--3- ;  in  doing  this,  however,  wo 

■bonld  commit  a  manifest  mistake,  for  the  leaps  of  the  greyhound  are  greater 


160  ALGEBEA. 

than  tlie  leaps  of  the  hare,  and  wo  should  thus  bo  equating  two  heterogoneoos 
numbers;  that  is  to  say,  numbers  related  to  a  dinfercnt  unit.  In  order  to  re- 
move this  difficulty,  we  must  express  tlie  leaps  of  the  hare  in  terms  of  the 
leaps  of  the  greyhound,  or  the  contrary. 

According  to  the  conditions  of  the  problem,  3  leaps  of  the  greyhound  are 

7 
equal  to  7  leaps  of  the  hare ;  hence  1  leap  of  the  greyhound  b  equal  to  ;r 

leaps  of  the  hare,  and,  consequently,  x  leaps  of  the  greyhound  are  equal  to  tt 

leaps  of  the  hare  ;  hence  we  have  at  length  the  equation 

7r  3x 

3  =  «0+ 2  ' 

Clearing  of  fractions,  14x=:  360  -|-  9x 

x=  72. 

Hence  the  greyhound  will  make  72  leaps  before  he  reaches  the  hare,  and  in 

3 
that  time  the  hare  w'dl  make  72  X  o<  ^^  ^^^  leaps. 

PROBLEM   6. 

Find  a  number  such,  that  when  it  is  divided  by  3  and  by  4,  and  the  quo- 
tients afterward  added,  the  sum  is  63. 

Let  X  be  the  number ;  then,  by  the  conditions  of  the  problem,  we  have 

X       X 

3+4=  «3 ' 
Clearing  of  fractions,  7t=  63  X 12 

r=ioa. 

If  we  wished  to  find  a  number  such  that,  when  divided  by  5  and  by  6,  the 
sum  of  the  quotients  is  22,  we  must  again  translate  the  problem  into  algebraic 
language,  and  then  solve  the  equation  ;  in  this  case  wo  have 

X  X 

_J_ oo . 

51-    (J 1 

Clearing  of  fractions  1  lr=22  X  30 

r=60. 

If,  however,  we  desire  to  solve  both  these  problems  at  once,  and  all  others 
of  the  same  class,  which  differ  from  the  above  in  the  numerical  values  only, 

we  must  substitute  for  these  particular  numbers  the  symbols  a,  &,  c, , 

which  may  represent  any  numbers  whatever,  and  tlien  solve  the  following 
question. 

Find  a  number  such  that,  when  it  is  divided  by  a  and  by  &,  and  the  quo- 
tients afterward  added,  the  sum  is  p.    We  have 

X      X 

a+6    =^' 
(a+6)x=  ahp 
ahp 


x= 


151.  This  expression  is  not,  strictly  speaking,  the  value  of  the  unknown 
quantity  in  our  problems,  but  it  presents  to  our  view  the  calculations  which 
are  requisite  for  tlie  solution  of  them  all.    An  expression  of  this  nature  is  cali^ 


SIMPLE  EaUATIONS.  161 

ed  vl  formula.  This  formula  ppints  out  to  us  that  tho  unknown  quantity  is  ob- 
tained by  multiplying  together  the  three  numbers  involved  in  the  question, 
and  then  dividing  their  product,  ahp^  by  a-)- 6,  the  sum  of  tho  two  divisoft^  ;  or 
we  should  rather  say,  that  our  formula  is  a  concise  method  of  enunciating  the 
above  rule.*  Algebra,  then,  may  be  considered  as  a  language  whose  object 
is  to  express  various  processes  of  reasoning,  as  also  tho  results  or  conclusions 
to  which  they  lead. 

Such  is  the  advantage  of  the  above  formula,  that,  by  aid  of  it,  the  most  ig- 
norant arithmetician  could  solve  either  of  the  proposed  problems  as  readily  as 
the  most  expert  algebraist.  The  fonner,  however,  could  only  arrive  at  the 
result  by  a  blind  reliance  on  the  rule  which  the  formula  expresses  ;  but  differ- 
ent kinds  of  problems  require  different  forinuhc,  and  the  algebraist  alone  pos- 
sesses the  secret  by  which  they  can  be  discovered. 

PROBLEM  7. 

A  laborer  engaged  to  sen-c  40  days  ui)on  these  conditions :  that  for  every 
day  he  worked  he  was  to  receive  80  cents,  but  for  every  day  he  was  idle  ho 
was  to  forfeit  32  cents.  Now  at  tho  end  of  the  time  he  was  entitled  to  re- 
ceive $15.20.  It  is  required  to  find  how  many  days  he  worked  and  how 
many  he  was  idle. 

Let  X  be  the  number  of  days  he  worked  ; 

Then  will  40 — x  bo  the  number  of  dnys  he  was  idle  ; 

A'so  xX80  =  80j-=  the  sum  earned. 

And  (40— t)  X  32=1280— 32.r=  sum  forfeited  ; 

Hence  80.r— (1280- 32 J')  =  1520  by  the  question  ; 

That  is,  80j:— 1280-|-32j'=1520, 

Or  112x=1620+ 1280=2800 ; 

2800 
Hence  x=         =25=  number  of  days  he  worked, 

X  X  ^ 

And  40 — x=40 — 25=15=  number  of  dnys  he  was  idle. 

We  may  generalize  the  above  problem  in  the  following  manner : 

Let  fi=  the  whole  number  of  days  for  which  he  is  hired, 

a==  the  wnges  for  each  dny  of  work, 
&=  the  forfeit  for  each  dny  of  idleness, 
c=  the  sum  which  he  receives  at  the  end  of  n  days, 
r=  the  number  of  days  of  work  ; 
Then  n — r=  the  number  of  days  of  idleness, 

ax^  the  sum  due  to  him  for  the  dnys  of  work, 
b{n — x)=  the  sum  he  forfeits  for  the  days  of  idleness. 

We  thus  find  for  the  equation  of  the  problem,    ' 

ax — h(n — a*)=   c; 
Whence  ax — hn  4-6x=  c 

(a-|-6)j-=  c-^-hn 

xz=.       ■  ,-,  the  number  of  days  of  work, 

*  Let  tho  ftndcnt  try  tiiis  rule  upon  a  variety  of  nambeni ;  he  will  aeo  that  the  general 
fiomala  emlnraces  as  many  particalar  examplea  as  he  cbooacs  to  imagine. 

.    L 
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c-\-bn 

And  .*.  n — r=  n — — r-r- 

a-\-b 

an-\-bn — c — hn 
^  a+b 

an — c 
^ — nrj*  tli6  number  of  days  of  idleness. 

By  substituting  in  these  general  expressions,  for  the  number  of  days  of 
work  and  numbor  of  days  of  idleness,  the  particular  numerical  values  of  the 
letters,  the  same  result  will  be  obtained  as  before. 

PROBLEM   8. 

A  can  ]>erform  a  piece  of  work  in  G  days,  B  can  perform  the  same  work  in 
8  days  :  in  what  time  will  they  fmisli  it  if  both  work  together  ? 
Let  x=  the  time  required. 

Since  A  can  perform  Uie  whole  work  in  G  days,   -  will  denote  the  quantity 

X 

lie  can  perform  in  1  day,  and  therefore  -  the  quiuitity  he  can  |)erform  in  t 

X 

days ;  for  the  same  reason,  -  will  bo  the  quantity  wliicli  B  can  perform  in  x 
days ;  and  we  slmll  tlius  have 

X       X 

142:=48 
x^3'  days. 
Let  us  generalize  the  above  problem. 

A  can  perform  a  piece  of  work  in  a  days,  B  in  b  days,  C  in  c  days,  D  in  (i 
(lays  :  in  what  time  will  tliey  perform  it  if  they  all  work  togetlier  ? 
Let  z=  the  time ; 

Then,  since  A  can  perform  the  whole  work  in  a  days,  -  will  denote  the 
quantity  he  can  perfonn  in  1  day,  and,  consequently,  -  will  be  the  quantity  he 

XXX 

own  perform  in  x  days;  for  the  same  reason,  ^,  -,  —.  will  be  the  quantities 
which  B,  C,  D  can  perform  respectively  in  .r  days ;  we  thus  have 

a+6+o+5==  (whole  work), 

=  1; 

abed 


.*.  x^z- 


abc-\-abd'\-acd-\-bcir 
What  is  the  rule  expressed  by  this  formula  ? 


*  Let  the  student  translate  the  funiiula  for  tlie  uuinbcr  of  days  of  idleness,  and  that  fnr 
Uie  uuiiiber  of  days  uf  work,  into  a  rule. 

t  Wo  might  represent  the  pieco  of  work  hyp;  tlien  .  and  --  would  express  the  <]uaiitities 

which  A  and  B  can  perform  in  one  day,  and  dio  equation  would  bo 

wlich,  divided  diroaglioat  by  pt  gives  the  equation  in  the  text.    Wten  the  valac  of  a  qoan- 
tity  is  immaterial,  u  in  tliis  case,  it  is  best  represented  by  1. 
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PROBLEM  9. 

A  courier,  who  traveled  at  the  rate  of  31^  miles  in  5  hours,  was  dispatched 
from  a  certain  city ;  8  hours  after  his  departure,  another  courier  was  sent  to 
overtake  him.  The  second  courier  traveled  at  the  rate  of  21i|  miles  in  3  hours. 
In  what  time  did  he  overtake  the  first,  and  at  what  distance  from  the  place  of 
departure  ? 

Let  x=  number  of  hours  tliat  the  second  courier  travels. 

Then,  since  the  first  courier  travels  at  tlie  rate  of  3H  miles  in  5  hours,  that 

.     63     .       .  63 

is,  —  miles  in  1  hour,  he  will  travel  —x  miles  in  x  hours,  and,  since  he  start 

ed  8  hours  before  the  second  courier,  the  whole  distance  traveled  by  him  will 
63 

Again,  since  the  second  courier  travels  at  the  rate  of  22 J  miles  m  3  hours 

45  45 

that  is,  -z-  miles  in  one  hour,  he  will  hence  travel  -rrx  miles  in  x  hours, 
o  u 

The  couriers  are  supposed  to  bo  top;othor  at  the  end  of  the  time  r,  and 

therefore  the  distance  traveled  by  each  must  be  the  same ;  hence 

45       ,  63 

45Ua:=(8  +  .r)378; 

.-.  72a:=:3024 

ar=42. 

Hence  the  second  courier  will  overtake  the  first  in  42  hours,  and  the  whole 

45 
distance  traveled  by  each  is  —X  42=315  miles. 

To  generalize  the  above, 

A  8  C 

"I i  f 

Lot  a  courier,  who  travelis  at  the  rate  of  m  miles  in  t  hours,  be  dispatched 
from  B  in  the  direction  C ;  and  n  houi-s  after  his  departure,  let  a  second 
courier,  who  travels  nt  the  rate  of  m'  miles  in  t'  hours,  be  sent  from  A,  which 
is  distant  a  miles  from  B,  in  order  to  overtake  the  first.  In  what  time  will  he 
come  up  with  h-m,  and  what  will  be  the  whole  distance  traveled  by  each  ? 

Let  x=z  number  of  hours  tliat  the  second  courier  travels. 

Then,  since  the  first  courior  travels  at  tlie  rate  of  m  miles  in  t  hours,  that  is, 

-r-  miles  in  1  hour,  he  will  travel  —x  miles  in  x  hours,  and,  since  he  started  n 
hours  before  the  second  courier,  the  whole  distance  traveled  by  him  will  be 

Again,  since  the  second  courier  travels  at  the  rate  of  m'  miles  in  V  hours, 
that  is,  r-  miles  in  1  hour,  he  will  travel  —x  miles  in  x  hours ;  but  since  he 
started  from  A,  which  is  distant  d  miles  from  B,  the  whole  distance  traveled 
by  the  second  courier,  or  --p-r,  will  be  greater  than  the  whole  distance  traveled 
by  the  first  courier,  by  this  quantity  d  ;  hence 


.•.  Xr=- 


rni 
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m'        ,     ^  m 

(mn+td)t' 
m'i—mt'  ' 

The  whole  distance  traveled  by  first  courier,       =—  .  <  ^ — — — - — \-n  - 
The  whole  distance  traveled  by  second  courier,  = —  .  ^ JL__JL. 

PROBLEM  10. 

A  father,  who  has  three  children,  bequeaths  his  property  by  will  in  the  fol- 
lowing manner :  To  the  eldest  son  he  leaves  a  sum,  a,  together  with  the  n^  part 
of  what  remains  ;  to  the  second  he  leaves  a  sum,  2a,  together  with  the  n^  part 
of  what  remains  after  the  portion  of  the  eldest  and  2a  have  been  subtracted ; 
to  the  third  he  leaves  a  sum,  3a,  together  with  the  v}^  part  of  what  remains 
after  tlie  portions  of  the  two  other  sons  and  3a  have  been  subtracted.  The 
property  is  found  to  be  entirely  disposed  of  by  this  ariiingement.  Required 
the  amount  of  tlie  property. 

Let  a:=  the  property  of  the  father. 

If  we  can,  by  means  of  this  quantity,  find  algebraic  expressions  for  the  por- 
tions of  the  three  sons,  we  must  subtract  their  sums  from  the  whole  property 
0*,  and,  putting  this  remainder  =0,  we  shall  determine  the  equation  of  tho 
problem. 

Let  us  endeavor  to  discover  these  three  portions. 

Since  x  represents  the  whole  property  of  the  father,  x — a  is  tho  remaindei 
after  subtracting  a  ;  hence, 

T — a 
Portion  of  eldest  son,    =:a + 


n 
an-\-x — a 


n 

x— 2a -^ 


(1) 


Portion  of  second  son,  =2a-l- 


=2a+ 


n 
nx — 3aw — .r+a 


n" 


2an'-|-'''^ — 3a7i — .r+a 


(2) 


an-X-x — a     2a?i'4-nx — 3an— ar-4-a 
2--3a ^ -^ ^— 

Portion  of  third  son,      =:  3a  -| 


=3a4 


n 
ti'jT — 6an^ — 2fir+4a»4-^ — ^ 


3an^+7i-jr— 6aw«— 2rt.r+4an+r— -a 


n 


3 


(3) 


According  to  the  condiUons  of  the  problem,  the  property  is  entirely  disposed 
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of.     Ilenco,  when  the  sum  of  the  tliree  portions  is  subtracted  from  Xj  tlio  dif- 
ference must  be  equal  to  zero ;  this  gives  us  the  equation 

m 

an-\-x — a      2an'i-\-nx — 3an — x-\-a      3an^-\-n^x — SaH' — 2HX-j-4an-|-* — » 

X——  —^^—^——  —  .  "~~  .,  0  r 

clearing  the  equation  of  fractions^  and  reducing, 

...  (//^— 3rt2+3/i— l)jr=Gaii'— 10a7i«+5an— a 

^Gaw=»— 10a/i«4-5aw— a     (6n»— 10?i«+5n— l)a 
^""      n3— 3/i^+3fi— 1      ~  (n— 1)»  * 

l^y  rofU'cting  upon  the  conditions  of  the  problem,  wc  may  obtain  an  equation 
much  more  simple  than  the  preceding.  It  is  stated  that  the  portion  of  tho 
third  son  is  3<z,  together  with  the  n"'  of  what  remains,  and  that  the  property 
is  thus  entirely  disposed  of ;  in  other  words,  the  portion  of  tho  third  son  is  3a, 
and  the  remainder  just  mentioned  is  nothing. 

We  fomid  the  expression  for  that  remainder*  to  be 


Equating  this  quantity  to  zero,  wo  have 

n'x — 6a/i" — 2nj-+4an+x — a 


=0 


.•.  n'^x — 6an^ — 27ir+4an+x — a=0 
(n2— 2n+l)r=Gan«— 4an+a 

Gan- — Aan-^a 
^~    w''— 2/?  +  l 

This  result  is,  moreover,  more  simple  than  tho  former.  We  can  easily  prove 
that  the  two  expressions  are  numerically  identical^  for,  applying  to  the  two 
polynomials  (Sv? — 1  On- +5/1 — l)a,  and  (n=* — 3«-+3n+ 1),  the  process  for  find- 
ing the  greatest  common  measure,  we  shall  find  that  those  two  expressions 
have  a  common  factor  n — 1 ;  dividing,  therefore,  both  terms  of  the  first  result 
by  this  common  factor,  we  arrive  at  the  second. 

The  above  problem  will  point  out  to  the  student  tho  importance  of  examin- 
ing with  great  attention  the  enunciation  of  any  proposed  question,  in  order  to 
discover  those  circumstances  which  may  tend  to  facilitate  the  solution ;  he  will 
otherwise  run  the  risk  of  arriving  at  results  more  complicated  than  the  nature 
of  the  case  demands. 

The  above  problem  admits  of  a  solution  less  direct,  but  more  simple  and 
elegant  than  those  already  given.  It  is  founded  on  the  observation  that,  after 
having  subtracted  3a  from  tlie  former  portions,  nothing  ought  to  remain. 

Let  us  represent  by  r,,  r^,  r,  the  three  remainders  mentioned  in  the  enun- 
rjatioa ;  the  algebraic  expressions  for  the  three  portions  must  be 

a+-,  2a-|--,  3a-|--. 

1°.  By  the  conditions  of  the  problem,  we  have  r3=0. 
Hence  the  third  portion  is  3a. 

"  Next  above  (3). 
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2*'.  The  remainder^  after  the  second  son  has  received  2a+— ,  may  be  rep- 

,  ^            Ta        (n— l)ra 
resented  by  r, ,  or . 

But  this  is  the  portion  of  the  third  son  ;  hence  we  have 

n 

3an 


n — 1 

San  3a 

Hence  the   portion  of  the  second  son  is  2a + r-r-n=2a+ ri  or> 

*  fi— 1  n—M 

reducing, 

2a7i-|-a 

3®.  The  remaindorf  after  the  eldest  son  lias  received  a+~"»  niay  ^  repre- 

sented  by  r, »  or — . 

But  this  remainder  forms  the  portion  of  the  other  two  sons ;  hence  we  have 

{n—l)ri      2an+a 

= ,~+3a 

n  n — 1     ' 

ban- — 2an 

(n— 1)- 

5an^^2an                  San — 2a 
Hence  the  portion  of  the  eldest  son  is  "+~T~^Ti — r>^=g-t-  /   j^vg* 

or,  reducing, 

a7i'^-\-3an — a 

Hence  the  whole  property  is 

2an + a     an^ + ^^^  — ^  . 


3rt 


"^   7t— 1   "I"  rf-— a 


•2n+l 
reducing  the  whole  to  a  common  denominator, 

3<i(yr— 2w+l)+(i>ff»+tf)(yt— l)4-tf?i^4-3<zn— g^ 

W-'  —  O/i  +  l  ' 

performing  the  operations  indicated,  and  reducing, 

the  result  obtained  above. 

This  solution  is  more  complete  thnn  the  former,  for  we  obtain  at  the  same 
time  the  property  of  the  father  and  tiie  expressions  for  the  portions  of  his 
tliree  sons. 

We  shall  now  solve  one  or  two  problems  in  which  it  is  either  necessary  oi 
convenient  to  employ  more  than  one  unknown  quantity. 

PROBLKM   11. 

Kequired  two  numbers  whose  sum  is  70  and  whose  difference  is  16. 
Let  X  and  y  be  the  two  numbers. 
Then,  by  die  conditions  of  the  problem, 
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a-+y=70 (1) 

a:-.y=16 (2), 

which  are  the  two  equations  required  for  its  solutioo. 
Adding  the  two  equations, 

2i-=86 

X=:43. 

Subtracting  the  second  from  the  first,^ 

2y=54 
y=27. 
Hence  43  and  27  are  the  two  numbers. 

PROBLEM   12. 

A  i);Tr  on  has  two  kinds  of  gold  coin,  7  of  tlie  larger,  together  with  12  of  the 
•mailer,  make  288  shillings ;  and  12  of  the  larger,  together  with  7  of  the  smaller, 
make  358  shillings.     Required  the  value  of  each  kind  of  coin. 

Let  X  be  the  value  of  the  larger  coin  expressed  in  shillings,  y  that  of  tlio 
smaller. 

Then,  by  the  conditions  of  tlio  problem, 

7j+122/  =  >i'^ (1) 

And 

12j+  7y=358 (2). 

Multiplying  equation  (1)  by  7,  and  equation  (2)  by  12, 
and  subtracting  tlie  former  product  from  the  latter,      .     .  95a:=2280 

.'.  T=:      24. 
Substituting  this  value  of  r  in  equation  (1),  it  becomes    168-|-12^=  288 

••.  y=.     10. 
The  larger  of  the  two  coins  is  worth  24  shillings,  the  smaller  10  sh'dlings. 

PROBLEM   13. 

An  individual  possesses  a  capital  of  $30,000,  for  wliich  he  receives  interest 
at  a  certain  rate  ;  he  owes,  however,  $5.20,000,  for  which  he  pays  interest  at  a 
certain  rate.  The  interest  he  receives  exceeds  tliat  wliich  he  pays  by  $800. 
Another  individual  possesses  a  capital  of  $35,000,  for  wliich  he  receives  inter- 
eat  at  tile  second  of  the  above  rates ;  ho  owes,  however,  $24,000,  for  which 
he  pays  interest  at  the  first  of  the  above  nites.  The  interest  whk;h  he  re- 
ceives exceeds  that  which  he  pays  by  $310.  Kequired  tlie  two  rates  of  in- 
terest. 

Let  X  and  y  denote  the  two  rates  of  interest  for  $100. 

In  order  to  find  the  interest  of  $30,000  at  the  rate  x,  we  have  the  pro 

portion, 

30,000x 
100:30,000::x:— — -=3002r. 

In  like  manner,  to  find  the  interest  of  $20,000  at  the  rate  of  y, 

20,000y 
100:20,000:  :y:—Yj^=200y. 

But,  by  the  enonciation  of  the  problem,  tlie  difference  of  these  two  sums  is 
$800 ;  hence  we  shall  have,  for  the  first  equation, 

300r— 200.v=«00 (1). 

Transkting,  in  like  manoer,  the  second  condition  of  the  problem  into  alge- 
braic language,  we  arrive  at  the  Nccond  equation, 
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350j/— 240j:=310 (2) 

The  two  mombcn)  of  tbo  first  equation  aro  divisible  by  100,  and  those  of  the 
second  by  10 ;  tliey  may  tlioreforo  be  replaced  by  the  following : 

3r—  2y=  8 (3) 

35y— 24x=31 (4) 

In  orier  to  eliminate  x,  multiply  equation  (3)  by  8,  and  then  add  equation 
(4);  hence 

102/=95 
.-.  y=:  5. 

Substituting  this  value  of  3/  in  equation  (3),  we  have 

3i-— 10=8 

Then  the  first  rate  of  interest  is  G  per  cout.,  and  the  second  5  per  cent. 

PROBLEM   14. 

An  artisan  has  three  ingots  composed  of  different  metals  molted  together. 
A  pound  of  the  first  contains  7  oz.  of  silverf  3  oz.  of  copper,  and  G  oz.  of  tin. 
A  pound  of  the  second  contains  12  oz.  of  silver,  3  oz.  of  copper,  and  1  oz.  of 
tin.  A  pound  of  the  third  contains  4  oz.  of  silver,  7  oz.  of  copper,  and  5  oz. 
of  tin.  How  much  of  each  of  these  tliree  ingots  must  he  take  in  order  to 
form  a  fuiu'th,  each  pound  of  which  shall  contain  8  oz.  of  silver,  3^  oz.  of  cop- 
per, and  4}  oz.  of  tin  ? 

Let  r,  y,  and  z  bo  tlie  number  of  ounces  which  he  must  take  in  each  of  the 
ingots  respectively,  in  order  to  form  a  pound  of  the  ingot  required. 

Since,  in  the  first  ingot,  there  are  7  oz.  of  silver  in  a  pound  of  IG  oz.,  it  fol- 

7 
lows  that  in  1  oz.  of  the  ingot  there  are  —  oz.  of  silver,  and,  consequently,  in  t 

7.r 
oz.  of  the  ingot  there  must  be  —  oz.  of  silver.     In  like  manner,  we  shall  find 

12?/  4r 
that  ^777,  —  represent  the  number  of  ounces  of  silver  taken  in  the  second  and 
10    lb 

third  ingots  in  order  to  fonu  the  fourth ;  but,  by  the  conditions  of  the  prob- 
lem, tlio  fourth  ingot  is  to  contain  8  oz.  of  silver ;  we  shall  thus  have 

7.C     12y     Az 

i«+Kr+i6=« w 

And  reasoning  precisely  in  the  same  miinner  for  the  copper  and  tin,  we  find 

3j:      3;/      7z     15 

16"^"  To*  "ITg^T ^^^ 

6x       y       Sr      17 

IG"'"  IG  "^Tg^T ^^^ 

which  aro  the  three  equations  required  for  the  solution  of  the  problem. 
Clearing  them  of  fractions,  they  become 

7jr+12j/  +  42  =  128 (4) 

3J--I-   3.y+72r=  GO (5) 

6x-|-     3/+52=  C8 (6) 

In  these  three  equations  the  coefficients  of  y  aro  most  simple  ;  it  will,  there- 
fore, be  convenient  to  eliminate  this  unknown  quantity  first. 
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Multiply  equntion  (5)  by  4,  and  subtract  equii- 
tion  (4)  from  the  product,  we  have 5j*-|"24z=112  .  .  (7) 

Multiply  equation  (H)  by  3,  and  subtract  equa- 
tion (5)  from  the  product,  we  have 15x-|-  8zr=:144  .  .  (8) 

Multiply  equation  (8)  by  3,  and  subtract  equa- 
tion (7)  from  the  product,  we  have 40x=:320 

.-.  x=z     8 

Substitute  this  value  of  x  in  equation  (8) ;  it  be- 
comes          120-f  82=144 

.-.  2=     3 

Substitute  these  values  of  x  and  z  in  equation 
(6);  it  becomes 48-|-^-|-15  =  G8 

•••  y=    5 

Hence,  in  order  to  form  a  ]X)und  of  the  fourth  inj^ot,  he  must  take  8  ounces 
of  the  first,  5  ounces  of  the  second,  and  3  ounces  of  the  third. 

* 

FROBLEM    15. 

There  are  three  workmen.  A,  B,  C.  A  and  B  together  can  perform  a  cer- 
tain piece  of  labor  in  a  days';  A  niid  C  together  in  h  days ;  and  B  and  C  to- 
gether in  c  days.  In  what  time  could  each,  singly,  execute  it,  and  in  what 
time  could  they  finish  it  if  all  worked  together  ?  ' 

Let  x=  time  in  which  A  alone  could  complete  it. 
yz=:  time  in  which  B  alone  could  complete  it. 
z=  time  in  which  C  alone  could  complete  it. 

Since  A  and  B  togetlier  con  execute  the  whole  in  a  days,  the  quantity 
which  they  perform  in  one  day  is  -  ;  and  since  A  alone  could  do  the  whole 

in  X  days,  the  quantity  he  could  perform  in  one  dny  is  - ;  for  the  same  rea- 

•OD,  the  quantity  which  B  could  perform  in  one  day  is  - ;  the  sum  of  what 

they  could  do  singly  must  be  equal  to  tlie  quantity  they  can  do  together; 

hence 

111 

— f-=- (1) 

X  ^  y     a  ^  ' 

In  like  manner,  w^e  shall  have 

111 

i+r=6 (2) 

111 

y  *  2      c  ^  ' 

Subtract  equation  (3)  from  (1), 

1111 

.— =— (4) 

X    z     a     c  ^  ' 

Add  equations  (2)  and  (4), 


2_1      1     1 
X     a  '6     c  * 
'2ahr 
cic-(-6c — ub' 
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In  like  manner, 

2abc 
•^     ab-^'hc — ac 
2ahr 

*     ab-^-ac — be' 

Let  /  be  tlie  time  iu  which  tliey  could  finish  it  if  all  worked  together;  then, 
by  Prob.  8, 

/I     1     1\ 


(1      ab-{-ac — bc\ 


2ahc 


ab-{-ac-\-bc 

(IG)  Whut  two  numbers  are  those  whose  ditlcrenco  is  7  and  sum  .'}3  1 

Ans.  13  and  CO. 

(17)  Tu  divide  the  number  75  into  two  such  jmrts  that  three  times  tlio 
greater  may  exceed  7  times  the  less  by  15. 

Ans.  54  and  31. 

(IH)  In  a  mixture  of  wine  and  cider,  *-  of  the  whole  jdut  25  gallons  was 
wine,  and  j  |)art  minus  5  gallons  was  cider ;  how  many  gallons  were  there  of 
each  ? 

Ans.  85  of  wine,  and  35  of  cider. 

(10)  A  bill  of  S34  was  paid  in  half  dollars  and  dimes,  and  the  number  of 
pieces  of  both  sorts  that  were  used  was  just  100 ;  how  many  were  there  of 
each  1 

Ans.  60  half  dollars  and  40  dimes. 

(20)  Two  travclors  sot  out  at  the  same  time  from  New  York  and  Albany, 
whoso  distance  is  150  miles  ;  one  of  them  goes  8  miles  a  day,  and  the  other  7 ; 
in  what  time  will  they  meet  ? 

Ans.  In  10  days. 

(21)  At  a  certain  election  375  persons  voted,  and  the  candidate  chosen  had 
a  majority  of  91 ;  how  many  voted  for  ooch  ? 

Ans.  233  for  one,  and  1 42  for  the  other. 

(22)  What  number  is  that  from  wliich,  if  5  be  subtracted,  §  of  the  remain- 
der will  l)e  40  ? 

Ans.  G5. 

(23)  A  post  is  ]  in  the  mud,  J  in  llie  water,  and  10  feet  above  the  water; 

what  is  its  whole  length  ? 

Ans.  24  feet. 

(24)  There  is  a  fish  wliose  tail  wcij^hs  I)  pounds,  his  head  weighs  as  much 
as  his  tail  and  half  his  body,  and  his  Ijody  weighs  as  much  as  his  head  and  his 
tail ;  what  is  the  whole  weight  of  the  fish  1 

Ans.  72  pounds. 

(25)  After  payiiip  away  |  and  J  of  my  money,  I  liad  GO  guin(>as  left  in  my 
purse ;  what  wui  in  it  al  first  ? 

Ans.  120  gu'meas. 
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(26)  A's  nge  is  double  of  B*8,  and  B*s  is  triple  of  C's,  and  tbo  sum  of  all 
their  ages  is  140;  what  is  the  age  of  each  ? 

Alls.  A's  =84,  B's  =42,  and  C's  =14. 
(37)  Two  persons,  A  and  B,  lay  out  equal  sums  of  money  in  trade ;  A 
gains  $630,  and  B  loses  $435,  and  A's  money  is  now  double  of  B's ;  what  did 
each  lay  out  ? 

Ans.  $1500. 

(28)  A  person  bought  a  chaise,  horse,  and  harness,  for  $450;  the  horse 
came  to  twice  the  price  of  the  harnpss,  and  the  chaise  to  twice  the  price  of 
the  horse  and  harness ;  what  did  he  give  for  each  ? 

Ans.  $100  for  the  horete,  $50  for  the  harness,  and  $300  for  the  chaise. 

(29)  Two  persons,  A  and  B,  have  both  the  same  income :  A  saves  \  of  his 
yearly,  but  B,  by  spending  $250  per  annum  more  than  A,  at  the  end  of  4 
years  finds  himself  $500  in  debt ;  what  is  their  income  ? 

Ans:  $G25. 

(30)  A  person  has  two  liorses,  and  a  saddle  worth  $250 ;  now,  if  the  sad- 
dle be  put  on  the  back  of  the  first  horse,  it  will  make  his  value  double  that  of 
the  second ;  but  if  it  bo  put  on  the  back  of  the  second,  it  will  make  his  value 
triple  that  of  the  first;  what  is  the  value  of  each  horse  ? 

Ans.  One  $150,  and  the  other  $200. 

(31)  To  divide  the  number  36  into  throe  sucli  parts  that  h  of  the  first,  ^  of 
the  second,  and  \  of  the  tliird  may  be  all  oqiial  to  onch  other  ? 

Ans.  The  parts  are  t<,  12,  and  16. 

(32)  A  footman  agreed  to  serve  his  master  fur  <£8  a  your  and  a  liver}-,  but 
turned  away  at  the  end  of  7  mouths,  and  received  only  c£2  13^.  4tl,  and 

lifery ;  what  was  its  value  ? 

Ans.  c£4  16s. 

(33)  A  person  was  desirous  of  giving  3^.  a  piece  to  some  Ijegoara,  but  found 
that  he  had  not  money  enough  in  his  pocket  by  Sd. ;  he  therefore  gave  them 
each  2d.j  and  had  then  3d.  nMnaining  ;  required  tbo  numbiT  of  beggars  ? 

Ans.  11. 

(34)  A  person  in  play  lost  j  of  his  money,  and  thc;n  won  3*. ;  after  which, 
he  lost  I  of  what  ho  then  had,  and  then  won  2.^. ;  lastly,  he  lost  {  of  what  he 
then  had;  and  this  done,  found  ho  had  but  126*.  remaining;  what  had  he  at 
first? 

Ans.  20^. 

(35)  To  divide  the  number  90  into  4  such  parts  that  if  the  first  be  increased 
by  2,  the  second  diminished  by  2,  the  third  multiplied  by  2,  and  the  fourth 
divided  by  2,  the  sum,  dilTrrencc,  product,  and  quotient  shall  be  all  equal  to 
each  other  ? 

Ans.  The  parts  arc  18,  22,  10,  and  40  respectively. 

(36)  The  hour  and  minute  hand  of  a  clod;  uvf  exactly  together  at  12  o'clock ; 
when  are  they  next  together  ? 

Ans.  1  hour  3j\  minutes. 

(37)  There  is  an  island  73  miles  in  circumference,  and  three  footmen  all 
start  together  to  travel  the  same  way  about  it :  A  goes  5  miles  a  day,  B  8,  and 
C  10 ;  when  will  they  all  come  together  again  ? 

Ans.  73  days. 
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(38)  How  much  foreign  brandy  at  8«.  per  gnllon,  and  domestic  spirits  at  3*. 
per  gallon,  must  be  mixed  together,  so  that,  in  selling  the  compound  at  95.  per 
gallon,  the  distiller  may  clear  30  per  cent.  ? 

Ans.  51  gallons  of  brandy,  and  14  of  spirits. 

(39)  A  man  and  his  wife  usually  drank  out  a  cask  of  beer  in  12  days ;  but 
when  the  man  was  from  home,  it  lasted  the  woman  30  days  ;  how  many  days 
would  the  man  alone  be  in  drinking  it  ? 

Ans.  20  days. 

(40)  If  A  and  B  together  can  perform  a  piece  of  work  in  8  days ;  A  and  C 
together  in  9  days;  and  B  and  C  in  10  days:  how  many  days  will  it  take 
each  person  to  perform  the  same  work  alone  ? 

Ans.  A  14J5  days,  B  17|f,  and  C  23,V 

(41)  A  book  is  printed  in  such  a  manner  that  each  page  contains  a  certain 
number  of  lines,  and  each  line  a  certain  number  of  letters.  If  each  page  were 
required  to  contain  3  lines  more,  and  each  line  4  letters  more,  the  number  of 
letters  in  a  page  would  be  greater  by  224  than  before ;  but  if  each  page  were 
required  to  contain  2  lines  less,  and  each  line  3  letters  less,  the  number  of  let- 
ters in  a  page  would  be  less  by  145  than  before.  Required  the  number  of 
lines  in  each  page,  and  the  number  of  letters  in  each  line. 

Ans.  29  lines,  32  letters. 

(42)  Hiero,  king  of  Syracuse,  had  given  a  goldsmith  10  pounds  of  gold  with 
which  to  make  a  crown.  The  work  being  done,  the  crown  was  found  to 
weigh  10  pounds;  but  the  king,  suspecting  that  the  workman  had  alloyed  it 
with  silver,  consulted  Archimedes.  The  latter,  knowing  that  gold  loses  in 
water  52  thousandths  of  its  weight,  and  silver  99  thousandths,  ascertained  the 
weight  of  the  crown,  plunged  in  water,  to  be  9  i>ounds  G  ounces.  This  dis- 
covered the  fraud.     Required  the  quantity  of  each  metal  in  the  crown. 

Ans.  7  ])ounds  12]^  ounces  of  gold,  2  pounds  3Jf  ounces  of  silver. 

(43)  To  divide  a  number  a  into  two  parts  which  shall  have  to  each  other 

the  ratio  of  m  to  n. 

ma        na 
Ans.  — ; — ,  — ; — . 
m-^'ii  m-f-n 

(44)  To  divide  a  number  a  into  three  parts  which  shall  be  to  each  other 
as  m :  n  :p, 

ma  na  pa 

*  m-|-«+^'  m+w-|-/?'  7rt+n+j;* 

(45)  A  banker  has  two  kinds  of  change  ;  there  must  be  a  pieces  of  the  first 
to  make  a  crown,  and  h  pieces  of  the  second  to  make  the  same  :  now  a  per- 
son wishes  to  have  c  pieces  for  a  crown.  How  many  pieces  of  each  kind  must 
the  banker  give  him  ? 

a{b — c)  h{c — a) 

Ans.  —. of  the  first  kind,  -, of  the  second. 

0 — a  0 — a 

(46)  An  innkeeper  makes  this  bargain  with  a  sportsman :  every  day  that 
the  latter  brings  a  certain  quantity  of  game  he  is  to  receive  a  sum  a,  but  every 
day  that  he  fails  to  bnng  it  he  is  to  pay  a  sum  h.  After  a  number  n  of 
days  it  may  happen  that  neither  owes  the  other,  or  that  the  first  owes  the 
second,  or  that  the  second  owes  the  first  a  sum  c.     Required  a  formula  which 


•^ 
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shall  express  in  all  three  cases  the  number  of  days  that  the  sportsman  brought 
the  game. 

hnzizc 

AnS.  X= r-T". 

In  the  (irst  case  c:=0,  in  the  second  case  we  must  take  tho  positive  sign,  in 
the  tliird  case  the  negative  sign. 

(47)  If  one  of  two  numbers  be  multiplied  by  m,  and  the  otlier  by  n,  the  sum 
of  the  products  is  p ;  but  if  the  first  be  multiplied  by  m\  and  the  second  by  n% 
the  sum  of  the  products  is  p\    Kequirod  tlie  two  numbers. 

n'p — np'    mp' — m  'p 

AnS.  f  ;~,  ;  ~» 

mn — fan    mn — m  n 

(48)  An  ingot  of  metal  which  weighs  n  pounds  loses  p  pounds  when  weigh- 
ed in  water.  This  ingot  is  itself  composed  of  two  other  metals,  which  we 
may  call  M  and  M' ;  now  n  pounds  of  M  loses  q  pounds  when  weighed  in 
water,  and  n  pounds  of  M'  loses  r  pounds  when  weighed  in  water.  How 
Vinch  of  each  metal  does  the  original  ingot  contain  ? 

n(r — fi)  n(p  —  a) 

Ans. pounds  of  M, pounds  of  M'. 

r — q     *^  T — q     '^ 

REMAllKS  UPON  EaUATIONS  OF  THE  FIRST  DEGREE. 

152.  Algebraic  formulas  can  offer  no  distinct  ideas  to  the  mind  unless  they 
represent  a  succession  of  numericHi  operations  which  can  be  actually  perform- 
ed. Thus,  the  quantity  h — a,  when  considered  by  itself  nlone,  can  only  sig- 
nify an  absurdity  when  a>i.  It  will  be  proper  for  us,  therefore,  to  review 
the  preceding  calculations,  since  they  sometimes  present  this  difficulty. 

Every  equation  of  the  first  degree  may  be  reduced  to  one  which  has  all  its 
aigna  positive,  such  as 

ax-^-h-^cx-^d  .....' (1)* 

Subtracting  cx-|-  h  from  each  member,  we  then  have 

ax — cxz=zd — 6. 
Whence 

x= (2) 

a — c  ^  ' 

This  being  prem'sed,  three  different  cases  present  themselves  ; 

1*.  rf>6  and  a>f. 

2°.  One  of  these  conditions  only  may  hold  good. 

3".  6>c^  and  c^a. 

In  the  first  case  tho  value  of  x  in  equation  (3)  resolves  tho  problem  without 
giving  rise  to  any  embarrassment ;  in  the  second  and  third  cases  it  does  not,  at 
first,  appear  what  signification  we  ought  to  attocUi  to  the  value  of  x ;  and  it  is 
this  that  we  proixrae  to  examine. 

In  the  second  case  one  of  the  subtractions,  d — 6,  a — r,  is  impossible ;  for 
example,  let  b^d  and  a^c;  it  is  manifest  that  the  proposed  equation  (1)  is 
absurd,  since  the  two  terms  ax  and  b  of  the  first  member  are  respectively 
greater  than  the  two  tenns  ex  and  d  of  tho  second.  Hence,  when  we  en- 
counter a  difficulty  of  this  nature,  we  may  be  assured  that  the  proposed  prob- 

*  Wo  can  alwoys  cliange  the  nccrativo  tcniii  of  aii  equation  into  positive  ones  by  trans- 
pcMiog  ihem  f.'om  the  member  in  which  thuy  ar^;  found  to  die  other  member. 
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lem  is  absurd,  since  the  equation  is  merely  a  faithful  expression  of  its  condi- 
tions in  al<;ehniic  language. 

In  the  third  case  we  suppose  h^d  and  c^a;  here  both  subtractions  are 
impossible  ;  but  let  us  obsen-o  thnt,  in  order  to  solve  equation  (I),  we  subtract- 
ed from  each  member  the  quantity  ci-\-b,  an  operation  manifestly  impossible, 
since  each  member  <[cx-|-  b.  This  calculation  being  erroneous,  let  us  sub- 
tract aX'{-d  from  each  member ;  we  then  have 

b — d=:cx — ax. 

Whence 

b-d 
x=: (3) 

c — a  ^  ' 

This  value  of  r,  when  compared  with  equation  (2),  differs  from  it  in  this 
only,  that  the  signs  of  both  terms  of  the  fraction  have  been  changed,  and  the 
solution  is  no  longer  obscure.  Wo  perceive  that,  when  we  meet  with  diis 
third  case,  it  points  out  to  us  that,  instead  of  transposing  all  the  terms  involT- 
ing  the  unknown  quantity  to  the  first  member  of  the  equation,  we  ought  to 
place  them  in  the  second  ;  and  that  it  is  unnecessary,  in  order  to  correct  this 
error,  to  recommeuco  thi^  calculation ;  it  is  sufficient  to  change  the  signs  of 
both  numerator  and  denominator. 

When  the  equation  is  absurd,  as  in  the  second  case,  we  may  nerertheless 

make  use  of  the  negative  solution  obtained  in  this  case ;  for  if  we  substitute 

— X  for  -{-r,  the  proposed  equation  becomes 

— ar+6= — c.x-^d. 

b-^d 

Whence  x=. . 

a — c 

a  value  equal  to  that  in  (2),  but  positive.     If,  then,  we  modify  the  question  in 

such  a  manner  as  to  agree  with  this  new  equation,  this  second  problem,  which 

will  bear  a  marked  resemblance  to  the  first,  will  no  longer  be  absurd,  and, 

with  the  exception  of  the  sign,  will  have  the  same  solution. 

Let  us  take,  for  example,  the  following  problem  : 

A  father,  aged  4*2  years,  has  a  son  aged  12 ;  in  how  many  years  will  the  age 
of  the  son  be  one  fourth  of  that  of  the  father  ? 

Let  xz=  the  number  of  years  required. 
Then  ~-=12-|-x; 

Thus  the  problem  Ls  absurd.  But  if  we  substitute  — x  for  -|-x,  the  equa- 
tion becomes 

42— r 

— -; — =12— X 
4 

and  the  conditions  corresponding  to  this  equation  change  the  problem  to  the 
following : 

A  father,  aged  42  years,  has  a  son  aged  12 ;  how  many  years  have  elapsed 
since  Oie  age  of  the  son  was  one  fourth  of  thai  of  tJie  father?* 

Here  r=2. 


*  As  a  problem  is  traiuilate<I  into  alprcbrtuc  laiitnins^o  by  mearm  of  an  eqaation,  00  an 
eqoaticm  may  be  translated  back  into  a  problem,  provided  the  general  nature  of  tbe  problem 
be  known. 
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Take  another  example. 

What  number  of  dollars  is  that,  the  sum  of  the  third  and  fifth  parts  of  which, 
diminished  by  7,  is  equal  to  the  original  number  ? 

Here  -+g-.7=r. 

Whence  x= — 15. 

The  problem  is  absurd  ;  but,  substituting  — x  for  -|"r, 

J-       X 

■"3""5"'''='"^' 
or 

.r     T 

3^5  ' 

which  gives 

T=15; 

and  the  problem  should  rend,  Wlint  number  of  dollars  is  that^  the  tliird  and  fiftti 
parts  of  which,  when  increased  by  7,  give  the  original  number  ? 

153.  With  regard  to  the  interpretation  of  negative  results  \n  the  solution 
of  problems,  then,  wo  may,  from  what  is  seen  above,  establish  the  following 
general  principle  : 

When  xvefind  a  nefrative  value /(tr  the  vnhnmcn  quantity  in  prohlrms  of  the 
first  degree^  it  points  out  an  absurdity  in  the  conditions  of  th^  2^^^^^^^^  P^^' 
posed;  provided  the  equation  be  a  faithful  representation  of  the  problem,  and 
of  the  true  meaninff  of  all  the  conditions. 

The  value  so  obtained ,  neglecting  its  sign^  may  be  considered  as  the  answer 
to  a  problem  which  differs  from  the  one  proposed  in  Oiis  only,  that  certain  quan- 
tities which  were  aaditive  in  Oie  first  have  become  subtractive  in  the  second,  and 
reciprocally. 

154.  The  equation  (2)  presents  still  two  varieties.     If  a=:c,  we  have 

d-b 

in  this  case  the  original  equation  becomes 

whence  h=:d ;  if,  therefore,  b  be  not  equal  to  d,  the  problem  would  seem  ab- 
mird.* 

But  the  expression  —z — ,  or,  m  general,  -r,  where  mmay  be  any  quantity, 

represents  a  number  infinitely  great.    For,  if  we  take  a  fraction  — ,  the  small- 

n 

m 
er  we  make  w,  the  greater  will  the  number  represented  by  —  become ;  thus, 

n 

111, 
for  wssn*  Too'  1000'         ''©suits  are  2,  100,  1000  times  m.     The  limit  is  iV 

n% 
finity,  which  corresponds  to  n=:0.     Or,  we  may  say,  to  prove  —  infinite,  that 

*  The  abmrdity  ia  removed  by  considering  timt  finite  quantities  have  no  effect  when 
ifdded  to  infinite  ones ;  tliat,  in  comparison  wiUi  infinities,  finite  qnantitios  are  all  oiual  to 
OM  aiioCher,  tnd  all  eqoal  to  zero. 
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a  finite  quantity  evidently  contains  an  infinite  number  of  s^ros.  The  symbol 
for  the  vBilue  of  x  in  this  case  is 

m 
By  clearing  the  expression  77=00  of  fractions,  we  have  m=OXQDt  from 

m 
Avhich  it  appears  that  tlie  product  of  zero  by  infinity  is  finite.     So,  also, —^O, 

or  the  quotient  of  a  finite  quantity  by  infinity,  is  zero. 
155.  If,  in  equation  (2),  a=c,  and  6=^,  we  have 

in  this  case  the  original  equation  becomes 

Here  the  two  members  of  the  equation  are  equal,  whatever  may  be  the  valuo 
of  J-,  which  is  altogether  arbitrary,  and  may  have  any  value  at  pleasure.  We 
perceive,  then,  that  a  iirohlem  is  indeterminate,  and  is  suscejHihU  of  an  in- 
finite,  number  of  solutions^  when  the  value  of  the  unknown  quantity  appears 

under  the  form  -. 

0 
It  is,  however,  highly  important  to  observe,  that  the  expression  ^  does  not 

always  indicnte  that  the  problem  is  indeterminate,  but  merely  the  existence  of 
a  factor  common  to  both  terms  of  the  fraction,  which  factor  becomes  0  under 
n  particular  hypothesis. 

Suppose,  for  example,  that  the  solution  of  a  problem  is  exhibited  under  tlie 

If,  in  this  formula,  W6  make  ar=^,  then  xz=i-, 

*  This  infinite  value  of  expressions  like  —  may  be  Bometimea  {XMitive,  Bomctimea  nega- 
tive, and  sometimes  indifferently  positive  or  negative. 

1".  Let  there  be  the  formula  x=i~ -.  in  which  m  and  n  are  two  invariable  nomben. 

which  we  suppose  positive,  and  different  from  zero,  while  z  can  have  all  p(»8iblc  values. 
Making  z^n,  we  have  2=t-  But  as  the  denominator,  [n — 2:)-,  is  always  positive,  what- 
ever  s  may  be,  the  infinity  here  should  bo  reganled  as  designating  die  positive  infinity. 

VP.  By  onalogouB  reasoning,  we  see  that  if  we  have  the  formula  ar= -  and  y=»,  wo 

[n—zY- 

should  have  the  negative  infinity  z^ — od  . 

3°.  Let  there  be  the  formula  x= .    The  hypothesis  z=n  gives  still  x=~,  hut  here 

n — z  0 

the  infinity  will  have  an  ambiguous  sign.  Suppose,  at  first,  c</i,  and  cause  z  to  increase, 
the  formula  will  give  increasing  values,  which  will  be  all  positive.  On  the  contrary,  taking 
z>n,  then  diminishing  z  till  it  becomes  equal  to  n,  the  formula  gives  increasing  values, 
which  are  negative.  Therefore,  the  hypotliosis  z=n  ought  to  be  considered  as  causing  the 
formula  to  take  two  infinite  values,  the  one  positive  and  Uie  other  negative.  This  is  indi- 
cated by  writing  x=-j^ao.  Tiio  a  is  here  the  transition  value  betvi'een -f- cuid — .  Zero 
is  also  a  transition  value  between  -|-  and  — .  For,  let  a;=ii — z :  if  z<^nt  and  z  iucrcaie  till 
;;>n,  the  value  of  x  in  ciianging  from  -\-  to  —  passes  through  0.  duantities  in  changing 
sign  most  always  pass  tlirough  0  or  « .    They  may,  however,  pass  tlux)ugfa  0  or  00  with- 

CNit  changing  sign,  u  in  x=(it — z)*,  and 


{nr~z)t 


SIMPLE  EaUATIONS.  177 

But  we  must  remark,  that  a' — 6'  may  be  put  under  the  form  {a—h) 

(d*'\-ab-\-b^)t  and  that  a^ — b^  is  equivalent  to  (a — b)  (a-{-b);  hence  the 

above  value  of  x  will  be 

^  (a^h){a^+ab+b'') 

^""      (^— i)(a+6)      • 
Now  if,  before  making  the  hypothesis  a  =  6,  we  suppress  the  common  fac- 
tor a — &,  the  value  of  x  becomes 

a9^ab  +  b^ 

an  expression  which,  under  the  hypothesis  that  a =6,  is  reduced  to 

3a«     3a 

Take,  as  a  second  example,  the  expression 

^  flg^feg      {a^b)(a^b) 

^— (a—6)^"~(tt— 6)(a— 6) ' 

0 
making  a=:6,  the  value  of  x  becomes  -2^=^*  in  consequence  of  the  existence 

of  the  common  factor  a — b;  but  if,  in  the  first  instance,  we  suppress  the  com- 
mon fiictor  a — 6,  the  value  of  :r  becomes 

a+b 

an  expression  which,  under  the  hypothesis  that  a =6,  is  reduced  to 

2a 

0 

0 
From  this  it  appears  that  the  symbol  -  in  algebra  sometimes  indicates  the 

existence  of  a  factor  common  to  the  two  terms  of  the  fraction  which  is  reduced  to 
that  form.  Hence,  before  we  can  pronounce  with  certainty  upon  tlie  true 
▼alue  of  such  a  fraction,  we  must  nscertuiii  whether  its  terms  involve  a  com- 
mon factor*  If  none  such  be  found  to  exist,  tlien  we  conclude  that  the  equa- 
tion in  question  is  really  incleferminate.  If  ii  coniinon  fuctor  be  found  to  exist, 
we  must  suppress  it,  and  then  make  anew  the  particular  hypothesis.  This 
wiU  now  give  us  the  true  value  of  the  fraction,  which  may  present  itself  under 

^        ^  A  A   0 

one  of  the  three  forms  -^^  —,  -. 

In  the  first  case,  the  equation  is  dctermitiate ;  in  the  second,  it  is  impossible 

in  finite  numbers  ;  in  the  third,  it  is  indeterminate, 

0 
There  are  other  forms  of  indetermination  besides  -  ;  for,  whatever  be  the 

values  of  P  and  Q,  we  have 

p 
p 

The  first  of  these  equivalents  of  jz,  where  P  and  Q  both  equal  zero,  be- 

CD 

oomes  0  X  <3o,  and  the  second  becomes  — ,  which  symbols  must,  therefore,  be 

GO 

,   0 
considered  as  having  the  same  meaning  with  r. 

M 
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DISCUSSION   or  FORMULAS  FURNISHED  BT  THE  OENERAL  EQUATIONS    OF  THE 
FIRST    DEUREE,  WITH    TWO    OR   MORE    UNKNOWN    qUANTITIKS. 

When  the  common  denominator  of  the  general  values  of  the  unknown  quan- 
tities reduces  to  zero,  it  is  not  readily  seen  how  the  given  equations  are  to  bo 
verified.    We  shall  examine  here  the  particular  cases  of  this  kind  which  may 
occur. 
Resume  the  two  equations, 

ax-^-h  y=zk  [1] 

a'x+b'yz=k'  [2] 

from  which  we  derive  the  formulas 

H'^hk'         ak'—ka' 

First  'particular  Case, — Suppose  the  denominators  to  be  zero  and  the  nu- 
merators not ;  then  we  have 

,       ,                   kh'^hk'         ak'^ka' 
aft'— 6a'=0,  X3= ,  y= ^j . 

The  values  of  x  and  y  aro  then  infinite ;  that  is  to  say,  in  order  to  satisfy  the 

two  given  equations,  they  must  surpass  every  assignable  magnitude. 

ah' 
From  the  equality  ah' — 6a' ^0,  we  derive  a'=-p,  and,  consequently,  the 

equation  [3],  by  putting  in  it  this  value,  becomes 

ah' 

-YX+h'y=k',  .-.  h'{ax+hy)=zhk'. 

The  first  member  is  the  first  member  of  [I]  multiplied  by  h' ;  the  same  re- 
lation must  subsist  between  the  second  members,  in  order  that  the  value  of  x 
and  y  may  verify  at  the  same  time  equations  [1]  and  [2].  Hence  hk^z=kb\ 
or,  kb' — hk'szO ;  i.  e.,  the  numerator  of  x  would  be  equal  to  sero,  which  is 
contraiy  to  hypothesis.* 

In  tliis  way  the  impossibility  of  finding  values  of  x  and  y,  which  satisfy  at 
the  same  time  tlie  two  given  equations,  is  made  apparent;  but  this  impossi- 
bility is  H<nll  better  charncterized  by  the  infinite  values,  which,  at  the  same  time 
that  they  indicate  the  impossibility,  show  besides  that  it  arises  from  tlie  fact 
that  the  values  of  tlie  unknown  quantities  are  too  great  to  be  assigned. 

If  we  suppose  ah' — ha'  to  be  at  first  a  veiy  small  quantity,  the  values  of  z 
and  y  will  be  very  great,  but  they  will  always  satisfy  the  equations  until  the 
instant  ah' — ha'  reduces  to  zero,  when,  if  we  can  not  effect  in  a  durect  manner 
the  verification  of  the  equations,  it  is  solely  because  r  and  y  then  surpass  all 
assignable  magnitude. f 

Second  particular  Case. — Suppose  the  denominator  to  be  zero  at  the  same 
time  as  one  of  the  numerators ;  for  example,  thut  wo  have 

a6'— 6a'=0,  A-6'  — 6ifc'=0. 
I  maintain  that  the  other  numerator  will  bo  also  equal  to  zero;  for  the 
two  equalities  above  give 

*  The  note  to  art  154  explains  this  anomaly.    Tlio  finite  quantities  ki/  and  bli^  aro  equal 
T9hcn  compared  with  infinity'. 

t  Ck)nsidered  in  relation  to  tlio  question,  the  conditions  of  which  are  expressed  by  the 
problem,  infinite  values  may  bo  sometimes  a  true  solution  of  tlie  question.    The  applica 
tion  of  algebra  to  geometry  furnishes  numerous  exami>lcs  of  this  kind ;  among  others  may 
be  cited  that  where  an  angle  is  unknown,  and  we  find  for  its  tangent  tax  mfinite  vahne.    Jt 
is  clear,  then,  that  the  angle  most  be  right. 


SIMPLE  SaUATIONS.  179 

a'— -J-,  *'— -^, 

and,  consequently,  the  other  numerator  becomes 

akh'     akh' 
ak' ^ka' z:z—j-- — — ^=0. 

If  at  first  we  had  supposed  this  numerator  equal  to  zero,  we  could  have 
proYed  in  a  similar  manner  that  of  x  to  be  so  also. 
The  present  hypothesis  then  gives 

0  0 

Of  themselves  these  symbols  indicate  indetermination ;  I  shall  prove,  by  going 

back  to  the  equations,  that  they  ought,  in  fact,  to  be  indotenninate. 

For  this  purpose,  substitute  in  equation  [2]  the  values  of  a'  and  k',  found 

above,  and  it  becomes 

ah'       ,         kb'       h\         .         h\ 
-yx+h'y=:-^,  .'.j(ax+by)=jk. 

Thus  we  see  that  it  can  bo  formed  by  multiplying  the  two  members  of  equa- 

b' 
tion  [1]  by  y ;  then  all  values  of  x  and  y  which  satisfy  one  of  the  two  equations 

will  also  satisfy  the  other.  But  if  wo  give  to  x  values  at  pleasure  in  equation  [1], 
we  can,  by  resolving  it  afterward,  find  corresponding  values  of  ^  ;  and  as  these 
same  values  satisfy  the  second  equation,  we  conclude  that  the  proposed  equa- 
tions admit  an  infinite  number  of  solutions. 

Let  it,  however,  be  observed,  that  the  indetermination  in  this  case  does  not 
permit  us  to  take  whatever  value  of  y,  and,  at  the  same  time,  of  x,  we  please, 
because  the  above  explication  shows  that,  when  ono  of  tliese  unknown  quan- 
tities is  assumed,  the  value  of  the  other  is  determined. 

The  case  before  us  comprehends  that  in  which  )t=0,  Ar'^O,  a6'— &a'^0, 

0 
because  then  x  and  y  become  -.     If  we  return  to  the  equations  proposed,  they 

reduce  to  these, 

ax-f  6y=0,  a'x+b'y=0. 

They  give  respectively 

a  a' 

a     a' 
But  upon  the  hypothesis  of  ab' — 6a' =0,  we  derive  t=77»  then  the  two 

values  of  y  are  equal,  whatever  be  that  of  x,  and  thore  is  veritable  indeter- 
nuiiation. 

Yet  it  is  to  be  observed,  that,  if  we  take  tlie  relation  of  y  to  x,  this  relation 
is  determinate,  because  we  have 

y         a         a' 

a     a' 
If  the  condition  t=:t7  had  not  existed,  the  two  values  of  y  above  coukl  not 

have  been  equal,  except  we  suppose  x=0 ;  y  would  have  been  then  zero,  and 
tbe  relation  of  or  and  y  no  longer  deteiTninate,  but  indeterminate. 

A  similar  discussion  to  the  above  might  be  given  to  a  system  of  three  or  more 
equations,  with  as  many  unknown  quantities.  It  would,  however,  be  more 
difficult  to  imrestigate  llie  cases  of  impossibility  and  indetermination,  and  it  is 
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not  worth  while  to  delay  upon  thera.  We  shall  content  ourselTes  with  setting 
down  here  some  obsenrations  intended  to  caution  the  student  against  certain 
hasty  conclusions  to  which  he  might  naturally  be  led. 

We  have  seen,  in  the  case  of  two  equations  with  two  unknown  quantities, 
that  X  and  y  become  infinite  and  indeterminate  simultaneously. 

The  first  error  which  might  be  committed  would  be  that  of  supposing  from 
analogy  that,  in  the  case  of  several  equations,  the  unknown  quantities  would 
all  become  infinite  or  indeterminate  together.  Suppose,  for  example,  there 
are  under  consideration  the  three  equations 

ax  -{-hy  '\'Cz  =zk, 
a'x  +b'y  +c'z  ^k', 
a"x+b"y+c"z=:k". 
The  common  denominator  of  the  values  of  x,  y,  z,  is 

R =a6'c" — ac'6"+ rd'6" — 6a'c"4-  6c'a"— c6'a", 
and  it  may  be  written  in  three  ways : 

R=a(&V'— c'6")  +fl'(c6"  — &c")+a"(6c'— c6'), 
R=6(c'a"— aV')+&'(ac"— ca")-f6"(ca'— ac'), 
R = c(a'b" — 6'a") + c'{ba''  —ab")  -f  c'\ab' — ba'). 
Place 

6V'=c'6",  cb"=,bcf\ 

From  these  equations  we  deduce  bc'=cb%  and,  consequently,  R  becomes 
zero.  Then  the  numerator  of  x,  which  is  formed  from  R  by  changing  a,  a', 
a"  into  A*,  A:',  k"^  becomes  zero  also.  But  as  the  numerator  of  y  is  formed  by 
placing  A',  k',  k"  in  R  instead  of  b,  b\  b'\  there  is  no  reason  why  this  numerator 
should  become  zero,  unless  wo  make  some  new  hypothesis.     The  same  may 

be  said  of  that  of  z.     Thus  the  value  of  x  can  take  the  indeterminate  form  -, 

where  the  values  of  y  and  z  are  infinite. 

But  with  regard  to  this  indeterminate  form,  another  error  still  is  to  be 
avoided,  because  it  may  bo  that  the  indctermination  is  only  apparent  (see 
Art.  155).  In  order  to  judge  better  of  it,  wo  shall  have  regard  only  to  the 
single  relation 

5'c"=c'5",  .•.c"=-rr- 

Substituting  this  value  of  c"  in  the  general  value  of  x,  it  will  be  seen  that 
he' — cb'  becomes  a  common  factor  of  both  numerator  and  denominator.  But 
by  hypothesis  this  factor  is  zero ;  it  is  its  presence,  then,  which  produces  the 
appearance  of  indctermination.  Suppressing  it,  we  have  the  true  value  of  x, 
wliich  appears  no  longer  indoteiminiitc,  unless  some  new  hypothesis  be  joined 
to  those  already  made.* 

*  An  important  observation  shoald  bo  made  before  quitting^  the  labject  of  indetermi« 
nation. 

\V1ien  the  two  termn  of  a  fraction  decrease  so  as  to  become  less  tlion  any  assignable 
quantity,  if  the  suppositions  which  cause  one  of  tliem  to  decrease  indefinitely  are  entirely 
independent  of  tlioso  which  cause  the  other  to  do  so,  the  values  of  these  terms  may  be 
liken  as  near  zero  as  wc  please,  and  such  that  their  relation,  which  is  the  value  of  the 

maybe  equal  to  any  quantity  whatever ;  consequently,  the  B>'mbol  -,  at  which  we 

1  t'  >^nns  shall  have  attained  the  limit  of  tfaeir  decrease,  will  express 

But  it  may  happen  that  the  two  terms  of  the  fimction  are  ccm 
ay,  that  to  a  rery  small  value  of  one  there  oorreapoiidB  always 
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156.  We  shall  conclude  this  discussion  with  the  following  problem,  wliich 
will  serve  as  an  illustration  of  the  various  singularities  which  may  present 
themselves  in  the  solution  of  a  simple  equation. 

PROBLEM. 

Two  couriers  set  off  at  the  same  time 

from  two  points,  A  and  B,  in  the  same    — Jr, v ^j p — 

straight  line,  and  travel  in  the  same  di- 
rection, A  C.     The  courier  who  sets  out  from  A  travels  m  miles  an  hour,  the 
courier  who  sets  out  from  B  travels  n  miles  an  hour ;  the  distance  from  A«  to 
B  is  a  miles.     At  what  distance  from  the  points  A  and  B  will  tlie  couriers  be 
together  ? 

Let  C  be  the  point  where  they  are  togetlier,  and  let  x  and  y  denote  the  dis- 
tances A  C  and  B  C,  expressed  in  miles. 

We  have  manifestly  for  the  first  equation 

x—y=.a (1) 

Since  m  and  n  denote  the  number  of  miles  traveled  by  ench  in  an  hour,  that 
18,  the  respective  velocities  of  the  two  couriers,  it  follows  that  the  time  re- 
ar  v 
qiuired  to  traverse  the  two  spaces,  x  and  y,  must  be  designated  by  — ,  —  ;  these 

two  periods,  moreover,  are  equal ;  hence  we  have  for  our  second  equation 

X     y 

-=- (2) 

The  values  of  x  and  y,  derived  from  equations  (1)  and  (2),  are 

am  an 


x= ,  y= . 

1*.  So  long  as  we  suppose  m>n,  or  m — n  positive,  the  problem  will  be 
solved  without  embarrassment.  For,  in  that  case,  we  suppose  the  courier  who 
starts  from  A  to  travel  faster  tlian  the  courier  who  starts  from  B ;  he  must, 
therefore,  overtake  him  eventuaUy,  and  a  point  C  can  always  bo  found  where 
they  will  be  together. 

2*.  Let  us  now  suppose  m<n,  or  m — n  negative,  the  values  of  x  and  y  are 
both  negative,  and  we  have  • 

am  an 

n — m*  ^         n — m* 

The  solution,  therefore,  in  this  case,  points  out  that  some  absurdity  must  exist 
m  the  conditions  of  the  problem.  In  fact,  if  we  suppose  m^C.^^  we  suppose 
that  the  courier  who  sets  out  from  A  travels  slower  than  the  courier  who  sets 
out  from  B ;  hence  the  distance  between  them  augments  every  instant,  and  it 
is  impossible  that  the  couriers  can  ever  be  together  if  they  travel  in  the  di- 
rection A  C.  Let  us  now  substitute  — x  for  -|-^»  ^nd  — y  for  -|-y,  in  equa- 
tions (1)  and  (2) ;  when  modified  in  this  manner,  they  become 

I  ^ .^ , , ^_- 

a  very  small  value  of  tho  other ;  oiid  that,  when  they  couvei^e  toward  zero,  their  relation 
OOQvergcf  toward  a  determinate  limit,  which  it  does  not  attain  till  tho  moment  tliat  tho 

0 
two  terms  vanish,  and  the  fraction  presents  itself  ander  the  form  -.*    A  particular  exam- 
ple of  this  last  case  is  the  vanishing  of  a  common  factor  of  the  nomerator  and  denominator. 

00 

Tbe  fame  remark  is  applicable  to  the  symbol  — . 

QD 

*  Tliia  principla  is  foUj  enmpUAcd  ia  Um  diibrratial  cakuhia 
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£_y 
m     n 
equations  which,  when  resolved,  give 

am  an 


y=: 


n — m         n— 7» 
in  which  the  values  of  x  and  y  are  positive. 

These  values  of  x  and  y  give  the  solution,  not  of  the  proposed  problem, 
which  is  absurd  under  the  supposition  that  mK^n^  but  of  tlie  following,  which 
is  the  translation  of  the  changed  equations. 

Two  couriers  set  out  at  the  same  time  from  the  points  A  and  B,  and  traxcl 
in  the  direction  B  C\  6cc.  (the  rest  as  before) ;  the  values  of  r  and  y  mark  the 
distances  A  C,  B  C,  of  the  |X)int  C,  where  the  couriers  are  together,  from 
the  points  of  departure  A  and  B. 

From  this  problem,  as  well  as  that  of  the  father  and  son  above,  may  be  de- 
duced the  following  rule,  when  the  value  of  the  unknown  quantity  is  found  to 
be  negative  : 

Change  the  sign  of  the  unknown  quantity  in  the  first  equation^  or  the  one 
derived  immediately  from  Oic  jnohlem  ;  Oiis  changed  equation.,  translated  into 
common  language^  will  furnish  Uie  problem  which  will  give  a  positive  solution. 

If  the  problem  be  at  first  enunciated  in  a  general  manner,  then  negative 
values  of  the  unknoum  quantity  may  be  regarded  as  furnisliing  a  true  solution^ 
but  are  to  be  interpreted  in  a  contrary  sense.  Thus,  if  positive  values  repre- 
sent distance  to  the  right,  negative  will  represent  distance  to  the  left ;  if  posi- 
tive express  distance  upward,  negative  distance  downward  ;  if  the  former  in- 
dicate  time  future,  the  latter  must  indicate  time  past ;  if  the  one  gain,  the  other 
Joss ;  if  the  one  a  rat^  of  increase,  the  oilier  a  rate  of  decrease,  Sfv** 

3",  Ltd  us  next  suppose  7n=:n;  the  values  of  r  and  y  in  this  case  become 

am         an 

or 

r=oo,  y=aD; 

that  is  to  say,  x  and  y  each  represent  infinity.  In  fact,  if  we  suppose  mz=n, 
we  suppose  the  courier  who  sets  out  from  A  to  travel  exactly  at  t&e  same  rate 
as  the  courier  who  sets  out  from  B  ;  consequently,  the  original  distance,  a,  by 
which  tlioy  are  separated  will  always  remain  the  same,  and  if  the  couriers 
irfLYcl  forever,  they  can  never  be  together. f 

*  A])plicatioDB  of  tlii#Qsc  of  positive  aiid  negativo  qaautities  constantly  occur  in  trigo* 
nometiy  and  analytical  geometry. 

t  Since  m=n,  equation  (2)  f^Wen  x^=y,  and  equation  (1),  in  consequence,  a=0.  To  un- 
derstand this,  wc  must  recur  to  the  principle  stated  in  (Art  154).  We  may  hero  extend  a 
little  the  ntatemeut  there  made.  All  zeros  are  equal  when  compared  witli  finite  quantities,  1^ 
but  not  when  compared  with  one  aiKithcr.  Thus,  2x  is  twice  as  great  as  x,  though  a;  be  0 ; 
but  2x-\-a^:x-\-a=ia,  if  r:=0.  In  the  first  of  these  oases  one  zero,  Zx,  is  compared  with 
anotlier,  and  tlicn  they  are  not  equal ;  in  the  second,  both  zeros,  Sjt  and  x,  are  compared 
with  the  finite  quantity,  a,  and  then  aro  ctiual. 

Again,  x-\-a=x-\-lOfi=:x-{-0=x,  if  T=aD ;  but  10a  is  ton  times  as  great  ai  a.  when  un 
connected  with  infinity.  Finite  quantities  aro,  therefore,  all  equal  to  one  another,  and  all 
eqaal  to  zero  when  compared  with  iufinito  ones,  but  not  when  simply  compared  witli  one 
■nother.    It  is  rare  tiiat  algebra  can  ba  employed  to  demonstrate  moral  or  religious  tnith : 
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4**.  Let  us  sappose  m=n,  and  also  a=sO ;  th»  values  of  2  aod  y  in  thiai  case 
become 

0  0 

that  is  to  say,  the  [n^lem  is  indeterminate,  and  admits  of  an  infinite  number 
of  sohition%  In  fact,  if  we  suppose  (z=0,  we  suppose  that  the  couriers  start 
from  the  same  point,  and  if  we  at  the  same  time  suppose  mz^n,  or  that  they 
travel  equally  fast,  it  is  manifest  that  tfiey  must  always  be  together,  and  conse- 
quently every  jwint  in  the  lino  A  C  satisfies  the  conditions  of  the  problem. 

5^.  Finally,  if  we  suppose  a=:0,  and  m  not  =71,  the  values  of  x  and  y  in 
this  case  become 

x=0,  y=0. 

In  fact,  if  we  suppose  the  couriers  to  set  out  from  the  same  point,  and 
to  travel  with  different  velocities,  it  is  manifest  that  tlie  point  of  departure  is 
tihe  only  point  in  which  they  can  be  together. 

ADDITIONAL   PROBLEMS. 

(1)  The  rent  of  an  estate  is  greater  than  it  was  last  year  by  8  per  cent,  of 
the  rent  of  that  year ;  this  year's  rent  is  1890.     What  was  last  year's  ? 

Ans.  1750. 

(2)  A  cqmpany  of  90  persons  consists  of  men,  women,  and  children ;  the 
men  are  4  in  number  more  than  the  women,  and  the  children  10  more  than 
the  men  and  women  together.     How  many  of  each  ? 

Ans.  22  men,  18  women,  and  50  children. 

(3)  From  the  first  of  two  mortars  in  a  battery  36  shells  are  thrown  before 
the  second  is  ready  for  firing.  Shells  are  then  thrown  from  both  in  the  pro- 
portion of  8  from  the  first  to  7  of  the  second,  the  second  mortar  requiring  as 
much  powder  for  3  charges  as  the  first  does  for  4.  It  is  required  to  deter- 
mine after  how  many  discharges  of  the  second  mortar  the  quantity  of  powder 
consumed  by  it  is  equal  to  the  quantity  consumed  by  the  first. 

Ans.  189  discharges  of  the  second  mortar. 

(4)  The  fore  wheels  of  a  carriage  are  5|  feet  and  the  hind  wheels  7J  feet 
in  circumference ;  the  difference  of  the  number  of  revolutions  of  the  wheels 
is  2000.     What  is  the  length  of  the  journey  ? 

Ans.  39900  feet,  or  7j J  miles. 

(5)  Three  brothers,  A,  B,  and  C,  buy  a  house  for  c£2000 ;  C  can  pay  the 
whole  price  if  B  give  him  half  his  money  ;  B  can  pay  the  whole  price  if  A 
give  him  one  third  of  his  money  ;  A  can  pay  the  whole  price  if  C  give  him 
one  fourth  of  his  money.     How  much  has  each  ? 

Ans.  A  oei680,  B  c£l440,  C  061280. 

(6)  The  passengers  of  a  ship  were  |  Germans,  J  French,  ^  English,  | 

bat  the  objection  to  the  doctrine  of  the  special  and  immediate  saperintcndence  of  Provi- 
dence  in  the  affairs  of  ueu,  that  it  implies  nn  incredible  det^ee  of  cimdescension  in  an  in- 
finite being,  finds  in  tlie  principle  above  8tate<I  a  satisfactory  refutation.  As  compared 
with  infinity,  the  smallest  portion  of  matter  is  equal  to  the  greatest,  and  it  is  tlierefore  no 
more  an  act  of  condescension  on  the  part  of  Gkxl  to  chaise  himself  with  the  care  of  an  in- 
dividual  tlian  of  a  nation — with  the  revolutions  of  a  satellite  than  with  the  movements  of 

a  system. 

f 
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Dutch,  and  the  residue,  amounting  to  31,  Americans.    How  many  were 

there  in  the  whole  ? 

Ans.  120. 

(7)  Suppose  the  sound  of  a  bell  to  be  heard  at  the  distance  of  1142  feet  in 
a  second  in  a  still  atmosphere,  and  that  a  vrind  is  blowing  sufficient  to  occa- 
sion a  delay  of  |  in  time.  In  how  many  seconds  will  the  sound  ^ach  a  dis- 
tance of  6000  feet  ? 

Ans.  6.304. 

(B)  Quicksilver  expands,  for  each  degree  of  the  centigrade  thermometer, 
sijv  ^^  ^^  volume.  According  to  this,  how  high  would  the  barometer  stand 
when  the  temperature  is  0°,  if,  when  the  temperature  is  21°,  it  stands  at  a 
height  of  27  inches  6^  lines  ? 

Ans.  27  in.  7yYA  lioes- 

(9)  What  degree  of  heat  in  a  centigrade  thermometer  would  be  required 

to  cause  the  barometer  to  rise  to  26  inches  6  lines,  if  0°  raised  it  to  26  inches 

4  lines  ? 

Ans.  70?J. 

(10)  A  piece  of  silver,  the  specific  gravity  of  which  is  10^,  weighs  84  oz. 

How  much  weight  will  it  lose  in  water  ?  ^ 

Ans.  8  oz. 

(11)  In  a  mnss  of  zinc  and  copper,  weighing  100  pounds,  8  parts  are  of  the 
former  and  3  of  the  latter.  How  much  zinc  must  be  added,  that  the  propor- 
tions may  be  as  14:5? 

Ans.  3jf. 

(12)  At  the  extremities  of  two  arms  of  a  balanced  lever,  whoso  lengths  arc 
16  and  21  feet,  two  weights  are  suspended,  which  together  amount  to  65f 
pounds.     How  much  is  suspended  at  each  arm  ? 

Ans.  37^,»,  and  28,V3- 

(13)  Tho  range  of  temperature  of  a  thermometer  during  the  year  was 
44|?Q^°.  The  ratio  of  the  degi-ees  at  which  it  stood  at  the  extreme  points 
above  and  below  zero  was*7 :4.     What  were  tho  points  ? 

Ans.  28fJy  above,  16/^  below. 

(14)  In  4000  pounds  of  gunpowder  there  are  3240  loss  of  sulphur  than  of 
charcoal  and  saltpetre,  2760  less  of  charcoal  than  of  sulphur  and  saltpetre. 
How  mucli  of  each  of  these  ? 

Ans.  Sulphur  380,  charcoal  620,  saltpetre  3000. 

(15)  It  is  required  to  divide  the  number  99  into  five  such  parts  that  the  first 
may  exceed  the  second  by  3,  be  less  than  tho  third  by  10,  greator  than  the 
fourtli  by  9,  and  less  than  the  fifth  by  16. 

Ans.  The  parts  are  17,  14,  27,  8,  and  33. 

(16)  A  and  B  began  trade  with  equal  stocks.     In  tho  first  year  A  tripled 

his  stock,  and  had  <£27  to  spare ;  B  doubled  his,  and  had  c£l53  to  sparo. 

Now  the  amount  of  both  their  gains  was  five  times  the  stock  of  either.     What 

was  that  stock  ? 

Ans.  c£90. 

(17)  Wliat  two  numbei-s  are  as  2  to  3  ;  to  each  of  which,  if  4  be  added,  the 

sums  wiD  be  as  5  to  7  ? 

Ans.  16  and  24. 

(18)  Four  places  are  situated  in  the  order  of  tJie  letters  A  B,  C,  D.     The 
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distance  from  A  to  D  is  34  milos.  The  distance  from  A  to  B  is  to  the  dis- 
tance from  C  to  D  OS  2  is  to  3 ;  and  one  fourth  of  the  distance  from  A  to  B, 
added  to  half  tlio  distance  from  C  to  D,  is  three  times  the  distance  from  B  to 
C.     What  are  the  respective  distances  ? 

Ans.  AB=12,  BC=4,  CD=18. 

(19)  A  field  of  whenC  and  oats,  which  contained  20  acres,  whs  put  out  to  a 
laborer  to  reap  for  G  guineas  (of  21*'.  each),  llio  wheat  at  7  shiUings  an  acre 
and  the  oats  at  5  shillings.  The  laborer,  falling  ill,  reaped  only  the  wheat. 
How  much  money  ought  ho  to  receive,  according  to  tlio  bargain  ? 

Ans.  j£4  ll5. 

(20)  A  general  having  lost  a  battle,  found  that  he  had  only  hatf  his  army 
-f-3600  men  left,  fit  for  action,  one  oightii  of  his  men  +G00  being  wounded, 
and  the  rest,  which  wore  one  fifth  of  the  whole  army,  either  slain,  taken  pris- 
oners, or  missing.     Of  how  many  men  did  liis  anny  consist  ? 

Ans.  24000. 

(21)  A  shepherd  in  time  of  war  was  plundered  by  a  party  of  soldiers,  who 
took  I  of  his  flock  and  ]  of  a  sheep ;  another  party  took  from  him  J  of  what 
he  had  left,  and  J  of  a  sheep  more  ;  then  a  thii'd  pnrty  took  j  of  what  now  re- 
mained, and  l  a  sheep.  After  which  he  had  but  25  sheep  left.  How  many 
had  he  at  first  ? 

Ans.  103. 

(22)  A  trader  mahitained  himself  for  three  years  at  the  expense  of  ^£50  a 
year,  and  in  each  of  those  years  augmented  his  stock  by  J  of  what  remained 
unexpended.  At  the  end  of  3  years  his  oiiginid  stock  was  doubled.  What 
was  that  stock  ? 

Ans.  740. 

(23)  There  is  a  certain  number  consisting  of  two  digits,  the  sum  of  these 
digits  is  5,  and  if  9  be  added  to  the  number,  the  digits  are  transpo^ed.  What 
is  the  number  ? 

Ans.  23. 

(24 )  A  coach  has  4  more  outside  than  inside  passengers.  Seven,  outsides 
could  travel  at  25.  less  expense  than  4  insides.  The  faro  of  the  wliole 
amounted  tOo£9^  but  at  the  end  of  half  the  journey  the  coach  took  up  3  more 
outside  and  one  more  inside  passenger,  in  consequence  of  which  the  fare  of 
the  whole  became  increased  in  the  proportion  of  19  to  15.  Required  the 
number  of  passengers,  and  the  fare  of  each  kind. 

Ans.  5  hiside,  9  outside ;  fares,  18  and  10  shillings. 

(25)  The  hands  of  a  clock  are  together  at  12  :  at  what  times  will  they  be 
together  during  thc$  next  1 2  liours  ? 

Ans.  5-,*|-  minutes  past  1,  10  [^  minutes  past  2,  and  so  on,  in  each  successive 
hour  5|^  later. 

(26)  A  person  sets  out  from  a  certain  place,  and  goes  at  the  rate  of  11  miles 
m  5  hours ;  and  8  hours  after  another  person  sets  out  from  the  same  place, 
and  goes  after  him  at  the  rate  of  13  miles  in  3  hours.  How  far  must  the  lat- 
ter travel  to  overtake  tlio  former  ? 

Ans.  35^  miles. 

(27)  A  reservoir  which  is  full  of  water  may  be  emptied  at  two  cocks.  Ono 
Is  opened,  and  |  of  the  water  runs  out ;  another  is  opened,  and  the  two  run- 
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Ding  together,  empty  the  vessel  in  |  of  au  honr  more  than  was  required  for 
the  first  cock  alone  to  empty  the  fomth  part.  If  the  two  cocks  had  been 
opened  at  the  commencement,  the  reservoir  would  have  been  emptied  in  |  of 
an  hour  sooner.  How  long  would  it  have  taken  the  first  cock,  running  alone, 
to  empty  the  reservoir  ? 

Ans.  i  hours. 

mDETERMlNATE  ANALYSIS  OF  THE  FIKST  DEGREE. 

157.  Tf  there  be  proposed  for  solution  one  equation  of  the  first  degree,  con- 
taining tico  unknown  quantities,  any  value  at  pleasure  may  be  given  to  one  of 
the  unknown  quantities,  and  the  equation  will  make  known  a  corresponding 
value  for  the  other ;  from  which  it  appears  that  the  equation  admits  of  an 
infinite  number  of  solutions.  The  numl)er  of  solutions  will,  however,  not  be 
80  unlimited,  if  it  be  required  that  the  values  of  x  and  y  shall  be  whole  num- 
bers ;  and  stiU  less  so,  if  they  must  be  both  entire  and  positive. 

Let  there  be  the  equation 

ax+hy=c, 

a,  h,  c  being  any  whole  numbers  whatever,  either  positive  or  negative ;  and  as 
all  the  factors  common  to  these  tliree  numbers  could  be  suppressed,  suppose 
this  to  have  been  done. 

And  first,  let  it  be  observed,  that  if  there  should  remain  now  a  common  fac- 
tor in  a  and  6,  the  >^quation  could  not  admit  of  a  solution  in  whole  numbers ; 
for  whatever  values  might  be  substituted  for  x  and  y^  the  first  member  would 
be  divisii)]e  by  this  common  factor  of  a  and  6,  while  the  second  member  would 
not,  and  the  equality  would  therefore  be  impossible :  a  and  h  must  therefore 
be  supposed  prime  tu  each  other. 

158.  Take,  for  example,  the  equation 

2ix+6oy=:243 (1) 

in  which  the  coefficients  24  and  65  are  prime  to  each  other. 
Resolving  it,  with  respect  to  r, 

243— 65v  3  — 17v 

x= ^  =  10— 2v-l -. 

24  ^^      24 

In  order  that  x  and  y  may  both  be  whole  numbers,  and,  at  the  sniiie  time, 

.    .  3— 17v 

satisfy  the  given  equation,  it  is  necessary  that  —      '    should  Ix)  a  wholo 

number. 

Representing  this  by  t,  we  have 

3— 17y 

^M-  -'    <2) 

and 

x=l0'-2y+t (3) 

The  solution  of  the  given  equation  in  whole  numbers  then  reduces  itself  to 
the  solution  of  the  equation  (2). 

We  resolved  the  given  equation  with  respect  to  the  unknown  quantity  which 
had  tlio  least  coefilicient ;  doing  the  snme  with  (2), 

3— 24<  3— 7f 


and  proceeding  as  before, 
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3—7/ 

-Tr=' (^) 

y=-t+t' (5) 

The  solution  of  (2)  in  whole  numbers  depends  on  that  of  (4),  which,  re- 
solved with  respect  to  ^  gives 

3—17^  3— 3r 

7  '       7 

3— 3r 

-^=«" (6) 

i=— 2r+r (7) 

Contuiuing  in  the  same  way, 

3— 7r  r 

/'= =1—2/" 

3  3 

3-=^'" (e) 

r=i— 2r— r' (o) 

Equation  (8)  gives 

r=3r' (10) 

The  solutions  of  the  given  equation  in  whole  numbers  are  therefore  obtained 
by  giving  to  the  indeterminate  quantity  V"  aU  possible  values  in  whole  num- 
bers, positive  or  negative ;  and  for  each  of  these  values  of  V"^  tlie  equations 
(10),  (9),  (7),  (5),  and  (3),  determine  successively  the  values  of  the  indeter- 
minate quantities  V\  l\  /,  and  of  the  unknown  quantities  y  and  x.  The  equa- 
tion is  therefore  resolved  \\\  the  manner  required. 

Formulas  may  be  obtained  wliich  give  immediately  the  values  of  x  and  y  in 
terms  of  C".  For,  substituting  the  value  ZV"  of  i"  in  (9),  we  find  r =1  — 7/'" ; 
substituting  this  value  of  V  and  that  of  /"  in  (7),  wo  find  t-=.  —2+17/"' ;  sub- 
stituting this  last  value  and  that  of/'  in  equation  (5),  we  find  ^=3  —  24/'",  and 
from  (3),  r=2+65//". 

These  last  two  expressions  give  all  the  entire  solutions  of  the  proposed 
equations  by  attributing  successively  to  V"  all  possible  values  in  entire  num- 
bers, positive  or  negative. 

159.  The  same  process  with  tlie  general  form 

ax-\-hy-=.c 
would  run  thus, 

e — ax 

y=-r- <i) 

Dividing  a  by  &,  and  calling  ^  the  quotient,  r  tlie  remainder, 

c — {hq-\-r\x  c — rx 

y= 1 =-?-^+-j-. 

make 

c — rx  c — 5/ 

-y-=/,  ...  x=—^ (2) 

Calling  q'  the  quotient  of  h  by  r,  and  r'  the  remainder, 

I  c— r'/ 

x=-9'/4—^, 

make 

— ^=/',  .../=- ^^ (3) 
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And  calling  q"  the  quotient  of  r  by  r\  and  r"  the  remainder, 

/=-5'T+—: ;— , 


make 

c—r"V 


=r (4) 


r' 

and  so  on.     The  process  is  now  evident,  and  it  will  bo  perceived  that  the  cu- 
efficients  r,  r',  r",  which  enter  intq  the  equations  (2),  (3),  (4),  are  the  suc- 
cessive remainders  which  would  be  obtained  in  operating  as  if  to  And  the  com 
mon  divisor  of  a  and  h.    Wo  must  at  length  arrive  at  a  remainder  1,  because 
a  and  h  are  supposed  prime  to  each  other. 

For  the  sake  of  being  more  definite,  let  r"  be  supposed  to  be  this  remainder, 
then  equation  (4)  gives 

V=z—r'V'+c (5) 

By  means  of  equations  (2),  (3),  (4),  and  (5),  tlie  values  of  y,  x,  t,  and  V  may 
be  written  as  follows : 

y=z—qx   +i 
x=z^q't   +t' 

i'=— r'r+c. 

Tliis  scries  of  equations  shows  that  any  entire  value  being  assumed  for  f", 
the  resulting  value  of  t'  substituted  in  that  of  U  the  values  of  f,  tf  in  that  of  x,  and 
the  values  of  j*,  t  in  that  of  y,  tlie  proposed  equation  is  resolved  in  whole  numbers. 

IGO.  The  success  of  the  method  is  founded  on  the  progressive  diminution 
which  division  effects  upon  the  coefficients  of  the  indeterminates ;  there  is  no 
reason,  however,  why  tlie  constant  term,  found  in  the  successive  equations, 
should  not  also  be  divided.  In  this  way  the  calculation  will  involve  smaller 
numbers,  an  advantage  which  is  not  to  be  neglected. 

For  example,  take  the  equation 

3j:— 8y=43. 

As  the  multiplier  of  x  is  less  than  that  of  y,  resolve  the  equation  with  refer- 
ence to  X, 

8y+43 

^-      3      • 

Dividing  8  by  3,  the  quotient  is  2,  and  the  remainder  2 ;  and  dividing  43  by 
.0,  the  quotient  is  14,  remainder  1 ;  then 

2v+l 
a:=2y+14+-^=2y+14  +  « 

2y+l=3« 

3/— 1  <— 1 

<— 1=2^' 

^=2^+1, 
in  which  last  equality  V  may  receive  all  possible  entire  values.     By  means  of 
this  value  may  be  found 

y=r+r=2r+l+('=3/'+l 
ar=:2?/+14+f=2(3r+l)  +  14  +  2r+l  =8^+17. 
Giving  to  t^  the  values  0,  1,  2,  3, . . .  we  find 
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ya=   1,    4,    7,  10,... 
j:=17,  25,  33,  41,... 
V  may  also  receive  the  negative  values 

^^X,    •^~*,    ^""O,  ... 

161.  In  the  above  example,  the  values  of  ^  and  x  form  two  aritiinietlcd  firo- 
gressioDs,  the  first  of  which  has  the  common  difference  3,  the  ocMifficient  of  x 
in  the  proposed  equation ;  and  the  second  the  common  difference  8,  the  co- 
efficient of  y  taken  with  the  contrary  sign.  This  proposition  may  be  seen  to 
be  general  by  effecting  the  successive  substitutions  in  the  general  solution, 
but  the  following  demonstration  is  preferable. 

It  appears,  from  the  general  investigation  already  made,  that  the  equation 

ax-\-hy-=iC (1) 

admits  of  an  infinite  number  of  solutions  in  whole  numbers,  whatever  may  be 
the  signs  of  a  and  6,  provided  they  are  prime  to  each  other.  Suppose  one  of 
these  solutions  to  be 

T=A,  y=B. 
These  values  must  satisfy  the  given  equation  (1),  thus, 

aA  +  6B=c. 

Subtracting  this  equality  from  (1),  we  have 

a(a:— A)  +  6(3/— B)=0 

a(A — x\ 
.•.y=B+-5-y-f. 

The  values  of  x  are  to  be  whole  numbers,  aud  such  that  y  shall  also  be  a 
whole  number.  Then  the  product  a(A — x)  must  be  divisible  by  h ;  but  a  is 
prime  with  &,  (A — x)  is,  therefore,  a  multiplier  of  b  (see  Art.  84,  Note),  hence 
we  may  write 

A — x=zhl; 
i  being  some  whole  number.     From  whence 

r=A — 6^  y=B-|-af. 

These  formulas  exhibit  the  law  of  the  values  to  bo  obtained  for  x  and  y, 
when  there  are  given  to  t  all  entire  values  successively.  If  <  be  taken  equal 
to  0,  1,  2,  3,  ....  there  results 

a:=A,  A— 6,  A— 26,  A— 36,  &c. 

2/=B,  B  +  a,  B4.2«,  B+3a,  &c. 

In  general,  when  t  increases  by  unity,  y  increases  by  a,  and  x  by  — 6. 
The  solutions  in  whole  numbers^  then^  of  the  equation  ax4-by=c,  are  the  coT' 
responding  terms  of  two  progressions  by  differences.  In  the  progression  be^ 
longing  to  each  of  the  indeterminatcs^  x  and  y,  the  comtnon  difference  is  equal  to 
the  coefficient  of  the  other  indeterminate.  But  it  is  necessary  to  be  careful  to 
take  one  of  the  coefficients  with  the  same  sign  that  it  has  in  the  equation^  and 
the  other  with  the  contrary  sign. 

It  is  immaterial  which  of  the  coefBcieuts  is  taken  with  the  contrary  sign, 
because  in  the  formulas  which  express  x  and  y  the  signs  of  bt  and  — at  may 
be  changed,  since  t  can  receive  all  possible  values,  positive  and  negative. 

162.  In  the  general  equation,  if  c=:0,  so  that 

ax+by=zQ, 

■B  one  solution  is  evidently  x=0,  y=0,  the  general  formulas  become 

z=:&^,  y= — at. 
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163.  Again,  suppose  c  to  be  a  multiple  of  a  or  &.    Let  c=:bd,  then 

ax-\-by=:bd. 
One  solution  is  evidently  7=0,  y=^d ;  hence  the  geneiHl  values  an 

xzszhU  y^=d — €tL 
Examplei  5x— 7^=21. 

The  evident  solution  is  x=0,  y=  — 3,  and  the  general  values 

x=:7^y=— 3+54. 

164.  We  shall  point  out  two  simplifications  which  may  sometimes  be  made 
in  the  calculations.    An  exiteple  will  explain  them. 

80x— 17^=39. 
Resolving  it  with  respect  to  y, 

80r— 39 

y=— 17-. 

If  80  be  divided  by  17,  80=17  X  4+ 12 ;  but  as  the  remainder,  12,  exceeds 

half  the  divisor,  17,  we  observe  that  we  may  write 

80=17X(4+1)+12— 17=17X5— 5; 

that  is,  augmenting  the  quotient  by  unity,  we  have  a  negative  remainder  less 

than  half  the  divisor,  which  causes  a  more  rapid  reduction  in  the  Dumbeis. 

The  39,  divided  by  17,  leaves  a  remainder  -|-5,  which  it  is  unnecessaiy  to 

change.    We  have  then 

(17x5— 5)r— 17X2— 5                   5r4-5 
V=- =5x — 2 ■ — . 

But  another  simplification  now  presents  itself,  from  the  fact  that  5  is  a  factor 
of  5x4-5,  and  this  numerator  may  be  written  5(r-|-l).  In  order  to  render 
5(r4-I)  divisible  by  17,  it  is  only  necessary  to  take  x-f-l*  any  multiple  what- 
ever of  17.     Whence  the  auxiliary  equation 

a:+l=17^• 
.-.  T=17^— 1,  y=80f— 7. 

RESOLUTION    OF  THE  EQUATION  aX-\-by:=zC  IN  NUMBERS    BOTH   ENTIRE  AND 

POSITIVE. 

165.  We  begin  as  if  the  values  of  x  and  y  were  required  to  be  entire  on^y 
and  thus  derive,  as  before,  expressions  of  tlie  form 

x=iA — 6^  y=iB+a/. 

But  now,  instead  of  attributing  to  i  nil  possible  values  in  whole  numbers,  we 
choose  only  those  which  will  render  x  and  y  positive.  Hence  there  result  for 
t  certain  limitations  which  are  always  easy  to  determine. 

First,  let  us  consider  the  case  where  a  and  b  have  the  same  sign  in  the 
equation 

ax-{-by=:c (1) 

Suppose  a  and  b  positive ;  for  if  they  were  both  negative,  they  might  be 
rendered  positive  by  changing  all  the  signs  of  the  equation.  We  must  also 
suppose  c  to  be  positive,  otherwise  the  equation  would  be  impossible  in  posi- 
tive whole  numbers. 

Write  the  general  values  of  a:  and  y  under  the  following  form : 

Then  we  perceive  that,  to  render  x  positive,  it  is  necessary,  and  is  sufficient, 
to  take  <^T-i  and  likewise,  in  order  that  y  may  be  positive,  to  take  <> . 
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The  signs  >  and  <  do  not  exclude  equality ;  that  is  to  say,  if  the  first  limit 
were  a  number  n,  we  mi^t  make  t=n.  The  corresponding  value  of  x  would 
be  x=:0. 

166.  Since  t  must  be  an  entu*e  number  between  two  limits,  it  follows  that 
the  number  of  solutions  of  the  equation  is  also  limited. 

And  this  is  evident  from  the  equation  itself;  for  a  and  b  being  positive,  if 
we  substitute  for  x  and  y  positive  numbers,  the  two  terms  ax-{-by  will  be  al- 
ways positive ;  and  as  their  sum  has  to  remain  constantly  equal  to  c,  it  is  im- 
possible that  either  of  these  terms  should  increase  indefinitely. 

It  may  happen  that  there  is  no  whole  number  between  the  limits  assigned 
above  for  t ;  then  wo  conclude  that  tho  equation  is  impossible.  Such  a  case 
would  happen  if  the  limits  should  be  embraced  between  two  consecutive  whole 
munbers  like  these,  i>4j  and  <<45;  or,  again,  if  tliey  wore  contradictory, 
at, for  example,  t>4^  and  {<3^. 

167.  In  the  second  place,  consider  the  case  in  which  a  and  b  are  of  contrary 
iigils.     Suppose  the  equation  in  question  to  be 

ax — hy=zc (2) 

In  whkh  a  and  b  represent  two  positive  numbers.    Then  the  general  values 
tf  X  and  y  are  of  the  form 

x=zA-\-btt  y=B4-a^ 
But  we  can  write  them 

And  we  perceive  at  once  that  to  have  x  and  y  positive,  we  must  have,  at  tho 
fame  time, 

b  a 

that  is  to  say,  we  may  attribute  to  f  all  entire  values  above  the  greatest  of 
diese  limits  without  excluding  equality,  if  this  limit  is  an  entire  number. 

By  this  we  perceive  that  the  equation  ax — byz=zc  admits  always  of  an  infinite 
mimber  of  sohitions,  while  the  equation  ax-{-by=ic  admits  of  but  a  limited 
number,  and  even  may  not  have  any. 

Let  us  apply  what  precedes  to  some  problems. 

168.  Problem  I. — A  company  of  men  and  women  expend  at  a  feast  1000 
francs*  The  men  pay  each  19  francs^  and  the  women  11  francs.  How  many 
men  and  how  many  women  are  there  ? 

Let  X  represent  the  number  of  men  and  y  the  number  of  women.  We 
have  to  resolve  in  entire  numbers  the  equation 

19t+112/=1000 (3) 

In  making  the  calculation,  as  in  (100),  and  profiting  by  the  simplificationa  in- 
dicated by  (Art.  164),  we  have  successively, 

1000— 19x  3t— 1 

y= jj =91-2x+-^^=91-2a:+i 

3x— 1=11( 

11(+1  1—t 

:r=-^=4^+-^=4(4.(' 

1—^=3^' 
Aixived  at  this  point,  we  return  to  x  and  y,  and  they  become. 
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a:=4f+r=4(l— 3/')+rr=4  — lir 

y=91— 2j:+f=91— 2(4— 1U')+(1— 3r)r=84+19C. 

Thus,  the  general  formulas  which  express  j:  and  y  in  terms  of  V  are 

a:=4— lir,  y=84+19i'. 

In  order  that  x  may  be  positive,  it  is  necessary  and  sufficient  that  we  have 
lli'<^4,  or  ^<^y*p ;  and  in  order  that  y  should  be  also  positive,  it  is  necessary 
and  sufficient  that  we  have  19i'>  — 84,  or  ('>  — 4  J^.  Then  we' must  take  /', 
one  of  the  series  of  values, 

«'=0,  —1,  —2,  —3,  ^4. 

To  these  values  correspond 

2=4,   15,  26,  37,  48 
y=84,  65,  46,  27,     8. 

The  number  of  solutions  is  Umitod,  as  we  ought  to  expect,  since,  in  the 
equation  (3),  the  terms  containing  x  and  y  are  of  die  same  sign. 
There  are  five  solutions  in  all,  to  wit ; 

Ist  solution,    4  men  and  84  women. 

2d    solution,  15  men  and  65  women. 

3d    solution,  26  men  and  46  women. 

4t]i  solution,  37  men  and  27  women. 

5th  solution,  48  men  and    8  women. 

Remark. — From  what  has  boon  said  at  (161),  it  is  sufficient  to  procure  a 
single  solution  of  the  equation  (3)  to  fonn  immediately  the  general  values  of  x 
and  y.  Thus,  after  having  found  above  ^=1 — 3^',  we  make  ^'=0 ;  and  if  we 
calculate  the  corres|)on(]ing  values  /=1,  2'=4,  ^=84,  it  is  evident  that  the 
values  z=4,  i/:=H4,  ought  to  form  one  solution  of  the  equation  ;  then  we  cim 
place  immediately  x=4  —  \lt\  2/=84-|-19/'. 

169.  Problem  II. —  WiUi  Uvo  measuring  rods  of  different  lengths^  the  one  5 
feet,  and  the  other  7,  it  is  required  to  make,  by  placing  tJiem  Uie  one  after  tlie 
other,  a  length  of  23  feet. 

This  problem  requires  tho  solution  in  whole  numbers  of  the  equation 

5x+7y=23. 
We  derive  from  it  successively 

23— 7y  2+2y 

y=5^— 1  '  ■-■ 

x=:6  —71  *^' 

In  order  that  y  may  be  positive,  we  must  make  ^]>  J ;  and  that  x  may  be 
positive,  t<^^.  As  no  whole  number  falls  between  |  and  ^,  we  conclude  that 
the  problem  is  impossible. 

Remark. — The  equation  would  have  had  an  infinite  number  of  solutions  if 
negative  values  had  been  admitted.  For  example,  if  ^=0,  we  have  r=6, 
y  =  —  1.  This  solution  indicates  that  by  placing  one  of  the  rods,  that  of  5  feet, 
6  times  in  succession,  and  placing  afterwai'd  the  rod  of  7  feet,  so  as  to  cut  off 
its  length  from  the  end  of  the  distance  thus  obtained,'  the  remainder  would  be 
the  required  length,  23  feet. 

170.  Problem  III. — A  person  purchased  some  hares  and  sheep.  Eadi 
hare  cost  him  8  shilHngs,  and  each  sheep  27.    He  found  thtU  he  had  paid  far 
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the  hares  97  shillings  mare  than  for  the  sheejp.    Haw  many  hares  did  he  pur- 
chase,  and  haw  many  sheep  ? 

ar— 27y=97 
27y+97  3y+l 

3y+l=8^ 

f+i=3r 

/=3r  — I. 
By  making  i'=0,  wo  have  tz=: — 1,  y= — 3,  r=2.    And  the  general  values 
are 

x=27r+2,  y=:8r— 3. 
The  values  of  x  and  y  having  to  be  positive,  these  formulas  show  that  tf 
ought  also  to  be  positive,  and  large  enough  to  cause  8^'  >  3,  or  ^' >  J.     We  may 
then  give  to  T  all  the  values  ('=:!,  2,  3,  &€.,  to  infinity  ;  and  we  form,  conse- 
quently, the  table, 

r=  1,  2,  3,    4,  (kc. 

x=29,  56,  83,  110,  &c. 

y=  5,  13,  21,    29,  &c. 
The  problem  admits  of  an  infinite  number  of  solutions ;  and  the  answer  is, 
that  there  are  29  hares  and  5  sheep,  or  56  hares  and  13  sheep,  or  83  hares 
and  21  sheep,  &c. 

171.  Problem  IV. — To  find  a  number  such  thai,  in  dividing  it  by  11,  there 
remains  3,  and  dividing  it  by  17,  there  remains  10. 
Let  the  number  be  represented  by  N,  then 

N  =  llj-+3  and  N  =  17y+10 

.-.  1U+3=172/+10 (6) 

Proceeding  as  before, 

17.V+7  6^+7 

6y+7  =  nt 

111  —  7  t+1 

y=—^— =2^-1— ^=2^-1-^ 

^+1=6^' 
?=6r— 1. 
The  hypothesis  t'=0  gives  t=  —  1,  y=  — 3,  a*= — 4 ;  and  then  we  conclude 
hnmediateiy  that 

T=17r— 4,y=]U'— 3. 

We  can  not  take  V  negative,  nor  oven  ^=0,  because  x  and  y  would  become 
negBtive;  but  we  may  take  ^'  =  1,  2,  3,  dec,  to  infinity. 

If  we  wish  formulas  in  which  we  cnn  give  to  the  indeterminate  all  entire 
positive  values  setting  out  from  zero,  all  that  is  necessary  is  to  change  t^  into 
1^6^  0  being  the  new  indeterminate.     Then  we  have 

a:=13+17<?,  i/=8+lie. 

By  means  of  these  values,  we  find 

N=llr+  3=11(13  +  17^)+  3=146+187^ 
N=17y+10=17(  8+ll<^)+10  =  146+187d. 

These  two  expressions  are  equal,  and  they  should  be,  since  equation  (6)  has 

N 
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been  formed  by  equating  the  valaes  of  N.  We  perceive  that  there  is  an  in- 
finity of  numbers  which  fulfill  the  two  conditions  enunciated,  and  that  they  are 
all  represented  by  the  formula 

N= 146+ 1870, 
in  which  0  is  an  indeterminate,  which  may  receive  all  positive  values  beginning 
with  zero. 

It  is  easy  to  show  that  this  number  N  satisfies  the  enunciation ;  that  is  to 
say,  that  if  we  divide  it  by  11,  the  remainder  will  be  3,  and  if  by  17,  the  re- 
mainder will  be  10 ;  for  wo  have 

N  3        ,  N  10 

-=170+13+-,  and  -=110+8+-. 

172.  Problem  V. — To  find  a  number  suck  thaU  divifling  it  by  11,  (h^e 
remains  3 ;  dividing  by  17,  there  remains  10  ;  and  dividing  it  by  37,  there  re' 
fnains  13. 

In  the  preceding  problem  we  have  found  the  numbers  which  fulfiD  the 
first  two  conditions.  Putting  x  for  0,  which  we  may  do,  since  0  can  be  any 
positive  whole  number,  this  formula  becomes 

N  =  146+187r (8) 

But  in  order  that  tho  number  N  may  fulfill  the  third  condition,  we  must 

have  N=37y+13.     Then  we  have  the  equation 

37y+13  =  146+187r. 

Then 

187r+133  2X+22 

y= ^— =5j:+3+-^^=5r+3+2« 

x+n=37t 
x=37^— 11. 
In  order  that  x  may  bo  positive,  we  must  give  to  t  only  positive  values  above 
zero.     But  in  making  f=l+0,  we  can  attribute  to  0  all  the  entire  positive 
values  beginning  by  zero.     By  this  change  x  becomes 

x=26+370. 
And  by  substituting  this  value  in  formula  (8J,  we  obtain 

N=5OO8+69190. 

Such  is  the  general  formula  of  the  numbers  which  satisfy  the  three  condi 
tions  enunciated. 

173.  Thn  determination  of  the  limits  led  to  the  necessity  of  finding  (165) 
the  values  of  the  final  indeterminate  t,  which  render  positive  expressions  of 
the  form  A  +  6^  or,  in  other  terms,  which  are  such  as  to  make 

A+6^>0. 
Transposing  tlio  term  A, 

6(>— A. 
If  6  is  positive,  dividing  by  &, 

But  if  b  is  negative,  the  division  by  b  changes  the  signs  of  the  hiequality, 
and  the  two  members  are  unequal  in  the  contrary  sense ;  t.  6., 

Suppose,  more  generally,  that  we  have  the  inequality  • 

at+b^ct+d.  •     ■ 
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By  the  transposition  of  the  terms, 

(a— c)<>ci— 6. 
Then,  according  as  a — c  is  a  positive  or  negative  quantity,  we  derive 

^  d — 6  ^d — b 

a — c  a  —  c 

Tins  process  is  called  resolution  of  inequalities.    The  whole  subject  of  in 
equalities  will  be  found  treated  in  a  subsequent  article. 

174.  KssoLUTiort  in  wholk  numbers  of  several  equations  op  the 

FIRST  DEGREE,  WHEN  THE  NUMBER  OF  EQUATIONS  IS  LESS  THAN  THAT 
OF  THE  UNKNOWN  QUANTITIES. 

Let  there  be  for  resohitton  the  equations  > 

2x+14y— 7r=341 (1)  I    J, 

10r+  4y+92=473 (2)  '.  h 

If  we  multiply  the  first  equation  by  5,  and  afterward  subtract  the  second, 
we  shall  have  t 

G6y— 442=1232.  \^^'    ' 

Or,  dividing  by  22,  .  «, 

3y— 22=56 (3) 

But  the  entire  values  of  y  and  2,  which  suit  the  proposed  equations,  ought 
also  to  satisfy  this ;  consequently,  applying  to  it  the  method  already  known, 
we  have 

y=2t,  2=3^—28. 
If  we  had  but  equation  (3),  we  should  have  its  solutions  in  whole  numbers, 
by  giving  to  t  all  the  whole-number  values  possible.  But  this  equation  takes 
the  place  of  only  one  of  the  proposed,  so  that  it  is  necessary  that  the  values 
of  y  and  z  should  be  such  that,  in  adding  to  them  certain  values  of  x,  which 
must  also  be  entire,  one  of  these  proposed  equations  shall  be  verified.  For 
this  reason  we  substitute  the  preceding  values  of  y  and  z  in  equation  (1),  and 
seek  for  the  entire  values  of  x  and  ^,  which  belong  to  the  resulting  equation. 
The  substitution  gives 

2x4-7^=145; 
and  from  this  we  obtain,  designating  by  t'  any  whole  number  whatever, 

.T=69  +  7r,  ^=1—2^'. 
Then  place  the  value  t=l — 2V  in  those  of  y  and  z,  and  you  find  the  un- 
known quantities  x,  y,  z  expressed  in  terms  of  t\  to  wit : 

x=69+7£',  y=2— 4r,  2=— 25— 6^. 
These  formulas  make  known  all  the  entire  values  which  satisfy  the  equa- 
tionB  proposed. 

If  it  be  desired  besides  that  those  values  should  be  positive,  t  must  be  so 
choMn  that 

69+7<'>0,  whence  r>  —9?  ; 
2— 4i'>0,  whence  f  <       \ ; 
— 25— 6<'>0,  whence  <'<— 4J. 
From  this  we  find  the  only  values  which  can  be  attributed  to  If  are  f^ — 5, 
—6,  — 7,  — 8,  — 9.    By  substituting  tliese  numbers,  we  shall  have  five  solu- 
tiona  in  positive  whole  numbers  : 

x=34,  27,  20,  13,    6 
'  ,    '  y=22,  26,  30,  34,  38 

2=  6,  11,  17,  23,  29. 
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175.  The  preceding  example  showB  sufficiently  the  method  to  be  pursued 
in  resolving  equations  of  the  first  degree  in  positive  whole  numbers,  when  the 
number  of  equations  exceeds  that  of  the  unknown  quantities.  But,  to  leave 
nothing  to  be  desired,  I  shall  indicate  the  method  to  be  pursued  in  the  case 
of  three  equations. 

Let  there  be,  then,  between  the  unknowns  r,  ^,  z,  u  three  equations  of  the 
Ist  degree,  which  I  wiU  name  collectively  the  equations  [A]. 

By  the  elimination  of  x  we  shall  find  between  y,  z,  and  u  two  equatioDs  of 
the  1st  degree  :  I  shall  name  them  [B].. 

By  the  elimination  of  y  we  shall  deduce  from  these  last  an  equation  of  the 
1st  degree  between  z  and  u:  I  shall  name  it  [C]. 

From  the  equation  [C]  we  derive  z  and  u  expressed  in  function  of  an  aux- 
iliary indeterminate  t. 

These  values  being  substituted  in  one  of  the  equations  [B] ,  we  derive  from 
it  an  equation  between  y  and  /,  and  from  this  the  values  of  y  and  t  in  function 
of  a  new  indeterminate  t' ;  consequently,  we  can  also  express  z  and  u  in  tenns 
of^'. 

Finally,  these  vnlues  of  y,  z,  u  being  carried  into  one  of  the  equations  [A], 
there  will  result  an  equation  between  x  and  t\  which  will  enable  us  to  find  x 
and  t\  and,  consequently,  y,  z,  and  t/,  in  function  of  a  new  indeterminate  V\ 

When  the  equation  is  to  be  resolved  in  whole  numbers  of  any  sign  what- 
ever, we  may  attribute  to  the  final  indeterminate  V  all  possible  values  in 
whole  numbers.  But  when  the  solutions  are  to  be  restricted  to  such  as  are 
at  the  same  time  entire  and  positive,  there  will  exist  for  V  limitations  which  it 
will  be  always  easy  to  assign. 

176.  When  we  have  two  more  unknowns  than  equations,  or  several  more, 
the  indetennination  is  still  greater ;  but  the  condition  of  having  values  which 
shall  be  at  the  same  time  entire  and  positive,  may  limit  considerably  the  num- 
ber of  solutions.  We  shall  confine  ourselves  to  two  examples,  which  will  suf- 
fice to  show  how  the  method  explained  above  should  l>e  modified  in  such  cases. 

Given  to  resolve  in  positive  whole  numbers  the  equation 

10z+9y+7z=58 (4) 

As  the  unknown  z  has  the  smallest  coefficient,  I  derive 

58— 9v— 10.r 

7 

and,  effecting  the  division  as  far  as  possible, 

z=8-y-T+ j . 

The  numerator  2— 2y— 3r  must  be  a  whole  number,  divisible  by  7  ;  there- 
fore I  place 

2^2y^3x=z7t; 

2— 3r— 7/                         x^t 
.-.  y= =l-r-3/ f-  ; 

and,  x-{-t  being  obliged  to  be  a  whole  number  divisible  by  2,  I  place,  also, 

x+t=2t'  .-.  x^z—t+^t' ; 

and,  going  back  to  y  and  r,  we  express  these  unknowns  in  function  of  t  and  f. 
Wo  have  tlius  tlie  three  formulas 

x=:-^t+9A\  y=zl^2t--3l\  z=7+4t+f  ....  (6) 
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In  order  to  havo  the  entire  and  positive  solutions  of  tlie  proposed  equation 
(4),  we  must  give  to  t  and  f  all  the  entire  values,  which  satisfy  simultaneously 
the  three  conditions 

— «+2r>0,  1— 2^— 3r>0,  7+4t+t'>0  ....  (6) 

From  hence  result  limitations  for  t  and  t\  wliich  will  be  discovered  by  em- 
];doying  for  those  inequalities  operations  altogctlier  analogous  to  those  of  elimi- 
nation. For  greater  neatness,  suppose  tlie  signs  ]>  exclude  equality ;  that  is 
to  say,  that  none  of  tho  three  unknowns,  x,  y^  and  z,  can  be  zero. 

First,  if  we  multiply  the  1st  l)y  3  and  the  2d  by  2,  they  become 

— 3^-J-6r>0,  2—4t—et'>0; 
adding,  tf  disappears,  and  we  havo 

2— 7i>0  .-.  K?. 
A  similar  elimination  between  the  second  inequality  and  the  thurd  gives 

22+10i>0.-.^>— 2J. 
We  see  that  tlie  indeterminate  t  is  embraced  between  the  limits  —-2^  and 
I ;  then  we  should  take  only 

r=— 2,  —1,0. 
Let  us  consider  each  of  these  values  successively. 
I**.  If  we  make  t=. — 2  in  the  three  inequalities  (6),  they  become 

2+2r>0,  6— 3^>0,  — l  +  r>0; 
.•.^>-l,r<l§,  r>l. 
As  there  is  no  wholo  number  betv\'ecn  1  and  1§,  it  follows  that  the  value 
tss — 2,  which  furnishes  these  limits  for  t',  ought  to  be  rejected. 
2^.  If  we  make  tz= — 1,  the  three  inequalities  (6)  become 

l+2i'>0,  3— 3^>0,  3+r>0  ; 

Between  — ^  and  4*1  there  is  no  other  entire  number  except  0  ;  then  we 
can  take  t=: — 1  and  ^=0. 

3^  If  we  make  ^=0,  the  inequalities  become 

2r>0,  1— 3r>0,  7+r>0  ; 
.•.r>0,  i'<}»i'>-7. 
Between  0  and  I  there  is  no  whole  number ;  consequently,  the  value  ^=0 
ought  also  to  be  rejected. 

The  only  values  of  t  and  t'  to  which  positive  values  in  whole  numbers  of  r, 
y,  and  z  correspond  are,  then,  t=z — 1  and  r=0.  By  substituting  them  in 
the  formulas  (5),  we  obtain 

x=l,  y=3,  z=3, 
and  this  solution  is  tlie  only  one  admissible. 

177.  For  a  second  example,  I  propose  the  two  equations 

Gx+  7!j+3z+2u=zl00 
2Ax+l2y+7z  +  3uz='200, 
Eliminating  u,  we  have 

302:+3y+5z=100. 
As  in  this  equation  the  terms  30j:  and  lUO  are  divisible  by  5,  it  wiU  be  best 
to  take  the  value  of  z :  tliis  is 

z=20— 6i—- #. 
o 

From  which  we  see  that  y  ought  to  be  a  multiple  of  5 ;  consequently,  we  have 

y=5t 

z=20— 6x— 3<; 
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then,  by  substituting  tliese  values  in  the  first  of  the  two  proposed  efpiatioiui 
it  becomes 

6j:+35«+60— l&c— 9f+2u=100; 
or,  rather, 

— 12j:+2C(+2u=40; 
.-.  v=20  -|-6r— 13/. 
The  three  unknowns,  y,  z,  u,  are  thus  found  expressed  in  functions  of  z, 
and  of  the  indeterminate  auxiliary  t. 

In  onler  to  resolve  the  two  proposed  equations  in  positive  numbers,  it  is  evi- 
dently necessary  to  take  x  and  t  positive,  since  x  is  one  of  the  primitive  un- 
knowns, and  since  y=z5t.    But  it  is  necessary  to  satisfy  also  the  inequalities 

oo_6x— 3i>0,  20+6X— 13/>0. 

In  adding  them,  x  disappears,  and  there  remains 

40— 16f>0.-.  t<2j; 
then  the  values  which  we  ou^t  to  give  to  t  are  (=0, 1,  2. 
With  the  value  /=0  we  should  have 

y=0,  2=20— 6r,  t*=20+6x; 
and  we  see  that  we  can  make  x=0,  1,  2,  3.    From  whence  result  for  tiie 
proposed  equations 

''x=    0  (x=:    1  fxss:   2 


y=  0 
z=20 
tt=20 


y=z  0 

2=    8 
tf=32 


With  tlie  value  ^=1  we  should  have 

y=6,  2=17— 6x,  tt=7+6x; 
and  the  only  admissible  values  of  x  are  x=:0,  1,  2.     Thence  result  the  three 
solutions 

Cx=:  0  rx=  1 

y=  5  J  y=  5 

2  =  17  ]2=11 

Finally,  with  the  value  ^=2  we  should  have 

y=10,  2  =  14— Cj:,  tt=— 6+6x. 

The  only  admissible  values  of  x  are  x=l,  2;  and  from  thence  result  the 

two  further  solutions 

(x=:  1  (x=  2 

y=10  )y=io 

2=    8  ]  2=    2 

u=  0  (u=  6. 

In  all,  nine  solutions.    There  would  be  but  three  if  tliose  were  excluded  in 
which  one  of  the  unknowns  is  zero. 


EXAMPLES. 

1°.  Two  countrymen  have  together  100  eggs.  The  one  says  to  the  other, 
If  I  count  my  eggs  by  eights,  there  is  a  surplus  of  7.  The  second  answers. 
If  I  count  mine  by  tens,  I  find  the  same  surplus  of  7.  How  many  eggs  had 
each? 

Ans.  Number  of  eggs  of  the  first,  =63  or  23;  of  the  second,  =37  or  77. 

2*».  To  find  three  whole  numbers  such  that,  if  wo  multiply  the  first  by  3, 
the  second  by  5,  and  the  third  by  7,  the  sum  of  the  products  shall  be  560 ; 
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tnd  such,  moreover,  that  if  die  first  be  maltiplied  by  9,  the  second  by  25,  and 
the  third  by  49,  the  sum  of  the  products  shall  be  2920. 

Ads.  First  number,   .  s=  15  or  50. 

Second  number,  =82  or  40. 

Third  number,    =15  or  30. 

3**.  A  person  purchased  100  animals  at  100  dollars;  sheep  at  3^  dc^rs  a 
piece ;  calves  at  1}  dollars ;  and  pigs  at  |  a  dollar.  How  many  animals  had  he 
of  each  kind  ? 

Ans.  Sheep,  5,  10,  15. 
Calves,  42,  24,  6. 
Pigs,     53,  66,  79. 

4**.  In  a  foundry  two  kinds  of  cannon  are  cast ;  each  cannon  of  the  first  sort 
weighs  1600  lbs.,  and  each  of  the  second  2500  lbs. ;  and  yet  for  the  second 
there  are  used  100  lbs.  of  metal  less  than  for  the  first  How  many  cannons 
are  there  of  each  kind  ? 

Ans.  Of  the  first,       1 1,  36 ... ;  of  the  second,  7,  23 ... . 
Or,  of  the  firet,  11  +  25^ ;   of  the  second,  7+16/. 

5°,  A  farmer  purchased  100  head  of  cattle  for  4000  francs,  to  wit:  oxen  at 
400  francs  apiece,  cows  at  200,  calves  at  80,  and  sheep  at  20.  How  many  had 
he  of  each  ? 

Ans.  In  excluding  the  solutions  which  contain  a  zero  the  problem  admits  of 
the  ten  following : 

Oxen,  1,  1,  1,  1,  1,  1,  1,  1,  4,  4. 
Cows,  1,  2,  3,  4,  5,  6,  7,  8,  1,  2. 
Calves,  24,  21,  18,  15,  12,  9,  6,  3,  5,  2. 
Sheep,  74,  76,  78,  80,  82,  84,  86,  88,  90,  92. 


QUADRATIC  EQUATIONS. 

178.  Quadratic  equations ,  or  equations  of  the  second  degree^  are  divided 
into  two  classes. 

I.  Equations  which   involve  the  square  only  of  the  unknown  quantity. 

These  are  termed  incomplete  or  pure  quadratics.     Of  this  description  are  the 

equations 

2^      5  7  259 

tliey  are  sometimes  called  quadratic  equations  of  two  terms,  because,  by  trans^ 
position  and  reduction,  they  con  always  be  exhibited  under  the  general  form 

ai^=zh. 
Thus  the  third  of  the  equations  given  above, 

^     A  —Z  259 

3""l2+^"24  +  ^^+^' 
when  cleai«d  of  fractions,  becomes 

8a:«— 10+72a:3=7+48j<+259, 
or,  transposing  and  reducing, 

32j:«=276, 
which  is  of  the  form 


1 
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II.  Equations  which  involve  both  the  square  and  the  simple  power  of  the 

unknown  quantity.     These  are  termed  adjected  or  complete  quadratics.    Of 

this  descriptiob  are  the  equations 

5x8     ar     3  2x  273 

ax3+5x=c;  a:«-10r=7  ;  — --+j=8-y-a:«+— ; 

they  are  sometimes  called  quadratic  equations  of  three  terms^  because,  by 
transposition  and  reduction,  they  can  always  bo  exhibited  under  the  geneFal 
form 

a3^-\-hx=zc. 

Thus,  the  third  of  the  equations  given  above, 

6a:*     T     3  2x  273 

"6'~2+4=®~ "3  "^+'12'' 
when  cleared  of  fractions,  becomes 

10z8— 6x+9=96— 8x— 12a«+273, 

or,  transposing  and  reducing, 

22a«+2x=360, 
which  is  of  the  form 

as^-^-hxzsic, 

SOLUTIOIf  or  PURE  qUADRATICS   CONTAINING  ONE  UNKNOWN  qUANTITT. 

179.  The  solution  of  the  equation 

presents  no  difficulty.     Dividing  each  member  by  a,  it  becomes 

h 


whence 


-/a- 


h 

If  -  be  a  particular  number,  cither  integral  or  fractional,  we  can  extract  its 

square  root,  either  exactly  or  approximately,  by  the  rules  of  arithmetic.     If 

h 

-  be  an  algebraic  expression,  wo  must  apply  to  it  the  rules  established  for  the 

extraction  of  the  square  root  of  algebraic  quantities. 
It  is  to  be  remarked,  that  since  the  square  both  of  4-'^  and  — m  is  -^w^n 

so,  in  like  manner,  both  \+./"  J    ^^^^  \ — -/~)    is  +-•     Hence  the  above 

equation  is  susceptible  of  two  solutions,  or  has  tivo  roots;  that. is,  there  are 
two  quantities  which,  when  substituted  for  x  in  the  original  equation,  will  ren- 
der the  two  members  identical ;  these  are 

Iff    ,         y& 

T=  4.   /-  and  a:=  — ^  /-  ; 
for,  substitute  each  of  these  values  in  the  original  equation  ajfi=zh,  it  becomes 


and 


ax(+^-)  =^  or  ax-=6,  i.  e.,  6=6, 
^^\\fa)  ~^'  orflX-=6,  i.  e.,  6=6. 
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Hence  it  appears  that  in  pure  quadratics  the  two  values  of  the  unknown 
quantity  are  equal  with  contrary  signs.* 

EXAMPLE  I. 

Find  the  values  of  x  which  satisfy  the  equation 

Transposing  and  reducing,  x'^^16 

.-.  a:=±\/16 
=  ±4; 
hence  the  two  values  of  x  are  -|-4  and  —4,  and  either  of  these,  if  substituted 
for  X  in  the  original  equation,  will  render  the  two  members  identical. 

EXAMPLE  II. 

3"~^"'"T2""24~^'"'"'2r' 
Clearing  effractions,  8x«-.72+10.t«=     7— 242«+299 
Transposing  and  reducing,  42x^=378 

378 
42 
=     9 

and  the  two  values  of  a:  are  4-3  and  — 3. 

EXAMPLE    III. 

3x3=5 

5 

x«=- 
3 


=^ji 


jb  \/l5 
""       3 
Since  15  is  not  a  perfect  square,  we  can  only  approximate  to  the  two  values 
of  X.    We  find  the  approximate  values  to  be 

x=1.290994,  or  —1.290994. 

EXAMPLE  IV. 


^r3+x2— X 


:m. 


Clearing  of  fractions,  x=jn'v/'^+-r^ — ww^» 

.-.  (w+l)x  rsw-v/r^^. 

Squaring,  (m3+2»n+l)x-=wi"(7^+x«), 

.-.  (2m+l)x°=?nV- 

mr 
x=± 


'v/2/w  +  l' 


*  One  miglit  suppose  that  in  extracting  the  Bquarc  nmtof  both  mcmbi>r8  of  such  an  equa- 
tion u  3fi=b,  the  double  sij^  vliould  be  prefixed  to  x,  the  root  of  of',  also.  But  it  is  to 
be  ob«erved,  that  it  is  the  value  of  -{-x  that  is  recjuircd.  Besides,  suppose  wo  were  to  write 
-|-g=-4-i/& ;  combining  these  signs  in  all  possible  ways,  there  result  the  four  equations, 

tlie  la«t  two  of  which  may  be  deduced  from  the  first  two  by  changing  the  signs  of  the  two 
members ;  the  equation  :j::ar=-J-\/6  expresses  nothing  more,  tliercfore,  tliau  the  equation 
i^\/b.    Wo  might  always  omit  4:>  >inco  it  is  implied  before  \/  . 
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EXAMPLE  v. 


=W' 

ReDder  the  denominator  rational  by  multiplyiiig  both  terms  of  the  fraction 
by  the  numerator,  the  equation  then  becomes 

m- 
Extracting  the  root, 


Transposing,  V2mx+3:*=±m  V**— ('»+^)* 

Squaring,  2mx-\-X'z=m^^2m  \/n(m+x)+(m+a:)*. 

Transposing  and  reducing, 

db2v^ 
m(l  +  n) 

"^  =T27^"'^ 

=  =*='^-      2V»     • 

(6)  ll(a*— 4)=5(j:«+2).  Ans.x=±3. 

r+7        r— 7  7 

(7)  ?i:75-?+7i-?=73=^-  ^''*-  ^=  ±^- 


m+  y/m-—2f^     X  .      , 

(8) =-.  Ans.  x=±  J2mn^nK 

^  '  X  n  ^ 


(10)   •*^^+y^'-^_^=o.  Ans.  z=  ±2  V^;^=?. 

180.  In  the  same  manner  we  may  solve  all  equations  whatsoever,  of  any 
degree,  which  involve  only  one  power  of  the  unknown  quantity ;  that  is,  aA 
equations  which  are  included  under  the  general  form 

or" =6, 
or  equations  of  two  terms. 

For,  dividing  each  member  of  the  equation  by  a,  it  becomes 

h 
a 
Extracting  the  n'*  root  on  both  sides. 

If  n  be  an  even  number,  then  the  radical  must  l)e  affected  with  the  double 
•ign  db»  for,  in  that  case,  both  (+»  A-j    and  f  — n/-j    will  equally  pro- 
duce -. 
a 
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&E«— 67: 
32fi: 


EXAMPLE  XI. 

:2x«4-135 

:192 
:64 


r=V64=V\/64=V±8=±2. 
Here  -{~2  <^^  -^^  ^^  ^o  of  tho  roots  of  the  above  equation 


EXAMPLE  XII* 


fXy/  X 


Or, 

Squaring, 

Extracting  the  cube  root, 


.*.  ar= 


\K-^. 


r 


EXAMPLE  XIII. 


EXAMPLE  XIV. 

64y»— 48y^+12y-— 1=64. 
Rxtnu^tiog  the  cube  root,  we  have 


Ans.  X 


=0 


43r— A=*..  y=y4= 

2 

• 

EXAMPLE  XV. 

r»- 

-y*=ii7 

a      . 

•(1) 

X  - 

-y  =   3 

•      • 

.  (2) 

Cvbiog  the  latter  equation, 

r»- 

-32«y+327«-3r'=  27, 

bnt 

r» 

-y»=117. 

.*.  by  subtraction, 

Sx'y^Sxy^         =  90, 

and 

xy(x--y)         =  30; 

dividing  by  (2),  we 

have 

,«.  xy        =  10. 

Now  from  (2) 

2^—2xy+y*z=z     9, 

and 

4x1/        =  40. 

••.  by  addition, 

X'+2xy+f=  49, 

and 

a:+y=±7. 

but (2) 

a— y  =     3. 

By  additbut 

2x=:  10, 

or 

-  4. 

.'.  X  =     5, 

or  . 

-  2, 

and  by  subtraction 

2y=     4, 

or 

-10, 

.-.  y  =     2, 

or 

—  5. 

204 


ALQ£BRA. 


(16 
(17 

(18 

(19 

(20 
(21 

(22 

(23 
(24 

(25 

(26 
(27 

(28 
(29 
(30 

(31 

(32 
(33 
(34 
^35 


4x2— 2=2j:«+26. 
a:2:(lB— x)«::26:16. 

X       14— J 

— X  X 

75(3:— 7)     48(j:— 4) 
X— 4    "■    a:— 7    * 
a:«— a:y=40,  ry— y«=15. 
(x-y)2:=91,  (a:-y)«=49. 

(^-y)^=24,  (x-y)|=6. 
a:8y=48,  2-^2=36. 


Ans.  J=dL  Vl4. 
Ads.  j:=10. 

A08.  x=8. 

Ans.  x=il9. 

Ans.  a:=zt8,  y=i3. 

Ans.  z=il3,  y=±6. 

Ans.  j:=24,  or  — 8, 

y=12,  or  4. 

Ans.  x=:4,  y^3. 


xy  ^•'^       ry 

r«+y«=a,  x*— y«=6. 
r»— 52:^+10x3— 10x*+5x— 1=32. 
r»— 2^— 1=25. 

Vx-  Vy=3,  V^+  Vy=7. 

x«— y*=369,  x«— y«=9. 
r»— y»=56,  x^y:=—. 

x«y+y'=116,  xyHy=U. 
Vx+  Vy=6,  x+y=72. 


Ans.  x=6,  y=:8. 
Ans.  x=:2,  y=2. 

Ans.  x=3. 

Ans.  iz=z  db  V6- 

Ans.  x=625,  y=16. 

Ans.  x=±5,  y=:±4. 

Ans.  x=4  or  — 2,  y=2  or  — 4. 

Ans.  x=5  or  2  \/ j,  y=4  or  10. 
Ans.  x=64  or  8,  y=:8  or  64. 


x}+y5=20,  xl+y}=6.      Ans.  x=±8  or  i  \/8,  y=32  or  1024. 
x^+2x«^y«+y=1296— 4xy(x«4-Ty+y^),  x— y=4. 

Ans.  x=5  or  — 1,  y=l  or  —5. 

181.  We  have  seen  that  an  equation  of  the  form  ax^=&  has  two  roots^  or 
that  there  are  two  quantities  which,  when  substituted  for  x  in  the  original 
equation,  wiil  render  the  two  members  ideutical.  In  like  manner,  we  sbaO 
find  tliat  every  equation  which  involves  x  in  the  third  power  has  three  roots  ; 
an  equation  which  contains  x^  has  four  roots  ;  and  it  is  a  general  proposition 
in  the  theory  of  equations  tliat  an  equation  has  as  many  roots  as  it  has  di- 
mensions. 

182.  The  above  method  of  solving  the  equation  ax"z=zh  will  give  us  only 
one  of  the  n  roots  of  the  equation  if  n  bn  an  odd  number,  and  tico  roots  if  n  be 
an  oven  number.  Such  a  solution  must,  therefore,  be  considered  imperfect, 
and  we  must  have  recourse  to  different  processes  to  obtain  the  remaining 
roots.     This,  however,  is  a  subject  which  we  must  postpone  for  the  present. 

SOLUTION  OF  COMPLETE  QUADRATICS.  CONTAINING  ONE  UNKNOWN  QUANTITT. 

183.  In  order  to  solve  the  general  equation 

<zx«+6x=c, 
lot  us  begin  by  dividing  both  members  by  a,  the  coefficient  of  2^ ;  the  equa- 
tion then  becomes 

b       c 
x3+-x=-. 
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or, 

putting,  for  the  sake  of  simplicity, 

h         c 
a    ^   a     ^ 
This  form  of  the  quadratic  equation  may  be  produced  by  multiplying  to- 
gether two  simple  equations.     Suppose 

.T — a=0,  X — h  =0; 
...  (r— a)(x— 6)=0, 
which  is  satisfied  by  making  j'=a,  or  x^6. 

Multiplying  the  two  factoi-s  (x — a)  and  (x — 6),  the  equation  becomes 

x3— (a+6)x-f(26=0 (1) 

Substituting  first  a,  and  then  6,  for  x,  this  may  be  written  either 

a''-{a-\-h)a-\-ah=.0, 

or 

6«— (a+?>)6+a6=0, 

which  are  identical. 

Putting  in  equation  (1)  above  j?,  in  place  of  — (a+t)i  aud  — q  in  pla<^  of 

ah,  it  assumes  the  form 

7^-\-px — g=0. 


But 


— 4^=         Aah 


By  subtraction,  jj'<+4^=fl'^-~-J</6-f-(»-=(a— 6)«; 

a+6= — ;;. 


By  addition  and  subtractioo,    fl=  —  \p-\-\  '^ p'-^-^q 

h=z—hp—^Vy^' 
As  a  and  b  are  the  values  of  x,  and  differ  only  iu  the  sign  of  the  radical  part, 
both  may  be  written  together  thus : 

Hence  the  following  rule  for  resolving  a  complete  or  adfected  quadratic 
equation. 

Reduce  the  given  equation  to  the  form  x-+px  — q=0  bjf  clearing  offrac- 
tionSi  transposing  all  the  terms  to  the  first  member^  and  dividing  throughout  by 
the  coefficient  of  the  square  of  the  unknown  quantity.  The  equation  being  thus 
prepared,  the  valu^  of  the  unknown  qu4intity  will  be  equal  to  t^  the  coefficient  of 
its  first  power  with  the  sign  changed,  iz^  the  square  root  of  the  square  of  this 
confident  — 4  times  the  known  terms  of  the  equation. 

The  expression  x=z — lpAziy/p'-\-'^9  in»y»  by  passing  the  ^  under  the 
radical,  be  written  x=.  —  ^i'^t  V(^i^)*+9«  which,  translated  into  a  rule,  is 
often  the  more  convenient  form. 

EXAMPLES. 
(1)   3fi—\^X+2=:0. 

By  the  rule, 

11  .  ,    //11\'  11  ,  ,    /l2i  11  .  ,    /49     11  .  7 

2 
,•.  a:=3  or  r, 

according  as  we  use  the  upper  or  lower  sign. 
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(2)  3x — jfi  =2 ;  changing  all  the  signSf 

ar»— 3ar=— 2,  or  a;»^3x-f  2s0. 

By  the  rule, 

3  

ar=-±l\/9— 2X4=2  or  1. 

Either  of  these  values  of  x  will  satisfy  the  pven  eqaation.    Fint  tubflti- 
tuting  2,  we  liave 

3x2—4=2; 
and  substituting  1,  we  have 

3x1—1=2. 

(3)  2^+ex=zl6. 
By  the  form, 

T=— Jp±-/(W+? 
x=— 3iV9+16=2or  —8. 

(4)  j^—103:=— 21 

x=z5±  V25— 21 
xss7  or  3. 

(5)  ac±^'{-bcx — adx — &(£=0. 

Dividing  by  ac, 

/b     d\       bd 
a:«+(— — )x=— . 

.'.  by  the  rule. 


=-K5-?)**n/(!-^.- 


.*.  x^-,  or . 

c  a 

(6)  2a+6z=27.  Ans.  ar=3,  or  —9. 

(7)  a«— 7x+3i=0  Ans.  x=6i,  or  I. 

IOj 

(8)  a^+— =19.  Ans.  x=3,  or  — 6J. 

6     ;r« 

(9)  x=z-+Yo'  An**  ^=10.  or  2. 

(10)  z»— ar+8=80.  Ans.  x=12,  or  —6. 

(11)  *a— 10x+17=l  Ans.  a:=8.  or  2. 

(12)  a:«— a:— 40=170.  Ans.  ar=15,  or  —14. 

(13)  3x2— 9r— 4=80  Ans.  a:=7,  or  —4. 

(14)  71° -.21X+ 13=293.  Ans.  a:=8,  or  —5. 

x*     4x  67 

(15)  -+  -— 19=15i.  Ans.  t=9,  or  — — . 

22fi             X  9 

(16)  — +3i=-+8.  Ans.  ar=3,  or  —  j. 

7x— 8 

(17)  x+A-\ --=13.  Ans.  x=4,  or  —2. 

36— tt 

(18)  4tt J^=46.  AnB.«=12,  or  —J. 

5—,     9— 3p 

(19)  16— 2-=— ^+3p.  Ans.  p=6,  or  |. 

«i;4.3      16—20  69 

(20)  ^+  ^=^i-  An..  ♦^S.  or  ^. 
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(21] 
(22] 


(23 

^  (24 

(25 

(26 

(27 

(28 
(29 

(30 
(31 

(32 

(33 

(34 
(35 

(36 
(37 
(38 
(39 
(40 

(42 
(43 

(« 
(46 


n+7  9-H4a 

14+4a— — -^=3a+— ^^ — .  Ans.  D  =9,  or  28. 


7A«     2A     llA+18  * 

"ir-T=—33~"-  ^-  ^=2'  ^'  -*• 


<  +  2^      4       9<-6  A        ^     n        ,, 

— 3 — —■ <  =  — 2 — *  *  <=2t  or  if. 

■+— ^=— .  Ans.  ^=2,  or  —3. 


^+1"^  ^  "e- 


Ans.  X=14,  or  —10. 


X+60"^3X— 5* 

8»  20  *  ,«  . 

— r-r— 6=-T-.  Ans.  r=:10,  or  — f. 

r+2  3o  ' 

48  165       ^  A  .,        . 

^=qr[0-^-  Ans.  r=5f ,  or  5. 

3!^—Bx=U.  Ans.  j-=9.4772+,  or  — 1.4772+. 

3j:'+z=7.  Ans.  T=1.3G99-f,  or  — 1.7032+. 

6x— 30=3j:«.  Ans.  x=l±3V  — 1- 

(a-—  -/142.334)(j4-  V  142.334) =27.22j.  * 

Ans.  x=13.Gl±  V 327.566. 

23 :  (140+2')=:(240+ar) :  1041.  Ans.  a-zrr— 27.4  or  — a52.6. 

.   V  54 

(x+6)  :  (3j-+12)=(3j:— 12) :  (a:— 6).  Ans.  t=  i-^. 

2l2=— 16172  +  20748=0.  Ans.  2=60.72,  or  16.27. 

3.5^'— 11.755^—41.25=0.  Ans.  ^=5.4,  or  —2.11- 

1±  a/ 1008 
(3jr+l)(4j:— 2)  =  (13j:+7)(5i-— 3).  Ans.  r= ^- . 

X  7 

— ;=0.  Ans.  2'=14,  or  — 10. 


z+60     3x— 5 
i£>+4     7 — w     4m7+7 


3        u;— 3""      9 
12—3;? 
4/;— 5 


— 1.  Ans.  U7=21,  or  5. 


^       "      ^^=7p—^^^^J^ — .  Ans.  ;?=3,  or  f  J{. 


x+ll     9+4j 

+ — L_-_7.  Ans.  j-=3,  or  — ^ 

2o+9     4o— 3  3o— 16 

-T^+4+3='+^8-  ^™-  '=•'•  *»•  -*• 

2r— 1      8— 3:«     r  *              «            ,, 

— =  - :,+-.  Ans.  x=2,  or  —  V. 

3— X      2x— 2^2  ' 

3               6          11  A              o        9« 

t+zrr.7:=r:.  Ans.  x=3,  or  f  f. 


6i:— a*^r'+2a:""5x' 

^ : — =-r-.  Ans.  x=3,  or  —I}. 

19     ^  3+j:        9  »          nr 

-^5^ — Jl_-_x«4-x+8.  Ans.  x=4,  or  — y. 
j^+x — 6           '      ' 

ac  .             c±  '\/<*^^ae 

cr-.j-p^=(a+6)x«.  Ans.  ^=     o(^+;,) 


(47)  (l+aa:):(l-.6x)=(l+6j):(l-ax).  Ans.  x=±  V«'-^- 
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(48)  2(6— c)yV24-a5=(b-.c)«+ay«. 


Ads.  v= ' 

184.  If  hz=ia  in  the  general  foi-ni  (x — a)(x — 2))=0,  it  assumes  the  partic- 
ular form  (x — aY=ij? — 2rtx4-"*=0. 

If  the  two  values  of  x  be  +a  and  — «,  the  form  (x — a){x-\- 0)^=^7? — a'=0. 

185.  Recollecting  that  the  value  of  the  unknown  quantity  is  called  the  root  of 
the  equation,  it  is  seen  that  every  equation  of  the  second  degree  has  two  roots, 
and,  by  the  general  form  (l)ta' — (a-\-h)x^ah:=(i^  tliat  their  sum  is  equal  to 
the  coefTicient  of  the  second  term  with  the  contrary  sign,  and  that  their  prod- 
uct is  equal  to  the  absolute  term  or  known  quantity,  when  transposed  to  the 
first  member.  Thus,  in  Example  4,  above,  the  sum  of  the  two  roots  3  and 
— 9  is  — G,  and  tlie  product  — 27.  The  same  may  be  seen  in  other  exam- 
ples. 

The  general  form  aj^-\-bx=zc  is  capable  of  producing  all  the  particular 
forms  by  the  supposition  of  particular  values  for  the  coefficients.  Thus,  if 
&=:0,  it  assumes  the  form  of  pure  equations.     If  c=0,  it  may  be  written 

x(ax-\-h)=0, 

b 
which  we  perceive  may  be  verified  by  making  z=rO,  or  fla:-f-6=0  .•.  a:= . 

b 
The  roots  arc,  therefore,  in  this  case,  0  and .     Whenever  an  equation  is 

divisible  throughout  by  the  unknown  quantity,  one  of  its  root^  is  zero. 

When  we  know  that  the  two  roots  of  the  equation  of  the  second  degree  are 
real,  the  above  relations  make  known  nt  once  the  nature  of  these  roots ;  for 
example,  admitting  that  tliose  of  the  equation  x- — 2a: — 7=:0  are  real,  we 
conclude  immediately  thnt  thoy  nre  of  ditlcrent  signs,  because  their  product 
is  equal  to  the  absolute  tenn  — 7,  and,  moreover,  that  the  greater  is  positive, 
because  their  sum  is  -f-2,  the  coefTicient  of  i*  taken  with  the  contrary  sign. 

186.  Another  mode  of  solution  may  be  derived  as  follows  : 

If  wo  can,  by  any  transformation,  render  the  first  member  of  the  equation 
3fi-{-pxz=q  tlio  perfect  square  of  a  binomial,  a  simple  extraction  of  the  square 
root  will  reduce  the  equation  in  question  to  a  simple  equation. 

But  (j^-h^i^y^  is  X'-\-px-{-l]r. 

In  order,  therefore,  that  the  first  member  may  be  transformed  to  a  perfect 
square,  we  must  add  to  it  the  square  of  ^p ;  that  is,  the  square  of  half  the  co- 
efficient of  Oie  second  term^  or  simple  power  o/*  x  ;  it  thus  becomes 

which  is  the  square  of  x-\-—.     But  since  we  have  added  ^  to  the  left-hand 

member  of  the  equation,  in  order  that  the  equality  between  the  two  members 
may  not  be  destroyed  we  must  add  the  same  quantity  to  the  right-hand  mem- 
ber also ;  the  equation  thus  transformed  will  be 
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('+D'=?+'- 


BxtTBCting  the  root,  a:+  - = ±  -y^  — +  q. 


Transposing,  ^=— o±VT+? 


=-!*# 


-  2 

the  same  form  for  tho  value  of  x  as  we  obtained  by  the  first  method. 

IP  fP 

We  affix  the  sign  i  to  •v/'7"+?»  because  the  square  both  of  +\/-74"5'» 

and  also  of  — '\/^4'9*  ^^  '^(l''^^)*  ^^^  every  quadratic  equation  must, 

therefore,  have  two  roots. 

From  what  has  just  been  said,  we  deduce  the  following  general 

RULE  FOR  THE  SOLUTION  OF  A  COMPLETE  QUADRATIC  EQUATION. 

1.  Transpose  all  the  known  quantities,  when  necessary ^  to  one  side  of  the 
equation,  arrange  all  tJie  terms  involving  the  unknown  quantity  on  the  otJier 
nde,  and  reduce  the  equation  to  the  form  nx^-(-bx^c. 

2.  Dimde  each  side  of  the  equation  by  the  coefficient  of  jr. 

3.  Add  to  each  side  of  Oie  equation  the  square  of  half  the  coefficient  of  (he 
nmple  power  of  x. 

That  member  of  the  equation  which  involves  the  unknown  quantity  will 
thus  be  rendered  a  perfect  square,  and,  extracting  the  root  on  both  sides,  the 
equ&tion  wiQ  be  reduced  to  one  of  the  first  degree,  which  may  bo  solved  in 
the  usual  manner. 

EXAMPLE  I. 

12ar— 210=205— 3x^+5. 
Transposing  and  reducing, 

3a:«+12T=420. 
Dividing  by  the  coefficient  of  o:^, 

a:«+4j:=140. 
Completing  the  square  by  adding  to  each  side  the  square  of  half  the  coefficient 
of  the  second  term, 

a:a4.4x+4=140+4, 


(r+2)s=144. 

Extracting  the  root,  r+  2=  ±  VTii 

=  ±12 
.•.a:=— 2±12. 
Hence 

x=— 2+12=10 
j=— 2— 12=— 14. 
Either  of  these  two  numbers,  when  substituted  for  x  in  the  original  equation, 
will  render  the  two  members  identical. 

O 
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EXAMPLE  II. 

2x8+34=r20ir+2. 

Transposing  and  reducing, 

22«— 20r=  —32. 
Dividing  by  2,  a*— 10x=— 16. 

Completing  the  square, 

a«— 10x+25=26— 16, 
or  (a:-5)«=9. 

Extracting  the  root,  * — 5=  db  \/9» 

r=5=fc3. 


Hence 


\ 


a:=6+3=8 
x=5— 3=2. 


EXAMPLE  in. 

3x«— 2i:=65. 

2       65 
Dividing  by  3,  a*— -x=-r-. 

Completing  the  square, 

2       /1\«     65     /1\« 


or 


Hence 


/       1\»     196 
V^-3;  ="9-- 

a:  2 

_1  ,14 
'^""3^3* 

1—14  1 

EXAMPLE  IV. 

a:a+x— 2=0. 

Pransposing,  3^-{-x       =2. 

The  coefficient  of  a:  in  this  cose  is  1 ;  .'.in  order  to  complete  the  square,  wo 

m»       1 
must  add  to  each  side  {-j  ,  or  -. 

.-.  a*+x+ j=2+- 

/       1\8     9 
(-+2)  =4 

*+2=±2 
.*.  xr=l,  and  x=— 2. 
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EXAMPLE  y. 

St— 30=3j:«. 
Transposing,  —3x^-{-6j:z=z30, 

Changing  the  sign  on  both  sides, 

3z«— 6x=— 30. 
Dividing  by  3,  a:*— 2x=  — 10. 

Completing  the  square,    sfi — 2x-\- 1=1  — 10, 
or 

(x-.l)«=— 9. 


.'.  x— 1  =  ±  -v/— 9. 
Hence 

ia:=l-V-9' 

In  the  above  example,  the  values  of  x  contain  imaginary  quantities,  and  the 
roots  of  the  equation  are,  therefore,  said  to  be  impossible. 

EXAMPLE  vi. 
5        13  2  273 

Clearing  effractions, 

10a:«— 6x4-9=96— 8x—12a«+273. 
Transposing  and  reducing, 

22a«+2a:=360. 
Dividing  bodi  members  by  22, 

2^  _360 

'^+22'^"-'22* 

Adding  ( ^   to  both  members, 

2        /ly     360      /1\« 
^+22''+V22^=22"+\22/- 


Extracting  the  root, 


x+ 


12      ^\  22^X22/ 
""=*=Vr22^« 


Hence 


-"=*=22' 


1       89 
^""      22^22 

«.     i.      — —      — 
*""  ""22—22""  ""ll* 


EXAMPLE  VII. 

ac 


TnoqwuDg,  («+^)«*— cx=^:pft- 
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c  ae 

Dividing  by  «+ 1,       a*- jq:j  .  *=(5:pt)i- 

Completmg  the  square, 

c  (?  ae  <? 

^""a+6  •  ^+4(a+6)«=^(a+6)«+4(a+6\=' 
or 

C  ^        i*      c*+4ac 

Extracting  the  root, 


•'•  ^=      2(a+6)      • 
The  two  yalues  of  x  here  are 


c+  ')l(?-\-\ac         c —  Vc*+4ac 
^~      2(a+6)      '  ^~'"  2(tf+6)      * 

EXAMPLE  VIII. 

Transposing,       (n«— m«)a*— 26n«z=  — n«(a«+6«). 
Dividing  by  the  coefficient  of  sfi, 

x* = ^=— n«  .  -T-^. 


Completing  the  square, 

26w«x      /    6n«    y      /    6n»    y     n«(a«+6«) 


or 


Extracting  the  root. 


The  two  values  of  x  are 

(9)  2«+4x=:21.  Ans.  x=3,  x=r  -7. 

(10)  2«-9x+4J  =0.  Ans.  x=8J.  x=i. 

(11)  622x— 16z«=6384.  Ans.  x=22j,  x=:18J. 

(12)  8:f-.7x+34=0.  An..  x=I±£l22!,  ^J^IL^El^ 
'  16          '                  16          • 


4 


aUADBATIC  £  aUATIONS.  213 

— l-LyrTsS  —1-/133 

(13)  3a*+a:=H.  Ans.  x= -^ ,  x=z ^ . 

X  43J* 

(14)  -— 4-.a*+2ar — ^=45— 3i«+4x. 

Ads.  z=:7. 12.  .  •     .,  xss — 5.  73. ...... 

6a«— 40     3x— 10  .  23 

90      ^0         27  5 

<*«)  T -f^^-J+2=°-  ^"•-  *=''•  '=  -3- 

3afx     6a»+o6— 26»     6«x       ,  2a— 6  3a+2b 

(17)  aix«+— = ^ — .     Ans.  x=-^,  t= j^. 

(18)  ma:* — 2mxv7i=n2:" — mn.        Ans.  x=— 7 — ; — 7-,  a:=— ; 7-. 

^     '  •/*«+ V  **  vwi — vn 

(19)  4a«2«+4a«c»x+4a6£i«a:— 9c^a:«+(ac8+6(f«)»==0. 

Ans.  r= — - — .  ^  ,    ,  ,  r= 


,  Sa+lOdt*        /5^/a+b     (l+2b^)cdy/c\       cd -- 

(^)  9£:3^^--V"V^+        3-a^        )x+-,V(a+6)c=0, 

(3— a«)Va+6     _36«c^j/£ 
Ans.x-    a^i^26«)    '^-      5a      ' 

187.  The  above  rule  will  enable  us  to  solve,  not  only  qaadratic  equations, 
but  all  equations  which  can  be  reduced  to  the  form 

that  is,  all  equations  which  contain  only  two  powers  of  the  unknown  quantity, 
and  in  which  one  of  these  powers  is  double  of  the  other. 

For  if,  in  the  above  equation,  we  assume  y=x°,  then  ^=2^,  and  it  be- 
comes 

SoMog  this  according  to  the  rule. 


Pntting  for  y  its  value, 


x»=- 


2 
Extracting  the  nth  root  on  both  sides. 


_-y^±v^+4^^ 


EXAMPLE  I. 

x«— 25j:«=— 144. 
Assume  2*=yi  the  above  becomes 

y«— 25y=— 144. 
Whence  y=16,  y=9. 

Bnt  since  a*=:y .-.  x=  ±  Vy » 

.•.a:=:±  \/T6,  a:=±  '•9. 
Thus  the  four  vahies  of  x  are  4-4,  —4,  +3,  —3. 
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EXAMPLE  II. 

Assume  3^=y9  y* — 7^=8' 

Whence  y=8,    y= — 1 

And  since  a*=y  .*.  x^  ±  V  y« 

Whence  the  four  roots  of  the  equation  are  it  V^t  JbV^-h  the  last  two 
of  which  are  impossible  roots. 

EXAMPLE  III.  t 

Let  afi—2j^=zi8. 

Assume  x'=y,  the  above  becomes 

y«— 2y=48. 
Whence  y=8,  or  — 6. 

But  since  ^=y  •*•  ^=  Vy* 

Hence  two  of  the  roots  of  the  above  equation  are  4*  VB  and  —  ^6 ;  the 
remaining  four  roots  can  not  be  determined  by  this  process. 

EXAMPLE  iv. 

Let  2ar— 7  ^x=z99, 

or  2ar— 7a:'=99. 

This  equation  manifestly  belongs  to  this  class,  for  the  exponent  of  x  in  the 
first  term  is  1,  and  in  the  second  term  half  as  great,  or  |. 

In  this  case  assume  ^xssy^  the  equation  becomes 

2y*— 7y=99. 

Avhence  y=9,     y= — — . 

AT 

But  since  V^=y  •'•  *==y' 

121 

.«.  a:=81,   r=— T-. 

4 

To  account  for  the  two  values  of  x  in  this  equation,  it  must  bo  observed  that 
one  belongs  to  -f-  V^i  the  other  to  —  '^x. 
This  will  appear  clearly  in  the  following  example. 

EXAMPLE  V. 

axz=b-{-  '^ex  , (1) 

Solving  this  equation  in  the  same  manner  as  tlie  precedmg,  we  shall  find 

2ab+c+  Viabc+d^         ^gb+c^  y/Aahc+d* 
^"-  2«-  '  ^^  ^*  • 

If  we  substitute  those  two  values  of  x  in  tlie  original  equation,  we  shall  find 
that  the  first  only  will  verify  it ;  the  second  belongs  to  the  equation 

ax^b —  '^cx  .  .  .  ( (2) 

These  two  equations,  multiplied  together,  produce  the  complete  quadratic 
<^quation 

a«j^-.(2rt6+c)a:+6«=0, 
whose  roots  are  the  two  values  of  x  given  above. 

The  explication  of  this  matter  is,  that  '^x  is  always  supposed  to  hare  tiie 
double  sign  db»  ^nd  therefore  the  general  form  expressed  by  equation  (1)  in- 
volves covertly  that  expressed  by  equation  (2).    It  is  necessary,  therefore,  in 
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examples  of  this  kind,  to  try  the  answers  obtained,  by  substituting  them,  in 
order  to  see  which  belongs  to  the  given  form. 

188.  Many  other  equations  of  degrees  higher  tlian  the  second  may  be  solved 
by  completing  the  square ;  although,  it  must  be  remarked,  we  can  seldom  ob- 
tain all  the  roots  in  this  manner.  The  transformations  to  which  we  subject 
equations  of  this  nature,  in  order  that  the  rule  may  become  applicable,  depend 
upon  various  algebraic  artifices,  for  which  no  general  rule  can  bo  given.  The 
following  examples  will  servo  to  give  the  student  some  idea  of  the  course  he 
must  pursue ;  a  little  practice  will  soon  render  him  dextrous  in  the  empk)y 
ment  of  such  devices. 

EXAMPLE  VI. 


Let  -v/-r+12+ {/•r+12=6 

Assume  2-1-^^=^*  ^^  equation  then  becomes 

which  evidently  belongs  to  the  same  class  as  the  previous  examples ;  completiDg 
the  square,  we  shall  have 

y^=2,  or  —3. 
Raising  both  sides  of  the  equation  to  the  power  of  4, 

y=16,  or  81 
.*.  or,  or  y— 12=  4,  or  69. 

EXAMPLE  VII. 


Let  22:«+ -v/2j^4-1=11. 

Add  1  to  each  member  of  the  equation,  it  becomes 

Oj;a 4-1-1-  V2x''+l=12. 
Assume  2j:*-|-l=y,  then 

y+/=12. 
Completing  the  square,  and  solving,  we  tiud 


y^  or  -v/2a:^+l=3.  and  —4 
23f^+l=z9,fLnd  16 

2:3=r4,  and  —. 


Hence  ar=+2,  —2,  +V-rr»  ""vi"- 


It  may  be  remarked,  that  it  is  in  general  unnecessary  to  substitute  y,  which 
has  been  done  in  the  above  examples  for  the  sake  of  perspicuity  alone. 


EXAMPLE  viii. 


/       8\«  8 

Tnnspos'mg  (^+|)  V  (^+ j)  =42. 

8 
CoDsideriDg  x-\--  as  one  quantity,  and  completing  the  square, 

/       8\«     /       8\      1     109 
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8_      1      13 

:=6,  and  — 7« 
Hence  we  have  the  two  equations 

2«— errs— 8 
a:«+7z=— 8. 

Solving  the  first  in  the  usual  manner,  wo  find 

2*^4,  and  2, 
and  by  the  second,  we  hiive 

—7+  y/V7        ,  —7—  -/n 
x= ,  and ^ , 

which  are  the  four  roots  of  tho  proposed  equation.  If  we  had  reduced  this 
equation  by  performing  tho  operations  indicated,  instead  of  employing  the 
above  artifice,  it  would  have  become 

r«4-r»— 26j:«+8j:+C4=:0, 
a  complete  equation  of  the  fourth  degree. 
Tho  roots  of  equations  of  the  fourth  degree,  reducible  to  the  second  as  above* 

present  themselves  ordinarily  under  the  form  ya^  y/ b,  and  frequently  af 
ford  an  appUcation  of  the  process  exhibited  at  (Art.  104). 

(9)  2:*+4r8=12.  •  Ans.  t=±  -v/2,  or  ±  V~6. 

[10)  2«—8j^— 513=0.  Ans.  r=3,  or  —  ^1^- 

[11)  r*— 13x34-30=0.  Ans.  x=±2,  x=±3. 

12)  (ja-2)s=-(j:2+12).  Ans.  ar=i2,  rz=±-, 

13)  (a:«— l)(j^— 2)4-(i:«— 3)(xa— 4)=r*+5.       Ans.  x=±l,  t=±3. 


14)  *■■ — ifix"=/7. 

'/4Z+2     4— -/r 


Ao,.x=("=^^f+^^)=. 


15) 


^^  • 


Ans.  x=4.* 


16) 


A+Vx  y/x 

'^(j^x-^-h     a —  y/x 
a+  y/x  ^  X 

17)  V^— 2 -v/T— j:=0. 

18)  \/^+ -vAr^=6 -v/7. 

X         ,      Jx 

19)  -=22i+-y. 


An,.   r^(-^rbV4a3+4a^+frY 

\  2{(Z4-1)  /  • 

Ans.  T=4. 
Ans.  x^2. 

Ans.  x:=49. 


3V^ 


o 


6         '      1 

'      X — 5         20 


n 


21)  x'4-x^=766. 

22)  x»— x^=56. 


Ans.  x=s26. 

Ans.  x=:243,  or  (^36)'. 
Ans.  x=:4,  or  ( — 7)'. 


64 
*  In  thif  and  some  of  the  foUowinfj:  ezainplcs  nitothcr  value,  '=-^-1  i*  *l>o  foand«  bat  it 

win  not  satuify  the  cqaatton,  and  if,  tliorciurc,  to  be  rcjootcd.    [Sec  Ex.  5,  p.  314.] 
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(23)  3x*4-x^=3104. 

(24)  axi+bx^=zc. 


(25)  Sx^^zl  =—592. 


(26)  a*— 2ax^=6. 
(S7)  I'^H-4V^_4(V"^+')     . 


97\  * 

)   . 


Ans 


_/rW^+4tfC— fe\^ 


■'=( 


2tf 


)'• 


Ans 


.x=8.or(_^). 


S 


5b;8 


S-v/x— X  3— i/a;        (S-v/x— x)(3— j/x) 


Alls.  x=(tf±  'v/a-+6)« 

Ans.  x=3. 


(28)  --rr 


■f^ 


"V/x-|-v'a — X     "v/x — •\/a — x     y/x 


z— l/a:*— 9 


(30)  ar-f  5=1/0:+ 5+6. 

"^  (31)  x+16— 7|Ar+16=10--4-v/^+16. 

(32)  'v/j:+12+\yj;+l'2=6. 

(33)  a^a— 2j:+6'v/a:«— 2x+5=ll. 


•\ 


(34)  2j:a+3j>— 5'v/2ri+3x+9+3=0. 

(35)  [(x— 2)«--x]'i— (x--2)«=88-^(x— 2). 

(36)  (4?+6)2+2x*(x+6)=138+a;*. 

(37)  «-l=2+g. 

(38)  af^— 2xa+r=132- 


(39)  94?+-v/16z8-f  36jr»=15.rJ— 4. 
12+8j:* 


(40)  x=- 


X--5 


(41  -r-+-,— '*3=5+-- 

4      '  ar»  '  X 

x^     17x3 
(49)  ~-h^-17x=8. 

(«)  (-g)*+(-S)'=f- 

(44)  «*— (2^>+4<|9)x«-f-iScB=0. 

(45)  x2— x+5-v/2xi— 5x+6=?^— . 


(46)  f±v;?rz^=-^. 


AU8.  x= 


Ans.  jr=5,  or  3,  or 


//-j--/Z;'i— 2rt6 


it 


eioZ-ii 


Ans.  x=4. 

Ans.  jr=9. 

Ans.  x=4. 

Ans.  x=l,  or  1+21/15. 

Ans.  x=3,  or  — -. 


Ans.  x=6,  or  — 1,  or 


5+V-3 
2 

Aus.  x=4. 

Ans.  x=:4. 


Ans.  a:=4,  or  — 3,  or 


.  4  1 

Ans.  .r=r-,  or  — ,  or 
3  3 


1+V^— 43 

9+1/481 
"        50        • 


„        _3+i/-7 

Ans.  x=9,  or =="-^- . 

2 

A  «  8       —3+1/93 

Ans.  x=2,  or ,  or ==~-J- — . 

%     7  7 

Ans.  jr=+2,  or  — 8,  or  — -. 


Ans. 


.=^4^- 


Ans.  x=+V^+2a5'+2a-v/6c+a». 

.  5+VM329        ,         ,        ,       1 

Ajis.  x=         ,  and  x=3,  and . 

4  2 


«. 


Ans.  a:=-(+|/— 7— .3). 


Note. — In  10016  of  the  above  examples  we  have  given  answers  which  will  not  satisfy 
the  equation  onlesa  the  doable  sign  be  andcrstood  before  the  rndicaL  In  some  cases  this 
lign  is  understood,  in  others  not ;  bat  whether  it  is  or  nut  will  always  be  known  from  the 
problem  from  which  the  equation  is  derived. 
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[1)1 
[2)S 


ON  THE  SOLUTION  OF  aUADliATIC  EaUATIONS  CONTAINING  TWO 

UNKNOWN  aUANTITIES. 

189.  An  equation  containing  two  unknown  quantities  is  said  to  be  of  the 
second  degree  when  it  involves  terms  in  which  the  sum  of  the  exponents  of  the 
unknown  quantities  is  equal  to  2.  hut  never  exceeds  2.     Thus, 

3a^^ix+y^—xy-^b7j-\-e=z0,  Ixy—Ax+yznO^ 
are  equations  of  the  second  degree. 

It  follows  from  this  that  every  equation  of  the  second  degree  containing 
two  unknown  quantities  is  of  the  form 

ay^+bxy+ci^+dy+ex+fssO, 

where  a,  6,  c, represent  known  quantities,  either  numerical  or  alge- 

braical;  i,  e.,  the  equation  contains  the  second  power  of  each  of  the  unknown 
quantities,  the  first  power  of  each,  and  the  product  of  the  two.  Not  that 
every  equation  of  the  second  degree  contains  all  these,  but  when  any  one  of 
them  is  wanting  the  coefficient  of  that  term,  in  the  general  form,  is  said  to  be 
zero. 

Let  it  bo  required  to  determine  the  values  of  x  and  y,  which  satisfy  the 
equations. 

ay^+hxy+c3^+dy+ex+f  =0 (1) 

ay+b'xy+c'±^+d'y+e'x+f=0 (2) 

Arranging  these  two  equations  according  to  the  powers  of  y,  they  become 

ai/^+(bx+d)y+(c3^+ex+f)z=zO > 

ay+(b'x+d')y+(c'2^+e'x+f)=0 $ 

Put  hx+d=h;   cjf^+ex-^-f  =:k 

b'x+d'=h' ;  c'X^+e'x+f'z=k\ 

.',ay'^+hy+k=zO (3) 

ay+hy+k'=0 (4) 

Multiply  (3)  and  (4)  by  a'  and  a  respectively,  and  also  by  k'  and  k ;  then 

aay+a'hy+a'k=zO (5) 

aay+ah'y+ak'z=0 (6) 

ak'T/^+hk'y+kk'=0 (7) 

a'ky-+h'ky+kk'=zO (8) 

Subtracting  (6)  from  (5),  and  also  (7)  from  (8),  we  have 

(a'h'~ah')y+a'k'-ak'=0 (9) 

{a'k'^ak')y+h'k-^hk'=0 (10) 

Multiplying  (9)  by  h'k—hk',  and  (10)  by  a'k—ak',  wo  have 
{a'h^ali')(h'k^hk')y-\-(a'k'^ak')(h'k'~hk')=0  .  .  (11) 
\a'k--'akJy-\-\a'k'--ak')\h'k---hk')z=zQ  .  .  (12) 

.-.  (a'h'^ah')(h'k-~hk')=:(a'k^ak'f (13) 

Substituting  the  values  of /^  h\  A*,  hf  in  equation  (13),  we  liave 

IIcuco,  by  multiplying  and  expanding,  the  final  equation  in  x  is  of  the  fourth 
degn.>e,  which  will,  in  general,  be  the  degree  of  the  equation  obtained  by 
eliminntiiig  between  the  two  equations  of  the  second  degree ;  but  the  general 
form  includes  a  variety  of  equations,  according  to  the  values  of  the  coefficients 
a,  fe,  r»  &c.;  when  rf,  f,/,  d\  e\f'  are  each  =0,  the  solution  may  be  obtain- 
ed by  quadratics,  the  resulting  equation  in  x  being 

\{a'b'~ah')x-\-a'd--ad'\  .  |(6'c— tc')j-(c'/?-crf')}=(a'c-ar')''^- 
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Although  the  principles  already  established  will  not  enable  na  to  solve  equa- 
tions of  this  description  generally^  yet  there  are  many  particular  cases  in 
which  they  may  be  reduced  either  to  pure  or  adfected  quadratics,  and  the 
Toots  determined  in  the  ordinary  manner. 


EXAMPLE  I. 

Required  the  values  of  x  and  y,  which  satisfy  the  equations, 


Squaring  (1), 
Multiply  (2)  by  4, 
Subtract  (4)  from  (3), 
or 

Extract  the  root. 
But  by  (1), 
Add  (1)  to  (5), 
Subtract  (5)  from  (1), 


i      xyz=z(f 


a*+2jry+y»=j7«   .  .  . 
42^=49"  .  .  . 

(r-y)«=i^-49». 


x—y=  ±  \/^*— 45« 
x+y=p. 


2x=pj:z  y/p^—iq^> 


2y=jp=f:  V|J«— 4^. 
Hence  the  corresponding  values  of  x  and  y  will  be 


x= 


jp-j-  -^p* — 4^' 


X=s 


p^y/pi^4f' 


y= 


i?—  Vp^—^f 


and 


y= 


p+Vp 


2 


(1)? 

(2)$ 
(3) 


(5) 


EXABIPLE  II* 


Square  (1), 
But  by  (2), 
Subtracting, 


cx+y=za. 
a«+2xy4-y«*a». 


2Ty        =a«— 6«  .  .  .  . 
Subtract  (3)  from  (2),    a?— 2ry+2^=2fr«— a% 
or  (ar— y)«=26«— a«. 

Extracting  the  root,      I  r— y=±  ^26*— a*. 

But  by  (1),  x+y=za. 


*.  adding  and  subtracting 


2xs=za±  x/26«— a* 


Hence  the  corresponding  values  of  x  and  y  will  be 


•  •••••• 


(1)? 


(3) 


x=- 


a+  \/2&«— fl« 


rr=- 


a—  'v/26«— a« 


y=- 


a—  -v/2^»— a* 


Rud 


y= 


a+  >/26»— a« 


EXAMPLE  III. 


Cube  (1), 
But  by  (2), 
Subtracting, 


Cff 


a:»+32^+3xy2+2r» 


=  7?l 


=111'. 


(1)1 
(2)$ 


m' — »', 


3af»y+         3T3r« 

3xy(z+y)=m' — n*. 
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Substitute  for  {x-\-y)  its  value  aerived  from  (1), 

m' — n' 


.-.  4ry= 


~3m 


(3) 


Squaring  (1), 
But  by  (3) 

Subtractiug, 

or 


4(m»— n') 
^^         =       3m      • 


.tG— ory4-y2=m«— 


4(y/^3— w») 


3l7l 


(^-y)==- 


4/*' — m' 


3m 


But  by  (1), 


.     /4n'— m» 


I 


4»* — m^ 


3m 


I  An? — m' 

Hence  the  two  con-esponding  values  of  x  and  y  are 

m        i4/i^ — ?»'*  m         y4n' — m' 

m        i4»3 — m'  m        /4n=* — m' 

2'~'2""V     12m     J  ^'~2"^V     12m     , 


KXAMPLE  IV. 


3  3    3  3 

3     3  3  3     3 


0, 

(2)> 


3    3 


3     3 


Square  (1),  x^+x^y^+f+2x^  .  x^y^+2x^y^+2y^  .g^y^=za^ 


But  by  (2),  x'+x^y'+y^ 


=6. 


Subtracting, 
or 


3  33  31  333 

2x^ .  x^y^+2x^y^+2y^x^y^=:a*—b, 

333  31  3 

2x'^y^(x^+x^y'^+y^)=za^^b 


But  by  (1), 
And  by  (3), 

Adding, 

or 


3   3 

.'.  2a:*t/*  •  0. 
3^3 

.•.    x^y^ 

3        33       3 
x^-\-x^y^  -f-y^'^a. 

a'^—b 


2a 


.  (3) 


3  3 
x^y^         := 


o 


a 


3  3     S  3  yj3        ?. 

x^+2xV+y^=«+^i 


2a 


•••  '*+3^ 


J       ,     /3a^— 6 
=  ^V-2^ 


W 
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3     3  3 

AgaiD,  from  (1),         x^+^V+y^=^' 
And  from  (3),  3x^y*         _3(^— i) 


/J       ?\»     3i— a« 

But  by  (4),  *^+y?      =±^/2^ 

.-.  adding  and  subtracting,        x^      =  i    /-iLH.  j_^ — H — 


2 


^  =±^T/-t^ 


2 
Hence  the  corresponding  values  of  x  and  y  are 

__  f  JL  V3a«— 6+  y/Sh—a^  i  *  _  r  J:  ^3a^~fe—  V36--a«  ^  I 

4  and  - 

±  ^3a«— 6—  y/Sb—a-  >  S  r  :^  -v/ii"-— 6+  \/36— a«  )  i 


'=! 7^ S     y=\ 


y/8a  >  (  VSa  ' 

The  following  require  the  complotion  of  the  square  : 

EXAMPLE  V. 

C  x+y+:t^  +  i/=:a (1)  > 

\  x-y+2^-y^=h (2)  S 

Add  (1)  and  (2),  2x3+2^=^+6 (3) 

Subtract  (2)  from  (1),  2y^+2yz=za-^b     (4) 

Equations  (3)  and  (4)  are  common  udfectod  quadratics ;  solving  these  in  the 
usual  manner,  wo  find 

— 1±  Vl  +  '2a  +  2b' 
J. 

•> 


— 1±  Vl-^'^ii^'2b 


EXAMPLE    VI. 


p+y=   6 (1)) 

I  x*+y*=z272 (2)  S 

Raise  (1)  to  the  4th  power. 

x*+ 4x='y  +  6x«i/«+ 4xy»+y^= 1296. 

But  from  (2),  x« +y=  272. 

Subtracting  4r»y+6j*y'+4x7/»         =1024, 

or  2xy(2x«+3.n/+2]/«)  =  1024 (3) 

But  by  (1),  2x3^(2x^+4x^+2y-)  =  144xy (4) 

Subtracting  (3)  from  (4),  2x^y^=144xy— 1024. 
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Trausposing  and  dividing  by  2, 

a:Y— 72xy  =—512. 

Completing  the  square,  a:y—72ary+ 1296=1296 —512, 

or  {xy—Seyzzz  784^ 

.J.  xy— 36   =±  \/784 
xy  =36  ±28 

=64,  and  8. 


First,  let  us  suppose  xy=iS. 

By  (1), 

And 
Subtracting, 


But 

.'.  adding  and  subtracting. 


x»+22y+y«=36, 
4jy         =32. 

a<— 2xy4-y*=  4 
•.  X— y  =±2, 
x+y  =6. 


SHU-S 


x= 


Secondly,  let  us  take  the  other  value  of  xy,  or  64. 
By  (1),  3f>+2xy+f=       36, 

ixy        =     256. 
Subtracting,  ^a— 2x]/+y«=— 220^ 


But* 

.'.  adding  and  subtracting. 


.-.  X— y  =±  >/— 220, 
x+y  =6. 


x= 


6+ V— 220' 


x= 


6— V— 220^ 


»  and 


y— 


6— -v/— 220 


y= 


6+  ^—220 


/" 


Z' 


2  ) 

Hence,  in  the  above  equations,  two  of  the  roots  of  x  and  y  are  possible,  and 
two  impossible. 

(7)»  2r  +3y  =  118 
6x»— 7y«=4333 

x=35>      .x=— 229yV> 


(1)? 
(2)S 


(8)     8x4- 23y  =  2x»-f2y» 

34y+  6x«— 5y«=13xy+24 , 


x=35>         x=-229tV> 
^^•y=16l">S=      192A^ 


(1) 

(2) 


—  1811 


x=3)    ^"~    133 


Ans.        ^  > 

y=2S 


x= 


y= 


34 


r 


133 


(9)  (x-y)(x«-y«)=a 


55  =p  •/1114'| 

26  I 

—  9^3^1114  I 
y= 26 J 

(1) 


(x-y)(x«-y»)=a (1)  ) 

{x+y)(^+l/')=^h (2)  $ 


\/2fe— a±  -v/a           \/26— c:?:  -/« 
Ans.  x:= = — ,  y= '     — » 

2V26-a  2V26— a 


*  The  following  examples,  thoagh  a  valaable  ezcrcifle,  are  likely  to  detain  die  itodeDt 
long,  and  may,  if  necoMOiy,  be  omitted* 
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(10)    xyz 

— \ — =S<I 


TjfZ 


xyz 


=& 


X+2 


=C 


(1) 

(2) 
(3) 


4„.  , L    /        2atc(at+tc— ac) 

ADS.  ^—  ±y  (aft+oc— 6c)(6e+ae-ai)' 
/        3a{>c(6c-l-<zc — ah) 


(ab-\-ac — bc){ab-\-hc — ac)* 
j        2ahc(ah-{-ac — be) 


{ll)r+y=a, 

-^    (12)  4Ty=d6-Ty, 
x+y  =6. 

(13)  a-+y»=:2a», 

a:y=c«. 

(14)  a:«+a:+y=18-y«, 

ary=6. 

*'   (16)  «»+9ayH-y^+2a=120— ay 

(10)  «a+j!«-_a5_y=78, 

ay  -f  a;-f  3r=39. 
>/    (17)  a^i— 7ays^945=765^ 
ay— y=12. 

••»+i/y=5. 

,    ,  *«  .  4j;     85 
«-jr=a. 

(»)  **— 2xay-|-y2=49 


a  ,     /46— a*  a        / 


*4— 2j:Cy«+y<— x«4-y'=20. 


46-- g* 
12a   " 

Ans.  a:=4,  or  2,  or  3±  V^$ 
y=2,  or  4,  or  3^  '/21. 

Ans.  a:=\a"±  ^a**— c^)», 


y=7=- 


^     (a»±  V«'"— c")^" 
Ans.  z=3,  or  2,  or  — 3i  \/3, 
y=2,  or  3,  or  —3^  y/S. 

Ans.  x=— Q^pi/S,  y= — Sii/^i 
also,  x=6,  or  9,       y=4,  or  1. 

— 13=Fv/— 39 
y=3,  or  9,  or '— 


Ans.  x=- 


-19 


:;  aUa  «=5»  or  -, 


17=P6\/— 9 

y=— 6-l-V'---2;  al«o,  y=3,  or  —15. 

95 
Ans.  x=9,  or  — , 

95 
y=4,  or  — . 


Ans.  x=5,  or 


17 


y=3,or^. 


AiJS.  j=:-j^;3,  or  i"v/6; 


.oriy/— 


Ans.  x=6, 

y=19. 
13j-V^— 47 


or 


4 


Ib-l-S-v/S 


2 


>or± 


^ 


13±^-11 


1 4-1/— 47        l4:3i/5 
y=2,  or  —1,  or  -^^^ ,  or 


2 


or 


1±\/-11 


^   ^  ^ 
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(89)  »jr+*^?=]2. 
x+xy3=:18. 

(33)  *— «i=3— y, 

4—x  =jr— y*. 

(24)  (xa+l)y=*  y +12tf, 
(xs+l)y=j9ys— 744. 


ALOEBRA. 


(25)  *  +y  -f  |/x-f  y=12, 
«3-fy3=:189. 

(26)  jf«-fy«+aF— y=132, 
(*24.y2)(,-y)=1220. 

(27)  xM=2y'» 
ar*— y*=14. 

(28)  a:S-f>yi=3f  (lee  note,  page  217), 
*4-fyi=x. 

(29)  ,+,4=??!±|±?^.4. 

x* 
y-j-xy=y3-f  4y . 

(30)  2x+y=26— 7v'2*+y-|-4, 
2*jVy_16^2x-V^ 

2x — /y     13    2x+v/y 


(31) 8\/j^--— 9xy2=9y— 16xy, 

5x=4-|-25y3. 

(32)  l&^-y4=6yix*, 

x^      rj_  X 

(33)  \/5aA+.Vy+v'y=io— vA. 

V'^H-'V/y^=275. 


Am.  x=3,  or  16, 
y=2,  or  2." 


Adb.  Jp^^4,  or  — , 
9 


y=l,  or  -. 

A  K        ^        — 97j-\/6045 

Am.  af=5,  or  -»  or =*=-!- , 

5  58  ' 


y=6,  or  150,  or 


16»2 


9  7  =P  1/(1045' 

Ans.  x=5,  or  4, 
y=4,  or  5. 

Azif.  x=:ll,  or  —1,  or  61 -tl/— 3716, 

y=l,  or  —11,  or  61=pv'— 3716. 

Ana.  x=:14l  ,  or  8, 

yssgel"*  M-  4. 

Aim.  dr=4,  or  1, 

y=8. 

Am.  #=4,  or  1, 

y=l,  or— S. 
Aiw.  *=2,  or  — 10, 

y=l,  or  25. 


Abb.  «=l, 
Aii8.  x=4,  or  16, 

12 


y=2.'>6,  or  256 1 

Am.  x=9,  or  4. 
y=4,  or  9. 


PROBLEMS  PRODUCING  PURE  EaUATIONS. 

(1)  What  two  niimbora  are  those  whoso  sum  is  to  the  greater  as  10  to  7, 
and  whoso  sum,  multiplied  by  the  less,  produces  270  ? 

Ans.  it  21  and  ^tQ 

(2)  There  are  two  numbers  in  the  proportion  of  4  to  5,  and  the  difference 
of  whose  squares  is  81.     What  are  the  numbers? 

Ans.  ±  12  and  ±  15. 

(3)  A  detachment  from  an  army  was  marching  in  regular  column,  with  5 
ipen  more  in  depth  than  in  front ;  but  upon  tlie  enemy  coming  in  sight,  the 
front  was  increased  by  845  men,  and  by  this  movement  the  detachment  was 
drawn  up  in  five  lines.     Required  the  number  of  men  ? 

Ans.  4550. 

(4)  Two  workmen,  A  and  B,  were  engaged  to  work  for  a  certain  number 
of  days  at  diiferent  rates.    At  the  end  of  the  time,  A,  who  had  baen  idle  4  of 
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thoso  days,  had  75  shillings  to  reccivo ;  but  B,  who  had  been  idle  7  of  ihoso 
days,  received  only  48  shillings.  Now,  had  H  been  idle  only  4  days  and  A  7, 
they  would  have  received  exactly  alike.  For  how  many  days  w^ero  tliey  en- 
gaged, how  many  did  each  work,  and  what  had  each  per  day  ? 

Ans.  A  worked  15  and  B  12  days. 

A  received  5  and  B  4  shillings  per  day.  , 

(5)  A  vintner  draws  a  certain  quantity  of  wine  out  of  a  full  vessel  tliat  holds 
S56  gallons,  and  then  filling  the  vessel  with  water,  draws  off  the  same  quantity 
of  liquid  as  before,  and  so  on  fur  four  dniughts,  when  there  were  only  til 
gallons  of  pure  wine  left.     Uow  much  wine  did  ho  draw  each  time  f 

Ans.  C4,  48,  3G,  and  'J7  gallons. 

PROBLEMS  WHICH  PRODUCE  ADFECTED  Oil  COMPLETE  aUADRATIC 

EUL'ATIONri. 

PROBLEM  1. 

190.  To  fmd  a  number  such  that  twice  i\s  square,  augmented  by  three 
times  the  number,  is  equal  to  Go. 

Let  X  be  the  number  required,  we  have  for  the  equation  of  the  problem, 

Solvmg  the  equation,  j-=— -zhy-:-  +  ~  =  — --t— . 

13 
Hence  x=.') ;  t= — — . 

'the  first  of  those  two  values  satisfies  the  conditions  of  the  problem,  as  stated 
in  the  enunciation ;  for,  in  fact, 

2(5)-+3x5  =  2x-^5+15 
=  65. 

In  order  to  interj)ret  the  nienniii*;  of  the  second  value,  let  us  observe,  that 
if  we  substitute  — .r  for  -\-.r  in  the  efnialioii  'Jr--|-3.rr=G5,  the  coefficient  of  3.r 
alone  will  chan;;e  ils  sij;n,  for  ( — ./■)-  =  (+-')'=J-»  Hence  the  value  of  x  will 
no  longer  be 


0     f  .0 

^■=-4^4' 

but  will  become 

3  .  *.>3 

^•=+4^T- 

Hence 

13 

where  the  values  of  x  differ  from  those  already  found  in  sign  alone. 

13 
Hence  wc  may  conclude  that  the  negative  solution  — — ,  considered  with- 

oat  reference  to  its  sign,  is  the  solution  of  the  following  problem  : 

To  find  a  number  such  that  twice  its  square,  diminished  by  thi*eo  times  the 
uuinber,  is  equal  to  05. 
In  fact,  we  have 


/13\«  13      169     30 


=65. 
P 
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TROBLKM  2. 

A  tailor  bought  a  certain  number  of  yards  of  clotli  for  1*2  pounds.  If  he  had 
paid  the  same  sum  for  3  yards  less  of  the  same  clotli,  then  the  cloth  would 
have  cost  4  shillings  a  yard  more.     Required  the  number  of  yards  purchased. 

Let  X  bo  the  number  of  yards  purchased. 

*  240 

Then  ^^  is  the  price  of  one  yard,  expressed  in  shillings. 

If  he  had  paid  the  same  sum  for  3  yards  less,  in  that  cose  the  price  of  each 

240 
would  be  represented  by r. 

But  by  the  conditions  of  the  problem,  this  last  price  is  greater  than  tho 
former  by  4  shillings ;  hence  the  oqnation  of  the  problem  will  bo 


2—3""  X  +^' 


240  __240 
I— 3""~ 
or  a-3— 3jr=180. 

Whence  ^,=L±^_+180=:^±:i- 

.'.  X'=z\b  ;  x=. — 12. 

The  value  of  a:=15  satisfies  the  conditions  of  the  problem,  for 

240             240 
16' •>0 

the  price  of  each  yard  in  the  first  cosn  being  IG  shillings,  anrl  in  tho  last  case 
20,  which  exceeds  the  former  by  4  shillings. 

With  regard  to  the  second  solution,  we  can  form  a  new  enunciation  to  which 
it  will  correspond.  Resuming  tho  original  equation,  and  changing  x  into  — r, 
it  becomes 

240         240 


— x-3""— x+'^' 
or 

210  __240 

an  equation  wlilcli  may  be  considered  as  tho  algobniic  ropivsoiitation  »»f  the 
following  problem  : 

A  tailor  bought  a  certain  number  of  yards  of  cloth  for  12  jxuinds.    If  he  had 
paid  the  snine  sum  for  3  yards  morr ,  thon  tlie  cloth  would  have  cost  4  shillings 
a  yai*d  less.     Required  the  numbor  of  yards  purchased. 
Tho  above  equation  when  reduced  becomes 

a'^+3x=180, 
instead  of  r* — 3a:=180,  as  in  the  former  case;  solving  the  above,  we  find 

j:=:12;  a:= — 15. 

The  two  preceding  problems  illustrate  the  principle  expbiined  with  regard 
to  problems  of  the  first  degree. 

PROBLEM  3. 

A  merchant  purchased  two  bills;  one  for  .'^8776,  payable  in  0  months,  the 
other  for  $7488,  payoble  in  8  months.  For  the  first  he  paid  J?1200  more 
than  for  the  second.    Required  the  rate  of  interest  allowed. 
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Let  X  represent  the  interest  of  .'?100  for  1  monlli. 

Then  12j*»  9.r,  8z  severally  represent  the  uiterest  of  §100  for  1  year,  9 
months,  8  months. 

And  100+9r,  100+8.r  represent  what  a  cnpitiil  of  §100  will  become  at 
the  end  of  9  and  of  8  months  respectively. 

Hence,  in  order  to  determine  the  actual  value  of  the  two  bilk),  wo  have  the 
following  proportions : 

877GX100 
100+9j:100::877G:— — ^-7— 

100+ Uj: 

7488x100 

1 00 + 8i- :  1 00 ::  7488 : -—rrv-ir-- 
'  100+ 8x 

The  fourth  terms  of  the  above  proportions  express  the  sum  paid  by  the 

merchant  for  each  of  the  bills. 

Hence,  by  the  conditions  of  the  problem, 

877(100        74H800 

^loOO 

lOO+Ox      lOO+djr""  • 

or,  dividing  each  member  by  400, 

i>194            1872 
—3 

100  +  9J      100  +  8j:~    ' 
Clearing  effractions  and  reducing, 

216z2+4396j*=:2200. 
Whence 


2108         /22()0      /2198y 


21t> 


— 219ri±  V530C404 

•••  ''^= 15 

—2198^2303.6 


18 
.'.  12j:=5.8fi ;  and  12.r=— 2.50.08 

The  positive  solution,  12r=r).8G ,  represents  the  re([uired  rate  of  in- 
terest per  cent,  per  annum. 

With  regard  to  the  uejrative  solution,  it  can  only  \m  considered  ns  connected 
■with  the  other  by  the  snme  equation  of  the  second  degree.  If  we  resume 
the  original  equation,  and  substitute  — i  for  +  r,  w«  shall  fuid  great  difficulty 
in  reconciling  this  new  equation  with  an  enunciation  aniUogous  to  that  of  the 
proposed  problem. 

PROBLEM   4. 

A  man  purchased  a  horse,  which  he  afterwai-d  sold  to  disadvantage  for  24 
pounds.  Uis  loss  per  cent,  by  this  l)argain,  upon  the  original  price  of  the 
horse,  is  expressed  by  t)ie  number  of  pounds  which  he  paid  for  the  horse. 
Reqnu^d  the  original  price. 

Let  X  be  the  number  of  pounds  which  he  paid  for  the  horse. 

Then  x— 24  will  represent  his  loss ; 
Bat,  by  the  conditions  of  the  problem,  his  loss  per  cent,  is  represented  by  the 
number  of  units  in  x ; 
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His  loss  por  cent,  on  one  pound  is  — — . 

.*.  his  loss  per  cent,  on  x  pounds  must  be  t— -,  or  x  times  as  great. 
This  gives  the  equation, 

100 


xr=oO±  \/100=50±10. 
Henee  t=GO  ;  t=40. 

Both  those  solutions  equally  fulfill  the  conditions  of  the  problem. 

Let  us  suppose,  in  the  first  place,  that  ho  \mid  00  pounds  for  the  horse;  since 

he  sold  it  for  *24,  his  loss  was  3G.     On  the  other  hand,  by  the  enunciation,  his 

60  f)0  X  (iO 

loss  was  GO  per  cent,  on  the  original  price;  i,  c,  -r-r-  of  GO,  or  — — — =30  ; 

thus  GO  satisfies  the  conditions. 

In  the  second  place,  lot  us  sup{)ose  that  ho  paid  40  i)ounds ;  his  loss  in  this 

case  WHS  IG.     On  the  other  hand,  his  loss  ought  to  be  40  per  cent,  on  the 

40  40X40 

original  price  ;  i.  c,  — -  of  40,  or  =16;  thus  40  also  satisfies  the  con 

ditions. 

GENKRAL  DISCUSSIOX  OF  THE  EQUATIOxf  OF  THE  SECOND  DEGREE. 

191.  The  general  form  of  tho  equation,  the  coefhcionts  being  considered  in 
dependently  of  their  signs,  is 

I.,  II.  Let  q  be  positive  and  <  — , 


f  /'  .     I? 

I.  If 7?  1)0  positive,  .r=  —  -iW--— 7,  and  both  values  are  negati\e.^ 



P        1 1'' 
II.  If  j>  be  neuutive,  j=  +  7, -bx/-;-  —  </i  and  iH)th  vidues  are  positive. 


III.,  IV.  Let  7  bo  positive  and  >  — , 


(  P  ,     I?         ] 

III.  It  2*  be  positive,  r= — —  i\/  —  — 7, 

I 

p     iV' 

IV.  \^p  be  negative,  J'=  +  ;;i\/-T-— 7, 


and  both  values  are  imagi- 
nary.f 


•  La  thLi  mill  oil  tlic  folldwin^  values  of  j:,  callintr  the  tenii  -  bofor.-*  the  radical  the  ra- 

!? — 

tional  part,  and  ^l—^q  the  radical  part,  wc  perceive  tliat,  when  7  is  positive,  the  radical 

part  is  greater  tlian  the  ratiounl,  since  -% /—  alone  ctiuals  ^.  the  rational  part ;  and  the  sign 

of  tiie  wliole  expression  is  that  of  the  radical  part ;  but  when  q  is  negative,  the«radica] 
part  is  leas  than  tlio  rational,  and  the  sign  of  tlie  wlrale  expression  is  that  of  the  rational 
part. 

t  In  this  case,  if  we  examine  the  general  equation,  we  shall  find  that  the  oonditioDS  are 
■baord ;  for,  tranaposing  q,  and  completing  tho  square,  we  have 
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v.,  VI,  Let  q  be  negative  and  <  — , 

j  V.       If  ^  be  positive,  a:=:  —  -  i  ^ j  +  q, 

VI.  If  ^  be  negative,  2-=  + 1  ±  V  7-+ ^» 
VII.,  VIII.  Let  g  be  negative  and  >'y, 

VII.  lip  be  positive,  :r=— ^iw^  +  rjr, 

VITL  If  J?  be  negative,  ^=^  +  ^±yJ^+q. 
IX.,  X.  Let  7=~T-t  and  bo  positive. 


and  one  value  is  positive, 
the  other  negative. 


P 


IX.  If^)  be  positive,  r= — ^. 


;^ 


>  and  the  two  values  are  equa]. 


X.     If  j>  be  negative,  x=  4- :;• 
XL,  XII.  Let  (7=0, 


XL     If  2f  be  positive,  r=— -  if^,  one  value  =— j;,  the  other  =0. 

XIL  If;?  be  negative,  a:=+^i:^,  one  value  =+p,  the  other  =0. 

XIII.  Let  q  be  negative. 

{XI IF.  ;>=0,  x=z  ±  V'/f  the  two  values  are  equal  with  opposite  signs. 

XIV.  Let  g  be  positive, 

{XIV.  ;;=0,  x:=±  V — ^,  both  values  are  imaginary. 

XV.  Let  7=0, 

{XV.  2?=:0,  then  t=0,  or  both  vnlues  are  equal  to  0. 


.:_..  r^ 


bat  iincc 7  if,  by  hypotlicsis,  a  iictjntivc  iiaantity,  wo  may  rcprcseDt  it  by  — m,  wheru 

4  * 

fn  is  some  iK>sitivc  quautity  ;  then 

•^it/«+7=— »» 

thmt  is,  tlio  Buin  of  two  qaantitioR,  each  of  wbicli  is  essentially  positive,  is  equal  to  0,  a 
manifest  absurdity.    Solving  the  equation, 

■ud  the  s>'mbol  \/ — m,  which  denotes  absunlity,  serves  to  distiucmish  this  case.    Hence, 
ickcn  the  raolx  are  imaginary,  the  prohlrm  to  ichirh  t/ie  Hffiiation  rorrcfpomh  is  abtturd. 

We  still  say,  however,  that  the  etiaation  has  two  roots  ;  for,  subjecting  these  values  of 
m  to  the  same  calculations  as  if  tliey  were  real,  that  is,  subtititutincr  them  fur  x  in  the  pro- 
posed equatuns,  we  shall  fiiul  that  tliey  render  the  tivo  members  identicaL 


230  ALGEBHA- 

XVI.  One  case,  attended  with  romarkablo  circumstances,  still  remains  to  be 
examined.     Let  us  take  the  equation 

a£^-{-bx — c=0. 

--b±y/b^+4ac 

Wlionce  x^ : . 

Ma 

Let  us  suppoite  that,  in  accordance  with  a  particular  hypothesis  made  oa  the 
given  quantities  in  the  equation,  wo  have  a=0 ;  the  expression  for  x  tlicn 
becomes 


x^  — -r — ;  whence  i 


•^=0 


0 
0 


X=z- 


0 

The  second  of  the  above  values  is  under  the  form  of  infinity,  and  may  be  con- 
sidered as  an  answer,  if  the  problem  proposed  bo  8uch  as  to  admit  of  infinite 
:»olut.ions. 

We  must  endeavor  to  interpret  the  meaning  of  the  first,  -. 

In  the  first  place,  if  we  return  to  tho  equation  ax--\-hx — c=0,  we  perceive 

c 
liiat  the  hy|)othcsis  «=0  reduces  it  to  6j:=c,  whence  wo  derive  ^=7*  ft  finite 

and  determinate  expression,  which  must  be  considered  as  representing  the  true 
value  of  -  in  the  case  before  us. 

That  no  doubt  may  remain  on  this  subject,  let  us  assume  the  equation 

ax'-\-hx — c=0, 

and  put  ar=:-,  the  expression  will  thou  1)ecoiiie 

a       h 

y'    y 

Wlienco  cij'  —  hij — a  =  0. 

Lot  ^^0,  this  last  equation  will  become 

from  which  we  have  the  two  values  y=zO,  y=z-;  substituting  these  values  in 
xr=-,  we  deduce 

y 

1  c 

lO        y. .      i)0        J. • 

U  0 


•  Ti>  show  more  distinctly  liow  the  iuiletcnmiisito  fonii  urisos,  let  U8  rosume  the  trcnenil 
trnliic  of  ouo  of  the  roots.  « 


_—b'\-^/ff-'^ior 


'i« 


Ifrt  were  a  factor  of  Imth  the  uuinorator  oud  donoinin.itor,  it  niifiht  bo  jsapprcn.HOfi,  aii'i 
then  a,  bcinir  put  C(iual  to  zero,  wouM  fiive  the  tnio  value  of  x.  We  caii  not,  hidced, 
show  tho  existence  of  this  factor  iu  tiic  two  tonus  of  the  fraction  ns  it  stands ;  but  if  we 

muliiply  Iwth  numerator  and  denominator  by  — h — i/ //--}=■  4 r/r,  it  becomes 
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—2b 
With  respect  to  the  value  t=— — ,  it  is  only  to  be  obsei'ved  tlmt  the 

divisor  zero^  having  to  bo  regarded  as  the  limit  of  decreasing  magnitudes,  either 
positive  or  negative,  it  follows  that  the  infmile  value  ought  to  have  the  am- 
biguous sign  =t  • 
Thixi  the  values  of  r,  to  recapitulate,  beco!ue  , 

It  is  remarkable  tliat,  for  this  particular  case,  we  have  three  values  of  x, 
while  in  the  geueral  case  there  are  but  two. 

To  comprehend  how  these  values  truly  belong  to  the  equation  ax^-^-bx 
— c=0,  put  it  under  tlie  form 


.7: 


Ji 


=:a. 


— ir+c 
AVhen  a=0,  the  question  is  to  fmd  values  which  will  render —  zero. 

c 
We  see  that  ^"=7  will  do  it;  and  as  the  same  expression  can  be  written  under 

b      r 
the  form +~l»  we  perceive  that  it  becomes  zero  also,  from  the  values 

x=ztc».* 

XVII.  Let  us  consider  the  still  more  particular  cose  still,  where  we  have, 

0 

at  the  same  time,  « =0,  ft=0.     Then  the  two  general  values  of  .r  become  -. 

We  have  seen  abevo  that  the  first  may  be  changed  into 


X:=- 


Transforming  the  second  in  a  similar  manner,  it  becomes 


^(-_i__  ^h-+Aac)(  —  b-\.  V//-+4rtf)  —2c 


2rt(— />+  y/b'-\-Aac),  —b+  y/h'+iiu: 

In  which,  muking  a=:0,  6=0,  the  values  of  .r,  thus  tmnsfunned,  both  give 
jT^Qc;  and  here,  also,  the  infmity  ought  to  be  taken  with  the  sign  =t. 

If  we  suppose  a=0,  6=0,  r=0,  the  proposed  equation  will  become  olto- 
gether  indeterminate. 


The  imnK;rator,  luuiig  the  pro  ' m  :  . ;'  the  sam  and  difference  of  t>vo  r>uantitie8,  is  cqaal 
to  the  difference  of  their  sqAarcss,  to  wit:  6' — (lA-{-iac)= — -iac.  We  see,  therefore,  tliat 
Sa  is  a  common  factor  to  the.nuniL-rutur  and  denominator  of  tiie  liist  exprexsioiu  Siippress- 
IDg  it,  we  h;ivi; 

2c 


c 
in  which,  if  we  moiic  rt=0,  it  ^ves  x=;. 

V  6 

*  In  the  analytic  tlie<«r}'  of  curvvs  these  vnhi«*s  answer  to  the  inti-rfii'ctions  of  the  axia 
of  irtMcissus  with  the  cnrve  of  tJic  3-^'  order,  the  i-quation  of  v  hieh  is  ^u  -{-/.4:-|-r=0.  If  tliis 
curve  be  constructed,  it  will  be  fonml  to  rut  tlu'  axis  of  abucissuR  first  ut  a  Ihiite  distance 
firam  tlie  orit^i,  and  lM?!ii(los  luis  tliis  axis  for  an  as.  miitot"  hcth  on  th^  side  of  tlie  |>i>sitive 
mod  negativu  abscissas,  which  amounts  to  sayuit;  tliat  it  (ruts  it  at  inlinity  in  eitlier  di- 

ZCCtlOIL 
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192.  Let  us  now  proceed  to  illustmto  the  principles  established  in  tliis  gen- 
f>ral  discussion,  by  applying  them  to  difVcrent  problems. 

PROBLKM   5. 

To  find  in  n  lino,  A  B,  which  joins  two  lights  of  different  intensities,  a  point 
which  is  illuminated  equally  by  each. 


P3  A  P|         B  P3. 

(It  is  a  principle  in  Optics  that  the  intensities  of  the  same  light  nt  different 
distances  are  inversely  as  the  squares  of  the  distances.) 

Let  a  be  the  distance  A  \\  bersveen  the  two  lights. 

Let  b  bo  the  intensity  of  the  light  A  at  the  distance  of  one  foot  from  A. 

Let  c  be  the  intensity  of  the  light  B  at  the  distance  of  one  foot  from  B. 

Let  P ,  be  the  point  required. 

Let  A  P|=:2r;  .•.  BP|:=rt — .r. 

By  the  opticiU  principle  above  enunciated,  since  the  intensity  of  A  at  the 

distance  of  1  foot  is  6,  its  intensity  at  the  distance  of  2,  3,  4, feet  must  be 

h    h     h  *  h 

-,-,—;  hence  the  intensity  ot  A  at  the  distance  of -r  f*>et  must  bo  — .     In  the 

c 

same  manner,  the  intensity  of  B  at  the  distance  a — x  must  be  ■; -. :  but 

•^  (a  — x)* 

acconling  to  the  conditions  of  the  (juestion,  these  two  intensities  are  equal ; 

hence  we  have  for  the  equation  of  the  problem 

h  c 

J-- ""(</— J-)-' 

Solving  this  equation,  and  reducing  the  result  to  its  most  simple  form, 

a  y/h 

We  shall  now  proceed  to  discuss  these  two  values : 


a  y/h 
1° ;r: 


00  r— — • 


r 


a  y/r 

a — .r: 


I      1  J  y/lj4-y/c 

>  wiienco  <  V    -r  V 

— fi  V  r 

rt— .r=— 7^ T 

y/h—  y/c 


y/b+y/c 
a  y/h 

I.   Let  /;>r. 
a  y/h  y/h 

The  first  value  of  r,  —/-.—, — >-,  is  positive,  and  less  thim  a,  for     ,,  , — 7- 

is  a  proper  fraction ;  hence  this  value  ;:ivt\s  for  the  point  equally  illuminated  a 
point  P|,  situated  between  the  points  A  and  I>.  We  perceive,  moreover,  that 
the  point  P,  is  nearer  to  B  than  to  A ;  for,  since  6>r,  we  have 

V/>+  y/b>  y/h+  y/c,  Or  2  y/h>  y/h+  y/r,  and  .'.      ,/^   ,    >-. 

ny/h  a 

and,  consequently,     ,.         /  .>r>'     l'*"^  is  manifestly  the  result  at  which  we 

ought  to  arrive,  for  we  here  sup])oso  the  intensity  of  A  to  be  greater  than  that 
ofB. 

The  corresponding  value  ot  a — j*,    y  .         ,,  is  positive,  and  less  than  -- 

,        ^  (ty/b 

The  second  value  of  r,  ~~/T^~7~''  ^^  positive,  and  greater  than  a,  for 
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-v/6  a^/b 

Vh>  Vb"  Vr.  .-.  7/7i:^.>l»  and  .-.  -^^__.^>«. 

This  second  value  gives  a  point  Po,  situated  in  tlie  production  of  A  B,  and  to 
the  riji^ht  of  the  two  liglits.  In  fact,  we  suppose  that  the  two  lights  give  forth 
rays  iu  all  directions ;  there  may,  therefore,  be  a  |H):nt  in  the  production  of  A  B 
equally  illuminated  by  each,  but  this  point  must  be  situated  iu  the  production 
of  A  B  to  the  right,  in  order  that  it  may  be  nearer  to  the  less  ]K)WcrfiiI  of  the 
two  lights. 

It  is  easy  to  perceive  wliy  the  two  values  thus  obtained  are  connected  by 

the  same  equation.     If,  instead  of  assuming  A  P,  for  the  unknown  quantity  r, 

7>  c 

we  take  A  Po,  then  B  P.,=.r — (/,  thus  we  have  the  equation  —  =: ;  but 

"  "  ^  J-     (x — ay 

since  {x — ay  is  identical  with  (a — .r)-,  the  new  equation  is  the  some  as  that 

already  established,  and  which,  consequently,  ought  to  give  A  P^  as  well  as 

A  Pi. 

The  second  value  of  a — i*,  —j-. ^,  is  negative,  as  it  ought  to  be,  being 

estimated  in  a  contnny  direction  from  the  first,  on  the  general  principle  already 
established,  that  quantities  estimated  iu  a  coutniry  sense  should  be  represented 

with  contrary  signs ;  but  changing  the  signs  of  the  equation  a — x=  —r] 7-, 

a  ^J  c. 
we  find  X — «  =  — 77 >-,  and  this  value  of  ;r — a  represents  the  absolute 

length  of  B  P^. 

II.  Let  /><[c. 

a  "^h  a 

The  first  value  of  r,     11  \_    1    ^^  positive,  and  less  than  -,  for  V^+  Vc 

y/h  1  ay/h         a 

a  y/c  a 

The  corresponding  value  of  a — r,     ..         ,  ,  is  positive,  and  greater  than  -. 

Hence  the  point  Pi  is  situated  betweeti  the  points  A  and  B,  and  is  nearer 
to  A  than  to  B.  This  is  manifestly  the  true  result,  for  the  present  hypothesis 
sapposes  that  the  intensity  of  B  is  greater  than  the  intensity  of  A. 

ay/b              — ay/h 
The  second  value  of  x,      . . .  ,  or     .  ,.,  is  essentially  negative.     In 

order  to  interpret  the  signification  of  tills  residt,  let  us  resume  the  original 

b  c 

equation,  and  substitute  — x  tor  +x,  it  thus  becomes  — =.  ..     But  since 

(ee^x)  expresses  in  the  first  instance  the  distance  of  B  from  the  point  required, 
a-}-r  ought  still  to  express  the  same  distance,  and,  therefore,  the  point  re- 
quired must  be  situated  to  the  left  of  A,  in  P»,  for  example.  In  fact,  since 
the  intensity  of  tlie  light  B  is,  under  the  present  hypothesis,  greater  than  the 
intensity  of  A,  the  point  required  must  be  nearer  to  A  thiin  to  B. 

—  a  y/i"  a  y/c 

The  corresponding  value  of  «—.?*,  '-/7"_~7~»  or  "7"  J_7~7T»  ^^  positive,  and 

the  reason  of  this  is,  that  x  being  negative,  a — x  expresses,  in  reality,  an 
aruhmelieal  sum. 


I 

/ 
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in.  Let  b=c. 

a 
The  first  two  values   of  x  and  of  a — x  are  reduced  to  — ,  which  gives  the 

bisoctiuu  of  A  B  for  the  point  equally  illuminated  by  each  light,  a  result  which 

is  mauifestly  true,  .u|)on  the  supposition  that  the  intensity  of  the  two  lights  is 

the  snnie. 

a^/b 
The  other  two  values  are  reduced  to  — — ,  that  is,  they  become  infinite  f 

that  is  to  say,  the  second  point  equally  illuminated  is  situated  at  a  distance 
from  the  ponits  A  and  B  greater  than  any  which  can  be  assigned.  This  re- 
sult perfectly  corresponds  with  the  present  hypothesis;  for  if  we  suppose 
the  dirterence  h — r,  without  vanishing  altogether,  to  be  exceedingly  smatt,  the 
second  point  equally  illuminated,  exists,  but  at  a  great  distance  from  the  two 

a  yf  b 
lights  ,  this  is  indicated  by  the  expression     . ,      — r-,  the  denominator  of  which 

is  exceedingly  small  in  coniptu'ison  with  the  nunienitor  if  we  suppose  6  very 
nearly  equal  to  c.  In  the  extreme  case,  when  6=r,  or  \/ft —  \/c=0,  tlie 
point  required  no  lunger  exists,  ur  is  situated  at  an  infinite  distance. 

IV.  Let  /i=c  and  «=0. 
The  first  system  of  values  of  x  and  a — x.  in  this  case  become  0,  and  the 

second  system  -.     This  last  result  is  hero  the  symbol  of  indetermination ;  for 

if  we  recur  to  the  equation  of  the  ju-oblem 

b  c 


a:»""(rt— -r)2' 
or 

{b—c)X'—2ubx='^a% 

it  becomes,  under  the  present  hypothesis, 

0.2:'--0.J=0, 
an  equation  which  can  b(^  satisfied  by  the  substitution  of  any  number  whatever 
for  X.     In  fact,  since  the  two  lights  are  supp(»sed  to  be  equal  in  intensity,  and 
to  be  placed  at  the  same  point,  they  umst  illuminate  ercrij  j^oint  in  the  line 
A  B  equalh/. 

The  solution  0,  given  by  the  first  system,  is  one  of  those  solutions,  iujinilc 
in  number,  of  which  the  problem  in  this  ease  is  susceptible. 

V.  Let  </=:0,  b  not  being  =r. 

Each  of  the  two  systems  in  this  case  is  reduced  to  0,  which  proves  that  in 
this  case  there  is  only  one  point  equally  illuminated,  viz.,  (he  jHtint  in  witich 
the  two  lights  arc  jtlaccd. 

The  above  discussion  afliirds  an  example  of  the  precision  with  which  algebra 
answers  to  all  the  circumstan<'(>s  included  in  \]ut  enunciation  of  a  problem. 

We  shall  conclude. this  subject  by  solving  one  or  two  problems  which  re 
quire  tlic  introduction  of  more  than  one  unknown  quantity. 

rUOBLEM  G, 

To  find  two  uumbers  such  that,  when  imiltiplied  by  the  numbers  a  and  b 
respectively,  the  sum  of  the  products  niay  be  equal  to  i?.«,  and  the  product  of 
the  two  numbers  equal  to  p. 
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Let  X  and  y  be  the  two  nuiuhurs  suuglit,  tiio  equations  of  the  problem  will 
be 

ax+by=z2s (1) 

^'y=  V (2) 

From  (1) 

2« — ax 

Sabstituting  this  value  in  (2)  and  reducing,  we  have 

tf  .r^ — 2sx  +  hp = 0. 
Whence 

«  .  1  , 

an  ^ 

And  .'. 

«     1  . 

The  problem  is,  we  perceive,  susceptible  of  two  direct  solutions,  for  s  is 
manifestly  >  -yj &• — itHip ;  but  in  order  that  these  solutions  may  be  real  ^\'e 
must  have  «->,  or  =zu-bj). 

Let  a^/>=l ;  in  this  case  the  values  of  2:  and  >/  are  rodiiced  to 

X=zS:\:  y/s- — J),  y=.s^  -y/y- — J). 

Here  we  perceive  that  the  two  values  of  y  are  equal  to  those  of  x  taken  in 
an  inverse  order ;  that  is  to  say,  if  «+  y/s- — p  represent  the  value  of  t,  then 
s —  V«* — 2^  will  represent  the  corresponding  value  of  ^/t  and  reciprocally. 

We  explain  this  circumstance  by  observing  that,  in  this  particular  case,  the 
equations  of  the  problem  are  reduced  to  x-\-y='2s,  xy=p,  and  the  qiiestion 
then  becomes,  Required  two  n umbel's  whose  sum  is  2$,  and  whose  product  is 
p,  or,  in  other  words.  To  divide  a  numhtr  2s  into  two  parts,  su*:h  that  their 
product  may  be  equal  to  p. 

# 

PROBLEM  7. 

To  find  four  numbers  in  proportion,  the  sum  of  the  extremes  being  13^,  the 
sum  of  the  means  1^',  and  the  sum  of  the  squares  of  the  four  terms  4c-. 

Let  a,  Xj  y,  z  represent  the  four  terms  of  the  proportion ;  by  the  conditions 
of  the  question,  and  the  fundamental  pn)perty  of  proportions,  wo  shall  have  as 
the  equations  of  the  problem 

a+z=28 (1) 

J*+:y=26' (2) 

^■y=az (3) 

a^+^+!r+z^=^^^ (4) 

Squaring  (1)  and  (2)  and  adding  tht^  results, 

But  by  (4),  a:-j-.tg-j,.v-  +  :- =4c-2. 

Subtracting,  '2uz  +  t2xy=A(:i-+fi''~-v% 

.'.  by  (3),  4az=[{6'+s''—c"-)=iTy  .  .  (6) 

Squaring  (1),  a2_|.Ortv_j_;.__45;^ 

But  by  (.5),  ^  4(/;  _  =4(.v^+.s'*— c^). 

Subtractiug,  *  a-'—2az+z'=A(c'---s''). 

E xtracti ng  the  root,  a — ;:  =  i  2  V  <-' — a  '• . 

But  by  (1),  fl+2=2.y. 
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.'.  adding  and  subtracting,  tf=5jL  V'** — ^'^ 

Precisely  in  the  same  manner  we  sliall  Hud 

The  four  numbers  will  therefore  be 


2z=zs —  ^C-  —  «'-,  y=S' —  \/c- — SK 

These  four  numbers  constitute  a  proportion,  for  we  have 

(8)  What  two  numbers  are  those  whose  sum  is  20,  and  their  product  36  ? 

Ans.  2  and  18. 

(9)  To  divide  the  number  60  into  two  such  parts  that  their  product  may 
be  to  tlie  sum  of  their  squares  in  Uie  mtio  of  2  to  5. 

Ans.  20  and  40. 

(10)  The  dilfertMico  of  two  numbers  is  3,  and  tlie  difference  of  tlieir  cubes 
is  117.     What  are  those  numbere  ? 

Ans.  2  and  5. 

(11)  A  company  at  a  tavern  had  XS  15*.  to  pay  for  their  reckoning;  but, 
before  the  bill  was  settled,  two  of  them  left  the  room,  and  tlien  those  who  re- 
mained had  10s.  apiece  more  to  pay  than  l)efore.     How  many  were  there  in 

company  ? 

Ans.  7. 

(12)  A  gi-azier  bought  as  many  sheep  ns  cost  him  c£60,  and  after  reserving 
15  out  of  tlie  number,  he  sold  the  remainder  for  .£54,  and  gained  25.  a  head  by 
them.     How  many  sheep  did  he  buy  ? 

Ads.  75. 

(13)  Thei*e  are  two  numbers  whose  difference  is  15,  and  half  their  product 
is  e((iial  to  the  cube  of  the  lesser  number.     What  are  those  numbers  ? 

Ans.  3  and  18. 

(14)  A  ])ersnn  bouglit  cloth  for  .£33  15s.,  whicli  lie  sold  again  at  .£2  Ss\  per 
])iec<N  and  piined  by  the  bargain  as  much  as  one  piece  cost  him.  Required  the 
number  of  pieces. 

Ans.  15. 

(15)  What  number  is  that,  which  when  divided  by  the  product  of  its  two 
digits,  the  quotient  is  3;  and  if  18  more  be  added  to  it,  the  digits  will  bo 
transposed  ? 

Ans.  24. 

(16)  What  two  numbers  are  those  whose  sum,  multiplied  by  the  greater, 
is  equal  to  77,  and  whose  difference,  multiplied  by  the  lesser,  is  equal  to  12? 

Ans.  4  and  7. 

(17)  To  find  a  nmnber  such  that,  if  you  subtract  it  from  10,  and  multiply  the 
remainder  by  the  uuml>er  itself,  the  product  shall  be  21. 

Ans.  7,  or  3. 
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(IB)  To  divide  100  into  two  such  parts  thiit  the  si^^  of  their  square  roots 
may  be  14. 

Ans.  64  and  36. 

(19)  It  is  required  to  divide  the  number  24  into  two  such  parts  that  their 
product  niuy  be  equal  to  35  times  their  difference. 

Ans.  10  and  14. 

(20)  Tlie  sum  of  two  numbers  is  8,  and  the  sum  of  their  cubes  is  152. 
What  are  the  numbers  ? 

Ans.  3  and  5. 

(21)  The  sum  of  two  numbers  is  7,  and  the. sum  of  their  4th  powers  is 
641.     What  are  the  numbei-s  ? 

Ans.  2  and  5.^ 

(22)  The  sum  of  two  nuni!)ers  is  0,  and  the  sum  of  their  5th  powers  is 
1056.     What  are  the  numbers  ? 

•         Ans.  2  and  4. 

(23)  Two  partnei-s,  A  and  B,  gained  cvCllO  by  trade;  A*8  money  was  3 
^months  in  trade,  and  his  gain  was  <1*G0  less  than  his  stock;  and  \Vs  money, 
which  was  .£50  more  than  A's,  was  in  trade  5  months.    What  was  A's  stock  ? 

Ans.  oClOO. 

(24)  To  find  two  numbers  such  that  the  difference  of  their  squares  may 
be  equal  to  a  given  number,  ry- ;  and  when  the  two  immbers  are  multiplied  by 
the  numbers  a  and  b  respectively,  the  difference  of  the  products  may  be  equal 
to  a  given  number,  s^. 

H     '  Ans. — TT~—. 


(25)  There  arc  two  square  buildings  that  nre  paved  with  stones  a  foot 
square  each.  Tlie  side  of  one  buikling  exceeds  tliat  of  the  other  by  12  feet, 
and  both  their  pavements  taken  togetluu*  contain  2120  stones.  Wliat  are  the 
lengtlis  of  them  separately  ? 

Ans.  26  and  38  feet. 

■ 

(26)  A  and  B  set  out  from  two  towns,  which  were  at  the  distance  of  247 
miles,  and  traveled  the  direct  road  till  they  met.  A  went  i)  miles  a  day,  and 
the  number  of  days  at  the  end  of  which  they  met  was  greater  by  3  than  the 
munber  of  miles  which  B  went  in  a  day.     How  many  miles  did  each  go  ? 

Ans.  A  went  117  and  B  130  miles. 

(27)  The  joint  stock  of  two  partners  was  82080  ;  A*s  money  was  in  tru  le  9 
months,  and  B's  (J  months  ;  when  they  shared  stock  and  gain,  A  received 
^1140  and  B  $1260.     What  was  each  man's  stock  ? 

Ans.  SOGO  and  $1120. 

(28)  A  square  court-yard  has  a  rectangular  gravel  walk  round  it.  The  side 
of  the  court  wants  2  yards  of  being  G  tinies  the  breadth  of  the  gravel  walk, 
and  the  number  of  square  yards  in  the  walk  exceeds  the  number  of  yards  in 
the  periptery  of  the  court  by  104.     Required  the  area  of  the  court. 

Ans.  256. 

(29)  During  the  time  that  the  shadow  on  a  sun-dial,  which  shows  true 
tamo,  moves  from  1  o'clock  to  5,  a  clock,  which  is  too  fast  a  certain  numl)er  of 
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hours  and  minutes,  strikes  a  number  of  strokes  equal  to  that  number  of  hours 
and  minutes;  and  it  is  observed  that  the  number  of  minutes  is  less  by  41  than 
the  square  of  the  number  which  the  clock  strikes  at  the  last  time  of  striking. 
The  clock  does  not  strike  twelve  during  the  time.     How  much  is  it  too  fast? 

Ans.  3  hours  and  23  minutes. 

(30)  A  and  1>  engage  to  reap  a  field  for  .£4  10^. ;  and  ns  A  alone  could  reap 
it  in  9  days,  they  promised  to  complete  it  in  5  days.  They  found,  however, 
that  they  were  obliged  to  caU  in  C,  an  inferior  workman,  to  assist  them  for  the 
last  two  days,^n  consequence  of  which  13  received  35.  9^.  less  than  he  other- 
wise  would  have  done.     In  what  time  could  13  or  C  alone  reap  the  field  ? 

\  Ans.  B  could  reap  it  in  15  days,  C  in  18. 

(31)  The  fore  wheel  of  a  carria;;e  makes  G  revolutions  more  than  the  hind 
wheel  in  going  120  yards ;  but  if  the  periphery  of  each  wheel  bo  increased  1 
yard,  it  will  make  only  4  revolutions  more  than  the  hind  wheel  in  the  same 
space.     Requu'ed  the  circumference  of  each. 

Ans.  4  and  5. 

(32)  The  uitensity  of  two  lights,  A  and  B,  is  as  7:17,  and  their  distance 
apart  132  feet.     Whereabouts  between  is  the  point  of  equal  illumination? 

(33)  The  loudness  of  a  church  bell  is  tlu-ee  times  that  of  another.  Now, 
supposing  the  strength  of  sound  to  be  inversely  as  the  square  of  the  distance, 
at  what  place  between  the  two  will  the  bells  be  etjuully  well  heard. 

(34)  Supposing  the  mass  of  the  earth  to  be  1  and  that  of  the  moon  0.017, 
their  distance  240  thoui>aiid  miles,  and  the  force  of  uttriiction  equal  to  llie  mass 
divided  by  the  square  of  the  disrnnce ;  at  what  point  between  will  a  body  bo 
hold  in  suspense,  attracted  toward  neither  ? 

(3o)  The  hold  of  a  vessel  partly  full  of  water  (which  is  uniformly  increased 
by  a  leak)  is  furnished  with  two  pumps,  worked  by  A  and  B,  of  whom  A  takes 
three  strokes  to  two  of  B's ;  but  four  of  B's  throw  out  as  much  water  as  live 
of  A's.  Now  B  works  for  the  time  in  which  A  alone  would  have  emptied 
the  hold ;  A  then  pumps  out  the  remainder,  and  the  hold  is  cleared  in  13  hours 
and  20  minutes.  Had  they  worked  together,  the  hold  would  have  been  emp- 
tied in  3  hours  and  45  minutes,  and  A  would  have  pumped  out  100  gallons 
more  than  he  did.  Ke(juired  the  (juantily  of  water  in  the  hold  at  fii*st,  arid 
the  hourly  influx  of  tlie  leak. 

(3())  To  divide  two  numbers,  a  and  /;,  each  into  two  parts,  such  that  the 
product  of  one  part  of  a  by  one  i)art  of  b  may  be  equal  to  a  given  number,  p, 
and  the  product  of  the  reniaiuiug  parts  of  a  nnd  b  eijual  to  another  given  num- 
ber, ^/. 

V„,    ^__«fe-(/-;?)  J:  V\ab^{p'^p)\^^4abp     ' 

26 


ah  +  {p'-p)^  V  \ab^(p'^p)\^^Aabp 
"^  26 


ab-~{p*--p)±  V \ab^{p'—p)\^^4abp 

2tf 


ah+{p^p)j.y/  \ ab-.{p'^p)\^^4abp 
S  '2a 

(37)  To  find  a  number  such  that  its  square  may  be  to  the  product  of  the 
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difforencos  of  that  uninber,  and  two  other  given  numbers,  a  and  h^  in  the 
given  ratio,  p :  q, 

Ans. :-; — — — r . 

(38)  There  is  a  niimbor  consisting  of  two  digits,  which,  wh«Mi  divided  by 
the  sum  of  its  digits,  gives  a  quotient  greater  by  '2  than  tlie  first  digit ;  but  if 
the  digits  be  inverted,  and  the  resulting  number  be  divided  by  a  number  greater 
by  unity  than  the  sum  of  the  digits,  t])o  quotient  shall  be  greater  by  2  than  the 
former  quotient.     Wliat  is  the  number  ? 

Ans.  24. 

(39)  A  regiment  of  foot  roccivos  orders  to  send  210  men  on  garrison  duty, 
each  company  sending  the  snme  number  of  men  ;  but  before  the  detachment 
marched,  three  of  the  componios  were  sent  on  another  service,  and  it  was  then 
found  that  each  company  tliat  remained  would  have  to  send  12  men  additional 
io  order  to  make  up  the  complement,  21 G.  How  many  companies  were  in  the 
regiment,  and  what  number  of  men  did  each  of  the  remaining  companies  send 
on  garrison  duty  ? 

Ans.  There  were  9  companies,  and  each  of  the  remaining  G  sent  3G  men. 

DECOMPOSITION   OF  THE    TRINOMIAL  .r-+j?-r  —  g  INTO  TWO    FACTORS   OF  THE 

FIRST  PEORKK. 

193.  If  lYe  add  to  this  trinomial,  in  order  to  complete  the  square  of  the  first 
two  terms,  the  tenn  Jy/-,  and  aftenvard  subtract  the  same,  so  as  not  to  change 
the  quantity,  it  becomes 

which  may  be  written  thus : 

('+yY-{\p'+q) (2) 

But  the  difference  of  the  squares  of  two  quantities  being  equal  to  the  prod- 
uct of  their  sum  and  diOcrence,  the  expression  (2)  is  equal  to  the  following  : 

i^+hp+  viF+'M^'+]r-  vip'+q)' . .  (3) 

We  perceive  from  this  expression  that  the  two  factors  of  the  first  degree, 
which  compose  the  trinomial  of  the  second  degree,  are  x  minus  each  of  the 
roots  of  the  equation  of  the  second  degree,  formed  by  putting  tliis  trinomial 
equal  to  zero. 

Moreover,  by  equating  (3)  to  zero,  we  perceive  that  the  only  way  of  satis- 
fying the  resuhing  e(|uation  is  by  making  one  or  otlicr  of  the  factors  of  the 
first  degree,  of  which  it  is  composed,  equal  to  zero.  • 

The  first, 

^+^7^+  VTi^M^=o»  gives  x=— J/?—  VTF+q; 

and  the  second, 

r+lP"  VIp''+<I=^^  gives  j:=-.Jj;+  Vlp'+q- 
Hence  there  are  but  two  values  of  x  which  will  satisfy  the  geiieral  equation 

x^'^2)x — 7=0. 

EXAMPLES. 

1®.  Decompose  the  trinomial  x^— 7x-|-10  into  two  factors  of  the  first  de- 
gree. 
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From  iho  equation  j- — 7j'+10=0  wo  find  the  roots  r:=5  and  x^2, 
Ilonce 

j.::_7j+10=(r— 5)(j'— 2). 
2^.  3.r=— 5j— 2. 

Equating  this  trinomial  to  z(>ro,  ni'ter  dividing  by  3,  we  obtain  the  equation 
x^ — Jj* — f^O,  the  roots  of  which  being  .r:=2  and  j=  —  \  wo  have 

aj-J—oi-— 2  =  3(.r— 2)(.r+J)  =  (jr— 2)(3j:+1). 

3°.  .7r-+5j+3.  Ans.  (x+  §—4  y/u)(x+^+^  ^15). 

4°.  4.r=_4.r+l.  Ans.  (2x— l)^.* 

5\  ^-— 5j:+7.  Ans.  (j:— §)«+J. 

191.  To  complete  the  analysis  of  the  2°  degree,  it  would  be  necessary  to 
coDsidor  the  case  where  the  unknown  quantities  exceed  the  equations  in  num- 
ber. The  more  simple  is  that  when  there  is  but  one  equation  and  two  un- 
known quantities.  If  it  be  resolved  with  respect  to  one  of  the  unknown  quan- 
tities, y,  for  example,  an  expression  is  found  generally  containing  x  under  a 
radical ;  so  tliat,  by  giving  to  r  any  rational  values  whatever,  irrational  values 
would  be  found  for  y.  It  mi^ht  be  proposed  to  find  rational  xnluos  for  j*,  for 
which  the  coiTCsponding  one  of  y  should  be  rational  also.  But  the  difficulty 
of  this  problem,  unless  it  be  restricted  to  some  very  simple  cases,  is  beyond 
more  elements.  Wo  add  one  or  two  here.  For  further  information  upon 
the  subject,  the  student  is  referred  to  the  Theory  of  Numbers,  by  Legendre, 
a  sepaiiite  and  very  elegant  treatise,  in  one  quaito  volume. 

INDETKRMINATK    ANALYSIS    OV    TIIK    SECOND    DEGREE. 

Bf  solution'  in  whoU  ttunibtrs  of  an  ((juation  of  the  second  chjrreet  itWi  ttco 
unknown  (juantilics,  which  contains  hut  the  fi  nt  power  of  one  of  the  unknowns. 

195.  The  questions  of  indeterminate  analysis,  which  depend  upon  equations 
of  a  degree  superior  to  the  fii-st,  go  beyond  the  limits  which  wo  have  imposcvl 
on  ourselves  in  the  present  work  ;  but  when  an  equation  of  the  second  degree 
contains  the  second  power  of  but  one  of  the  unknown  quantities,  the  solutions 
of  this  equation  in  whole  numbers  may  be  regarded  as  a  question  of  indeter- 
minate analysis  of  tlie  first  degree. 

Equations  of  the  second  degree  in  two  unknown  quantities,  which  do  not 
contain  the  second  power  of  one  of  these,  are  represented  by  the  equation 
w:ry+n.r+p.r+qy=zr (1) 

Resolving  this  eijuation  with  respect  to  v,  we  find 

7/  = -j—^ 2) 

*'  wx-\-q  ^  ' 

Wo  deduce  from  it,  by  performing  tlie  division, 

n         vq  —  //>/'      ni'r-\-jn.pq — nr/^ 
y=—-x+ ^ — + ^7~    "7 — ^^ — » 

which  gives 

N 

vru=z — jnn.r4-v(i — mp4- ; — (3) 

putting  to  abridge  iiL-r-\-mpq — «^/^=rN. 


In  order  that  x  and  y  sliould  bo  whole  numbers,  it  is  necessary  that 


N 


should  be  a  whole  number ;  we  must,  therefore,  calculate  all  the  divisors  of 

*  Tills  prcseuta  a  case  of  what  ore  called  equal  roots. 
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tho  numl)cr  N,  and  put  inr-\-f/  equal  to  each  of  those  divisors  successively, 
taken  with  the  sign  +  and  with  the  sign  — .  If  the  equations  tlius  obtained 
furnisli  for  x  a  certain  number  of  entire  values,  those  values  are  to  be  substi- 
tuted in  equation  (3) ;  and  it  is  necessary,  moreover,  in  order  that  y  may  be  a 
whole  number,  that  the  second  number  which  becomes  a  known  quantity 
should  be  divisible  by  in\ 

It  is  evident  that  the  member  of  entire  solutions  will  bo  very  limited,  and 
that  tliere  may  not  l)e  even  one. 

If  this  method  be  applied  to  each  of  the  following  equations, 

2Ty^3j^+  y=l 
5xy=2x  +3y+l8 
xy+  2^=2x+3y+29, 
considering  only  the  positive  solutions,  we  find 

For  the  first  equation <         „  "^ 

r2-=l,  T/  =  10 
For  the  second  equation  .  .  .  .  <  x=3,  ;y=2 

(  x=7,  y=l. 

Sx=4,  y=21 
-      ^ 

If  the  remainder,  after  the  division  of  — nx^ — P^+'*  hy  mx-^-q,  should  be 
zero,  equation  (1)  would  be  of  the  form  (fnx-^-q)(aX'\-by-^'C)=zO ;  aiid  we 
should  have  all  the  solutions  of  this  equation  by  resolving  separately  the  two 
equations  mar+^=0,  ax+i^+c=0. 

The  method  which  has  just  been  explained  is  applicable  only  in  case  in  is 
not  zero. 

Let  m^O  ;  equation  (1)  gives 

y= — ^ — (^) 

Suppose  that  one  value  of  2:=za  (a  being  a  whole  number)  gives  an  entire 

▼alue  for  y.     If  we  place  2:=a+^/,  t  being  any  entire  number  whatever,  we 

find 

nn'-4-pa — r 
y=z^—^^ ^(Qnat+nqt^+pt); 

by  hypothesis,  na'-\-pa — r  is  divisible  by  q ;  the  value  of  y,  corresponding  to 
x=a-j-^/,  will  be  then  a  whole  number.  As  this  conclusion  is  true,  what- 
ever bo  the  sign  of  /,  it  follows  that,  if  tho  equation  admits  of  entire  solutions, 
they  win  be  found  to  be  such  as  answer  to  a  value  of  .r  between  0  and  q. 
Consequently,  to  obtain  all  the  solutions  in  whole  numbers,  it  will  be  suffi- 
cient to  substitute  for  x  in  the  equation  the  numbers  0,  1,  2,  3,  . . .  -q — 1, 
and  each  solution  in  whole  numbers  corresponding  to  one  of  these  numbers 
win  furnish  an  infinite  number  of  others. 

>  Equation  (4),  in  which  the  object  is  to  find  values  of  x  which  render  the 
polynomial  nj^-}'px — r  a  multiple  of  the  given  number  q,  M.  Gauss  calls  con- 
gruence of  the  second  degree  ;  so,  also,  the  equation  aj:-{-&y=c,  in  which  we 
seek  to  render  ax — c  a  multiple  of  6,  is  a  congruence  of  tho  first  degree. 

Further  matter  on  the  subject  of  indetenninate  ^analysis  will  be  given  in  con- 
nection with  the  theoiy  of  numbers,  for  which  see  a  subsequent  port  of  the 
work.  ^ 

Q 
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MAXIMA  AND  MINIMA. 

IOC),  Wheu  a  quantity'  which  is  capable  of  changing  its  value  attains  such  a 
vuluu  that,  after  having  been  increasing,  it  begins  to  decrease,  or,  having  been 
decreasing,  it  begins  to  increase,  in  the  first  case  it  is  called  a  maximum,  and  in 
tlio  second  a  minimum.  The  same  quantity  may  have  several  maximum  or 
mininmm  values. 

EXAMPLE. 

To  find  what  value  of  x  will  render  the  fraction  — r —  a  maximum  or 

»>  !•  ^_  O 

minimum. 

Equating  the  given  function  of  .r  to  z,  we  have 

2x— 2  T    -^  V 

We  perceive  at  once  that  by  making  ;=r  +  l  we  have  j'=:2,  and  that  the 
vttlurs  of  2,  a  little  loss  than  1,  render  t  imaginaiy ;  hence  the  given  expression 
has  a  mininmm  value  1  con-esponding  to  x=2. 

In  a  similar  manner,  making  :  =  —  1,  we  have  .r=0;  ainl  a  negative  value 
of  2,  a  Utile  smaller  than  1,  would  render  .r  imaginary.  But  in  algebra,  nega- 
tive quantities,  which,  without  regard  to  the  sign,  go  on  increasing,  ought  to  be 
regarded,  when  the  sign  is  prefixed,  as  decreasing ;  we  may,  therefore,  say 
that  a  value  of  r,  a  little  greater  than  — 1,  renders  .r  imaginary,  then  r  =  — 1  is 
a  maximum  corresponding  to  x=0. 

As  the  subject  of  maxima  and  uiinima  is  generally  treated  by  the  aid  of  the 
dilVerential  calculus,  we  shall  not  dwell  further  upon  it  hei-e,  though  it  furnishes 
one  of  the  applications  of  equations  of  the  second  degree. 

THE  MODULUS  OF  IMAGIXAIIV  aUANTITIES. 

197.  We  have  seen  (191)  in  the  equation  of  the  second  de^ivo 

X'+2)T+fj=zQ, 

that  when  q  is  positive,  and  gi-eater  than  — ,  the  roots  are  imaginary.     Ivei)laco 

Xp  by  — a^  to  avoid  fractions  ;  and  to  express  that  Q^~Ti  P"t:  ^=a-  +  2/- :  the 

eqimtion  will  become 

X- — '2ax + </  •  +  //-  =:  0 ; 
and,  by  the  formula  for  the  solution  of  ecjiiiitions  of  the  second  degree, 

or 


X=(l^h^/—\ (1) 

The  absolute  vaiue  of  the  square  root  of  the  positive  quantity  rt'-|-ft-  is  rail- 
ed the  modulus  of  the  imaginary  expression  (1).  For  example,  the  modulus 
of  :5— 4  V^  VfO\x\i\  be  yf^lTu  or  5. 


Two  quantities,  such  as  a-^-h  -yj — 1  and  a — h  y/  — 1,  which  differ  fntm  one 
another  only  in  the  sign  of  the  hnaginaiy  p;;rt,  are  railed  conjugates  of  each 
other.     Two  conjugate  quantities  have  then  tin*  same  modulus. 

If  we  make  6=0,  the  expression  a-^hy/—l  reduces  to  a.  Thus,  the 
formula  xz=a-{-h  y/ — 1  may  represLMit  all  quantities  real  or  imaginarj*,  a  rep- 
r(*«<euting  the  algebraic  sum  of  the  retd  quantities,  and  b  that  of  the  cocflicieute 


THE  MODULUS  OF  IMAGINARY  aUANTITIES.  045 


of  V — 1  in  tho  imn^iiior}-  tonus.  Wlion  tlio  qiinntity  is  rcnl,  il  has  for  coii- 
jugute  .'lu  equal  quantity,  and  the  inochihis  is  nothing  else  than  the  quiLUtitjv 
itself,  abslractiou  being  made  of  tlie  sign. 

Now  T  shull  proceed  to  establish  two  propositions  relating  to  moduli,  which 
may  be  often  useful. 

Proposition  I. — The  sum  and  (Ujftraicc  of  any  two  quantities  whatever 
have  a  modulus  comprehended  between  the  sum  and  the  difference  of  thei> 
moduli. 

Let  there  be  two  expressions  a-^-hy/  —  1,  /i'+/>'\/  —  1.  Calling  r  and  '• 
their  moduli,  we  have  r-=<7-+i>^,  r'-=rt'-+6'=^.  Naming  R  the  modulus  of 
their  sura,  we  have  evidently 

K'z=z(fi  +  ay+(h+h')- 

z=a'+ a'' +b-+h''+2(aa'+hh') 
=T^-+r''+2(aa'+hl/), 
But  multiplying  7^  by  r'-,  it  is  easy  to  see  that 

=i(aa'+hb'y+(ah'—hay; 
then  the  numerical  value  of  aa'^bb'  is  less  than,  or  at  most  equal  to,  rr*.  Con- 
sequently, it  is  clear  that  R-  is  comprehended  between  the  two  quantities 
r*  +  /'-+i.Vr'  and  r--^-r''—'2rr\  or,  what  is  tho  same  thing,  between  (r-\'r'y- 
and  (r — r')-.  Then  the  modulus  R  is  comprehended  between  tho  sum  an-i 
the  difierence  of  tho  moduli  r  and  r'. 

Tho  demonstration  is  precisely  the  same  where,  instead  of  tho  sum  of  tht 
imaginary  expressions,  we  consider  their  difference. 

Proposition  II. —  The  product  of  two  quantities  has  for  modulus  the  product 
of  the  moduli  of  these  quantities. 
In  fact,  multiplication  gives 

(rt  +  6  -/Zl )(«'+?,'  y/^I\)z:zaa'~~bb'^(ab'-\.ba')  -/^i ; 

and  if  we  take  the  modulus  of  this  product,  we  find,  conformably  to  the  *'nun- 
ciation, 

^/(aa'-'bb')'+(ab'-\'hlFy=  y/a'ii'-  +  h'b''+a''b'^+1ra'^ 

=  V(.-^4./,T)-(,,'-'+7>^). 

Corollary, — Then  the  product  of  any  number  of  factors  whatever  must 
have  for  modulus  the  product  7,  the  mothili  of  all  tlie  factors.     Then  th(>  n 
power  of  an  imaginary  expression  has  for  inndiihis  the  rt^-*  power  of  tlie-iiHjd'iki: 
of  that  expression. 

Tho  above  nomenclature  and  propositions  arc  from  Caucliy,  who  exhil)ils  i  i 
a  remarl;ablo  manner  the  efficiency  of  imai^inarv  expressions  as  instruments  i  i 
the  investigation  of  the  properties  of  real  quantities.  The  followin>r  is  m 
specimen : 

If  two  numbers,  of  which  each  is  the  sum  of  two  squares,  be  multiplic  1  to- 
gether, the  product  must  also  be  tho  sum  of  two  squares. 

Let  the  two  numbers  be 

a'+b^- and  a''+l/-. 
The  first  of  these  may  bo  considered  as  the  protluct  of  tho  factors 

rt+A  y/ — 1  and  a — b  \/ — 1, 
and  the  second  as  the  product  of  the  factors, 

a'+6'  V^II  and  a'— 6'  V^  i 
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so  that  the  product  of  the  proposed  numbers  will  be  the  product  of  the  foui 
factors 

a+h-ZZIT,  a— 6 -/HI,  a'+b'  -y/  — 1,  a'— 6'  V"^- 
Actually  multiplying  the  tirst  uud  third,  and  then  the  second  and  fourth,  we 
have  the  following  pair  of  conjugate  expressions,  viz., 

(aa''--hb')  +  (ah'+ha')  -y/"^,  (aa'—hb')—(ah'+ba')  V^y 
of  which  the  product  is 

(aa'  —  bby+(ab'+bay, 
which  is,  therefore,  tlie  product  of  the  original  numbers,  and  proves  that  that 
product  must,  like  each  of  the  pro})osed  factors,  be  the  sum  of  two  squares. 

If  we  interchange  the  numbers  a  and  6,  or  the  numbera  a',  fc',  the  terms  of 
the  product  just  deduced  will  be  dillerent ;  thus,  putting  a'  for  b\  and  b'  for 
a'j  which  produces  no  essential  change  in  tlie  proposed  numbers,  we  have 
{a''+b-)(a''+b'')  =  (aa'--bby+(ab'+bay=(ab'--bay+(aa'+bb')'-. 
Consequently  there  are  two  ways  of  expressing  by  the  sum  of  two  squares 
the  products  of  two  numbers,  each  of  which  is  itself  the  sum  of  two  squares ; 
thus, 

(5-+22)(3-+2=)  =  113+16«=:4^+19* 

(2«+l-)(3«+2')=  4'+  7^=P+  8* 
&c.,  dec. 

METHOD  PROPOSED  BY   MOUREY   FOR  AVOIDING  IMAGINARY   QUANTITIES.* 

198.  Objections  have  been  made  to  results  obtained  by  the  calculus  of  imag- 
inary expressions.  The  rules  observed  in  the  calculus,  it  is  said,  have  only 
been  denionstrttted  for  real  magnitudes;  it  is  by  mere  oualogy  that  they  are  ex- 
tended to  the  case  of  imaginary  quantities ;  we  may,  therefore,  raise  reasonable 
doubts  as  to  the  exactitude  of  the  results  thus  deduced. 

M.  Mourey,  >vho  has  been  much  occupied  with  these  difficulties,  has  sought 
to  free  analysis  from  them  entirely,  in  a  work  published  in  1828,  entitled  the 
True  Theory  of  j\c/s(itir('  Quanfilirs  and  of  the  so-called  Iniafiinary  Quanti- 
ties.  Without  enterinn;  into  long  details,  we  shall  endeavor  here  to  give  on 
idea  of  the  methods  proposed  by  this  author. 

Let  us  resume  the  expression  ^  +  6-/ — 1,  and  give  it,  at  first,  tlie  form 

b 


^^^'^+^{;;^+7irp^^-'] 


If  we  take  the  sum  of  the  squares  of  the  fractions,  which  are  between  the 
brackets,  we  fnid  that  this  sum  is  equal  to  1 ;  and  from  thence  we  conclude  that 
these  two  fractions  can  be  regarded  as  being  the  sine  and  cosin )  of  a  same 
angle  a.  Designate  also  the  modulus  \/a--|-^-  by  A  ;  the  imaginary  expres- 
sion can  be  put  under  the  form  A(co3  a+  -y/  —  1  sin  a).  Considering  that 
this  expression  contains  roally  but  two  quantities,  the  modulus  A  and  the 
angle  a,  M.  Mourey  proposes  to  regard  the  modulus  A  as  expressing  tlie 

length  of  a  riglit  lino  O  A,  and  a  as  being 
the  angle  A  O  X,  which  this  line  makes 
with  a  fixed  axis  OX.  In  other  words, 
the  modulus  A  represents  a  line  of  a  cer- 
tain lengtli,  which  at  first  lay  upon  the 
axis  O  X,  and  which,  by  making  a  move- 

*  To  uodentand  tfali,  a  kxx>wled^e  of  the  fint  principles  of  Trigonometry  is  necessary. 
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mont  round  the  origin  O  upward,  Las  departed  from  this  axis  by  an  an;j;lo  c. 
M.  Mouroy  gives  the  name  verser  to  this  augle,  or,  rather,  to  the  arc  wliicli 
measures  it;  and  then,  instead  of  the  imaginary  expression,  he  writes  simply 
Aa,  a  notation  very  suitable  to  recall  at  the  same  time  the  modulus  A  and  the 
verser  a.  He  pn)poses  even  to  give  the  name  route,  or  way,  to  the  length  O  A, 
placed  in  its  true  position  with  regard  to  O  X,  so  that  A  verser  a,  or  Ac, is  the 
route  from  O  toward  A. 

As  a  line  can  make  around  the  origin  O  as  many  revolutions  as  wo  ploasc, 
and  that,  also,  as  well  by  commencing  its  rotation  below  as  well  as  above  O  X, 
it  follows  that  the  verser  may  pass  through  all  states  of  magnitude,  and  be  as 
well  negative  as  positive.  It  will  be  positive  when  the  movement  of  the  line 
shall  have  commenced  above ;  it  will  bo  negative  when  the  movement  com- 
menced below.  From  this  it  follows  that  the  same  route  can  be  represented 
with  a  verser  wliich  is  positive,  or  one  which  is  negative,  provided  that  the 
sum  of  the  versers,  abstraction  being  made  of  the  signs,  is  3G0". 

From  the  preceding  conventions  it  results  that  a  way  can  be  represented  by 
giving  to  the  length  A  an  infmity  of  different  versers.  Suppose,  to  fix  the 
ideas,  that  O  A  should  be  a  determinate  way,  and  that  then  the  verser  A  OX 
should  be  an  acute  angle  a  ;  it  is  evident  that  the  position  of  O  A  will  undergo 
no  change  if  we  add  or  subtract  from  a  any  number  whatever  of  entire  cir- 
cumferences. Thus  is  established  this  important  remark,  that  if  wo  desig- 
nate by  2^-  an  entire  circumference,  or  3G0°,  and  by  n  any  whole  number 
whatever,  positive  or  negative,  the  expression  X2Kn-\-a  will  represent  the 
same  route  as  Aa  ;  this  is  expressed  by  the  equality 

A2n^n+a  =  Aa. 

When  we  give  to  A  a  verser  equal  to  zero,  the  length  A  lies  upon  the  lino 
OX.  When  the  verser  is  equal  to  rr  or  180°,  this  length  is  found  in  the  op- 
posite direction,  O  X' ;  then  it  is  nothing  else  than  the  negative  quantity  — A. 
Thus  we  ought  to  regard  as  altogether  equivalent  the  two  expressions  — A 
and  Air. 

After  these  preliminaries,  M.  Mourcy  establishes  the  rules  of  algebraic 
calculus  ;  then  he  passes  to  equations,  and  rt'corjstructs  algebra  thus  entirely. 
I  shall  not  follow  this  author  in  all  his  details ;  I  shall  confme  myself  to  the 
developments  necessary  to  explain  here  what  sense  the  new  algebra  att^iches 
to  the  old  imaginary  expression  V  —  A*.  I  shall  seek,  first,  the  rule  to  bo 
followed  in  the  multiplication  of  any  two  quantities  whatever,  Aa  and  Bfi. 
Here  the  two  factors  are  the  magnitudes  A  and  B,  measured  upon  twa  lines 

O  A  and  O  B,  which  make,  with  a  fixed  axis 
O  X,  angles  A  O  X,  B  OX,  represented  by  the 
'A'  vei*sers  a  and  /5.  It  is  necossarj',  then,  first 
of  all,  to  give  to  the  defmition  of  multiplica- 
tion the  extension  suitable  to  render  it  appli- 
cable to  the  case  in  question.  But,  consider- 
ing that  the  multiplier  B,^  indicates  a  line  B, 
which  departs  from  the  fixed  line  O  X  by  an 
angle  equal  to  /i,  M.  Mourey  regards  multi- 
plication as  having  for  ir.s  object  to  take  at 
first  the  length  A  in  its  actual  direction  as  many  times  as  there  are  units  in  B, 
and  to  turn  the  new  line  O  A'  around  the  point  O,  to  depart  from  this  direc- 
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tu»:j  )>y  nil  auglo  equal  to  ,?,  and  to  give  it  tlio  position  O  C.     From  this  it  fol- 
lows that,  in  designating  by  A  B  tho  product  of  the  two  magnitudes,  obsti-ac- 
tion  being  made  of  all  idea  of  position,  tlie  product  sought  will  bo  (AB)a-J-C 
Thus  wo  have 

AaxB;J  =  (AB)a+,-3; 

that  is  to  say,  wo  multiply  the  moduli  accordinfr  to  Oic  or  dinar  ij  rides  ofarith- 
.  rti'r-,  and  take  the  sum  of  the  vcrserg. 

If  the  two  vereers  are  equal  to  rr  or  IBO^,  we  shall  have  A5rxBrr^(AB)'2n-. 
But  An-  and  B-  are  nothing  else  than  — A  and  — B,  and  (A15)-2?r  is  tlie  same 
thing  as  +  AB  ;  then  —A  X  — 15  =  + AB.  This  is  the  known  rule,  —  by  — 
dives  •\-. 

According  to  this  rule,  the  square  of  Aa  will  be  (A2)2a ;  that  is  to  say,  ire 
i'lJcc  the  square  of  the  modulus  and  double  the  irrscr.  Then,  rociprocallj',  the 
square  root  is  obtained  by  extractins^  the  square  root  of  the  modulus  unOiout  re- 
Lardiu}^  the  vcrscr  ;  then  take  half  the  vcrscr. 

•  Let  us  come  now  to  the  hiterpretation  of  the  imaginary  expression  V — A-. 
For  this  imrposo,  lot  us  observe,  first,  that  it  is  equivalent  to  •v/(-'^')*'*"+"  ? 
then  extracting  the  S(iuaro  root, 

V— A-=An;r+^T. 
If//  is  even,  the  veraer  72:r-j- J-  places  the  length  A  in  ttie  same  position  as 
p  ^TT ;  that  is  to  say,  in  the  position  O  P,  periwndicular  to  O  X. 

If  n  is  uneven,  the  verser  wn--|--V  will  place  the  length  A  in 
a  position  O  P',  perpendicular  to  O  X,  but  below.     Thus,  in 


X'         O      X  the  system  of  M.  I\Tonn»y,  the  ex|)ression  •/ — A-  oilers  no 

longer  to  the  mind  any  idea  of  imiKJssibility.     It  rej)resciJts 
P'  two  routes,  O  P  and  O  P',  equal  and  opj)osito,  both  perpen- 

dicular to  the  fixed  axis  O  X. 


PERMUTATIONS  AND  COMBINATIONS. 

Il'O.  Til?:  Permutations  of  any  number  of  (piantities  ai*c  the  changes  whicii 
'liieso  quantities  may  undergo  with  respect  to  their  order. 

Thus,  if  we  take  the  quantities  a,  h,  c ;  then  ahc,  aeh,  hac,  hca,  cab,  cha 
rire  the  permutalions  of  these  three  quantities  taken  all  togtthcr ;  ab,  ac,  ha^ 
liCn  ea,  ch  are  the  permutations  of  these  quantities  taken  two  and  two ;  a,  6,  c 
jj;*e  the  permutations  of  thesti  quantities  taken  8in«;Iy,  or  one  and  o/ic,  &c. 

The  problem  which  we  propose  to  resolve  is, 

•JOO.  To  find  the  nundter  of  the  jjer mutations  of  n  quantities^  taken  p  and  p 
n-^fTfther. 

Let  a,  b,  c^  d^ A*,  be  the  n  quantities. 

Tli(^  number  of  the  pernmtations  of  these  n  quantities  taken  singly,  or  «me 
;  i:d  orn',  is  manifestly  n. 

The  number  of  the  permutations  of  th<»se  n  qujuitities,  taken  two  and  two 
',   uetluir,  will  be  n[:i  —  1).     For,  since  th(M'<»  are  n  quantities, 

a,  b,  c,  d k. 

It"  we  remove  a  there  will  remain  {n  —  1)  quaiitities, 

bj  Of  dj k. 


PERMUTATIONS  AND  COMBINATIONS.  247 

Writing  a  boforo  euch  of  those  (n — 1)  qujiutities,  wo  shall  have 

ahj  ac,  ad  J ak ; 

that  is,  (n — 1)  permutations  of  the  n  quantities  taken  tv\'o  and  two,  in  which  a 
stands  first.  Reasoning  in  the  same  manner  for  b,  we  shall  have  (n — 1)  per- 
mutations of  the  n  quantities  taken  two  and  two,  in  which  b  stands  iirsc,  and 
so  on  for  each  of  tlio  n  quantities  m  succession ;  hence  the  whole  number  of 
permutations  will  be 

n{n — 1). 

The  numbor  of  the  permutations  of  n  quantities,  taken  three  and  three  to- 
gether, is  n(n — !)(« — 2).  For  since  there  are  n  quantities,  if  we  remove  a 
there  will  remain  (n — 1)  quantities;  but,  by  the  last  case,  writing  (n — 1)  for 
w,  the  number  of  tlie  pernuUiitions  of  (n — 1)  quantities,  taken  two  and  two,  is 
(n  —  l)(n  —  2);  writing  a  before  each  of  these  (n  —  l)(7i — 2)  pennutations, 
we  shall  have  (n  —  l)(n — 2)  permutations  of  the  n  quantities,  taken  three  and 
tlu'ee,  in  which  a  stands  Hrst.  ileasoning  in  the  same  maiuier  for  6,  we  shall 
have  {n  —  l)(n — 2)  permutations  of  the  n  qimntitiea,  taken  three  and  tJu-ee,  in 
which  b  stands  first,  and  so  on  for  each  of  the  n  quantities  in  succession  ;  hence 
the  whole  number  of  permutations  will  be 

n(;t— l)(n— 2). 

In  like  manner,  we  can  prove  that  the  number  of  permutations  of  n  quan- 
tities, taken  four  and  four,  will  be 

w(n— l)(w— 2)(»— 3). 

Upon  examining  the  above  results,  we  readily  perceive  that  a  certain  rela- 
tion exists  between  the  numerical  part  of  the  expressions  and  the  class  of  per- 
mutations to  which  they  correspond. 

Thus  the  number  of  permutations  of  n  quantities,  taken  tico  and  two,  is 
n(n — 1),  which  may  be  written  under  the  form  7i(n — 2+1). 

Taken  tJiree  and  three,  it  is 

n(n — l)(n — 2),  which  may  be  written  under  the  fonn  n{n — l)(n — 3-|-l). 

Token  fmir  and  four,  it  is 
n{n — l)(n — 2)(n — 3),  which  may  be  written  under  the  form  n(n — l)(n — 2) 

(n-4  +  1). 

Hence,  from  analofry,  we  may  conclude  that  the  number  of  perumtations 
of  n  things,  taken  p  and  }7  together,  will  be 

w(n  — l)(7i— 2)(7j  — 3) (n— ;;  +  l). 

In  order  to  demonstrate  tJiis,  we  shall  employ  the  same  species  of  proof 
ab-eady  exemplified  in  (Arts.  23  and  78),  and  show  that,  if  the  above  law  bo 
assumed  to  hold  good  for  any  one  class  of  permutations,  it  nmst  necessarily 
hold  good  for  the  class  next  superior. 

Let  us  suppose,  then,  that  the  expression  for  the  number  of  the  permuta- 
tions of  n  quantities,  taken  (p — 1)  and  (^—1)  together,  is 

n(n— l)(7i— 2)(7i— 3)  .  .  .  j«  — (^;— l)  +  l}  ...  (A) 

It  is  required  to  prove  that  the  expression  for  the  number  of  the  i}ermuta- 
tions  of  n  quantities,  taken  j?  and  p  together,  will  be 

n(?i— l)(/i— 2)(u— 3) (n^p+l). 

Remove  a,  one  of  the  n  quantities  a,  fc,  r,  d A*,  then,  by  the  ex- 
pression (A),  writing  (n  —  1)  for  w,  the  number  of  tlio  permutations  of  the 
(n— .1)  quantities  6,  c,  J A:,  taken  (i^— 1 )  and'  (j;  —  1),  will  be 
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(n  —  l)(n^2)(n^3) {(n— 1)— (^— l)  +  l{, 

or 

(n-l)(n-2)(n-3) (n-i>+l). 

Writing  a  before  each  of  these  (n — l)(n — 2)(n — 3) (n — p-{-l) 

permutations,  we  sbiill  have  (/i  — 1)(«— 2)(n — 3) ('*— P+1)  Per- 
mutations of  the  7^  quantities,  in  which  a  stands  first.     Reasoning  in  the  same 

manner  for  6,  wo  shall  have  (n — l)(/i — 2)(n — 3) (w — i^+1)  iwjr- 

umtations  of  the  n  quantities,  in  which  h  stands  first ;  and  so  on  for  each  of  the 
n  quantities  in  succession  ;  lience  the  whole  number  of  permutations  will  bo 

n(n— l)(n  — 2)(7t— 3) (»— ;,+  i) (1) 

Hence  it  appears  that,  if  the  above  law  of  formation  hold  good  for  any  one 
class  of  permutations,  it  must  hold  good  for  the  class  next  superior ;  but  it  has 
been  proved  to  hold  good  when  ])='2,  or  for  the  permutations  of  n  quantities 
taken  two  and  two  ;  hence  it  must  hold  good  when  j;=3,  or  for  the  permuta- 
tion of  n  quantities  taken  three  and  three  ;  .'.it  must  hold  good  when  ^=4, 
and  so  on.     The  law  is,  therefore,  general, 

KXAMPLE. 

Required  the  number  of  the  permutations  of  the  eight  letters  a,  fc,  r,  dt  «, 
ft  gt  hy  taken  5  and  5  together. 

Here  w=8,  ;>=5,  n — p-\-\^A  ;  hence  tlie  above  formula 

7i(w  — l)(w— 2)  ....  (n— p+l)=8X7X6XoX4=6720, 
the  number  required. 

201.  In  formula  (1)  let^=n,  it  will  tlieu  become 

n(n— l)(n--2) 2.1, 

or 

1.2.3 (n— l)n (2) 

which  expresses  the  number  of  the  permutations  of  n  quantities  taken  aU 
together.* 

EXAMPLE. 

Required  the  number  of  the  permutations  of  the  eight  letters  «,  6,  c,  </,  c, 

f>  g^  ^• 

Hero  n=8 ;  hence  the  above  formula  (2)  in  this  case  becomes 

1.2.3.4.5.0.7.  8=40320, 

the  number  required. 

202.  The  number  of  the  permutations  of  n  quantities,  supposing  them  aD 
different  fi-om  each  other,  we  have  found  to  be 

1.2.3 (n— l)n. 

But  if  the  same  quantity'-  be  repeated  a  certain  number  of  times,  then  it  is 

manifest  that  a  certain  number  of  the  above  permutations  will  become  identical. 

Thus,  if  one  of  the  quantities  be  repeated  a  times,  the  number  of  identical 

permutations  will  bo  represented  by  1.2.3 a;  and  hence,  in  order  to 


*  Many  writers  ou  ol'jrcbra  confine  tlio  tonn  p  rmufd/iona  to  this  class  where  the  <)uau- 
titics  arc  taken  ttf/  tos^cthrr,  and  trivc  tin*  title  of  nrrama^emi^ntA  or  vnriationft  to  the  irroupa 
of  the  n  quantities  when  tuken  tiro  and  tiro,  three  and  three,  four  and  four,  &c.  Tlio  in- 
trodaction  of  these  additional  de»ii.'nutioiis  appears  unuecessar>' ;  bat,  in  nniui;  the  word 
permutations  absolatoly.  we  must  always  be  understootl  to  mean  those  represented  by  for- 
mula (i),  unless  the  contrary  be  specified. 
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obtain  tho  number  of  permutations  different  from  each  other,  we  must  divide 
(2)  by  1.2.3 a,  and  it  will  tlien  become 

X    .  <te  .  l).. ........ ....a (72  ""  1    Iff' 

i~  2  .'3..77...T^..a       ' 

If  one  of  the  quantities  bo  repeated  a  times,  and  another  of  the  quantities 

be  repeated  (3  times,  then  we  must  divide  by  1.2 aXl»2 /?; 

and,  in  general,  if  among  the  n  ({uuntities  there  be  a  of  one  kind,  /?  of  another 
kind,  )'  of  another  kind,  and  so  on,  tlie  expression  for  the  number  of  the  per- 
mutations different  from  each  other  of  these  n  quantities  will  be 

1.2.3 n 

1.2 aXl.2 /3X1.2 >',  &c. ^  ' 

KXAMPLK  I. 

Required  the  numbers  of  the  permutations  of  tlie  letters  in  the  word  algebra. 
Here  fi=7,  and  the  letter  a  is  repeated  twice;  hence  formula  (3)  becomes 

1.2.3.4.5.(5.7  ,  .  .     ,        , 
— ^ =2520,  the  number  requu-ed. 

EXAMPLE  II. 

Required  the  number  of  the  permutations  of  the  letters  in  the  word 
caifacarataddarada. 

Here  nr=18,  a  is  repeated  eight  times,  c  twice,  d  tlu*ice,  r  twice ;  hence  the 
number  sought  will  be 

1.2.3.4.5.6.7.8.9.10.11.12.13.14.15.16.17.18   ^^,^,,,,„^,^ 

^r.-r.    r-^   ^  ^-..     ,  ^   ,  .»  o   ,  ..      =6616209600. 

1.2.3.4.5.6.7.8X1.2X1.2.3X1.2 

EXAMPLE   III. 

Required  the  number  of  the  permutations  of  the  product  a'  h'  c",  written  at 
fiill  length. 

Here  n=zx-\'y-\'Z^  the  letter  a  is  repeated  x  times,  the  letter  6,  y  times, 
and  the  letter  c,  z  times ;  the  expression  sought  will,  therefore,  be 

l.g.3 (•''+?/+-) 

203.  The  Combinations'*  of  any  number  of  quantities  signify  the  different 
coDections  which  may  be  formed  of  these  quantities,  without  regard  to  the 
order  in  which  they  nre  arranged  in  each  collection.  Each  combination  must, 
therefore,  have  one  letter  different  from  any  other  of  the  combinations. 

Thus  the  quantities  <z,  6,  c,  when  taken  all  together^  will  form  only  one 
combination,  abc  ;  but  will  form  six  different  permutations,  abcy  acb,  bac,  bca^ 
caby  cba  ;  taken  lu^o  and  two^  they  will  form  the  three  combinations  aft,  ac,  6c, 
and  tho  six  permutations  abj  ba,  ac^  ca,  bcy  cb. 

The  problem  which  we  propose  to  resolve  is, 

To  find  the  number  of  the  combinations  of  n  quantities^  taken  p  and  p  to- 
gtiher. 

Each  of  tliese  combinations  of/?  quantities  being  separately  permutated,  will 
furnish  1.2.3...^?  permutations,  which,  multiplied  by  the  whole  number  of 
combinations,  will  give  the  whole  number  of  permutations  of  n  quantities,  taken 

*  Where  namcrical  or  literal  facu»r8  nrc;  couibiuod,  tlio  tenn  combiuntiou  may  be  con- 
sidered u  siiplfyiDg  the  same  as  product. 

If 
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p  and  p.  Therefore  tlio  latter,  imnielj',  the  whole  number  of  permutations^ 
or  ii(u — l)(n — 12)....  (u  —  p+l)»  divided  hy  the  number  of  permutations  of 
each  comhinalioiij  or  1 ,2. ',]...{>,  2vill  give  the  number  of  combinations  of  n 
quantities,  taken  p  and  p.     Denoting  it  hy  C,  we  have 

n(n^\){n--'2) (/t-/>+l) 

^-     1.2.3 (i^-l)i>    •  •  •  •  ^*'       • 

204.  There  is  a  8])0cie8  of  notation  employed  to  denote  peniiutationd  and 
combinations,  which  in  sometimes  used  with  ndvautago  from  its  conciseness. 

The  number  of  the  pcnnututions  of  n  quantities,  taken  p  and  p, 

are  represented  l>y {f^^p) 

The  number  of  the  permutations  of  n  quantities,  taken  all  together, 

are  represented  by (nPw) 

Tlie  numbi'r  of  the  combinations  of  n  quantities,  taken  p  and  p, 

are  represented  by (^P/0 

and  so  on.  It  is  manifest  that  the  above  proposition  may  be  expressed  accord- 
ing to  this  notation  by 

(nVp) 

M.  Cauchy  employs  the  notation  (;//)„  to  express  the  numbi»r  of  combina- 
tions of  VI  lettci-s,  taken  w  nt  a  time.     The  German  notation  for  the  same  is 

n 

c. 

m 

When  the  series  of  natuml  nunibors,  or  the  letters  of  the  alphabet  up  to 
any  required  number,  are  to  be  permuted  or  combined,  an 'abbreviated  nota- 
tion has  l)een  employed  as  follows  : 

P(l,  e,  3)  stands  for  li>3,  ]3*3,  i213,  ^31,  312,  321. 

P(1..4)  stands  for  12,  13,  11,  lil,  23,  24,  31,  32,  34,  41,  42,  43. 

C(<7...<')  Stands  for  abi\  fihd,  ab(\  acd,  ace,  ade,  bed,  bee,  bde,  cde. 
If  one  or  more  of  the  numl)t'rs  or  letters  may  be  repeated,  this  can  also  be 
expressed  in  th(»  notntion.     Thus, 
P(l,  1,  2)  =  112,  121,  211. 

P(l,  1,  2,  3)  =  11,  VJ,  13,  21,  23,  31,  32. 

C(l,  1,  2,  2,  3)  =  n2,  113,  12^2,  123,  203. 

If  all  the  letters,  nnmbei-s,  or  single  things  may  be  repeated  an  equal  num- 
ber of  times,  this  can  be  expressed  with  the  aid  of  an  exponent;  tlius, 

C(l,  2,  3)\P(0,  1,2)«,  C(l.,7)". 

205.  If  M  single  thin;;s  bo  arnmgod  in  combinations  of  A*,  or  of  n — Z:=r,  the 
number  of  combinations  in  eithi-r  case  will  l)o  the  same,  ?.  c, 

^^n(n  — -[)... (i)—k-\-\)_'_n(n-'\)..,(n-'r-^\) 
D  i~  ''rM'~k  n ""  iT2 . 3 . .".  r  ' 

for  eveiy  new  combination  t>f  A"  lett(M'S  must  leave  a  intw  one  of  r  letters. 

By  a  similar  reasoning,  if  n  bo  divided  into  throe  i)arts,  the  first  A*,  the  second 
r,  and  the  third  s,  it  may  bo  shown  that . 

CxC    =CXC    =CxC    ,\'c. 

n  u— k  II  II     V         II  II— r 

206.  Cases  may  occur  in  which  not  (dl  possible  combinations,  but  only  such 
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I 

s 

as  fulfdl  certain  conditions,  arc  required.  Many  such  may  bo  imagined.  For 
instanco,  where  the  immbers  to  bo  combined  increase  by  a  common  dilleroDce, 
or  by  a  common  ratio,  as  IHG?,  'J4i)d,  or  124,  or  '2-iS.  The  most  useful  caso 
is  where  the  number  in  each  combination  uuist  amount  to  the  same  sum.  The 
method  of  proceeding  in  this  case  is  to  fiU  up  all  tho  places  except  the  lost  with 
the  lowest  numbers,  the  lost  place  beiu*;  occupied  by  tho  supplementary  num- 
ber necessary  to  produco  the  given  sum ;  then  diiuinishing  the  lost  number 
and  increasing  one  of  the  preceding  by  tho  same  amount,  talking  core  not  to 
allow  a  lower  ever  to  follow  a  higher  miinbor.     We  give  exami)les  of  such 

k 

combinations,  the  general  fonnula  for  which  is  '0(1.... n). 

(1)  JoC(1...7)  =  127,  130,  145,  235. 

(2)  i«C(1...8)=1238,  1247,  125G,  1346,  2345. 

4 

(3)  6C(0..5)n=0005,  0014,  0023,  0113,  0122,  1112. 

(4)  «)C(3....)7i=33338,  33347,  3335G,  3344G,  33455,  34445,  44444. 

It  is  easy  to  be  perceived  that  in  two  cases  this  kind  of  combination  is  im- 
possible. 1°.  When  the  highest  form  does  not  amount  to  tlio  required  sum ; 
and,  2**.  When  the  lowest  form  exceeds  if,  as  in 

i«^C(123)rt,  or  u»C(4...)w. 

207.  Similar  conditions  may  be  imposed  upon  permutations.  In  order  that 
the  permutations  of  a  given  series  of  nuiiibors,  taken  a  certain  number  at  a 
time,  should  amount  always  to  a  given  sum,  the  same  rule  will  apply,  with  this 
difference,  tliat  lower  numbers  m«y  folk)w  higher ;  in  other  words,  the  com- 
binations formed  by  the  previous  ruk?  may  each  be  permuted. 

The  following  examples  will  render  this  more  intelligible : 

(1)  J»P(1..8)  =  18,  27,  36,45,  64,  03,  72,  81. 

(2)  7P(l...)  =  l24,  142,  214,  241,  412,  421. 

(3)  6P(l...)n=1113,  1122,  1131,  1212,1221,  1311,2112,2121,2211,3111. 

(4)  4P(0..)7i=013,  022,  031,  103,  112,  121,  130,  202,  211,  220,  301,  310. 

Under  this  head,  also,  two  contradictory  cases  occur:  1**.  When  the  high- 
est form  amounts  to  too  little  ;  and,  2".  When  the  lowest  form  amounts  to  too 
much.     As,  for  instance,  in 

••P(1..4)«,  orf'P(5...)77. 

208.  The  applications  of  llie  theory  of  permutations  and  combinations  are 
numerous.  One  of  the  most  useful  is  tho  det<;nniriation  of  the  cocfBcienls  of 
a  series  of  the  form 

especially  the  cocflicienls  of  tlie  binoiuial  formula,  the  method  of  determining 
which,  by  the  theory  of  permutations  and  combinations,  will  be  given  here- 
after. 

Another  extensive  ap])lication  of  the  theoiy  of  permutations  and  combina- 


*  These  cofflicients  are  supposed  to  (lf*i)cml  upon  some  given  law.  A  conunon  case  is 
Ttrheu  the  nuinher  o(  i'sLCtors  combined  in  each  coefficient  is  indicated  by  the  exponent  of 
tihe  letter  of  arrangement,  x. 
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tioiis  is  to  be  found  in  geometric  relations,  such  as  where  the  coinbioations  of  a 
certain  number  of  points,  lines,  angles,  6cc.,  from  among  a  given  number  of 
these,  are  required. 

Not  loss  useful  is  this  theory  in  natural  science :  as  in  crystalography,  when 
the  manifold  forms  of  crystals  are  required ;  in  chemistry,  when  the  various 
combinations  of  chemical  elements ;  and  in  music,  of  consonant  tones,  &c. 

But  perhaps  its  most  important  use  is  in  the  doctrine  of  chances,  or,  as  it  is 
mathematically  named,  tlie 

CALCULUS   OF   PROBABILITIES. 

The  outlines  of  this  extensive  subject  we  shall  here  briefly  indicate,  referring 
the  student  for  further  infonnation  to  the  admirable  treatises  of  La  Place 
and  Lacroix,  and  to  the  practical  work  of  De  Morgan. 

I.  Let  thore  be  among  m  possible  cases  g^  which,  as  fulfilling  certain  requi- 
sitions, are  considered  as  favorable,  (m — g)=u  unfavorable.  Then  the  ratio 
of  the  favorable  to  all  possible  cases  is  called  the  mathematical  probability  for 
the  occurrence  of  a  favorable  case.  The  ratio  of  the  unfavorable  to  all  possi- 
ble cases  is  the  mathematical  improbability  of  the  occurrence.  If  the  first  be 
expressed  by  w,  the  second  by  i',  then 

g               u 
w=—  and  r=— (L) 

mm  ^    ' 

The  probability  is,  therefore,  the  less,  the  smaller  the  number  of  the  fa- 
vorable in  comparison  with  that  of  all  possible  cases,  and  vice  versd.  Should 
all  possible  cases  be  favorable,  then  t/;=l,  which  is,  therefore,  the  expression 
for  certainty.  Thus  the  mathematical  proi)ability  and  improbability  of  a  pic- 
tured card,  of  which  tliere  are  112,  being  drawn  from  52,  are  expressed  by 

__^12_  3      __40__10 
^^— 62  =  13' ^~62 "-13' 
that  of  drawing  one  card  from  62, 

52 

tt?=~,=l. 
o2 

n.  Let  there  be  among  m  possible  cases  g  favorable,  of  different  (first,  sec- 
ond, third,  &:c.)  kinds,  expressed  by  ^i,  g^i  g^n  <^m  the  partial  probabilities 
by  w.^t  10.^.,  w'3,  &c. ;  then 

ir=7r,+'^3  +  i^rj  +  i«:c.,  = (II.) 

that  is,  the  probability  of  one  of  several  different  kinds  is  equal  to  tlie  sum  of 
their  partial  probiibilities.  Thus,  for  the  probability  of  one  of  the  six  faces  of 
a  die,  marked  1,  2,  or  3,  being  thrown,  we  have 

1  1  1 

__1      1      1__3_1 
•'•"'-6+(J+G— G"-2' 
III.  Let  the  occurrence  be  favorable  only  on  the  supposition  tliat  two  or 
more  of  the  single  favorable  cases  concur,  then  the  formula  for  the  compound 
probability  is 

«;=W7,  Xw?'X«?3..=- — (III.) 

in  which  mi,  m<],  m^y  &c.,  express  the  possible  cases  of  the  partial  occurren* 
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ces ;  tlint  is,  the  probabilit}'  of  tho  compound  occurroiice  is  equal  to  the  prod- 
uctit  of  tho  partial  probabilities.  For  as  each  of  the  mj  may  concur  with  each 
of  tho  m.j  coseSf  there  will  bo  mj  X^^a  possible  cases,  which,  by  the  super- 
vening of  m,  now  cases,  increase  to  m,X'njX'H3,  and  so  on.  The  samo 
reasoning  applies  to  tho  favorable  cases  g,,  ^2,  ^3,  &:c.,  from  whence,  by  the 
principles  already  established,  results  formula  (III.)-  Let  it  be  required,  for 
example,  to  draw  out  of  a  vase  which  contains  the  numbers  1,  2,  3,  4,  6,  and  6, 
first  1,  then  either  2  or  3,  and,  finally,  4,  5,  or  6,  in  three  drawings ;  the  prob- 
ability is  expressed  by 

_1     2     3__j_ 
^"-6^5^4-20* 
If  the  partial  occurrences  are  equal  (that  is,  repetitions  of  the  same),  then 

«7=(— j  .     Thus,  if  with  each  of  throe  dice,  G  shall  be  thrown, 

"-\6/  —216 

IV.  Should  there  be  m  possible  cases,  of  which  g  are  favorable  and  u  un- 
favorable, and  of  these  k-\-r  aro  to  occur,  so  that  k  of  the  favorable,  with  r  of  the 
unfavorable,  must  come  in  juxtaposition,  then  the  expression  for  the  probabili- 
ty of  the  occurrence  of  evorj'  such  order  is 

,=  (£) (^)...(i?ZL^)  ^  (  «   ) (_!i^U...(  -^±L^)  (IV.) 

\m/ \fn — 1/     \m—k-\-l/      \m — k/ \m — A: — 1/      \m—k — r+l' 

This  depends  on  (HI.),  each  of  the  factors  in  the  above  value  of  w  ex- 
pressing the  partial  probability  of  the  single  occurrence  of  a  1st,  2d,  ....A-th 
favorable  case,  also  of  a  Ist,  2d,  ....rth  unfavorable  case,  and  the  product 
expressing  the  probability  of  tho^e  occurring  in  a  certain  order. 

EXAMPLE. 

If  from  20  tickets,  8  of  which  aro  prizes  and  12  blanks,  G  are  to  be  drawn; 
then,  in  favor  of  the  requisition  that  exactly  two  prizes  shall  be  first  drawn,  01 
shall  occupy  any  given  place  in  the  order, 

""=  (I))  (f)  ^  (li)  (r^)  (i?)  (S)  =3So- 

V.  Should  there  be  required  in  the  supposition  of  the  last  case  no  particn- 
lor  order  for  the  single  cases  which  occur,  the  expression  becomes 

..=(5  .(£)...(^idz:l).(  «  )...(^i=H:l^). .  . .  (V.) 

k+r  \m/      \tn — k — 1/    ^m — k/     \m — k — r+1/  ^     ' 

Thus  it  will  be  found  that,  if  from  30  appointed  numbers  out  of  90,  5  of  the 
whole  90  are  to  be  drawn,  so  that  juA  3  of  the  30  shall  be  among  those  drawn, 
it  being  immaterial  at  which  three  of  the  five  drawings,  the  expression  for  the 
probability  in  this  case  is 


w 


/5.4.3\    /30\/29\/28\    /60\  /59\       20G50 
""  \T72T3/  *  \90/  \89/  \88/  '  \87/  \86/  ""126291* 


VI.  Should  the  number  of  possible  cases  continue  to  remain  the  same, 
while  the  otlier  circumstances  are  as  in  (V.)t  the  formula  would  be 

i©'©' ("•) 
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EXAMPLE. 

The  profaEability  of  tlirowing  tho  same  faco  throe  times  in  7  casts  of  a  die, 
or  one  cast  of  7  dice,  woald  bo  expressed  by 


7.6.5/iy  /5y      21875 
1.2.3X6/  *\6/  ~ 279936* 


VII.  Let  the  prol)ability  bo  required  that  of  two  different  occurrences  tho 
first,  or,  if  this  does  not,  tho  second,  shall  happen  ;  if  the  single  probability  of 
*  the  first  happening  bo  expressed  by  u\  tho  probability  of  its  failing  will  be  ex- 
pressed by  1 — w;  this  must  I)o  combined  witli  the  probability  of  the  second 
happening,  according  to  (HI.),  giving 

for  the  probability  of  the  second  ha])pening,  if  tlie  first  foils :  then  the  com- 
pound probability  required  is  expressed  (II.)  by 

EXAMPLE. 

Required  the  probability  of  tlirowing  with  two  dice,  at  the  first  cast  8,  and, 
if  this  does  not  happen,  9  at  the  second  cast. 


w 


""3G*"^3G  v""36/ ""36"'"36*36""8r* 


VIII.  Above  we  have  considered  the  absolute  probability  of  the  happening 
of  an  event ;  the  relative  probability  of  tlio  happening  of  two  events  is  ex- 
pressed by  tlie  formula 

1 ,  or ; . 

EXAMPLE. 

The  relative  probability  of  throwing  with  two  dice  rather  7  than  10,  is  ox- 

^  u         '^1  6        2 

pressed  by  --_=^^=-. 

IX.  When  monQj'  d(.*pends  on  tho  happening  of  an  event,  the  product  oi 
tho  sum  risked,  multiplied  l>y  the  expression  for  the  probability  of  the  event 
on  wliicli  it  (lej)enils,  is  called  the  mafhrinuticul  expectation.  If  there  be 
among  7;j,-|-wj  cases,  /«i  fiivoruble  for  one  party,  and  m^  fur  tho  other,  the 
sum  risked  by  the  first  (Zi,  and  l)y  the  second  a^,  then  for  tho  matliematical 
expectation  o!l  each  we  have 

7111  m-a 

Therefore,  when  ei=ri,  it  is  necessary  that  ai  :ai=zu\  rtfj.  This  principle 
is  im|X)rtant  in  tho  subject  of  annuities  aitd  life  insurance.  For  its  application, 
and  that  of  all  tho  forej^oing  theory  to  which,  see  Do  Morgan  on  Probabilities. 

EXAMPLES. 

(1)  How  many  binary  combinations  of  oxygen,  hydrogen,  nitrogen,  carbon, 
sulphur,  and  phosphorus?     How  many  ternaiy  combinations  of  the  same? 

(2)  How  many  combinations  of  5  colors  among  those  of  the  prism,  viz.,  red, 
orange,  yellow,  green,  blue,  indigo,  and  violet  ? 

*  lU  and  3  con  cnch  be  tlirown  with  two  dice  but  in  one  way,  II  and  3  each  in  two 
ways,  10  and  4  iu  three  ways,  5  and  9  in  four  ways,  6  and  8  in  five  ways,  7  in  aix  ways. 
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(3)  Wliat  is  llio  probability  of  tlirowing  with  three  dice  two  equaJ  num- 
bei-s  ?  Willi  five  dice,  three  equal  ? 

(4)  What  of  throwing  with  two  dice  the  faces  2,  4,  aiid  G  ? 

(5)  What  tlio  ])robability  that  a  dollar  Tossed  twice  will  fall  head  up  once  ? 
(Ci)     Of  which  is  the  probability  greater,  the  drawing  at  three  trials  from 

52  cai-ds  tlueo  cards  of  diilerent  colors,  of  which  tliere  are  four,  or  three  face 
cards,  of  which  there  ai*e  12  ? 

(7)  What  of  drawing  out  of  a  vase  containing  5  white,  6  red,  and  7  black 
balls,  in  two  drawings,  2  rod,  or  else  a  white  and  a  black  ball  ? 

(8)  What  of  drawing  out  of  the  same  vase,  m  three  drawings,  3  of  differ- 
ent colors,  or  else  2  black  and  1  white  ? 

(9)  What  of  throwing  with  four  dice  15,  or  with  tlirce  dice  12  ? 

METHOD  OF  UNDETERMINED  COEFFICIENTS. 
209.  The  method  of  undetermined  coetficients  is  a  method  for  the  expdh- 
sion  or  development  of  al;;ebraic  functions  into  inrinite  series,  arranged  accord- 
ing to  the  ascending  powers  of  one  of  the  quantities  considered  as  a  variable.* 
The  principle  employed  in  this  method  may  be  stated  in  the  following 

TIIKOKKM. 

If  Ara+Hr/^+Gj:y+,  cVc,  =A'.7-'x'  +  IVjv^+C'ry'+,  Arc.  (1),  for  all  values 
of  ^,  then  must  the  exponents  of  r  in  the  two  members  be  the  same,  imd  the  co- 
elTicieuts  of  the  same  powers  of  x  tlu^  s:ime.    For,  dividing  (1)  by  j«,  we  have 
A+Ba-/^-a+Cx>-'i+,  cVc,  =A'.ra'--i+B'x.<'~a+C'.f''^+,  <5cc.  (2) 

Since  x  may  have  any  value,  make  it  zero ;  the  first  member  thus  reduces 
to  A,  while  the  second  becomes  zero,  unless  we  suppose  a  equai  to  some  one 
of  the  exponents  a',  /3',  /,  ....  Suppose  it  to  bo  a'.  Then  we  have  a  =  o', 
and  .•.  A=A'.  Suppressing  the  equal  terms  A  and  A'x«*'— «  from  the  two 
members  of  (2),  and  dividing  it  by  z/^— <*,  it  becomes 

B  +  C.r>-^^+,  cV'c,  =:By;^-^^+CJ•^W^+,  &c. 

Making,  again,  .r=0,  the  first  member  reduces  to  B,  and  the  second  to  zero, 
which  is  absurd,  unless  we  malvo  :i  equal  to  some  one  of  tlie  expo'ients  of  r, 
say  3\  in  trie  second  membi'r,  and  then  B  =  B'.  Proceeding  in  this  way,  the 
exponents  of  t,  and  the  ciM-lVicients  of  tlie  r-auio  powers  of  .r  in  tlie  one  mem- 
ber, may  be  proved  ecpinl  to  those  in  tlie  other. 

The  above  theorem  may  be  expressed  in  a  modified  form;  thus,  if  all  tho 
terms  of  (1)  be  transposed  to  the  first  member,  it  becomes,  collecting  tho  equal 
powers  of  t,  a  and  a',  p  and  /^',  &c., 

(A-A').r"  +  (B— B')j/^+(C-C7r>+,  &c.,  =0; 

from  which,  since  A  =  A',  B  =  B',  dec,  we  perceive  that  when  a  function  ef 
X  is  equal  to  zero  for  idl  values  of  r,  tho  coeOicients  of  the  dififerent  powers  of 
X  are  equal  to  zero  separately. 

EXAMPLES. 

(1)  Expand  the  fraction  - —  into  an  infinite  series. 

Assume  - — j— — j=A+BT+CV+Di^+Ex^+ ....  , 


*  A  variable  quantity  is  oao  which  is  either  ontlroly  iiiilutc^rminato,  so  tliat  it  may  Iiave 
9By  Taluo  at  pleosxirc,  or  one  which  varica  in  conformity  with  certain  oouditions  imposed. 


.y 
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in  which  some  of  the  cooflicieuts  A,  B,  C,  &c.,  may  be  zero,  and  thus  certain 
powers  of  X  bo  waiithig;  then,  multiplyiug  by  1 — 2j:+j:^,  we  have 

!l=AH-  Bi+   Cj:«+  Dr»+  Er«H 

— 2Ar— 2Bx2— 2Cj.^— SDx^ 

^  +  Aj:o+  Br»+    Cr*-| 

Hence,  by  the  precediDg  theorem,  wo  have 

B— 2A==P\\b=2A         =2 

C— 2B+A=0       C=2B-.A=3 

D— 2C  +  B=0       D=2C— B=4 

E— 2D+C=0      E=2D— C=5 

&c.  ^. 

1 
Therefore       ^_.^^        =1  +  2jr+  3^+ 4a:3^  5^4^  g^*^ 

The  equality  of  a  function  to  a  series  is  liypothotical ;  and  after  A,  B,'C, . .  • 
have  been  found,  the  result  must  be  carefully  examined.  If  we  put  the  func- 
tion   =A+Bx+,  &c.,  it  gives  the  absurdity  — 1=0.     We  must  put 

3x— J* 

=Ar-i+Bj:0_|.Qj._|. j)j.a_|.^  ^,    The  method  of  indeterminato  coeffi* 


3x— x* 

cients  is  to  bo  avoided  whore  other  methods  will  apply. 
(2)  Extract  the  square  root  of  l-|-x. 

Assume  V I + J*= A  +  Kx    +  Cx'*    +Dx*-+-  •  •  •»  and  square  both  sides ; 

.•.l+:^=A«+ABx-fACxo+AD.^»+AKx•^ 

+ABx+B*x«  +BCx»  +  BD.r*H , 

+  ACx^+BCx9-f  C-x*  +•••• 

+ADx'+BDr*-i 

-|- AEx*-|- .... 
Hence,  equating  the  coefficients  of  tho  like  powers  of  7,  we  have  - 

A^=1.-.A=       1 

2AB  =  1      B=     ^=     jL=,     ^ 

_  B«  1  1 

2AC+B-0      C=-^-^  =  -.-=-g 

^         RC  1  1 

2AD4.2BC=0      D  =  -^=     -=    - 

2BD4.C'  1(1        1  >  5 


2BU4.C'  1(1        1  > 

2AE+2BD+C-0      E  = ^=-5lr6+64S  = 


128' 
dec.  &c. 


Therefore         Vl+J:=it(l  +  ^^— k'+TB^—Tl«^+ ••••)• 

3x— 5 
(3)  Decompose    ^ .  ^  into  two  fractions  having  simple  binomial  de- 
nominators. 

By  quadratics  we  find  x^  —  13x+40=:(x— 5)(x — 8) ;  hence  we  may  asanme 

3x— 5 :^  I  _5 A(x— B)+B(t--5)     (A+B)x— 8A:— 5B 

a*— 13x+40'"x— 6"'"x— 8""      (.r-.5)(x— 8)       ""       x«— 13x+40        * 

.-.  3x— 5=:(A+B)x— (8A+5B)  ; 
and  by  the  principle  of  undetermined  coefficients  we  have  '^ 

A+B=:3,  and  8A+5B=:5.  ^ 
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Whence  A=  —  -r-  aijd  B=--- ;  and  therefore  wo  got 

a<»— 13j-+40""jr— «""x— 6"""3"*j:— S"""?  '  j:— 5* 

Ab/«. — The  values  of  A  and  B  might  have  been  determinf^d  in  the  foUowing 
manner: 

3J-— 5 ^  I  J? A(.r--ft)  +  B(j— 5) 

*°^  2^— 13X+40—J-— 5''"x— d""       r-  — ir}x+40       ' 

.-.  ar— o=A(j-— 8)+B(j— :>). 

Now  tliis  equation  must  subsist  for  every  value  of  x  ;  and  therefore, 

if  j-ssS,  we  have  15 — 5=A(5— 8) ;  .•.  A=:^^ — 3'  =  -~T  ? 

04 5     19 

if  j:=8,  we  have  24— 5=B(8— 5) ;  .-.  Bzzz"- — r=T- 

This  method  may  frequently  \ye  employed  with  advanta^o,  and  will  be  found 
useful  in  the  integration  of  rational  fnictions,  in  the  lutogral  Calculus. 

KXAMPLKS   FOR  EXKRCISE. 

(1)  Expand  into  an  infinite  series. 

Ans.  1— 2j-+i>j-'— 2r'+2j:*-.2j*+ 

(2)  Expand  -/a- — i^  in  a  series. 

X-      x*        j^         6j* 
Aus.  a-— -— -j^^-j^^- 

1— J- 

(3)  Find  the  development  of  --; r-^. 

Ans.  l-~)lx+X'+r^^2x*+x^+x^^2x'^+ 

2.r+3 

(4)  Decompose  the  fraction  ; — —, 

£  1  5 

^°*'  ■■•>:i"'G(j-f2)+3(j— ly 

l+2r 

(5)  Expand  the  fraction  - — —  in  a  series. 


Ans.  l+ox+l5x^+4o.i^+i:i5jc*+ 

(6)  Resolve  7 — r-r-7 — r-rr-. — r-rr  into  partial  fractions. 

m  (^+i)(-f+-')(j*+3) 

1  4  9 

^"'''  2(j-+l)""x+2+2(i-+3)' 

^       ,      13+2l3:+2j^  .  .  ,  ^       . 

(7)  Resolve  -^ — r^'YTZT  *"'^  partial  fractions. 

1  6  2  IfJ 

^°^'  T+:^~rr;.+T+2T+r:::2x' 


*  When  the  denominator  it  composed  uf  equal  factorfl,  mioli  ai  (r-f-^/) ',  {x — b)',  it  will  be 
to  assume  tho  given  function  equal  to 


(x-ffl)3^(a:-f-a)fl^x-f-a^(xH-&)a^lI^*)i' 

R 
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a — hx 
(8)  Expand  — -r- — ;  to  four  terms. 


Ans.  l-(6+ch+c(6+c)5-c«(6+c)5+ 


'a^ 


x+2 
(9)  Resolve  -^ into  partial  fractions. 


1  3  2 

^"*'  2(x+l)  +  2(x-l)""x 


(10)  Resolve  -rrz „--rr-. — .  into  partial 

X  r3(l— x-)(l+x) 


fractions. 


1       1       *>  1  7 


r'     X'     X  '  2(1— x)«  '  4(1— t)     4(1 +x) 

(11)  Expand  j^^.^ax+a^  ^^  ^^"^  ^®"^* 
^  2tf     3a"     4a* 


Ans.l--+--^+ 


(12)  Resolve  — — -  into  partial  fractions. 


Ans. 


4(x— 1)     4(x+l)     2(j:«+1)' 


LOGARITHMS. 

210.  Logarithms  are  artificial  numbers  adapted  to  natural  numbers,  in 
order  to  facilitate  niiiiierical  calculations ;  and  wo  shall  now  proceed  to  ex])lain 
the  theory  of  those  numbers,  and  illustmto  the  principles  upon  wliich  their 
properties  depend. 

Definition. — Ta  a  system  oflot^arilhnsy  all  numbers  arc  considered  as  Oit 
fHiwrrs  of  some  one  numhrr,  arbitrarily  assumed^  which  is  called  the  base  of 
the  system^  and  the  exponent  of  that  power  of  the  base  which  is  equal  to  any 
gix^en  numt)er  is  called  the  Logaiiithm  of  that  number. 

Thus,  if  a  bo  the  base  of  a  system  of  lo^iirithms,  N  any  number,  and  x  such 
that 

N=a\ 

then  .r  is  called  the  logaritiim  of  N,  in  the  systoin  whose  base  is  a. 

The  base  of  tho  coimnoii  system  of  logarithms  (called,  from  their  inventor, 
*'  Briggs's  Lo«::«rithms")  is  the  number  10.     llcnco,  since 

(10)"=     1,  0  is  the  logarithm  of  1      in  this  system, 

(10)^=    10,  1  is  tlio  logiu'ithm  of  10     in  this  system, 

(10)^=   100,  2  is  the  lopirithm  of  100    in  this  system, 

(\0f=  1000,  3  is  the  logarithm  of  1000  in  this  system, 

(10)*= 10000,  4  is  the  logarithm  of  10000  in  this  system, 
&^c.  =     ^c.     6cc 

211.  In  order  to  have  the  numbers  corresponding  to  the  logarithms  1,  ^  or 
0.5,  ]  or  0.25,  dec,  it  is  necessary  to  extract  the  sqaare,  4th,  and  so  on,  root 
of  10,  or  to  ejLtract  the  square  root  successively,  as  exliibited  in  the  following 
table : 
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Ktunbvr  of  times  thmt  th« 
•qaare  root  u  extractad 
racc«Mivp|y. 

KutAt^n. 

Exponent* 

ur 
TxtpvithnM. 

0 

1 

2 
3 
4 
5 
6 

10,000  0000 
3,162  2777 
1,776  2794 
1,333  5214 
1,154  7819 
1,074  6078 
1,036  6529 

1,000  0000 
0,500  0000 
0,250  0000 
0,125  0000 
0,062  5000 
0,031  2500 
0,015  6250 

7 

8 

9 

10 

11 

12 

1,018   1517 
1,009  0350 
1,004  5073 
1,002  2511 
1,001   1249 
1,000  5623 

0,007  8125 
0,003  9062 
0,001   9531 
0,000  9765 
0,000  4882 
0,000  2441 

13 
14 
15 
16 
17 
18 

1,000  2811 
1,000  1405 
1,000  0702 
1,000  0351 
1.000  0175 
1,000  0087 

0,000  1220 
0,000  0610 
0,000  0305 
0,000  0152 
0,000  0076 
0,000  0038 

19 
20 
21 
22 
23 
24 

1,000  0043 
1,000  0021 
1,000  0010 
1,000  0005 
1,000  0002 
1,000  0001 

0,000  0019 
0,000  0009 
0,000  0004 
0/000  0002 
0,000  0001 
0,000  0000 

By  means  of  the  above  table,  to  cnlculuto  the  logarithm  of  any  number  (A) 
between  1  and  10  accurately  to  5  places  of  decimals,  take  out  from  the  second 
column  the  nearest  number  to  A,  but  loss,  and  divide  A  by  this.  Take  out, 
again,  the  next  less  number  than  the  quotient  B,  as  a  divisor  for  B,  and  so  on 
until  the  last  quotient  contains  only  millionths ;  the  logaritlim  sought  is  the 
sum  of  all  the  exponents  or  logarithms  in  the  third  column  corresponding  to 
the  divisors  used  from  the  second.  For,  calling  these  exponents  a,  /i,  y,  6 
we  have 


;=B;  — .=C; 


10^  10*^ 


10"         '  10^' 
.-.  A=10"B  =  10'' X  10^^C  =  10"  X  10^ X  10^D=10M0^^  10^.  10^ . . 

...A  =  10«+^'^+^-. 

Any  exponent  beyond  <J  being  added  to  the  others  would  not  affect  the 
milliontli  place,  or  fifth  decimal.  Q.  E.  D. 

Now,  inasmuch  as  all  numbers  lying  between  the  1st,  2d,  3d,  &:c.,  powers 
of  lOTmust  have  broken  numbers  for  logarithms,  these  numbers  will  bo  of  the 

form  10  "sslO  .10™ ;  hence  the  calculation  of  their  logarithms  will  in  every 
case  depend  on  the  calculation  of  a  fractionnl  logarithm  such  as  has  been  just 
exhibited. 

A  table  of  logarithms  is  a  table  containing  all  numbers  from  1  up  to  10000 
or  100000,  or  some  high  number,  with  their  corresponding  logarithms. 

These  tables  are  made  with  certain  abbreviations  and  conveniences,  whicli 
we  shall  presently  explain. 

From  the  scheme  of  numbers  in  (210)  it  appears,  that  in  the  common  sys- 
tem the  logarithm  of  every  number  between  1  and  10  is  some  number  between 


N 
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0  and  1,  r.  r.,  is  a  fraction.  The  logarithm  of  every  number  between  10  and 
100  is  some  nmuber  between  1  mid  '2,  i.  e.,  is  1  plus  a  fraction.  The  logaritliin 
of  every  number  between  100  and  lOUO  is  some  number  between  2  and  3f  t.  £., 
is  2  plus  a  fractioUf  and  so  on.  The  whole  niimborf  or  integral  part  of  the 
lognritlim,  is  called  the  indct,  or,  more  commonly,  llio  characteristic. 

212.  In  the  common  tables  of  logarithms  the  fractional  part  alone  of  the 
logarithm  is  registered,  and  from  what  has  been  said  above,  the  rule  usually 
given  for  finding  the  characteristic,  or  indexy  will  be  readily  understood,  viz. : 
3V/€  itulex  of  the  logarithm  of  any  number  greater  than  unity  is  equal  to  one 
less  than  the  number  of  integral  figures  in  the  given  number ;  for  if  the  num- 
ber be  between  10  and  100,  it  will  contain  two  integral  figures ;  if  between  100 
and  1000,  it  will  contain  three,  and  so  on.  Thus,  in  searching  for  the  logarithm 
of  such  a  number  as  2970,  we  find  in  the  tables  o])po8ite  to  2970  the  number 
4727564 ;  but  since  2970  is  a  number  between  1000  and  10000,  its  logarithm 
nmst  be  some  number  between  3  and  4,  t.  e.,  must  be  3  plus  a  fraction ;  the 
fractional  part  is  the  number  4727564,  which  we  have  found  in  the  tables ; 
prefixing  to  this  the  index  3,  and  interposing  a  decimal  point,  we  have  3.4727564, 
the  logarithm  of  2970. 

We  must  not,  however,  suppose  that  the  number  3.4727564  is  the  exact 
logarithm  of  2970,  or  that 

2970=(10)3'»Tnw« 

accurately.  The  above  is  only  an  approximate  value  of  the  logarithm  of  2970 ; 
we  can  obtain  the  exact  logarithms  of  very  few  numl>ers;  but,  taking  a  sufficient 
number  of  decimals,  we  can  approach  as  nearly  as  we  please  to  the  true 
logarithms. 

213.  It  has  been  shown  tliat  in  Briggs*s  system  the  logarithm  of  1  is  0 ;  con- 
sequently, if  we  wish  to  extend  the  apj)licution  of  logarithms  to  fractions,  we 
must  establish  a  convention  by  which  the  logarithms  of  numbers  less  than  1 
may  be  represented  by  numbers  less  than  zero,  i.  c,  by  negative  numbers. 

Krtcndingj  therefore,  the  above  principles  to  negative  exponents,  since 

1 
— rrr—  or  (10) -'=0.1,         — 1  is  the  logaritlim  of  .1        in  this  system, 

-r— r-  or  (10) --=0.01,       —2  is  tlie  logarithm  of  .01      in  tliis  system, 

1 
-^^  or  (10)-='=0.001,     —3  is  the  logarithm  of  .001    in  this  system, 

^^^  or  (10)-'=0.000l,  —4  is  the  logarithm  of  .0001  in  this  system, 

6:c.  &^c. 

It  appears,  then,  from  this  convention,  that  the  logarithm  of  every  nnmber 
between  1  and  .1  is  some  numl)er  between  0  and  — 1 ;  the  logarithm  of  eveiy 
number  between  .1  and  .01  is  some  number  between  — 1  and  — 2;  the 
logarithm  of  every  number  between  .01  and  .001  is  some  number  between 
— 2  and  — 3,  and  so  on. 

From  this  will  be  miderstood  the  rule  given  in  books  of  tables  for. finding 
tlie  churacteristic,  or  index,  of  the  logarithm  of  a  decimal  fraction,  viz. :  ("he  in- 
dex of  any  decimal  fraction  is  a  negative  numbtr,  equal  to  unity,  added  to  tht 
nitmber  of  zeros  immediately  following  the  decimal  poifU.\  Thus,  in  searching 
for  a  logarithm  of  the  number  such  as  .00462,  we  find  in  the  tables  opposite  to 
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462  the  number  G64G420;  butsmce  .00462  is  a  number  between  .001  and  .01, 
its  logarithm  must  be  some  number  between  — 3  and  — 2,  i.  «.,  must  be  — 3 
plus  a  fraction ;  the  fractional  part  is  the  number  6646420,  which  we  have 
found  in  the  tables;  therefore  —3 +  .6646420  is  the  logarithm  of  .00462.  It 
k  customary  to  write  the  sign  —  over  the  characteristic  to  show  that  it  affects 
that  alone,  and  not  the  decimal  part  of  the  logarithm,  which  is  positive ;  thus, 
3.6646420. 

GENERAL  PROPERTIES  OF  LOGARITHMS. 

214.  Let  N  and  N'  be  any  two  numbers,  x  and  x"  their  respective  logaiithms, 
a  the  base  of  the  system.     Then,  by  definition, 

N  =:a^ (1) 

N'=a'' (2) 

I.  Multiply  equations  (1)  and  (2)  together, 

.*.  by  defmition,  x+r'  is  the  logarithm  of  NN' ;  that  is  to  say, 
The  logarithm  of  the  jrroduct  of  two  or  more  factors  is  equal  to  the  sum  of  the 
logarithms  of  those  factors, 

II.  Divide  equation  (1)  by  (2). 

N 
.•.  by  definition,  x — x'  is  the  logarithm  of  j^ ;  that  is  to  say, 

The  logarithm  of  a  fraction,  or  of  the  quotient  oftico  numbers,  is  equal  to  the 
logarithm  of  the  numerator  minus  the  logarithm  of  the  denominator, 

III.  Raise  both  members  of  equation  (1)  to  the  nth  power. 

N°=a". 
.•.  by  definition,  nx  is  the  logarithm  of  N° ;  that  is  to  say, 
The  logarithm  of  any  power  of  a  given  number  is  equal  to  the  logarithm 
of  the  number  multiplied  by  the  exponent  of  the  pmver, 

IV.  Extract  the  n^  root  of  both  members  of  equation  (1). 

1  X 

•N"r=a°. 

X  i 

.*.  by  definition,  ~  is  the  logarithm  of  N" ;  that  is  to  say, 

The  logarithm  of  any  root  of  a  given  number  is  equal  to  the  logarithm  of  the 
number  divided  by  the  index  of  the  root. 
Combining  tlie  last  two  cases,  we  shall  find 

m  mx 

mx  ^ 

whence  —  is  the  logarithm  of  N". 

It  is  of  the  highest  importance  to  the  student  to  make  himself  famiUar  with 
the  application  of  the  above  principles  to  algebraic  calculations.  The  following 
examples  will  afford  a  useful  exercise  : 

(1)  Log.  (a,  6,  c,  d )r=  log.  a-|-  lug.  5-|-  log.  c-|-  log.  (2.... 

/abc\ 

(2)  Log.  l-i"  J  =  log.  a+  log.  6+  log.  c —  log.  d —  log.  e. 
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(3)  Log.  (a"i"cP....)=»i  log.  a-\'n  log.  h-\-p  log.  c... 

(4)  Log.  y-^j=ztn  log.  a+n  log.  6— j?.  log.  c. 

(5)  Log.  (tf^ — x=)=log.  (a+x)  X  (a—x)=  log.  (a+j)+  log.  (a — x). 

(6)  Log.  ^/a'—x^=-  log.  (a+x)+,^  log.  (a— x). 

1  3  15 

(7)  Log.  (a' ^0^)=  log.  a'+7  ^^g-  a'=3  log.  a+t  log.  fl=T  log*  «• 

m  m 


(8)  Log.  V(a'-x»r=-  log.  (a-x)+-  log.  (a'+ax+x^) 

\  71  7I> 


m 


=-{log.(a— x)+ log.  (a+x+z)+ log.  ((z+x— 2)1 
where  z^srax. 

(9)  Log.  -/a"^-|-x*=-{log.  (a-|-x+2)+  log.  (a+x — z)},  where  2»==2ax. 
<^^)  ^^g-   (fl+7)^=2l^Qg'  («-^)-3  log.  (a+x)l 

TABLES  OF  LOGARITHMS. 

The  principal  French  tabh>s  are  Uiose  of  M.  Callet,  an  American  edition  of 
which  has  been  made  by  the  late  Mr.  Ilaslor.  The  first  of  these  tables, 
marked  Chiliado  I.,  occupying  only  five  pages,  contains  tlie  serires  of  numbers 
from  1  up  to  1200,  with  their  logarithms  expressed  to  eight  places  of  decimals, 
the  numbers  being  in  the  column  marked  N,  and  their  logarithms  in  tlie  column 
marked  Log.*  The  second  table,  which  is  of  far  greater  bulk,  exliibits  tiie 
logarithms  of  all  entire  numbers  from  1020  up  to  10800.  The  numbers  are  in 
the  column  entitled  N,  and  tlieir  logarithms  in  the  following  column,  marked  0. 
The  characteristics  of  the  logarithms  arc  not  written  in  the  tables,  since  they 
may  be  known  without,  being  always  one  less  than  the  number  of  digits  of 
which  the  number  to  which  the  logarithm  belongs  is  composed.  The  logarithms 
of  numbers  containing  one  figure  more  than  those  in  the  column  N,  are  found 
by  means  of  Vhe  columns  marked  at  top  1,  2,  3,  ...  9.  Thus,  to  find  the 
logarithm  of  27796,  seek  in  the  column  N  the  number  2779 ;  run  along  the 
hori'/ontal  line  which  contains  this  number  to  the  column  marked  6 ;  you  find 
there  the  last  four  figures  of  the  logarithm  sought :  the  first  three  figures  of  it 
are  found  in  the  column  marked  0,  to  the  loft  of  the  period,  on  the  same 
horizontal  line,  or  a  little  above.  You  obtain  thus,  after  prefixing  the  proper 
characteristic, 

log.  27796=4.4430823. 

It  will  be  seen,  by  inspecting  the  tables,  that  the  dififerences  of  the  consecu- 
tive logarithms  is  constantly  the  same  for  a  considerable  number  of  them,  and 
as  tlie  differences  of  tlie  cons#cutive  numbers  is  also  constant,  it  follows  that 


*  This  table  nlao  ooutoius  rii  arroiigemeut  for  rcdacing  minutes  and  seconds  to  seconds 
withoQt  the  trouble  of  inultipl>'iug  by  GO.  Thus,  ou  the  fourth  page,  we  find  ]  2^  in  the  first 
of  the  colamns  marked  log.,  and  against  20,  in  tlic  first  column  marked  ^'7  we  find  740, 
wfaioh  is  the  number  of  soconds  in  IS'  2C.  By  this  arrangement  we  find  readily  tho 
logarithm  of  the  seconds  in  ajiy  given  number  of  minutes  and  seconds,  whidi  is  often  cou- 
*^  in  tstnmomical  calculations.  It  is  evident  tlint  tlieso  numbers  might  be  considered 
'M  and  niMiiitcs,  or  hours  and  minutes,  as  well  as  minutes  and  seconds. 


LOGARITHMS.  203 

the  differences  of  the  logarithms  are  proportional  to  the  differences  of  the 
numbers.     Suppose,  then,  that  the  logarithm  of  14518469  were  required. 

From  the  tables  we  find,  as  before,  neglecting  for  the  present  the  charac- 
teristic (see  a  page  of  the  tables  of  Callet  at  the  end  of  this  volume), 

log.  14518  =  16190(>8. 

This  is  also  the  logaritlim  of  14518000,  which  differs  from  the  logaritlim  of 
the  next  number  14519,  or  14519000,  viz.,  1619367  by  299,  while  the  num- 
bers themselves  differ  by  1000.  But  the  number  14518000  differs  from  the 
given  number  14518469  by  469,  the  lost  tliree  figures  not  yet  used ;  hence 
the  proportion 

Dif.  Nof^  Di£  Ln^*.   DiT.  N'j*.        Dif.  of  Ixtgii. 

1000  :  299  ::  469  :a:=:141, 

which  result,  added  to  1619068,  gives  7.1619209  for  the  logarithm  required,  7 

being  the  proper  characteristic  for  the  logaritlim  of  a  number  consisting  of 

eight  figures. 

299 
The  proportion  is  solved  by  multiplying  the  difference  469  by  tx^tt:,  or  by 

2        9  9 

r-r-|-r^j+TT7fr[;«  Now,  by  inspecting  the  lust  coluum  of  the  page,  this  differ- 
ence, 299,  will  be  found  ready  calculated,  and  its  product  as  nearly  as  it  can  be 

12       3 
expressed  in  two  or  three  figures  by   — ,   — »   ttti  ^c.,  or  .1,  .2,  .3,  &c.,  the 

multiplier  being  in  the  left  hand  and  the  product  in  the  ri^ht  hand  of  the  two 
small  columns  of  figures  under  the  difference,  299.  These  multipliers  may  be 
regarded  as  hundredths  or  thousandths,  only  giving  the  products  their  proper 
place.     With  this  explanation,  the  following  calculation  will  ho  understood  : 

Log.  14518  1619068 

0.4*      120 

0.06     18* 

0.009 3 

Log.  14518469 7.1619209 

215.  To  find  the  number  corresponding  to  a  given  logarithm,  say  1619209, 
look  in  the  column  marked  0  for  the  noarest  less  logarithm,  and  take  the  cor- 
responding number,  which  is  1451.  Run  the  eye  along  the  horizontal  line  till 
the  number  most  nearly  approaching  9209,  forming  the  last  four  figures  of  the 
given  logarithm,  is  found.  This  is  9068,  which  is  found  in  colunui  8.  Sub- 
tract this  from  9209,  and  the  difference  is  141.  Find  in  the  right  hand  of  the 
two  columns  of  small  figures  marked  dif.  et  p.,  or  simply  dif.,  at  the  top  of  the 
page,  the  nearest  less  number  than  141 ;  this  is  120,  which  answers  to  4  in 
the  left  hand.  The  difference  between  120  and  141  is  21.  Multiply  21  by 
10,  and  seek,  as  before,  in  the  small  column,  the  number  nearest  210 ;  this  is 
209,  which  answers  to  7.     The  calculation  is  below. 

Log.  x=  1619209  , 

For  1619068 14518 

First  remainder,  141 04 

Second  remainder,        21 007 

a:=:1451847. 
The  numbers  4  and  7  thus  found  may  be  simply  anirexed  to  14518. 

*  The  number  in  the  tabic  is  179  ;  but,  :ls  tlin  0  in  rejoftcd,  the  7  \a  iucreaaod  by  1,  linoe 
179  is  nearer  180  than  170. 
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If  the  characteristic  of  the  logarithm  had  been 

6,  the  number  would  have  been  1451847 ; 
5,  the  number  would  have  been  145184.7 ; 
4,  tlie  number  would  have  been    14518.47 ; 
1,  the  number  would  have  been  14.51847 ; 

0,  the  number  would  have  been  1.451847 ; 

1,  the  number  would  have  been  .1451847 ; 
3,  the  number  would  have  been  .01451847. 

This  table  contains  m  the  first  three  columns  an  arrangement  for  reducing 
any  number  of  degrees,  minutes,  and  seconds,  or  hours,  minutes,  and  seconds, 
to  seconds,  which  is  particularly  useful  in  astronomical  calculations,  where  the 
logarithm  of  the  number  of  seconds  in  a  given  number  of  degrees,  minutes,  and 
seconds  is  frequently  required. 

KXAMFLE  I. 

Reduce  0°  or  0^  24'  57"  to  seconds.  In  the  table  (see  last  page),  at  the 
head  of  the  first  column,  find  0°,  and  immediately  under  it  24' ;  descending 
this  column  to  55",  near  the  bottom,  and  opposite  57",  which  is  understood  to 
be  two  numbers  below,  is  found  1497,  the  number  of  seconds  reqmred. 

If  tlie  degrees  or  hours  exceed  3,  the  proceeding  is  different. 

EXAMPLE  II. 

To  reduce  4^  or  4'«  2'  39"  to  seconds.  Find  4°  0'  at  the  head  of  the 
second  column,  and  below,  in  this  siime  column,  2'  30",  to  which  corresponds, 
in  the  third  column,  1455.     Thus,  4"^  2'  30"=14550"  .-.  4^  2'  39"=14559". 

EXAMPLES  OF  THE  APPLICATION  OF  LOGARITHMS. 

(1)  To  find  the  value  to  within  0.01  of  the  expression 

^  7340  X  3549 
^"^081.6X593.1' 

By  the  properties  of  logarithms, 

log.  x=  log.  7340+  log.  3549—  log.  6ril.8—  log.  593.1. 

The  following  is  the  calculation : 


log.  7340=3.8G56961 

log.  3549=3.5501060 

sum  =7.4158021 


log.  681.8=2.8336570 

log.  593.1=2.7731279 

sum  =5.6067849 


First  sum,  =7.4158021 
Second  sura,  =5.0067849 
Diir.  or  log.  x=  1.8090172 

216.  The  arithmetical  complemtnt  of  a  logarithm  is  what  remains  after  the 
logarithm  is  subtracted  from  10.  Thus,  the  arithmetical  complement  of  the 
logarithm  2.7190820  is  10—2.7190820=7.2809174,  which  is  obtained  by  be- 
ginning on  the  right  and  .sulitracting  each  figure  (carrying  1  to  all  except  the 
first)  from  10,  or  beginning  on  the  left  nnd  subtmcting  each  figiu'e  of  the 
logarithm  from  9,  except  the  last,  which  is  subtracted  from  10. 

217.  The  oi)eration  of  subtraction  of  loganthius  can  be  replaced  by  addition, 
if  we  use  the  arithmetic  complement ;  fur  if,  to  a  given  logarithm,  log.  a,  we 
add  the  arithmetical  complement  of  another  logarithm,  such  as  10 —  log.  6, 
we  have 
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log.  a -|- 10 — log.  2», 
from  which,  rejecting  10,  Uie  result  is 

lug.  a — log.  h, 
the  same  as  would  be  obtained  by  simply  subtracting  the  second  logarithm 
from  the  first. 

We  have  then  the  following  rule  for  operating  with  arithmetical  comple- 
ments :  Add  the  arithmetical  complements  oftJie  logarithms  of  the  divisors  and 
the  logarithms  of  the  multipliers  of  a  formula  together,  rejecting  10  from  the 
sum  for  every  arithmetical  complement  employed. 

The  above  examj)le  would  bo  wrought  by  this  rule  as  follows : 

log.  7340=3.8056961 

log.  3540  =  3.5501060 

ar.  comp.  log.  081.8=7.1663430 

ar.  comp.  log.  593.1=7.2*268721 

sum  rejecting  20=1.80y0172=log.x,  .•.a:=64.42. 

We  thus  obtain  the  same  result  ns  by  tho  other  m<.»thod.  The  number  cor- 
responding need  bo  taken  from  tho  tal)les  only  to  four  figures,  because,  tho 
characteristic  being  1,  tho  entire  part  of  the  number  will  contain  but  two 
places,  which  will  leave  two  places  for  the  decimal  part,  as  required,  since  the 
value  of  T  was  to  be  obtained  to  within  0.01. 

(2)  To  find  the  value  within  0.00001  of  the  quotient. 

( y/TA(i^Y 

( V^«789/ 
By  the  rules, 

log.  2-=  J  loR.  146298—1  log.  988789, 
and  the  calculation  will  be  as  follows  : 

J  log.  146298. 

log.  14629       0.1652146 

for  0.8 238 


log.  146298 5.16523H4 

product  by  4 20.6609536 

quotientby5  .....     4.1321907 


i  log.  988789. 

log.  98878       0.9950997 

for  0.9 40 


log.  988789 5.9951037 

l)roduct  by  5 29.9755185 

quotient  by  6 4.9959197 


Jlojr.  146298=4.1321907 
ar.  comp.  J  log.  988789=5.0040803 

sum  —10,  or  log.  j:= 1.1362710 
.•.r=0.13686. 

/i3 
(3)  Required  ^^5=  by  means  of  logarithms. 

13  log.  1.1139434 
27  log.  1.4313638 


11 


11)1.6825796 
fl3 


'—=.9357149  loir.  1.9711436 
27  ^ 

The  division  by  11  is  porfonned  by  adding  — 10  to  the  negative  part  of  the 
logarithm  and  -{-10  to  tlie  positive. 

The  logarithm  to  be  divided  is  viewed  as  if  written  thus  : 

—11-j- 10.6825796. 
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EXERCISES  1^  LOGARITHMS. 

(4)  Calculate  the  logarithm  of  6  from  the  table  on  page  259. 

(5)  Also  of  7,  70,  700,  7000,  70000. 

(6)  Also  of  356,  36600,  3360000. 

(7)  From  tlio  tables  find  the  logarithms  of  314,  3.721,  41.2. 

(8)  Also  of  7315,  a416,  91.75,  34760,  1708000. 

(9)  Fiud  the  uumbcrs  the  logarithms  of  which  are  0.13130,  4.56502. 

(10)  Also  those  the  logarithms  of  which  are  3.6520528,  7.4891144. 

(11)  Those  the  logarithms  of  which  are  4.49010,  0.66200,  5.72403. 

(12)  Find  by  proportional  parts  the  logarithms  of  314761,  440736,  37023400, 
2111768. 

(13)  Also  of  22.3345,  137.2014,  46.27835. 

.     (14)  Of  .75,  .341,  .7391,  .0347,  .000536,  .0000083. 

(15)  Of  ^,  y,  u»i3t4Q. 

(16)  Find  the  logarithm  of  the  product  of  9.734  and  5.639. 

(17)  Also  of  35.98  X  7.433  X  0.543  X  29.78. 

(1 8)  Also  of  22.74  X  31 .201  X  0.0067  X  0.9298. 

(19)  Divide  3758000  by  4986  by  moans  of  logarithms. 

(20)  Also  16.87:0.07658  and  1.687:7658. 

(21)  Also  14.307:30415,  761.23:0.01871,  3.16:0.942. 

(22)  Find  the  logarithm  of  j:^^,.  j^.  j^,  j^,  ^^. 

(23)  Find  tlio  power  (5486)*  by  moans  of  logiu-ithms. 

(24)  Also  tlie  powers  (37.49)9,  (106.4)»,  (0.032)',  (7.0034)*. 

(25)  Also  Q",  Q)\  Q-)\  Q\  (ig)". 

(26)  Also  (3+^)',  (4-I)',  (7+H-J,  (lOO-jij)'. 

(27)  Find  the  cube  root  by  logarithms  of  1728000. 

(28)  Also  V34-7e2,  y/'23'yJ0,  V0*-*^-73. 

/1 337       i946()       il20300     . 

(29)  Also  7^—,  j;^^,  w/^^j^,  V0.1563,  VO.0062. 

(30)  Also  V7368,  ^'V 45390000,  'yi^OO.O. 

(31)  Also  V(1347)«,  V(70.4.1)",  ^(SSGAy^ 

//1722\'^      i/0.00(J\-''      //72.93\7 

<32)  Also  »y(35^) .  tJ{^  ,  ^(^  . 

(33)  Find  by  moans  of  logarithms,  using  the  arithmetical  complement,  the 

,  27630  X  2678  X  5428 

▼alue  of . 

*"   "  36940  X  5302  X  7013 

207.3  X  50.66  X  38.09  X  2713  X  0.098 

(34)  Also©   344  xo.7(i3"x  0.4X6984X7034.2  ' 


.,   ..  /0."85762  X  0.00853 
(35)  AUK)  of  y  7,53913  X86.2T' 
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218.  The  common  logarithms,  or  logarithms  of  Briggs,  are  applicable  only  to 
the  operations  of  multiplication,  division,  fonnation  of  powers,  or  extraction  of 
roots,  and  do  not  apply  when  the  required  operation  is  that  of  addition  or  sub- 
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tTBCtionf  indicated  in  formulas  by  the  quantities  to  bo  operated  upon  being  con- 
nected by  the  signs  -|-  and  — . 

A  system  of  logarithms  has,  however,  been  invented  by  Gauss,*  designed 
exclusively  for  sums  and  difTereuces.  The  arrangement  of  these  tables,  which 
contain  three  columns,  marked  A,  B,  C,  is  founded  upon  the  following  simple 
considerations. 

We  have  for  tho  form  of  a  sump+g,  and  of  a  difference  jt — q,  the  follow- 
ing identities : 

p+q=p{^) (1) 

(p+g)=^og,p+]og,(^)  (3) 

and  log.  {p—q)=  log.  jp-  log.  {-J^^ 

The  logarithms  of  the  sum  j^-f-y  and  the  difference  p — q  appear,  therefore, 
in  these  formulas,  equid  to  the  sum  or  dilFercnce  of  two  logaritlnns,  tlio  first 
of  which  is  to  be  considered  as  directly  given,  but  the  second  of  which  must 
be  found  by  the  Gauss  tables.     They  contain, 

I.  In  the  column  A  logarithms  of  numbers  of  tlie  form  (-],  increasing  from 
0.000  to  5.000. 

IT.  In  column  B  logarithms  of  numbers  of  the  form  ( ),  decreasing 

from  0.30103  to  0.00000. 

III.  In  column  C  logaiithms  of  numbers  of  the  form ,  increasing  from 

0.30103  to  5.00000. 

Now,  therefore,  inasmuch  as  log.  (-)=  log.  p —  log.  ^,  by  the  tables  of 

common  logarithms,  the  fn*st  thing  to  bo  done  is  to  take  tlio  difference  of  the 
common  logarithms  of  p  and  </,  enter  with  this  column  A  in  the  Gauss  loga- 
rithms, and  take  out  the  corresponding  number  from  column  B.  The  addition 
of  this  number  to  logarithm  2^  will  give,  according  to  (3),  the  logarithm  sought 
ofp+q. 

In  order  to  find  the  logarithm  of  tho  difference  j) — q,  by  means  of  tho  loga- 
rithms of  j;  and  q,  two  cases  must  be  considered  : 

P 
1°.  Where  -<2  .*.  log.  jy—  log.  <7<0.30103,  it  is  only  necessaiy  to  enter 

with  this  difference  column  B,  and  to  subtract  the  adjoining  logarithm  of 
column  C  from  logarithm  j).    For,  corresponding  to  the  logarithms  of  numbers 

of  the  form  (  — j  in  B,  C  contains  the  logarithms  of  those  of  the  form  ( J. 

2°.  If ->2  .*.  log.  jp —  log.  5>0.30103,  and,  therefore,  is  contained  in 
the  column  C ;  subtract  the  corresponding  logarithm  in  column  B  from  loga- 


*  They  are  fbond  in  the  latest  edition  of  tlie  tables  of  Vogo,  and  those  edited  by  Kublor. 
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P 
rithm  p ;  because,  if  the  numbers  in  C  are  considered  =— ,  the  correapon^ng 

P 
numbers  in  B  are  :=- 


p—fl 

The  existence  of  the  foregoing  relations  between  B  and  C  is  easily  per- 
ceived if  we  substitute  in  II.  and  III.  the  value  p — q  for  p,  and  afterward  q 
forp — q, 

EXAMPLES. 

(1)  Let  log.  j?=3.24502  and  log.  7=2.74194,  to  find  log.  {p+q).  We 
enter  column  A  with  the  log. /> —  log.  </=0.50308,  and  the  corresponding  log. 
m  column  B=0.1ie61,  .-. 

log.^-|-B=3.24502+0.11861=3.36363=  log.  2310. 

(2)  From  log.  j? =3.32675  and  log.  ^=2.09482,  to  determine  log.  (p — q). 
Find  by  means  of  proportional  parts  for  the  value  of  log.  p —  log.  q  in  column 
B  the  corresponding  log.  in  C =0.38325;  consequently, 

log.^—C=3.32675— 0.38325=2.94350=  log.  878. 

(3)  From  log.  p=2.04207  and  log.  <7=1. 87640  the  log.  of  {p—q)  is  found 
by  subtracting  from  the  nearest  value  of  log.  p —  log.  7= 0.76567,  in  colanm 
C,  the  corresponding  log.  from  B  =0.08171.     Thus, 

log.  /?—B=2.64207— 0.08171  =  2.56036=  log.  363.4. 
The  Gauss  logaritluns  would  be  applicable  in  the  solution  of  the  exponentials 
on  page  269. 

(4)  Find  by  the  Gauss  logarithms  the  log.  of  V'-^OO-I-  ^100. 

(5)  Also  the  log.  of  [(0.7345)3+ (0.2349)']. 

(6)  Also  the  log.  of  the  difference  ( V36—  ^27), 

(7)  Also  of  {(1.237)1*— (0.9864)i«|. 

219.  Let  us  resume  the  equation 

N=a«. 

1°.  If  a>l,  making  .r=0,  wo  have  N=l  ;  the  hypothesis  x=zl  gives 
N=(z.  As  X  increases  from  0  up  to  1,  and  from  1  up  to  infinity,  N  wiU  in- 
crease from  1  up  to  rz,  and  from  a  up  to  infinity  ;  so  that  x  being  supposed  to 
pass  through  all  intermediate  values,  according  to  the  law  of  continuity,  N  in- 
creases also,  but  with  much  greater  rapidity.     If  we  attribute  negative  values 

to  X,  we  have  N=a~*,  or  N=— .     Here,  as  x  increases,  N  diminishes,  so 

that  X  being  supposed  to  increase  negatively,  N  will  decrease  from  1  toward 
0,  the  hypothesis  j'=x  gives  N=0 ;  i.  f.,  (he  logarithm  of  zero  is  an  infinite 
negative  quantitif. 

2°.  If  (Z-^l,  put  rt=r,  where  6>1,  and  we  shall  then  have  N±=7rt  or 

N=i*,  according  as  we  attribute  positive  or  negative  values  to  x.  We  here 
arrive  at  the  same  conclusion  us  in  the  former  cnse,  with  this  difference,  that 
when  X  is  positive  N<Cl»  and  when  .r  is  negative  N>1. 

3®.  If  a=l,  then  N=:l,  whatever  may  be  the  value  of  J*. 

From  this  it  appears  that, 

I.  In  every  system  of  logarithms  the  logariUim  of\  is  0,  and  the  logarithm 
of  the  base  is  1. 
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II.  If  Oic  base  he  >1,  the  logarithms  of  numbers  >1  are  positive,  and  Oie 
logarithms  of  numbers  <1  are  negative.  The  contrary  takes  place  if  Hie  base 
6e  <1. 

III.  The  base  being  fixed,  any  number  has  only  one  real  logarithm ;  hut  the 
same  number  has  manifestly  a  different  logarithm  for  each  value  of  (lie  base,  so 
that  every  number  has  an  infinite  number  of  real  logaritJtms,  Thus,  since 
9'= 81  and  3^=81,  2  aud  4  aro  the  logarithms  of  the  same  Dumber  81,  accord- 
ing Hs  the  base  is  9  or  3. 

IV.  Negative  nutnbers  have  no  real  logarithms ;  for,  attributing  to  x  all 
valves  from  —  qd  up  to  -|-  ao ,  we  find  Hiat  the  corresponding  values  of  N  are 
positive  numbers  only,  from  0  up  to  -\-cc  , 

220.  In  order  to  solve  the  equation 

c=za*, 
where  c  and  a  aro  given,  and  where  x  is  unknown,  we  equate  the  logarithms 
of  the  two  members,  which  gives  us 

log.  c=x  log.  a. 
Whence  • 

loe.  c 
lug.  a 
To  determine  the  value  of  x  in  the  equation 

Aa*+Ba''-»>+Ca«-«+ =rP, 

we  have 

B       C 
««(A+-.  +^       + )=P. 

or 

Qfl'  =P, 

substituting  Q  for  the  term  in  the  parenthesis. 

log.  P-  log.  Q 

•  .  X  I  . 

log.  a 

If  we  have  an  equation  a*=h,  where  z  depends  upon  an  unknown  quantity, 
r,  and  we  have 

:=Aj:"-|-Bi*-»-|- 

Since  2=  r — ^=K  some  known  number,  tlie  problem  depends  upon  the  solu- 
tion of  the  equation  of  the  n^^'  degree 

K=Aa:"-|-Bx'»-»-|- 


For  example,  let 


41-  =9. 


Hence 


(0\: 
i) 

(:^-.5z-|-4)log.  (5)=log.j 

.-.  a«— 6a:-|-4  =— 2;» 

an  equation  of  the  second  degree,  from  which  we  find  2r=2,  a:=3. 

©39  3  9 

= J  .'.  9  log.  -as  log.  -,  BOd  log. 
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To  fiud  the  value  of  x  from  the  equation 


a 
n — 


1  aking  the  logarithms  of  each  member, 

\n—^  log.  h=mx  log.  c+(r— 2?)  log./, 

or 

(m  log.  c+  log./)j:3_(^  log.  j^.^  log./)a:+a  log.  6=0, 

a  quadratic  equation,  from  which  tlie  value  of  x  may  be  determined. 
In  like  manner,  from  the  equation 

we  find 

log.  a —  log.  h 
m  log.  c — n  log.  b' 

m 

Equations  of  this  naturo  are  called  Exponential  Equations, 
To  resolve  the  exponential  equation 

/117y      R493 
\337/   ~  73  ' 
By  the  rule, 

x(log.  117—  log.  337)=  log.  8493—  log.  73 
log.  8493-  log.  73 
*'*  ^~ ""log.  337—  log.  117~' 
Calculation, 


8493  log.  3.9290011 
73  log.  1.8C33J-29 


337  log.  2.527G299 
117  log.  2.0(Wia')9 


difr.  2.0657382 log.  0.3150752 

dinr.  .0.4594440  log.  l.fi62232G 

j  =  —  4.49G1G  log.=difr.  0.G52842G 

This  example  admits  the  use  of  the  Gauss  logarithms. 

Let  10"  =  — 100  .-.  X  log.  10=  log.  (  —  100)  ;  log.  (—100)  here  must  be  re- 
garded, like  an  imaginary'  quantity,  us  a  symbol  of  absurdity.  It  is  evident  that 
there  is  no  power  of  10  equal  to  — 100. 

221.  Let  N  and  N  +  1  be  two  consecutive  numbers,  the  difference  of  their 
logarithms,  taken  in  any  system,  will  be 

log.  (N+1)-  log.  N=  log.  (^)=  log.  (l+Ji). 
u  quantity  which  approaches  to  the  logaridim  of  1,  or  zero,  in  proportion  as 
^  decreases,  that  is,  as  N  increases.     Hence  it  appears  that 

The.  difference  of  the  logarithms  of  two  consecutive  numbers  is  less  in  jyropor- 
(ion  as  the  numbers  thiniselvcs  are  greater. 
Let  a*=N  and  6*=N  ;  then  we  have 

j=  log.  N  to  the  base  a,  or  x=:  log.  .N* 
y=:  log.  N  to  the  base  A,  or  ^=  log.  ^N. 
Hence  log.  aN=  log.  Jb''=7j  log.  ^b  (Art.  214,  III.) ; 

.-.  j=y  log.  J), 


*  Uudcntoudiiig  by  tho  notatiou  lofr.  bN  the  logaritlim  of  N  in  the  system  whose  base 
iio. 
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and 

y=ht7b-'' (^) 

and  by  means  of  this  equation  we  can  pass  from  one  system  of  logs,  to  another, 
by  multiplying  or,  the  log.  of  any  number  in  the  system  whose  base  is  a,  by  the 
reciprocal  of  log.  b  in  the  same  system ;  and  thus  we  shall  obtain  tlie  log.  of 
the  same  number  in  the  system  whose  base  is  6. 

The  factor  -, 7  is  constant  for  all  numbers,  and  is  called  the  Modulus ; 

log.,  6 

that  b  to  say,  if  we  divide  the  logs,  of  tiie  same  number  c,  taken  in  two  sys- 
tems, the  quotient  will  be  m variable  for  these  systems,  whatever  may  be  the 
value  of  c,  and  will  bo  the  modulus,  the  constant  multiplier  which  reduces  the 
first  system  of  logs,  to  the  second.* 

If  we  find  it  inconvenient  to  make  use  of  a  log.  calculated  to  the  base  10,  wo 
can  in  this  manner,  by  aid  of  a  set  of  tables  calculated  to  the  base  10,  discover 
the  logarithm  of  the  given  number  in  any  required  system. 

.  For  example,  let  it  be  required,  by  aid  of  Briggs's  tables,  to  find  the  log.  of 

o  5 

-  in  a  system  whose  base  is  -. 
tJ  7 

Let  x  be  the  log.  sought,  then  by  (A) 

,     2 


log.  2 —  log.  3 
log.  5 —  log.  7' 
Taking  these  logs,  in  Briggs*s  system,  and  reducing,  we  find 

— 0.17G09125 
^""—0.146^7^64 

2  5 

=1.2050470=  log.  ^  to  base  -. 

2  3 

Similarly,  the  log.  of  -,  in  tlie  system  whose  base  is  ^,  is 

lop.  2 —  log.  3 

■"log.  3—  log.  2""""   ' 

wh\ch  is  manifestly  the  true  result ;   for  in  this  case  the  general  equation 

2      /3\  *      /2\  ~* 
N:=a*  becomes  7J=(M  ^\~)     »  and  x  is  evidently  = — 1. 

In  a  system  whose  base  is  </,  we  have 

loe.  n 

n=a    ^      ; 

for,  by  the  definition  of  a  logarithm  in  the  equation  71= a',  x  is  the  log.  n. 
In  like  manner, 

.         log.  (n'')       h  log.  n 


•  The  term  Modvlu*,  of  a  syHtcin  of  lognrithuirt,  is  gcuerally  ui»lcrstoo<l  to  bo  the  num- 
ber by  whi(*li  it  \b  ncccBaary  to  multiply  Xniiicriftn  lotraritlims  of  numbcra,  in  order  to  ob- 
tain the  loyaritlims  of  the  system  in  ciuestiou.  The  peculiar  character  of  Napierian  loga- 
rithms win  be  presently  explained. 
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EXAMPLES  FOR  EXERCISE. 

(1)  Given  2^+2^z=zl2  to  find  the  value  of  x. 

(2)  Given  r+y^a,  and  7n^^~y^=n  to  find  x  and  y. 

(3)  Given  m*7i'=af  and  hx=ky  to  find  x  and  y. 

ANSWERS. 

(1)  a:=l-584962,  or  x=log.  (— 4)-i-log.  2. 

(2)  x=j{a+  log.  n-T-  log.  in\  and  y=^  ja —  log.n-7-  log.  m|. 

(3)  x=  log.  a-r-(log.  m-|-  log.  n)  and  ^=7  log.  a-^(log.  m-^-  log.  n). 

THE  EXPONENTIAL  THEOREM. 

222.  It  is  required  to  expand  b,^  in  a  series  ascending  hy  the  powers  of  x. 

Since  a=l-|-a — 1,  therefore  a'=  { 1-|- (a— 1)}';  and  by  the  binomial  theorem 
we  have 

{l+(<,-l)h=l+x(a-l)+felJ(a-l)»+^^^-/.^!;"'\a-X)»+.... 

=l+{(a-l)-^(a-l)«+J(a-l)>-i(a-l)«+....|x+Bi* 

•^  Cx* ... 

where  B,  C . . . .  denote  the  coefficients  of  xS  x* ;  and  if  we  put 

A  =  (a-1)— J(a-.1)^+J(a-1)3+J(«-1)4+ 

Thena''=:l  +  Ax+Bx=4.Cx»+Dx*+Ex»+ 

For  X  write  x-^-h  ;  then  we  liavo 

a*'^=:l  +  X{x+h)+B(x+hf+C(x+hf-\ 

=14.  Ax  4.  Bx-+  Cx**  4-  I>-r*  -i 

-i-A/i  +2Tixh  +  3Cx'h  +  4Dx^h  -J 

+  B/^^-|-3Cx//'4.6I)J*^-  -i 

4-   Cli*  +4Dt¥  H 

+   \W  +.... 

Buta*+^=a»Xa^=(l  +  Ax+Bx=+C.r»H )(i-^AJi+Bli'+Gh^'\ ) 

=  1  +Ax+Bx2   +Cx'     +Dx*      H 

+Ah+A"'xh  +  kRv'h  +  \CxVi+..,, 

+  Jifr-  +\B.ch'+]Pv'h^-\ 

+  Ch^     4.ACx//^+.... 
+  Dh^     +.,.. 

Now  these  two  expansions  must  be  identicnl ;  and  we  must,  therefore,  have 

the  cooflicients  of  like  powers  of  x  and  h  equal ;  hence 

A- 
2B=A2        .-.  B=— 

^      ,^  ^     AB     A« 

3C=AB  C=— =- 

^        .r.  ^       AC         A* 

4Dr=AC  D=-^=: 


4   ~'2-3-4 
Ace.     &c.  Acc.  &c. 

A-x^      A^x**       A*x* 
Hence  '*"=^+^^+T2"+r2<J+r2^+ ' 

which  is  the  exponential  theorem  ;  where 

A=(a-l)-J(a-l)=+;(a-l)'-{(a-l)«+ 
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Let  e  be  the  value  of  a,  which  renders  A  =  lf  then 

(e«l)-|(e-l)»+;(^-l)3_i(e_l)4+...=i 

Nuw,  since  this  equation  is  true  for  every  value  of  Xf  let  x-=\  ;  then 

—  —      J_  1 

=l  +  l+i(l)+i(i^)+i(^)  + 

=2-718281828459 

223.   We  add  another  method  of  calculating  the  logariOim  of  any  given 
number. 

Let  N  be  any  given  number  whose  logarithm  is  x,  in  a  system  whose  base 
is  a ,-  then 

a*=N  and  a"=N*. 

Hence,  by  the  exponential  theorem,  we  have  from  the  last  equation 

1  +  Atz+A«^+...=1+A,2+Ai«^+....; 

and  equating  the  coefficients  of  2,  wo  g(it  Ax=A| ;  hence  « 

A,      (N-l)-j(N-l)^+}(N-l)3~.... 

^""  A  ""(a  — 1)  — J(a  — l)34.J(a  — 1)3 ' 

because  A  =(a  — 1) — ^(a  — 1)'-+J(a  —  1)^ — ...  in  the  expansion  of  a* 
and         Ai=(N— 1)— |(N  — 1)24-;(N— 1)^ in  the  expansion  of  If ' 

224.   To  find  the  logarithm  of  a  number  in  a  converging  series. 
We  have  seen  that  if  a*=N,  tlien 

(N-l)_J(N-l)^+3(N-l)'-J(N-l)^+^ 
'-{a  -l)-i(rt  -))'+}(«  -ir-l(a-lV+- 
Now  the  reciprocal  of  the  denominator  is  the  modulus  of  the  system  ;*a!id9 
representing  the  modulus  by  M,  we  have 

x=  I6g.  N=Mj{N-l)-J(N-l)'+l(N-l)'_i(N-l)*+...{ 
PutN=l+n;  then  N  —  l=n,  and  we  have 

log.  (l+n)=M(+.n— in»+Jn»— |»*+Jn'*— ...)  .  .  .[A] 
Similarly,  log.  (l~rt)  =  M(— «-;i/i^— }^t=»— l7i^-in«+...) 

...  log.  (1+71)-  log.  (l-«)=12M(A»  +  Jn'+K+»n^+...) 

*^^  ^«g-  13^  =2M(n+ J«3+ in«+>T^.  ...) 


*  If,  in  the  expresBion  for  a«  dcdaced  iu  (Art.  2*22),  we  make  a:=-r»  we  obtain 

which  is  the  value  '>f  c,  given  at  the  end  of  tlic  saino  art. : 

r                  A      A  1             1               1       log.  e  1 

/.  a^z=ze  .*.  a-=t^  .'.  A  log.  f=  log.  a  .'.  -=  ; =r 


A      bg.  a      log.  a 

if  e  be  the  base  cf  the  system  of  logaritluns  expressed  by  log.    Therefore  y=  1 i«» 

A      log.  a 

•y  a  previous  definition  (Art.  221),  the  mo<luIus  fur  passing  from  the  system  whose  base  is 
to  tiiat  whose  base  is  a.    If  log.  a  relors  to  tlic  bajic  a,  -  becomes  equal  to  log.  e. 
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1  ,  2P+2  2P  ^  1  +  n     P+1 

Put  n=jj^;  then  l+n=^p;;p^.  l-^=2P+l'  "^^  T:i;i=T"' 

coDSoqucntly, 

log.  (P+l)_  log.  P=2M  \  2p^+3(2^+i)-.+5(.2P+ 1).+  •  •  •  \ 

.-.log.  (P  +  l)=  log.  P+2M \  3pq:i+3(2p  +  i).+5(.jp^^i).+  -  \ 

Hence,  if  log.  P  be  known,  the  log.  of  the  next  greater  number  can  be  found 
by  this  rupidly  converging  series. 

By  substituting  the  series  of  natural  numbers  for  N  in  this  formula,  the  coi^ 
responding  values  of  x  will  be  thoir  logarithms. 

224.  To  find  Oie  Napierian  logaritiims  of  numbers* 
In  the  preceding  series,  which  we  have  deduced  for  log.  (P4-l)»  we  find  a 
number  M,  called  the  modulus  of  the  system ;  and  we  must  assign  some  value 
to  this  number  before  we  con  compute  the  value  of  the  series.  Now,  as  the 
value  of  M  is  arbitrary,  we  may  follow  the  steps  of  the  celebrated  Lord 
Napier,  the  inventor  of  logarithms,  and  assign  to  M  the  simplest  possible 
value.     This  \'alue  will  therefore  be  unity,  and  we  have 

fog.  (P+l)=log.  P+2  \  2pq:i+3(.^p  +  i,,+6(2^fIj-.+  ••  •  S 
Expounding  P  successively  by  1,  2,  3,  4,  &c.,  we  find 

log.    3=  log.  2+2Q+3^,+T^,+^,+  ...)=1.0986123 
log.    4=2  log.  2 =1-3862944 

log.    5=  log.  4  +  2(5+3^3+^,+^+  ...)  =1.0094379 

log.    6=  log.  2+  log.  3 =1.7917595 

,og.    7=  log.  6+2(^+.^+^,+ )=1.9459101 

log.    8=  log.  2+  log.  4,  or  3  log.,  2 =2-0794415 

log.    9=2  log.  3 .' =2-1972246 

log.  10=  log.  2+  log.  5 =2-3025851 

In  this  manner  the  Nnpierian  logarithms  of  all  numbers  may  be  computed. 

225.   To  find  the  common  logarithms  ofmimhcrs. 
The  Imsc  of  the  Nnpierian  system  is  fe=:2-718281828 . . .,  and  the  base  of  the 
common  system  is  6=10,  the  base  of  our  common  system  of  arithmetic ;  then 
we  have  6  =  10,  and  a=t=2'718281828 . . .,  and  consequently,  if  N  denote  any 
number,  we  shall  have 

1        • 
log.  ioN=  i~iQ  .  log.  eN ;  that  is, 

com.  log.  ^=2'30'^5ebl^  ^^^'  ^^^'  N=-4342944fiX  Nap.  log.  N;« 

"  To  find  the  rolue  uf  the  Napierian  base,  observe  that,  since  00m.  lug.  N='43429448X 
Nap.  lug.  N.,  if  wo  make  in  this  exprcRsiou  N=r,  the  Napierian  base,  we  have 

com.  log.  £='43429448. 
From  a  table  of  common  logs.,  therefore,  wo  find  the  nmnber  corresponding  to  the  loga- 


LOGARITHMS.  275 

and  the  modulus  of  the  common  system  is,  therufore, 

Hence,  to  construct  a  table  of  common  logarithms,  we  have 
log.  (P+l)=  log.  P+-86e58896  \  ^+^_+_^_^+  ...  j 
Expounding  P.  successively  by  1,  2,  3,  &c.,  we  get 

log.    2=-8686889cQ+i+^+...) 

=•86858896  X -0031472 =  -3010300 

log.    3=log.2+-86868896(g+— +-,+  ...)    .  .  =  -4771213 

log.    4=2  log.  2 =  -6020600 

log.    5=  log.  y=  log.  10—  log.  2=1—  log.  2    .  .  =  -0989700 
log.    6=  log.  2+  log  3 =  -7781513 

bg.    7=log.  6+-86858896(-+3:i35+^,+  ...)=   -8450980 

log.    8=  log.  23=3  log.  2 =  -9030900 

log.    9=  log.  3«=2  log.  3 =  -9542426 

log.  10= =1-0000000 

A:c.  dec. 

226.  Since  log.  Y~-=2M(n+  ln^+  Jn*+  Jn^-j ) 

let  ; =iP  :  then  l-|-n=P(l — n),  or  w  =  ,^  .  , 

1 — n  '  ^  '  "+1 

,       „  (P— 1     1     /P— 1\3     1    /P— 1\»  I 

slog.P=2M^p-pj+-.(p-p-J+-.(p^J+...^ 

and  thus  wo  have  a  series  for  computing  the  logs,  of  alt  numbers,  without 
knowing  the  log.  of  the  previous  number. 

EXAMPLES. 

(1)  Given  the  log.  of  2=0-3010300,  to  find  tlie  logs,  of  25  and  -0125. 

100     10^      , 
Here  25=-j-=-:;t-;  therefore  log.  25=2  log.  10—2  log.  2=1-3979406. 

.     .  125        1  1 

Again,  .oi25=j^^=-=j^^ 

.•.  log.  -0125=  log.  1—  log.  10—3  log.  2=— 1— 3  log.  2=2-0969100 

(2)  Calculate  the  common  logarithm  of  17. 

Ans.  1.2304489. 

(3)  Given  the  logs,  of  2  and  3  to  find  the  logarithm  of  22-5. 

Ans.  1  +  2  log.  3—2  log.  2. 

(4)  Having  given  the  logs,  of  3  and  -21,  to  find  the  logarithm  of  83349. 

Ans.  6-1-2  log.  3+3  log.  -21. 

zitfam  -43429448,  which  \B  2-718281R,  the  Napierian  base.  Tliis  also  fiinuAlioii  as  widi  an- 
otiier  definitioii  of  the  inodnltu  of  the  common  (or  any  other)  pystcm  of  logarithma ;  it  IM  the 
C0nM0»  (or,  dec.)  logarithm  of  ike  Napierian  bate.  Sec  further  note  at  the  end  of  Progrc*' 
■ions. 
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PROGRESSIONS. 

ARITHMETICAL  PROGRESSION. 

227.  When  a  series  of  quantities  continually  increase,  or  decrease  by  the 
addition  or  subtraction  of  the  same  quantity,  tlie  quantities  are  said  to  be  in 
Arithmetical  Progression.  A  more  appropriate  name  is  Progression  by  Dif- 
ferences. 

Thus  the  numbers  1,  3,  5,  7, which  differ  from  each  other  by  the  ad- 
dition of  2  to  each  successive  term,  form  what  is  called  an  increasing  arith- 
metical progression,  or  progression  by  differences,  and  the  numbers  100,  97, 

94,  91, which  differ  from  each  other  by  the  subtraction  of  3  from  each 

successive  term,  fonn  what  is  called  a  decreasing  progression  by  differences. 

Generally,  if  a  bo  the  first  term  of  an  arithmetical  progression,  and  6  the 
common  difference,  the  successive  terms  of  the  series  will  be 

<i»  dzL^i  a±2<J,  aiSd, 

in  which  the  positive  or  negative  sign  will  be  employed,  according  as  the  series 
is  an  increasing  or  decreasing  progression. 

Since  the  coatlieient  of  (5  in  the  second  term  is  1,  in  the  third  term  2,  in  the 
fourth  term  3,  and  so  on,  in  the  n^^  term  it  will  be  n — 1,  and  the  n^  term  of 
the  sciics  will  bo  of  the  form 

a±(w— 1)(J (1) 

In  what  follows  we  shall  consider  the  progression  as  an  increasing  one,  since 
all  tho  results  which  wo  obtain  can  be  immediately  applied  to  a  decreasing 
series  by  changing  the  sign  of  S. 

228.  To  find  the  sum  ofn  terms  of  a  series  in  arithmetical  progression. 

Let  a=z  first  term. 
/=  last  term. 
r5=  common  difference. 
n  =:  number  of  terms. 
S  =  sum  of  the  series. 
Then  S=a+(a+<J)  +  (a+2(J)+ ^L 

Write  tho  same  series  in  a  reverse  order,  and  wo  have 

S=         I  4.(/_-(!)+(/— 2f»)  + +a 

Addmg,2^  =  (a+l)+(a+l)  +  (a+l)  + +  (a+l) 

=u{a-\'l)j  since  the  series  consists  ofn  terms. 

«     n(a+l) 
.-.  S  =  -^J^ (2) 

Or,  since  i=a+(n— 1)(J  (Art.  227), 

^      2na4'n(n  —  l)d 

S  = ^, (3) 

Hence,  if  any  three  of  the  five  quantities  a,  I,  (9,  n,  S  be  given,  the  remain- 
ing two  may  be  found  by  eliminating  between  equations  (1)  and  (2). 

It  is  manifest  from  tlie  al)ove  process  that 

The  sum  of  any  tioo  terms  which  are  equally  distant  from  the  extreme  terms 
M  equal  to  the  sum  of  the  extreme  terms,  and  if  the  number  of  terms  in  the  series 
be  uneven,  the  middle  term  vnil  be  equal  to  one  half  the  sum  of  the  extreme  lerms^ 
or  of  any  tux)  terms  equally  distant  from  the  extreme  terms. 
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EXAMPLE  I. 

Required  the  sum  of  60  terms  of  au  nrithmetical  series,  whose  first  term  is 

5  and  common  difference  10. 

Here  a=5,  (J=10,  n  =00 

.-.   i=a+(n  —  l)f»=5+59x  10=595 

^,      (5+595)  X  60 
•••  ^= o 

= 600  X  30 = 1 BOOO  =  sum  required. 

EXAMPLE  II. 

A  body  descends  in  vacuo  through  a  space  of  16^^  feet  during  the  first 
second  of  its  faD,  but  in  each  succeeding  second  32|  fi'ot  more  than  in  the  one 
immediately  preceding.  If  a  bo<ly  fall  during  the  space  of  20  seconds,  how 
many  feet  will  it  fall  in  tlie  last  second,  and  how  many  in  the  whole  time  ? 

193    .     386 
Here  ^^Tif'  ^"Ts"'  "=~^ 

,     193  386 

7527 
=^7r=«27{feet 

(193+7527)  X  20 

2X12 
77200  ' 


12 
=6433}  feet. 

EXAMPLE    III. 

To  insert  m  arithmetical  means  between  a  and  b. 

Here  wo  are  required  to  form  an  arithmetical  scries  of  which  the  first  and 
last  terms,  a  and  b,  are  given,  and  the  number  of  terms  =m+2;  in  order, 
theuy  to  determine  the  series,  wo  must  fmd  the  common  difference. 

Eliminating  S  by  equations  (1)  and  (2),  we  have 

2a+(n  — l)(J=Z+tf 

n — 1 
But  here  /=:6,  a=:a,  n=w+2 

*.  the  required  series  will  bo 

-+(-+S)+HS:tV +K^V(<'+^^) 

or 

,       b-{-ma  2fc+(m — l)a  mb-\-a 

'"^     M=T    + — ^-fT"^ +   "^H^         +*• 

(4)  Required  the  sum  of  the  odd  numbers  1,  3,  5,  7,  9,  die,  continued  to 
101  terms  ? 

Ans.  10201. 

(5)  How  many  strokes  do  the  clocks  of  Venice,  which  go  on  to  24  o'clock, 
strike  in  the  compass  of  a  day  ? 

Ans.  300. 
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(6)  The  first  term  of  a  decreasing  arithmetical  series  is  10,  the  common 
diflference  ^  aud  the  number  of  terms  21 ;  required  the  sum  of  the  series. 

^  Ans.  140. 

(7)  One  hundred  stones  being  placed  on  the  ground  in  a  straight  line,  at 
the  distance  of  2  yards  from  each  other ;  how  far  will  a  person  travel  who 
shall  bring  them  one  by  one  to  a  basket  which  is  placed  2  yards  from  the  first 
stone  ? 

Ans.  11  miles  and  840  yards. 

The  relations  (1)  and  (2),  in  wliich  five  quantities,  a,  d,  n,  ^  S,  enter,  wiU 

serve  to  detennine  any  two  of  tlicse  when  the  other  tliree  are  given.     Thus 

they  furnish  the  solution  of  as  many  distinct  problems  as  there  are  ways  of 

taking  two  quantities  from  among  five ;   and,  consequently,  the  number  of 

5-4 
problems  wiU  be  —or  10.     In  order  tliat  they  may  be  possible,  it  is  necessary 

that  the  value  of  n  should  be  not  only  real,  but  entire  aud  positive.  Without 
entering  into  the  details  of  the  calculation,  we  place  below  the  solutions  of 
these  ten  problems. 

I.  Given         a,  d,  n.  (  ^  .  «      ,    r 

Required       I,  S.V  =''+(»-l)'.  S=i«[2a+(n-l)<(] 

II.  Given  l^  S,  n.  ^         ,     ^  .  «      .    r  ,     . 

Required      a,  S.  \  -=i-(»-l)''.  S=i„[2J-(«-lH]. 

III.  Given         a,  n,  L 


Required       d 


n,  I.  i        I  — a 


IV.  Given        d,  w,  S.  5        2S— n(n— l)d        2S+n(n— l)d 
Required        a,  L  i  2n  '  2» 

V.  Given       a,  n,  S. 
Required        d 


S.  5  ,      2S  ^     2(S— an) 

, /.  C  n  n(/i  — 1) 

VI.  Given        /,  n,  S.  <    _^j         2(n/-S) 
Required       a,  6,i    "~  n       '    "  w(n  — 1)  ' 
VII.  Given         a,  d, /.  <        Z— a  (l^a)(l^a^s) 

Required      n,  S.  J  "*"    d    +^'  ^--  2d 

VIII.  Given        a,  /.  S.  ^ 2S  (l+a)(l^a) 

Required       n,dA^—a+r    ""  2S  — (^+a)  ' 


r        d-2flJLV(d-2a)^+8dS 
IX.  Given        a,  d,  S.  i  n= ^ 

Required        ^  «•  J  ;  ^^+(^_i)j. 


X.  Gnren         l,  d,  S.  i  «= — 

<  2d 

Required       a,  n.  f        ,     ,       ... 
^  ^  a=£ — (n  —  l)d. 

GEOMETRICAL  PROGRESSION. 

229.  A  series  of  quantities,  in  which  ench  is  derived  from  that  which  im- 
mediately precedes  it,  by  multiplicntion  by  a  constant  quantity,  is  called  a 
Geometrical  Progression,  or  Progression  hy  Quotients, 

Thus,  the  numbers  2,  4,  8,  16,  32, ....  in  which  each  is  derived  from  the 
preceding  by  multiplying  it  by  2,  form  what  is  called  an  increasing  geometrical 
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progression ;  and  tho  numbors  343,  81,  27,  9,  3, ...  in  which  each  is  derived 

from  the  preceding  by  multiplying  it  by  the  number  -,  form  what  is  called  a 

«> 

decreasing  geometrical  progression. 

The  common  multiplier  in  a  geometrical  progression  is  called  the  common 
ratio. 

Generally,  if  a  be  the  first  tonn  and  p  tlie  common  ratio,  the  successive 
terms  of  the  series  will  be  of  tho  foi-m 

tf,  ap,  ofl^.affi 

The  exponent  of  p  in  tho  second  term  is  1,  in  the  tJtird  term  is  3,  in  the 
fourth  term  3,  and  so  on  ;  hence  the  fi^  term  of  a  series  will  be  of  the  form, 

ap^-K 

230.   To  find  the  sum  ofn  terms  of  a  series  in  geometrical  progression. 

Let  a:=  first  term, 
/=  Inst  term, 
p=  common  ratio, 
n=  number  of  tenns, 
S  =  sum  of  tho  series. 
Then 

S  =a+flrp+ap^*+flp''+ +ap"~'. 

Multiply  both  sides  of  the  equation  by  p, 

Sp=       ap-\-ap^-\-af^^ -l-dp^-^+ap". 

Subtract  the  first  from  the  second, 

S(p — l)=ap"— a 

■■■--^ w 

Or,  since 

S=?^ (2) 

P 1 

If  the  series  be  a  decrensing  one,  and  consequently  p  fractional,  it  will  be 
convenient  to  change  tlie  signs  of  botli  numerator  and  denominator  in  the  above 
expressions,  which  then  become 

a(l-P") 


S  = 


S  = 


1-P 
a — pi 


231.  If  two  progressions  have  different  first  terms,  but  the  same  ratio,  the 
ratio  of  the  sums  of  the  two  is  equal  to  the  ratio  of  their  first  terms.     For 

(a^ap'\-ap''+aiT^+,  dec.) :   (/,+6p+6pa+6p»+,  &c.) 
=a(l+p+  p«+  p-^H-,  i5:c.):fc(l+P+  r+  P»+»  &c.)=a:6 

232.  It  appears  that  if  any  three  of  the  five  quantities,  a,  U  p«  *»«  S,  be 
given,  tho  remaining  two  may  bo  found  by  eliminating  between  equations  (1) 
and  (2).  It  must  bo  remarked,  however,  that  when  it  is  required  to  find  pfrom 
a,  11,  S  given,  or  from  w,  U  S  given,  we  shall  obtain  p  in  an  equation  of  the  n^ 
degree,  a  general  solution  of  which  can  not  be  given.  If  w  be  required,  it  will  be 
convenient  to  apply  bgaritlims,  as  the  equation  to  be  resolved  will  be  an  expo- 
nential. 
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•  •  • 


0 
d 


EXAMPLE  I. 

Required  the  sum  of  10  terms  of  the  series  1,  2,  4,  8f . 
Here  a=l,  p=2,  ri=10 

g(p'-l) 

=2^—1 
=1023. 

EXAMPLE  II. 

2  4    8 
Required  the  sum  of  10  terms  of  the  series  1*  »i  q«  ^t  •  •  •  • 

2 
Here  a=l,  P=3*  w=10 


1-p 

10 

1 


-© 


2 

174075 
■  59049  • 


EXAMPLE  III. 

To  insert  m  geometric  means  between  a  and  h. 

Here  we  ore  required  to  form  a  geometric  series,  of  which  the  first  and  last 
terms,  a  and  6,  arc  given,  and  the  number  of  terms  ^m-)--2;  in  order,  then, 
to  determine  tlie  series,  we  must  find  the  common  ratio. 

Eliminating  S  by  equations  (1)  and  (2), 

op" — a^=,^l — a 


'--^l 


p: 

But  here 

^=6,  n=m-|-2 


.-.  p=-+>/^. 


Hence  the  series  required  will  be 
or 


or 

in  1  m-  1       a  g        m— 1  1  m 

233.  To  /wrf  tJie  sum  of  an  infinite  series  decreasing  in  geometrical  pnh 
gression. 

We  have  already  found  that  the  sum  of  n  terms  of  a  decreasing  geometrical 
series  is 
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which  may  be  pat  under  the  form 

^        a  a 

8=:- .p-. 

l—f)     l—p 

Since  p  is  a  fraction,  p"  is  less  than  unity,  and  the  greater  the  number  n,  thu 
smaller  will  be  the  quantity  p° ;  if,  therefore,  we  take  a  very  great  number  of 

terms  of  a  decreasing  series,  the  quantity  p",  and,  consequently,  the  term  , 

a 
win  be  very  small  in  comparison  with ;  and  if  we  take  n  greater  than  any 

assignable  number,  or  make  n=Go,  then  p"  will  be  smaller  than  any  assignable 
number,  and  therefore  may  be  considered  =0,  and  the  second  term  in  the 
above  expression  will  vanish. 

Hence  we  may  conclude  that  the  sum  of  an  infinite  series,  decreasing  in 
geometrical  progression,  is 

l—p 

a 
Strictly  speaking,  ■= is  the  limit  to  which  the  sum  of  any  number  of 

terms  approoches,  and  the  above  expresision  will  approach  more  or  less  nearly 
to  perfect  accuracy,  according  as  the  number  of  terms  is  greater  or  smaller. 
Thus,  let  it  be  required  to  find  the  sum  of  tlie  infinite  series 

111 
^  +  3+9+57+'^- 

Here 


a 

=1. 

''=3' 

n= 

00 

• 
•   • 

s=r 

a 

— P 

1 

^— 

1 

1 

"3 

3 

— o* 

3 
The  error  which  we  should  commit  in  taking  -  for  the  sum  of  the  first  n 

term»  of  the  above  series  is  determined  by  the  quantity 

T^""2\3/  ' 

Thus,  if  n=5,  then  -[-)  ^^^r^.-^Yifr 

3/I\o        1  1 

n=6,  then -y  =—,=—. 

3 
Hence,  if  we  take  -  as  the  sum  of  5  terms  of  the  above  series,  the  amount 

would  be  too  great  by  t^. 
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3  1 

If  we  take  -  as  the  sum  of  6  terms,  the  amount  will  be  too  great  by  t^^, 

and  so  on.* 


*  I.  Tbo  thcor>'  of  progrcBBions  iuvolvcs  that  of  logaritlmu.  Let  there  be  two  proij;res> 
Bions,  the  one  geometric,  begimiiug  with  1,  the  other  aritlimctical,  beginiuDg  with  0. 

-ffl:2:4:8:16:32:64:128,  &.C. 
■4-0.3.6.9.12.15.18.   21,  &c., 
which  exhihit  a  notation  sometimoi  employed. 

If  we  compare  these  with  eacli  other,  we  perceive  that,  maltiplying  together  any  two 
terms  of  the  first,  and  adding  the  corresponding  terms  of  the  second,  wo  obtain  two  oorre- 
spondiug  terms,  again,  of  these  same  progressions.  Thus,  4X16=64,  64-12:=18  ;  and  we 
perceive  that  18  corresponds  to  64.  Thus  a  multiplication  is  effected  by  addition.  This 
8im[)lo  observation  is,  no  doubt,  very  ancient ;  but  it  was  the  genius  of  Napier,  a  Scottish 
baronet,  which  derived  from  it  the  tlioory  of  logarithms,  one  of  tlie  most  useful  of  modem  die- 
OOYcries.     It  was  published  in  1644,  under  the  title  otMirifici  Logarithmorum  Dticriptio. 

Logaritlmis,  then,  according  to  Napier,  were  rcganled  as  a  scries  of  numbers  in  arith* 
metical  progression,  while  the  numbers  themselves  corresponding,  formed  a  geometrical 
progressicm.    I  proceed  to  explain  his  meUiod  of  oonatructing  them. 

In  order  that  the  geometrical  progression  should  embrace  all  nombera  greater  than  1,  it 
is  necessary  to  conceive  it  formed  of  terms  which  increase  in  an  insensible  manner,  setting 
out  from  1 ;  and,  to  have  their  logarithms,  it  is  necessary''  to  conceive  the  aritlunetical  pro- 
gression as  com[X)8ed  of  terms  which  vary  by  insensible  degrees,  setting  out  from  zero. 

At  their  origin,  t)ie  simultaneous  inirrcmcuts  which  the  terms  1  and  0  receive  are  inap- 
preciably small ;  but,  however  small  they  may  be,  we  may  conceive  that  there  i<  a  certain 
relation  established  between  them,  which  is  entirely  arbitrary.  Thus,  when  tliese  incrc- 
ments  begin  to  arise,  we  can  suppose  that  that  of  tlie  logarithm  0  is  double,  triple,  ice,  of 
that  of  the  number  1.  This  relation  is  called  the  modulus  of  the  logarithms,  whidi  desig- 
nate bv  M. 

Suppose,  now,  that  to  the  term  1  of  the  geometric  progression  an  increment  u,  very 
small,  but  yet  appreciable  in  numbers,  is  given.  The  oorTeA[)onding  increment  of  the  term 
zero  of  the  arithmetical  progression  will  be  very  nearly  equal  to  Mo) ;  and  we  can  take  for 
the  two  progressions  these  : 

-^1 :  l-l-O :  (l-|-w)2 :  (l+op :  (l-|-o)4 :  &C. 
-HO.    Uu.   2Ma>    .    3M(j    .    4M(j    .&c. 

We  have  said  that  the  relation  or  modulus  M  can  be  taken  at  pleasure  ;  consequently, 
according  to  the  values  attributed  to  it,  will  be  obtained  difl'ereut  iiysfems  of  logarithms. 
The  logarithms  which  Na])ier  published  were  dcrive<l  from  the  progressions 

■ffl :  l+O :  (1-fw)'- :  (l-fwP :  &C. 
-7-0.        0).       2(j    .        3(t)    .&.C., 
which  supposes  M=l. 

This  avoids  the  multiplications  by  M.  The  logarithms  of  numbers  in  Napier's  table 
serve  to  find  those  of  any  other  system,  by  simply  multiphing  each  by  the  modulus  of  that 
aystem. 

Tlie  terms  of  these  two  scries  vary  slowly,  so  that,  in  prolonging  both  as  far  as  we  please, 
we  are  sure  of  finding  in  the  first,  tcnns  equal  to  the  entire  numbers  2,  3,  dec,  or  so  near 
them  that  the  difference  may  be  neglected.  The  corresponding  terms  of  tlie  second  may 
tlieu  be  taken  fur  the  logarithms  of  these  numbers,  and  are  those  written  in  the  tables. 

By  tluM  we  perceive  that  the»e  logarithms  are  not  exactly  those  of  tlie  numbers  beside 
which  they  are  written.  But  there  is  another  cause  of  inaccuracy,  viz.,  tliat  u  represeuta 
only  approximately  the  increment,  which  the  l(M<[arithm  0  takes  when  u  ia  that  taken  by  1. 
Tlie  smaller  u  is,  however,  the  greater  the  exactness. 

11.  Let  it  be  proposed  to  determine  the  error  pnxluced  by  assuming  that  the  difference  of 
the  niiiubers  is  proportional  to  the  difference  of  their  logarithms,  when  the  number  of  places 
in  the  numbers  is  5,  and  their  difference  not  greater  than  1. 

If  in  the  series  [A],  Art.  224,  we  make  «=-,  we  have 
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As  in  arithmetical  progressions,  all  the  questions  which  can  be  proposed  for 
solution  in  geometric  progressions  reduce  to  10,  tho  solutions  of  which  are  de* 
duced  from 

^=a/)"-i     (1) 

„     pl — a 

«=7=r  •  •  •  •  • ('^) 


from  which  it  appears  generally  that  as  the  number  x  increases,  the  difference  of  the  loga- 
rithms of  X  and  1-f-^  diminiiihes.  Also,  Rinee  -  is  greater  tlian  the  whole  series,  -  beixvr 
diminished  by  more  than  it  is  increased,  we  liavc 

/(l+z)-/x<^^ 

If  the  base  bo  10,  we  have  seen  that  M=0.434*2 .  ..<-'    Hence,  in}!tut.^9ge, 

/(l-f-x)-/x<i-. 

If  X  consist  of  five  places,  its  least  value  is  10000.    Therefore  the  greatest  valae  of 

/(l-fx)— ilr  is  less  than =0.00005. 

^    '     '  20000 

Hence  we  may  iSfer  that  the  logarithms  of  every  two  oonsecativo  whole  Duubers  con- 
fisting  of  five  places  mast  agree  in  the  lirst  four  (icciuial  places  at  least. 
Now  let 

'  X 

A'=  /(2+x)-/(l+x)=/H±^. 


l+:r- 
But  by  [A],  Art.  224, 


r(2-fa:)/  I  x(2-fT)      2.ri(2-f x)"^  '  3x:»(2-|-x)2 

If  X  consist  of  five  places,  its  least  valae  is  lUOUO.  and,  therefore,  the  greatest  value  of 

A — A'  is  loss  than = ,  wliicli,  when  reduced  to  a  decimal,  has  no 

20000X10002     200040000 

■ignifksant  figure  within  the  first  eight  places.    Hence,  in  tables  which  extend  only  to 

seven  places,  we  may  assume  that  A — A^=0,  or  A=A'. 

Thus  we  infer  that,  under  the  circumstances  which  have  been  supixMed,  the  logarithms 

of  numbers  in  arithmetical  progression  will  themselves  be  hi  arithmetical  prt^jossion 

p 

Let  now  n  and  n-i-l  be  two  consecutive  whole  numbers,  and  nA —  an  intermediate  frac- 

tion.    These  may  be  looked  u[xhi  as  three  terms  of  an  aritlimetical  progression,  whose  fint 

1  .  p 

term  is  n,  whose  common  difference  is  -,  whose  (/?-|-l)*''  term  is  n-\ — ,  and  whose  (y+l)* 

term  is  n-|-l.    By  what  has  been  already  shown,  the  h)garithms  of  tho  several  temu  of 
tiiis  series  will  also  be  in  arithmetical  progression. 
Let  d  be  their  common  difference.    The  (7>-|-l)''"  term  of  tliis  series  wUl  be 

In+pd, 

which  wUl  be  itxe  logarithm  of  the  (;>-|-l)*^  term  of  the  former  series ; 

.•./n+;iA=i(M-D [B] 
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These  solutions  are  coDtaioed  in  the  following  table : 
I.  Given         a,  p,  n.  <  ^_^  pi— a     q(p"--l) 

Required       Z,  S.  r  ""''''     '^— ^;_i—    p-l    * 

II.  Given         I,  P,  n.  i l_  V— 1) 

Required      a,  S.  i  ^'''^''  ^"^^Hp—iy 

III.  Given         a,  n,  /.  ^    _„_,/[  °"-v(p--"">^^ 
Required      p,  S.  c '^        Va*  ""^Z — ""V** 

IV.  Given       p,  n,  S.  <        S(p— 1)         Sp''-'(p— 1) 
Required       a,  lA  p" — 1  '  p" — 1 

V.  Given*       a,  n,  S.  S  S    , 

Required        p.  L  \  P'-'+P^^-'+^=a^  ^=«P"-^- 

VI.  Given         i,  n,  S.  I  V      "^  W       *  *  * + ^  =T 
Required       p,  a.  |  /IX**-^ 

["=<;)   • 

VII.  Given         a»  P»  '•  J  «  p/ — a  log.  I —  log.  a 

Required      n,  S.  c  p — 1'  '         log.  p 

VIII.  Given       a,  It  S.  J  S— a  log.  I —  log.  a 

Required       pyn.i  S — r  '  log.  p 

IX.  Given        a,  p,  S.  5  ,  a+S(p— 1)  log.  I—  log.  a 


n=l  + 


Required        Z,  n.  c  p         '  ^^        log.  p 

X.  Given        2,  p,  S.  5  c,/  '°8'  ^ —  '°S'  ^ 


'     •ja=2p-S(p-.l).n=14.' 


Required      a,  n.  c  ^        '*  "^        log.  p 

HARMONICAL  PROGRESSION. 

234.  A  series  of  quantities  is  called  a  harmomcal  jrrogrcssion  when,  if  any 
three  consecutive  terms  be  taken,  the  first  is  to  the  third  as  the  difference  of 
the  first  and  second  to  the  difference  of  the  second  and  third. 

Thus,  if  a,  6,  c,  </....  bo  a  series  of  quantities  in  harmonical  progression, 

we  shall  have 

a:c::a^h:h — c;  h:d::h — c:c — (f,  te. 

235.  The  reciprocals  of  a  series  of  terms  in  harmonical  progression  are  in 
arithmetical  progression. 

Let  a,  6,  c,  J,  c,/. ...  be  a  series  in  harmonical  progression. 
Then,  by  definition, 

Also,  the  last  term  of  the  latter  series,  which  will  be 

will  bo  the  logarithm  of  the  last  term  of  the  former  scries  ; 

.-.  l{n-\-l)=In^6,  .'.  l{n-\-l)—ln=qd. 

\  ^ql  '         l(n-\-\)—U     q 

Bat,  alio, 

(«+i )  —»  7 

Hence  tho  differencei  of  the  logarithms  arc  as  the  diffcrencos  of  the  nomtien. 


or 
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a:c::a — b:b — c;  h:d::h  —  c:c — d;  c:e::c — did — «,  &c. 
.«.  ah — ac^zac — be,  be — hd:=hd — dc,  cd — c«=f« — ed,  &c. 
ah      ac       ac       he     be       hd      hd       dc    ed       ce       ce       ed 
'  abc     abc     abc     abc^  bed     bed     bed     bcd^  ede     cde     cde     cde* 

111111111111 
c      b     b     a*  d     c     c      6*  c     d     d     c' 

from  which  it  appears  that  the  quantities  -,  vt  -,  -ii  ~f  &c.,  are  in  arithmetical 

progression. 

To  insert  m  harmonic  moans  between  a  and  h. 

Since  the  reciprocals  of  quantities  in  hannonical  progression  are  in  arith- 
metical progression,  let  us  insert  m  arithmetic  means  between  -  and  -r. 

Generally,  in  arithmetical  progression, 

i=a+(n— 1)(J 

A       '-'^ 
.'.  0= -. 

n  —  1 

1  1  a—h 

In  this  case, /r=  7,  «=-,  fi=m+2,  and  .*.  <5=7 — ^-rr— t« 

ha  '  (m-|-l)ao 

The  arithmetic  series  will  be 

1        g+mfc       2fl+(m—l)6  (m— l)a+26       ma-^h       1 

5+(m-|-l)a6^      (m+l)a6    + (m+l)a6    +(m+l)a6+6' 

Therefore  the  hannonical  series  will  bo 

(m+l)a6        (m+l)flfe  (m+l)/z6      ,  (^+l)g^  ,  , 

"*■   a+m6   "+"2a  +  (//i— 1)6"^ "^(m— 1)«+26"+"    ma+6  "^ 
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236.  The  solution  of  r11  questions  connected  with  interest  and  annuities 
may  be  greatly  facilitated  by  tho  employment  of  tho  al<;ebraicnl  formulae. 
In  treating  of  this  subject  wo  may  employ  the  following  notation: 
Let  J?  dollars  denote  the  principal, 
r  the  interest  of  6l  for  one  year. 
t  the  interest  of  j?  dollars  for  t  years. 
8  the  amount  oi  p  dollars  for  /  years  at  the  rate  of  interest  denoted 

by  r. 
t  the  number  of  years  that  p  is  put  out  at  interest. 

SIMPLE  INTEREST. 

Problem  I. — To  find  the  interest  of  a  sum  ft  for  t  years  at  the  rate  r. 

Since  the  interest  of  one  dollar  for  one  year  is  r,  tlie  interest  of  ^  dollars  for 
one  year  must  be  p  times  as  much,  or  pr  ;  and  for  t  years  t  times  as  much  as 
for  one  year;  consequently, 

i=plr (1) 
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Problem  II. — To  find  the  amount  of  a  sum  p  laid  out  for  t  years  at  simple 
interest  at  the  rate  r. 

The  amount  must  evidently  be  equal  to  the  principal,  together  with  the  in- 
terest upon  that  principal  for  the  given  time. 

Hence  s^zp^ptr 

=i'(l+fr) (5S) 

EXAMPLE  I. 

Required  the  interest  of  $873.75  for  2^  years  at  4}  per  cent,  per  aminm. 
It  will  be  convenient  to  rinluce  broken  periods  of  time  to  decimals  of  a  year. 
By  the  formula  (1)  we  have 

izszptr. 
In  the  example  before  us, 

p  =8873.75 

r  =:$.0475* 

t  =2^  years =2.5  years. 

.-.  t = 873.75 X 2.5 X. 0475  dollars. 
=$103.7578125. 

The  amount  of  the  above  sum  at  the  end  of  the  given  time  will  be 

s^d^dtr 
=$873.75+$103.757. 

PRESEITT   VALUE  AND  DISCOUNT  AT  SIMPLE  INTEREST. 

The  present  value  of  any  sum  s  due  t  years  hence  is  the  principal  which  in 
the  time  t  unll  amount  to  s. 

The  discount  upon  any  sum  due  t  years  hence  is  the  difference  between  that 
sum  and  its  present  value. 

Problkm  III. — To  find  the  present  value  of  a  dollars  due  t  years  hence, 
simple  interest  being  caladated  at  the  rate  r. 

By  formula  (2)  we  find  the  umonnt  of  a  sum  p  at  tho  end  of  t  years  to  be 

sz^p-^-ptr. 

Consequently,  p  will  represent  the  present  value  of  the  sum  s  due  /  years 
hence,  and  we  shall  have 

?=f:p; (3) 

for  the  expression  required. 


*  r  is  tlic  interest  of  81  for  one  year.    To  find  tho  value  of  r  when  interest  is  calculated 
at  tho  rate  of  $4|  or  84.75  per  cent,  per  annum,  wo  have  tlio  following  proportluu : 

8100 :  81::  84.75  :r 


'=8-— =80.0475. 
100 


In  like  manner. 


When  the  rate  of  interest  per  cent. 


is  87,    then  r=$0.07. 


When  tho  rate  of  interest  per  cent,  is  6,   tlien  r=  0.06. 

When  the  rate  of  interest  per  cent,  is  5,   then  r=  0.05. 

When  the  rate  of  interest  per  cent,  is  4},  then  r=.  0.0475. 

Wlien  the  rate  of  interest  per  cent,  is  44,  then  r=  0.045. 

Wlien  tho  rate  of  interest  per  cent,  is  Ak,  then  r=  0.04*25 

When  the  rate  of  interest  per  cent,  is  4,   then  r=  0.04. 

\Vhcn  tho  rate  of  interest  per  cent,  is  3},  then  r=  0.0375. 
Ac*                        Ac.  &C. 
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Problem  IV. — To  find  the  discount  on  s  dollars  due  t  years  Jienee,  at  the 
rate  r,  simple  interest. 

Since  &e  discount  on  «  is  the  difference  between  s  and  its  present  value,  we 
shall  have 

w 


l+tr 

EXAMPLE. 

Required  the  discount  on  $100,  due  3  months  hence,  interest  being  calcu- 
lated at  the  rate  of  5  per  cent  per  anuunl. 
Here  s  =$100 

{ =  3  months  =:    .25  years. 

r=  =$  .05. 

Hero  the  present  value  of  p  is 

100 


1  +  .J25X.05 
100 


1.01115 
=08.7G543  dollars. 
«=$100 
;?=S98.76543 
...  8 — p  or  disr:z$l.23b, 

ANNUITIES  AT  SIMPLE  INTEREST. 

Problem  V. — To  find  the  amount  which  must  be  paid  at  the  end  oft  years, 
for  the  enjoyment  of  an  annuity  a,  simple  interest  being  allowed  at  the  rate  r. 
At  the  end  of  the  first  year  the  annuity  a  will  be  due  ;  at  the  end  of  the 
second  year  a  second  payment  a  will  become  duo,  together  with  ar  the  in- 
terest for  one  year  upon  the  first  payment ;  at  the  end  of  the  third  year  a 
third  payment  a  becomes  duo,  together  with  2ar  tlio  interest  for  ono  year 
npon  the  former  two  payments,  and  so  on ;  the  sum  of  all  these  will  be  the 
amount  required. 
Thus: 

At  the  end  of  the  first  yonr,  the  sum  due  is      a. 
At  the  end  of  the  second  year,  the  sum  due  is  a-\-ar. 
At  the  end  of  the  third  year,  tho  sum  due  is     a-\-2ar. 
At  the  end  of  the  fourth  year,  the  sum  due  is  a-|-3ar. 

&c.  dec.  ^c. 

At  the  end  of  the  T''  your,  the  sum  duo  is  a+C^ — l)ar. 

Hence,  adding  these  ail  together  for  the  whole  amount, 

«=/a+ar(l+2+3+ (^— !))• 

Or,  taking  the  expression  for  the  sum  of  the  arithmetical  series,  14-2-{-3 

+ («-i) 

»=te+ra.-j-^ (6) 
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Problem  VI. — To  find  Oie  present  value  of  an  annuity  k  payable  for  ty  ears^ 
simple  interest  being  allowed  at  the  rate  r. 

It  is  manifest  that  the  present  value  of  the  annuity  must  be  a  sum  such  that, 
if  put  out  at  interest  for  t  years  at  the  rate  r,  its  amount  at  the  end  of  that 
period  will  be  the  same  with  the  amount  of  the  annuity. 

Hence,  if  we  call  this  present  value  p^  we  shall  have,  by  Problems  I.  and  V., 

jp+jp/r=  amount  of  annuity. 

/(^— 1) 
=to+ra. 


ta-^-ra 


1.2 
t(t-l) 


'.pz=      '  1.2 


1  +  tr 
ta  2+(<— l)r 


2         l+tr 


(6)* 


COMPOUND  INTEREST. 

Problem  VII. — To  find  the  amount  of  a  sum  p  laid  out  for  t  years^  com- 
pound interest  being  aUmoed  at  the  rate  r. 

At  the  end  of  the  first  year  the  amount  will  bo,  by  Problem  II., 

p-\-pr,  or p(\Jf-r). 

Since  compound  interest  is  allowed,  this  sum  ^(1-|~^)  ^^^  becomes  the 
principal,  and  hence,  at  the  end  of  the  second  year,  the  amount  will  be 
^(l  +  r),  together  with  tho  interest  on^;(l+r)  for  one  year;  tliat  is,  it  will  bo 

^(l+O+Ml+r),  orjp(l+r)«. 
The  sum  pC^-^^rY  must  now  be  considered  as  the  principal,  and  hence  the 
whole  amount,  at  tho  end  of  tho  third  year,  will  be 

!P(^-\-rr'+in(l+r)\  orp(l+r)3. 

And,  in  like  manner,  at  the  end  of  the  V^'  year,  wo  shall  have 

5=p(l+r)t (7) 

Any  three  of  the  four  quimtities,  5,  /?,  r,  <,  being  given,  the  fourtli  may  al- 
ways be  found  from  the  above  equation. 

EXAMPLE  I. 

Find  tho  amount  of  $15.50  for  9  years,  compound  interest  being  allowed 
at  the  rate  of  3^  per  cent,  per  animm,  the  interest  payable  at  the  end  of 
each  year. 

15y  equation  (7), 

sr=p(\^ry 
.'.  log.  «=  log.  j)^t  log.  (14-^)* 
Hence  ^=$15.50 

f=9  years 
r=8.035 
.-.  log  jp  =  l. 1903317 
nog.  (l+r)  =  0.1344627 

.-.log.  5=1.3247944=  log.  of  21.12481 
.-.  5=821.12481. 


*  It  if  nnnecesf  ary  to  give  any  exnuples  under  thii  role,  as  tho  parchase  oi  umuities 
at  simple  latereit  can  never  bo  of  prQctlcnl  utility. 
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EXAMPLE  II. 

Find  the  amount  of  <sCl82  I2s.  6d.  for  18  years,  6  months,  and  10  days,  at 
the  rate  of  3|  per  cent,  per  annum,  compound  interest,  the  interest  being 
pa3rab]e  at  the  end  of  each  year. 

In  this  case,  it  will  be  convenient,  first,  to  find  the  amount  at  compound  in- 
terest of  the  above  sum  for  18  years,  and  then  calculate  tlie  interest  on  the 
result  for  the  remaining  period. 

By  formula  (7), 

5=;>(l+r)t 
log.  «=log.  p+t  log.  (1+r) 

Here         ^=c£l82. 12s.  6c/.  =  .£182.625 
r=:  =.£.035 

t=z  =13  years 

.-.log.;? =2.2615602 
Mog.  (1+r) =0.2689254 

.-.  log.  5=2.5304856=  log.  of  339.224. 
Again,  to  find  the  interesit  on  this  sum  for  the  short  period,  we  have 

i=:st'r 
.*.  log.  t=  log.  £-|-  log.  tf-\-  log  r. 
Here    <=oC339.224 
r=de.0.35 

r=6  months,  10  days=     .527402  years 
.-.  log.  5=2.5304856 
log.  r=2.5440680 
log.  r  =1.7221401 
.-.  log.  5rr=.07y66937=  log.  of  6.2617200 
.-.  5rr=.£0.26172. 
The  whole  amount  required  will,  therefore,  be 

s+8  V  r=c£339.224+c£6.26172 
=je345  95.  Hid, 

EXAMPLE  III. 

Required  the  compound  interest  upon  S'410  for  2 J-  years  at  4j  per  cent  per 

annum,  the  interest  being  payable  hnlf  yourly. 

In  this  case  the  time  /  must  bo  calculated  in  half  years ;  and,  since  we  have 

r 
supposed  r  to  be  the  interest  of  $1  for  one  year,  we  must  substitute  -,  which 

will  be  the  interest  of  $1  for  half  a  year ;  the  formula  (7)  will  thus  become 

at 


.•.log.«=  log.i?+2/log.^l+-j. 


Here  jp=$410 

r=8 .045 


2^=5  half  years 

.•.log.;?=2.6127839 
5  log.  1.0225=0.0483165 

r*.  log.  5 =2.66 11 004 =log.  of  458.2471 
.•.5=$458.2471. 
T 
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The  interest  must  bo  the  difference  between  this  amount  and  the  original 
principal ; 

.'.  t=« — p 

=$458,347—8410 
=$48,247. 

EXAMPLE  IV. 

$400  was  put  out  nt  compound  interest,  and  at  the  end  of  9  years  amountad 
to  $569,333  ;  required  the  mto  of  interest  per  cent. 
Here  s,  p^  t  are  given,  and  r  is  sought. 
From  formula 

*=p(l+r)t 

we  have  log.(l-|-r)=--(log.«— log.p). 

Here  «= $569.3333 

j7=$400 

f=9  years 

.•.log.  5=2.7553666 

log.  1^=2.6020600 

.*.  log.« — log.j^>=  .1533066 

.1533066 
log.(l+r)=  g 

=  .0170340 
=log.  of  1.04 
.*.  r=  .04=4  per  cent. 

EXAMPLE  V. 

In  what  time  will  a  sum  of  money  double  itself,  allowing  4  per  cent,  com- 
pound interest  ? 

Here  5,  p^  r  are  given,  and  t  is  sought. 
From  the  formula  (7)  we  have 

But  here  «=2;7 

...2i7=;,(l+r)t 
.•.2=(l+r)' 
log.  2 


^= 


log.(l+r) 
.3010300 


.0170333 
=17.673  years 
=  17  years,  8  months,  2  days. 

In  like  manner,  if  it  be  required  to  find  in  what  time  a  sum  wiO  triple  itself 
at  the  same  rate,  we  have 

log.  3 


^= 


log.  1.04 
.4771213 


.0170333 
=28.011  years 
=28  years,  0  months,  3  days. 
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PRESENT  VALUE  AND  DISCOUNT  AT  COMPOUND   INTEREST. 

If  we  call  p  the  present  value  of  a  sum  s  due  t  years  hence,  and  d  its  dis- 
count, reasoning  precisely  in  the  same  manner  as  in  the  case  of  simple  inter- 
est, we  shall  find 

■P=(IT^ <«) 

Mi-(rT^.) w 

ANNUITIES  AT  COMPOUND  INTEREST. 

Problem  VIII. — To  find  the  amount  of  an  annuity  a  continued  for  t  years^ 
compound  interest  being  allowed  at  the  rate  r. 

At  the  end  of  tlie  first  year  the  annuffy  a  will  become  due ;  at  the  end  of 
the  second  year  a  second  payment  a  will  become  due,  together  with  the  in- 
terest of  the  first  payment  a  for  one  yeiir,  that  is,  ar ;  the  whole  sum  upon 
which  interest  must  now  bo  computed  is  thus,  2a -{-ar. 

At  the  end  of  the  third  year  a  further  payment  a  becomes  duo,  together  with 
the  interest  on  2a-{-ar,  i.  e.,  '2ar-{-ar^;  tho  whole  sum  upon  which  interest 
must  now  bo  computed  is  3a-|-3ar-|-e/r^.     Tho  result  will  appear  evident 
when  exhibited  mider  tlio  following  form  : 
Whole  amount  at  the  end  of  first  year,       =a. 
Whole  amount  at  the  end  of  second  year,  =:A-|-a-|-ar 

=za+a(l+r). 
Whole  amount  at  the  end  of  third  year,    =</-|-/z-|-fl(l+r)+ar+ar(l-}-r) 

=.a  +  a(l  +  r)+a(l+ry. 
Whole  amount  at  the  end  of  fourth  your,  =«-}-«  -|-  a(l-|-r)  +  a(l-|-r)*  +  ar 

+ar(l+r)+ar(l+r)K 
=a+a(l+r)+a(l+rY+a{l+Ty' 
6cc.  &c.  &c. 

Whole  amount  at  the  end  oft^  year,  =z:a-}-a(l+r)+a(l-|-r)'-|-a(l+ry* 

+ «(i+^r*. 

Hence  the  whole  amount  is,  in  terms  of  the  sum  of  a  geometric  progression, 
5=ajl-h(l+r)  +  (l+r)=+ +  (l+^rM 

=«  • (10) 

Problem  IX. — To  find  the  present  value  of  an  annuity  a  payable  for  t 
years,  compound  interest  being  allowed  at  the  rate  r. 

It  is  manifest  that  the  present  value  of  tliis  annuity  must  be  a  sum  such, 
that  if  put  out  at  interest  for  t  years  at  the  rate  r.  its  amount  at  tho  end  of  that 
period  will  be  the  same  as  the  amount  of  tho  annuity. 

Hence,  if  we  call  this  present  value  p,  we  shall  have,  by  Probs.  VII.  and 
VIII., 

j7(l  -|_r)*=:  amount  of  annuity 

(1+rr-l 
=a. 

r 


• 
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EXAMPLE. 

What  is  the  present  value  of  ed  annuity  of  8500,  to  last  lor  40  years,  oom- 
pound  interest  being  allowed  at  the  rate  of  2|  per  cent,  per  anrnim. 
By  formula  (11), 

^a   (l+r)t— 1 
^-r-     (l+r)»    • 


Here 


Now 


a =$500 
r  =8.025 
2=40  years; 

(l+r)»=(1.025)«. 


Also, 


log.  (1.025)^^40  log.  1.025 
=40  X  .0107239 
=  .4289560 
=  log.  2.685072 
.-.  (1.025)«=2.685072=(l+r)*. 

a      500 

-=-jrT7=20000 

r     .025 

1.685072 
•'•^=2^^^^X2:685072 
= 20000  X. 62757... 
=  12551.40  doUars. 

REVERSION  or  ANNUITIES. 

Problem  X. —  To  find  the  present  value  (P)  of  an  annmtyhuhidiis  to  com' 
mence  after  T  years^  and  to  continue  for  t  years. 

The  present  valuo  required  is  manifestly  the  present  value  of  a  for  T-f-f 
years,  minus  the  present  value  of  a  for  T  years. 

a  {iJLry-^ 1 

By  Problem  IX.,  the  present  valuo  of  a  for  T-f-^  years  ^-  >    .        ^       . 

a   (14.r)T  — 1 
By  Problem  IX.,  tho  present  value  of  a  for  T  years       =- .     .        ^T — 

P=^-  \  (l+r)-''-(l+r)-<T+..|     (12) 

PURCHASE  OF  ESTATES. 

Problem  XI. — To  find  Oie  present  value  p  of  an  estate^  or  perpetuity^  wnose 
annual  rental  is  a,  compound  interest  being  calculated  at  the  rale  r. 

The  present  value  of  an  annuity  a,  to  continue  for  t  years,  by  Prob.  IX.,  is 

j«=°jl-(l+r)-|; 
but  if  the  annuity  last  forever ,  as  in  the  case  of  an  estate,  then  tzsao,  and 
.'.  7^-; — -^l.:=0 ;  hence,  in  the  present  case, 

(l  +  »')  00 

^=7 (13) 
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EXAMPLE. 

AVlut  is  the  value  of  an  estate  whose  rental  is  91000,  allowing  the  pur- 
chaser 5  per  cent,  for  his  money  ? 
Here 

a=9l000 
r=$.05 

1000 
•••  -P=^05- 

=20000,  or  20  years*  purchase. 

REVERSION  OF  PERPETUITIES. 

Problem  XII. — To  find  the  present  value  of  an  estate^  or  perpetuity^  whose 
annual  rental  is  a  dollars,  to  a  person  to  whom  it  will  revert  after  T  years, 
compound  interest  being  allowed  at  the  rate  r. 

By  Problem  X.,  the  present  value  of  an  annuity,  to  commence  after  T  years, 
and  to  continue  for  t  years,  is 

l>=^j(l+r)-T-(l+r)-<T+..J 

In  the  present  case,  /=:ao ,  and  .*.  (l-|-7')~^^'''*^=0 ;  hence  we  shall  have 

a        1 

p=r-(r+7r <^^^ 

EXAMPLES  FOR  PRACTICE. 

(1)  Find  the  interest  of  $555  for  2;  years  at  4|  per  cent,  simple  interest. 

Ans.  $65,906. 

(2)  In  what  time  will  the  interest  of  $1  amount  to  75  cents,  allowing  41  per 
cent,  simple  interest  ? 

Ans.  16  years,  8  months. 

(3)  What  is  the  amount  of  $120.50  for  2|  years  at  4}  per  cent,  simple  in- 
terest ? 

Ans.  $134,809. 

(4)  The  interest  of  o£25  for  3^  years,  at  simple  interest,  was  found  to  be 
<£3  IBs.  9d, ;  requu-ed  the  rate  per  cent,  per  annum. 

Ans.  4^. 

(5)  Find  the  discount  on  ^100  due  at  the  end  of  3  months,  interest  being 
calculated  at  the  rate  of  5  per  cent,  per  annum. 

Ans.  a£l  45.  8\d. 

(6)  What  is  the  present  value  of  the  compound  interest  of  c£100  to  be  re- 
ceived five  years  hence  at  5  per  cent,  per  annum  ? 

Ans.  <£78  7^.  O^J. 

(7)  What  is  the  amount  of  oC721  for  21  years  at  4  per  cent,  per  annum 

compound  interest? 

Ans.  <£1642  195.  9|e/. 

(8)  The  rate  of  interest  being  5  per  cent«,  in  what  number  of  years,  at  com- 
pound interest,  will  $1  amount  to  $100  ? 

Ans.  94  years,  141.4  days. 

(9)  Find  the  present  value  of  a£430,  due  nine  months  hence,  discount  being 

•Dowed  at  4|  per  cent,  per  annum. 

Ans.  <£415  195.  214. 
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(10)  Find  tbo  amount  of  $1000  for  1  year  at  5  per  cent,  per  annum,  com- 
pound interest,  the  interest  being  payable  daily. 

Ans.  $1051.288  nearly. 

(11)  What  sum  ought  to  be  given  for  the  lease  of  uu  estate  for  20  years,  of 

tJie  clear  annual  rental  of  c£l00,  in  order  that  the  purchaser  may  make  8  per 

cent,  of  his  money  ? 

Ans.  ^981  les.  3}d. 

(12)  Find  the  present  value  of  <£20,  to  be  paid  at  the  «nd  of  ever}'  five  years, 

forever,  interest  being  calculated  at  5  per  cent. 

Ans.  oe72  7s.  Old. 

(13)  What  is  the  present  value  of  an  annuity  of  «£20,  to  continue  forever, 
and  to  commence  aflor  two  years,  interest  being  calculated  at  5  per  cent.  ? 

Ana.  .£362  16«.  2;c/. 

(14)  The  present  value  of  a  freehold  estate  of  ^€100  per  annum,  subject  to 
the  payment  of  a  certain  sum  (A)  at  the  end  of  every  two  years,  is  dClOOO, 
allowing  5  per  cent,  compound  interest.     Find  the  sum  (A). 

Ans.  A=«£102  lOs. 

(15)  What  is  the  present  value  of  an  annuity  of  c£79  4^.,  to  commence  7 

years  hence  and  continue  forever,  interest  being  calculated  at  the  rate  of  4\ 

per  cent.  ? 

Ans.  «£1293  55.  11|J. 


INTERPOLATION. 

234.  This  name  is  applied  to  the  process  of  finding  intermediate  numbers 
between  those  given  in  tables. 

Tables  are  generally  calculated  from  an  algebraic  formula  in  which  there 
are  two  variable  quantities,  the  one  of  which  is  called  a,  function  of  the  other, 
the  latter  being  usually  called  the  argument  of  the  function. 

Thus,  logarithms  are  functions  of  the  numbers  to  which  they  belong,  the 
numbers  being  the  arguments.  Several  formulas  expressing  the  relation  be- 
tween a  number  and  its  logarithm  have  been  seen  by  the  student,  and  will 
serve  to  exemplify  the  formulas  in  general  of  which  we  are  now  speaking. 

The  substitution  of  successive  numbers  for  the  argument,  the  calculating  of 
the  coiTesponding  values  of  the  function,  and  writing  the  results  in  a  table,  is 
called  tabulating  the  formula. 

If  the  formulas  which  have  been  derived  under  our  articles  upon  interest 
and  annuities  should  be  tabulated,  they  would  furnish  what  are  called  interest 
tables. 

The  function  frequently  depends  upon  two  arguments,  as  in  the  formula 
for  simple  interest, 

i=ptr (1) 

Here  the  function  is  z,  the  interest,  and  the  arguments  are,  jp  the  principal,  and 
T  the  rate.  This  requires  a  table  of  double  entry,  the  usual  form  of  which  is 
a  table  in  several  columns  occupying  the  whole  width  of  the  |>age,  the  argu- 
ments being  placed,  the  successive  values  of  the  one  in  a  horizontal  line  at  the 
heads  of  tlie  columns,  and  of  the  other  in  a  veitical  liiie  at  the  side  of  the  page, 
the  corresponding  values  of  the  function  being  placed  in  i]ie  column  under  one 
of  lis  arguments,  and  on  the  horizontal  line  of  the  other.     The  formula  (1) 
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above  may  employ  a  table  of  triple  entry,  the  three  arguments  being  the  prin- 
cipal, the  rate,  and  the  time.  Such  a  table  is  formed  by  giving  a  whole  page 
to  the  argument  of  rate,  the  side  and  top  being  occupied  by  the  arguments 
of  principal  and  time. 

235.  Where  the  differences  of  the  functions  are  proportional  to  the  dif- 
ferences of  their  arguments,  tlien  the  interpolation  is  made  by  simply  solving  a 
proportion,  the  first  two  terms  of  wliich  are  the  difference  of  the  tabulated 
functions  and  the  difference  of  their  {urguments ;  the  third  term  being  the  dif- 
ference between  one  of  the  tabulated  arguments  und  that  whose  function  is  to 
bo  interpolated ;  the  fourth,  or  unknown,  term  of  this  proportion  will  be  the 
interpolated  function  required.  This  is  called  the  method  by  first  differences, 
and  has  been  exemplified  in  taking  out  logarithms  of  large  numbers  not  found 
exactly  in  the  tables. 

When  the  differences  of  tlie  functions  are  not  nearly  proportional  to  the 
differences  of  the  arguments,  as  in  the  case  of  the  logarithms  of  small  numberst 
die  method  of  interpolation  above  described  would  nut  bo  sufliciently  accurate. 
The  nature  of  tho  variation  of  the  function,  as  the  argument  varies  in  value,  is 
made  sensible  by  taking  the  difference  between  each  two  of  three  consecutive 
functions  in  the  table,  and  comparing  the  difference  between  the  first  and  sec- 
ond with  the  difference  between  tlie  second  and  third.  If  these  differences 
are  the  same,  we  have  seen,  in  the  note  to  (Art.  233),  that  the  method  of  first 
differences  already  explained  applies ;  but  if  they  are  not,  their  difference, 
which  is  called  a  second  difference,  will,  by  its  magnitude,  indicate  the  degree 
of  inaccuracy  of  the  method  of  first  differences.  This  exposition  will  serve  to 
exhibit,  in  a  general  way,  the  nature  and  of!ice  of  second  differences.  We 
proceed  to  give  a  more  analytic  development  of  the  use  of  second,  third,  &c., 
differences,  the  latter  holding  the  same  relation  to  the  second  differences  tliat 
these  do  to  the  first. 

23G.  Let/  and  f+di  represent  two  consecutive  functions  in  the  table,  6i 
being  their  first  difference.  The  next  consecutive  function,  if  the  first  differ- 
ences were  constant^  would  bo  expressed  by /-}-2(5,  ;  but  as  thoy  are  supposed 
not  to  be,  it  must  be  expressed  by  the  fonn/-|-2(J, +<53,  6^  being  the  second 
difiference,  or  dififerenco  between  the  two  firat  differences,  d^  and  c^i-l-d^. 
The  scheme  below  will  show  the  form  of  tho  successive  functions : 

/ 

/+2<5,  +  <I, 
/+3<J,+3<J,+<J, 

and  so  on ;  from  which  we  perceive  that  the  coefficients  are  the  same  aa  in  the 
expansion  of  a  binomial,  that  of  tlie  second  term  being  the  number  of  the  con- 
secutive function  after  the  first  function.  Denoting  this  number  by  n,  we 
have  for  the  general  form  of  the  nth  function  after  the  first, 


1st  DUforencw. 

Sd  Diflbreocea. 

3d  Differ^ 
•neat. 

4th  DiT 
feraocea. 

<J,+3<J!,  +  3<'3+'', 

i,  +  i. 

i* 

/+n<5,+ 


n(n-l)^    ,  n(n-l)(n-.2) 


<53+  •••+<Jii 


[C] 


1.2    '^  '  1.2.3 

Suppose,  now,  that  a  value  of  the  function  intermediate  between  the  first  and 
second  of  tho  series  in  the  table  be  required,  n  here,  instead  of  being  an  entire 
number,  is  a  fraction.     If  the  value  of  the  function  be  required,  corresponding 
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to  a  value  of  the  argument  midway  between  its  consecutive  values  in  the  table, 

n  becomes  equal  to  -.     If  the  arguments  of  the  tables  differ  by  24  hours,  and 

3        1 
the  function  be  required  for  3  hours,  n  becomes  equal  to  r-,  or  -.     If  the  tabu- 
lar arguments  differ  by  1  hour,  or  60  minutes,  and  the  function  be  required  for 

15     1 
an  argument  15  minutes  beyond  an  even  hour,  n=— =t. 


EXAMPLE. 

Given  the  logs,  of  15,  16,  17,  18,  19,  to  find  that  of  17.25. 


Arff.orNo. 

Funp.  ox  !#»»«(. 

IstDifii.  <^i. 

2d  Difs.  aa- 

Sd  Difa.  ^3. 

^4. 

15 
16 
17 

18 
19 

1.17609126 
1.20411998 
1.23044892 
1.25527251 
1.27875360 

2802872 
2632894 
2482359 
2348109 

—  169978 

—  150535 

—  134250 

+  19443 
+  1G285 

—  3168 

The  numbers  in  the  third  column  aro  obtained  by  taking  the  differences  of 

the  consecutive  numbers  in  the  second.     The  numbers  in  the  fourth  column 

from  the  second  in  the  same  way. 

9  9 

As  2.25  is  -  the  interval  between  15  and  18,  we  make  n=-,  and  have  for 
4  4 

formula  (C),  taking  dj=:2802872,  cJ^=— 69978,  <J3=19443,  <5^=— 3158. 

The  resalt  would  bo  nearly  the  same  by  neglecting  i^  and  aaing  the  mean  of  the  two 
•third  differences.* 

/=     1.176126 


nd,  =  -d,= 


306462 


n(n-l)        45  ^239031 

1.2       ^      32  ' 


n(n-l)(n-2)^  =ii(J  = 
1.2.3  ^      384' 

n(n— .l)(n— 2)(n— 3)^ 135  ^j  _ 

1.2.3.4  *"~      6144'^"" 


2278 
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Value  of  func.  required,  viis.,  log.  17.25=1.23678904 

The  formula  for  interpolation  may  be  derived  very  elegantly  by  the  method 
of  indeterminate  coef!icicnts.  Thus,  lot  y  represent  the  value  of  the  interpo- 
lated function  to  be  found,  A  the  argument  in  the  table,  m  the  number  of  parts 
(4^"  in  the  example  above)  between  A  and  the  consecutive  argument  of  tlie 
table,  and  n  the  whole  number  of  parts  (4  in  the  above  example)  between 
these  consecutive  argumerits.  It  is  evident  that  y,  depending  on  A  and  m, 
may  be  expressed  in  terms  of  those.     Assume,  therefore, 

y=A+Bm+Cm^+Dm'+,  &c., 

in  which  B,  C,  D,  &c.,  are  undetermined  coefficients,  whose  values  are  Xo  be 
found. 

Now  let  m  have  successive  values,  represented  by  0,  n,  2n,  3n,  &c.,  then 
the  corresponding  values  of  y  will  be 

*  As  means  arc  mach  used  in  calculations  witli  tables,  it  may  be  well  to  advertise  tfia 
■todent  that  a  mean  of  three  numbers  is  obtained  by  adding  them  tc^ether  and  dividing  bj 
3 ;  of  five  numbers,  by  addin?  tliom  together  and  dividing  die  sum  by  5,  and  to  on. 
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A (1) 

A+Bw+C*i«+Dn9+,&c (2) 

A+B.2n+C(2n)«+D(2n)'+,&c (3) 

•A+B.3»+C(3n)«+D(3n)»+,&c (4) 

&c. 

Sabtractiog  successively  (1)  from  (2),  (2)  form  (3),  dec.,  and  representing 

the  remainders  by  P',  Q',  R\  ^c.,  and  dividing  by  n,  we  have 

P' 

— =B+C.n+I>n3+,&c (6) 

— =B  +  C.3n+D7»«+,&c (6) 

--=B+C.5n+Dl9n«+,&c (7) 

&c.  dec. 

Again,  subtracting  successively  (5)  from  (G),  (G)  from  (7),  &c.,  and  repre- 
senting the  remainders  by  V\  Q'\  &c.,  and  dividing  by  2/»,  we  get 

P" 

—  =C  +  D.3n+,&c (8) 

^=C+D.6n+,&c (9) 

dec.  &c. 

Next,  subtracting  (8)  from  (9),  &c.,  and  representing  the  remainders  by  P'", 
6cCf,  and  dividing  by  3r,  we  have 

— =D+,&c (10) 

Q"— P"  „      R'— Q'      ,  „      Q'— P' 

But  F"'=^— ;  also  Q  "=^^  and  P"=^—  ; 

"  .  r-.'    (R'-Q')-(Q'-P') 

2n' 
Putting  ^2  ^^^  ^®  numerator  of  this  fraction,  we  have  by  (10), 

3/1  ~~6n^' 
Substituting  this  value  of  D  in  (8),  and  transposing,  there  results 

2n      2n«' 

But  P"=-^= ,  and  putting  cJ^  for  Q'— P',  we  obtain  ^ 

n 

2n3     2n^* 
Again,  substituting  these  values  of  D  and  C  in  (5),  and  transposing,  we  hare 

P  On  Ol  0«1 

n      2/>^2n     G»' 
or,  putting  <J,  for  P',  and  simplifying, 

'*-7*""2»"^3«* 
Finally,  substituting  these  values  of  the  coefficients  B,  C,  D  ...*  in  the  as 
sumed  equation,  we  obtain 

m         1  m/m       \,       1  m/m«     3m  .     \ ,    .      . 
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as  the  formula  for  interpolation,  which  coincides  with  the  one  obtained  before, 
^i«  ^3*  ^3  •  •  being  the  first,  second,  and  thu'd  differences  of  the  functions,  as  is 
evident  from  the  manner  in  which  they  have  been  assumed  above. 

Let  us  apply  it  to  a  table  in  the  Nauticn]  Almanac,  w^hich  gives  the  moon*8 
latitude  at  noon  and  midnight  for  every  day^  in  the  year. 

EXAMPLE. 

Let  it  be  requh-ed  to  find  the  moon's  latitude  for  August  4,  1842,  at  IC*  18*^ 
mean  time  at  Greenwich,  that  is,  at  4.3  hours  after  midnight. 


Moon's  Latitude. 

^1- 

ia* 

Meaa  Second  Di0«reoc«. 

Aug.  4.  Noon,  -}-0  45  48.1 
Midnight,  +05  54.G 

Aug.  5.  Noon,*  —0  34  33.1 
Midnight,  —1  14  49.4 

—39  53.5 
—40  27.7 
—40  16.3 

+34.2 
—11.4 

+  11.4 

Now,  to  apply  the  formula,  we  have 

A=0°  5'  54".6,  (J,  ==—40'  27".7,  or  —40.463  minutes; 

m     4.3  m 

-=—=0.358,  -<J,  =  — 14'  29".16; 

<J2  =  +  11".4,  —1  =  — 0.642,  i  -(-— l)cJ2  =  — 1".31. 

Therefore,  y=— 0°  8'  35".87,  which,  without  the  sign  — ,  is  the  moon^s 
correct  latitude  south  at  tho  time  for  which  it  was  required. 

Second  differences  will  ordinarily  insure  sufficient  accuracy.  Thud  and 
fourth  dififerences  are  rarely  used. 


INEQUATIONS. 

237.  In  discussing  algobrnicnl  problems,  it  is  frequently  necessary  to  intro- 
duce inequationSy  that  is,  expressions  connected  by  the  sign  ^.  Generally 
speaking,  the  principles  already  detailed  for  tho  tnuisfonnation  of  equations 
are  applicable  to  inequations  niso.  There  are,  however,  some  important  ex- 
ceptions which  it  is  necessary'  to  notice,  in  order  that  the  student  may  guard 
against  falling  into  error  in  employin;;  the  sign  of  inequality.  These  excep- 
tions will  bo  readily  understood  by  considering  tho  different  transformations  in 
succession. 

I.  If  we  add  the  same  quantity  fo^  or  subtract  itfrotn^  the  txco  members  of  any 
inequation^  the  resulting  inequation  will  always  hold  good,  in  Oie  same  sense 
as  the  original  inequation  ;  that  is,  if 

a>6,  then  a+a'>6+a',  and  a — a'>6 — a'. 

Thus,  if 

8>3,       we  have  still      8+5>3+5,       and       8— 5>3— 5. 
So,  also,  if 
__3<_2,  we  have  still  — 3+6<— 2+6,  and  — 3— 6<— 2— 6.f 


*  The  moon's  latitude  is  marked  +  when  nortli,  —  when  south. 

t  Tho  negative  (iaaiitit>-  of  (jreatcr  numerical  value  is  always  considered  less  than  the 
negative  (jnantity  of  less  numerical  value. 
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The  truth  of  this  proposition  is  evident  from  what  has  been  scud  with  refer- 
ence to  equations. 

This  principle  enables  us,  as  in  equations,  to  transpose  any  term  from  one 
member  of  an  inequation  to  the  other  by  changing  its  sign. 

Thus,  from  the  inequation 

we  deduce 

a«+2a2>3&3—  6«, 
or 

II.  If  we  add  together  the  corresponding  members  of  two  or  more  inequaiiona 
which  held  good  in  the  same  sense,  the  resulting  iiiequation  will  always  hold 
good  in  the  sam^  sense  as  the  original  individual  inequations  ;  that  is,  if 

a>b,  c>d,  c>/, 
then 

a+c+e>b+d+f. 

III.  But  ifuft  subtract  Ou  corresponding  members  of  two  or  more  inequations 
which  hold  good  in  the  same  sense,  Uie  resulting  inequation  will  not  alwats 
hold  good  in  the  same  sense  as  tJie  original  inequations. 

Take  the  inequations  4<7,  2<3,  we  have  still  4--2<7— 3,  or2<4. 

But  take  9<10  and  6<8,  the  result  is  9— 6>  (not  <)  10—8,  or  3>2. 

We  m(ist,  therefore,  avoid  as  much  as  possible  making  use  of  a  transforma- 
tion of  this  nature,  unless  we  can  assure  ourselves  of  the  sense  in  which  the 
resulting  inequality  will  subsist. 

IV.  If  we  multiply  or  divide  the  two  members  of  an  inequation  by  a  positive 
quantity  J  the  resulting  inequation  will  hold  good  in  the  same  sense  as  the  origincd 
inequation.     Thus,  if 

a      b 

a<6,      then     maK^mb,         —  <— 

m     m 

— a> — b,  then  — na> — n6, > . 

n         n 

This  principle  will  enable  us  to  clear  an  inequation  of  fractions. 

Thus,  if  we  have 

2d    >~3^' 

multiplying  both  members  by  (^ad,  it  becomes 

3a(a2— 6«)>2</(c3— e£2). 

But, 

V.  If  we  multiply  or  divide  the  two  members  of  an  inequation  by  a  negative 
quantity,  the  resulting  inequation  will  hold  in  a  sense  opposite  to  that  of  the 
original  inequation. 

Thus,  if  we  take  the  inequation  8]>7,  multiplying  both  members  by  — 3, 
we  have  the  opposite  inequation,  — 24  < — 21. 

8  7  8  7 

Similarly,  8>7,  but  ^^<;^'0r  —-<—-. 

VI.  We  can  not  change  the  signs  of  both  members  of  an  inequation  unless  we 
reverse  the  sense  of  the  inequation,  for  this  transformation  is  manifestly  the  same 
thing  as  multiplying  both  members  by  — 1. 
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VII.  If  both  memhers  of  an  inequation  he  positive  numberst  we  can  rai$t  ikem 
to  any  power  without  altering  the  sense  of  the  inequation ;  that  is,  if 

a>6,  then  a">6». 
Thus,  from  6  >  3  we  have  (5)«  >  (3)«,  or  25  >  9. 

So,  also,  from        {a'\-h)'^c^  wo  have  (a+6)^>A 
But, 

VIII.  If  both  members  of  an  inequation  be  not  positive  numbers^  we  can  net 
determine,  a  priori,  the  sense  in  which  the  resulting  inequation  will  hold  good^ 
unless  the  power  to  which  they  are  raised  be  of  an  uneven  degree. 

Thus,         — 2<3      gives  (--2)«<     (3)«,  or.      4<9; 
But,  — 3>  —5  gives  (— 3)«<(— 6)«,  or        9<26; 

Again,         — 3>  —5  gives  (— 3)«>(— 5)»,  or  — 27>— 125. 
In  like  manner, 

IX.  We  can  extract  any  root  of  both  members  of  an  inequation  without  alter-' 
ing  the  sense  of  the  inequation  ;  that  is,  if 

a>6,  then  y/a^^b. 

If  the  root  be  of  an  even  degree,  both  members  of  the  inequation  miut 
necessarily  be  positive,  otherwise  we  should  be  obliged  to  introduce  imaginaxy 
quantities,  which  can  not  be  compared  with  each  other. 

EXAMPLES  m  INEQUATIONS. 

(1)  The  double  of  a  number,  diminished  by  6,  is  greater  than  24 ;  and  triple 
the  number,  diminished  by  6,  is  less  than  double  the  number  increased  by  10. 
Required  a  number  which  wiU  fulfill  the  conditions. 

Let  X  represent  a  number  fulfilling  the  conditions  of  the  question ;  then,  in 
the  language  of  inequations,  we  have 

2a:— 6>24,  and  3x— 6<23:+10. 
From  the  former  of  those  inequations  we  have 

2j:>30,  or  a:>16; 
and  from  the  latter  wo  get 

3r— 2z<10+6,  orar<16; 
therefore  15  and  16  are  the  limits,  and  any  number  between  these  limits  will 
satisfy  the  conditions  of  the  question.     Thus,  if  we  take  the  number  15*9,  we 
nave 

15-9x2— 6>24  by  1-8, 
whUe  15-9x3— G<15-9X2+10  by  0-1. 

^5       4 
(2)  3a:-2>^-- 

...  30x— 20>25j— 8 
30r— 25t>20— 8 
5x>12 
12 


3)         43— 5z<10— 8ar. 

7     5^ 
(4)  --jx<8-2z. 


Ans.  r< — 11. 


Ans.  *<-Q-. 
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12 
In  the  second  example,  -r-,  or  2|,  is  an  inferior  limit  of  the  values  of  x. 

o 

82 
In  the  second,  —11,  and,  in  the  third,  -r-^  or  9^,  are  superior  limits  of  the 

Talue  of  £.'  If  the  second  and  fourth  of  the  above  inequalities  must  be  verified 
simultaneously  by  the  values  of  x,  these  values  must  bo  comprised  between 
2f  and  9|.  If  the  third  and  fourth,  it  is  sufficient  that  it  be  less  than  — 11. 
Finally,  there  is  no  value  which  will  verify  at  the  same  time  the  2°  and  3°. 

(5)  3T-2y>5,  5x+3y>16; 

^5+2y  ^  16-3y 

.-.  ar> — —  and  x> — - — . 

We  can  attribute  to  y  any  value  whatever,  and  for  each  arbitrary  value  of 
y  we  can  give  to  z  all  the  values  greater  than  the  greatest  of  the  two  quan- 
tities 

5+2y   16-3y 
3     '       6      • 
We  determine,  also,  from  the  proposed  inequalities, 

3x— 5      ^  Ifi— 5r 

.  In  order  that  these  last  two  may  be  fulfilled, 

33:— 6     16— 5x 
'"2~>~T~' 

47 
Thus  X  can  receive  only  values  superior  to  rr:,  or  2j°7,  and  for  each  value 

of  X  there  should  be  admitted  for  y  but  values  comprised  between  the  two 
limits  above. 

(6)  a:«+4i->12 
.-.  a«+4x+4>16 

x+2>±4 

r>2,  or  —2. 
The  inferior  limit  of  x  is  -^-2. 

(7)  x»+7x<30. 

Ans.  r<3  or  —10. 

The  superior  limit  of  x  is  —10. 


302  ALGEBBA. 

GENERAL  THEORY  OF  EQUATIONS. 

THE  NATURE  AND  COMPOSITION  OF  EaUATIONS. 

238.  The  valuable  improTements  recently  made  in  the  process  Tor  the  de- 
terminatioQ  of  the  roots  of  equations  of  all  degrees,  render  it  indispensably 
necessary  to  present  to  the  student  a  view  of  the  present  state  of  this  interest- 
ing department  of  analytical  investigation.  The  beautiful  theorem  of  M.  Sturm 
for  the  complete  separation  of  the  real  and  imaginary  roots,  and  for  discover- 
ing their  initial  figures,  combined  with  the  admirable  method  of  continuous 
approximation  as  improved  by  Horner,  has  given  afresh  impulse  to  this  branch 
of  scientific  research,  entirely  changed  the  state  of  the  subject,  and  completed 
the  theory  and  numerical  solution  of  equations  of  all  degrees. 

We  recapitulate  here  two  or  three 

D£F1!«ITI0NS. 

1.  An  equation  is  an  algebraical  expression  of  equality  between  two  quan- 
tities. 

2.  A  root  of  ajh  equation  is  that  number,  or  quantity,  which,  when  substi- 
tuted for  tlio  unknown  quantity  in  the  equation,  verifies  that  equation. 

3.  A  function  of  a  quantity  is  any  expression  involving  that  quantity ;  thus, 

,    ax^+b 
ar^+6,  a-r'-t-cx+a,  — 7—7*  a*  are  all  functions  of  x ;  and  also  ax^ — by\ 

: 2r-}-3y 

V4x— 5//, r^,  y^-|-y^-|-i'--|-a^-|- 6-1-2,  are   all  functions  of  x  and  y, 

ox — zy 

These  functions  are  usually  written /(x),  and/(x,  y), 

4.  To  express  that  two  members  of  an  equation  are  identical  or  true  for 
every  value  of  x,  the  sign  zn  is  sometimes  used. 

PROPOSITION   I. 

Any  function  of\,  of  the  form 

x"+;?x«-i  +  9X»^-|-rx"-3+ 

when  divided  by  x — a,  ivill  leave  a  remainder^  which  is  the  same  function  ofn 
that  the  ^iven  jwlynomial  is  ofn, 

Let/(x)=.r"+/7x"-^-}-7r°--+ ;  and,  dividing/(x)  by  x— at,  let  Q  de- 
note the  quotient  thus  obtained,  and  R  the  remainder  which  does  not  involve 
X  ;  hence,  by  the  nature  of  division,  we  have 

/(j):i=Q(:r-a)  +  R. 
Now  this  equation  must  be  true  for  every  value  of  x,  because  its  trutli  de- 
pends upon  a  principle  of  division  which  is  independent  of  the  particular  values 
of  the  letters;  hence,  if  x=a,  we  have 

•/(a)=0+R; 

and,  therefore,  the  remainder  R  is  the  same  function  of  a  that  the  proposed 
])olynomial  is  of  x. 

EXAMPLES. 

(1)  Wliat  is  the  remainder  oi  j? — 6x-}-7,  divided  by  x — 2,  without  actually 
performing  the  operation  ? 


•  Tlic  student  will  recollect  that  f{x)  stands  for  x^-f/xc"*"*-}-,  Ac.,  and  that,  therefore, 
/(a)  will  stand  for  a'-f /w^-^-f-ya'^-'^-f ,  Ac. 
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(2)  What  is  the  remainder  of  jt*— 6j^+8j— 19,  divided  by  x+3  ? 

(3)  What  is  the  remainder  o{  x*+6jr^+7jf^+5x—i,  di\ided  by  x— 6  ? 

(4)  What  is  the  remainder  o£  x^-{-p3^-{-qx-\-r,  divided  by  x — a  ? 

ANSWERS. 

(1)  R=22— Gx2+7=  — 1. 

(2)  R=(— 3)5— 6(  — 3)«+8(— 3)  — 19=— 124. 

(3)  1571. 

(4)  a»+;?a«+9a+r. 

PROPOsiTio:r  ii. 

J/b.  is  the  root  of  the  equation^ 

x^+AiX^-'  +  A^x^-^+ Aa-9a:«+A^ii-+A„=0, 

the  first  member  of  the  equation  is  divisible  by  x — a. 

If  the  division  be  performed,  the  remainder,  according  to  the  preceding 
proposition,  must  be  of  the  form 

«»+ Aia'»-»  + Asa"-^ . . .  +  A„_2a''+ A„_ia+ A„ ; 
i.  «.,  the  same  function  of  a  that  tiie  first  member  of  the  proposed  equation  is 
off;  and,  therefore,  since  a  is  a  root  of  the  equation,  the  remainder  vanishes, 
and  the  polynomial,  or  first  member  of  the  equation,  is  divisible  exactly  by 
X — a. 

Conversely y  if  the  first  member  of  an  equation  fl(x)=0  be  divisible  by  x — a, 
then  9iis  a  root  of  the  equation. 

For,  by  the  foregoing  demonstration,  the  final  remainder  \af{a) ;  but  since 
/(x),  or  the  first  member  of  the  equation,  is  divisible  by  x — a,  the  remainder 
must  vanish ;  hence /(a) =0  ;  and  therefore,  a  being  substituted  for  x  in  the 
equation /(x)r=0,  verifies  the  equation,  and,  consequently,  a  is  a  root  of  the 
equation. 

PROPOSITION  III. 

239.  The  proposition  that  every  equation  has  a  root,  has  in  most  treatises 
on  Algebra  been  taken  for  granted.  It  has,  however,  of  late  years  been 
thought  to  require  a  demonstration,  and  we  add  one  which  is  as  brief  and  clear 
as  any  of  the  best  modifications  of  that  by  Caucliy. 

As  it  will  prove  a  little  tedious,  tlie  student  may,  if  ho  please  to  admit  the 
proposition,  pass  on  to  Prop.  IV. 

It  will  be  necessary  to  premise  a  few  lemmas  relating  to  the  properties  of 
moduli,  some  of  which  have  been  already  demonstrated  (Art.  197),  but  we  re- 
peat them  here  for  convenience  of  reference. 

Lemma  I. —  The  sum  or  difference  of  any  two  quantities  wJiatever  has  a 
modulus  comprehended  between  the  sum  and  difference  of  ttic  moduli  of  the 
two  quantities. 

Lemma  II. — The  modulus  of  a  product  of  txjco  factors  is  equal  to  the  product 
of  their  moduli. 

Corollary, — Hence  the  product  of  the  moduli  of  any  number  of  factors  is 
the  modulus  of  their  product,  and  the  modulus  of  the'n^  power  of  a  quantity 
is  the  n^  power  of  its  modulus. 

Lemma  III. — In  order  tJiat  a  quantity  of  the  form  a+bV— I  ^^y  6e  zero^ 
a  is  necessary^  and  it  is  sufficient^  that  its  modulus  should  be  zero  ;  for  a  and 
h  being  real  quantities,  let 
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a  +  byZ—lzzzO. 


Am  the  real  part  a  can  not  destroy  the  imaginaiy  part  &  V  "^^t  ^^  mast 
hjKfe  separately  a=0  and  6=0  .*.  Va^+^''=0. 
LxmiA  IV. — Let  there  be  a  polyoomial  of  the  form 

in  which  the  coefficients  of  all  the  terms  after  the  first  are  essentially  nega- 
tive.    A  value  of  x  can  always  be  found  sufficiently  great  to  render  the  first 
term  x"  greater  than  all  the  others  together,  and,  consequently,  the  expression 
X  essentially  positive,  and  as  great  as  we  please. 
For  we  can  write  X  thus, 


X-.T»(l-^--...-^j, 


in  which,  if  x  be  supposed  to  increase  indefinitely,  the  negatare  terms  in 
the  parenthesis  will  decrease  indefinitely.  As  soon  as  r  has  attained  a  value 
7i  sufficiently  great  to  make  these  negative  terms  together  equal  to  1,  the 
value  of  the  expression  X  will  go  on  increasing  indefinitely,  and  be  always 
positive. 

If  X  be  taken  negatively  instead  of  positively,  X  will  still  be  positive,  provided 
m  be  even ;  but  if  m  be  odd,  then,  when  — A  is  put  for  r,  the  loading  term  will 
be  negative,  and,  consequently,  X  negative. 

Corollary, — If  the  first  term|?  of  a  series  jp+yx+rj^-|-,  &c.,  be  constant, 
X  may  be  taken  a  sufficiently  small  fraction  to  make  the  sign  of  the  whole  de- 
pend on  that  of  the  first  term.* 

*  From  the  above  it  may  be  shown,  that  in  every  equation  of  an  odd  degree  two  vahiet 
can  always  be  fonud,  which,  when  seiiaratoly  substituted  for  the  unknown  quantity,  will 
furnish  two  results  with  opix>8ite  signs,  and  that  in  every  equation  of  an  even  degree 
two  such  values  can  also  bo  assigned,  whenever  the  final  term  or  absolute  number  it 
negative ;  for,  in  tiiis  case,  tiie  substitution  of  zero  for  x  will  crivc  a  negative  result,  viz., 
the  absolute  number  itself,  and  the  substitution  of  -f-^  or  — ^'  v^iU  give  a  positive  result. 

From  these  inferences  it  may  be  proved,  without  difficult^',  that  every  equation  of  an 
odd  degree,  without  exception,  has  a  real  root,  and  every  cfjuation  of  an  even  degree,  pro* 
vided  its  final  term  be  negative,  has  two  real  roots,  the  one  positive,  the  other  negative. 
This  conclusion  might  be  deduced  immediately  from  what  has  just  been  established,  if  ic 
be  conceded  that  every  polynomial /(or),  which  gives  results  of  op])08ite  signs  when  two 
values  a,  b  are  successively  given  to  x,  passes  from/(o)  to  f{b)  continuously  through  all  in- 
termediate values,  as  x  passes  continuously  from  a  to  b.  Bat  this  is  a  principle  tliat  re- 
quires demonstration.    We  proceed  to  establish  it  witb  the  uecessary  rigor. 

PROPOSITION. 

If  in  the  polynomial 

/(a:)=x"+A,^,x"-» ....  +A,:i^+Aj.-|-N 

X  be  supposed  to  vary  continuously  from  x=a  to  x=^b,  ^ea  t^e  fonction  fix)  will  vary 
continuously  from /(a)  to  f{b). 

DKMONSTRATIOI. 

Let  e^  be  any  value  intermediate  between  a  and  b.  Bubttitato  tif'\-h  for  xia  the  polfy^ 
nomial,  and  it  will  become 

/(a'-|-A)=(a'+*)"+A„_aa'-HO""' ....  A,(a'-|-A)«+AjK-f  *)-f  N; 

that  is,  actually  developing,  in  the  second  member,  by  the  binomial  theorem,  and  aiTaagnig 
the  results  according  to  the  ascending  powers  of  A, 
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PRELIMINART   DEMONSTRATION. 

240.  Each  of  the  equatious 


has  a  root  of  the  form  a-^b-^ — 1.  This  is  true  of  the  equation  afss-^-lf 
whether  m  be  even  or  odd,  since  j=l  always  satisfies  it.  It  is  also  true  of 
the  equation  x"'= — 1  when  m  is  odd,  for  then  x= — 1  satisfies  it. 

When  m  is  even,  it  must  either  be  some  power  of  2,  or  else  some  power 
of  2  multiplied  by  an  odd  number ;  if  it  be  a  power  of  2,  then  the  value  of  x 
will  be  obtained  after  the  extraction  of  the  square  root  repeated  as  many  times 
in  succession  as  there  are  units  in  the  said  power.  Now  the  square  root  of 
the  form  tf+6\/  —  1  is  always  of  the  same  form  (Art.  118).  Hence,  when 
m  is  a  power  of  2,  oacli  of  the  equations  x'"= — 1,  x™=zt  V  —  1  has  a  root 
of  the  form  announced.  When  m  is  a  power  of  2  multiplied  by  an  odd  num- 
ber, then,  if  we  extract  tlio  root  of  this  odd  degree  first,  there  will  remain  to 
be  extracted  only  a  succession  of  square  roots. 

We  have,  therefore,  merely  to  show  that,  when  vi  is  odd,  a  root  of  i  V — 1 
is  of  the  predicted  form. 

Now  the  odd^wjrcr*,  1,  3,  5,  &c.,  of  -}-  \/ — 1,  are  (Art.  66) 


+  V-l.  -  V-1,  +  v-i.... 


and  the  same  powers  of  —  V  —  1  are 


—  V  — 1.  +\/— li  — V— 1..-. 


consequently,   when   m    is    odd,    a   root    of   zt  V — 1  is  either  +  \/ — 1  or 
—  V  —  1.     Hence  the  predictrd  form  occurs,  whether  m  be  odd  or  even. 
It  follows  from  this  proposition  that,  whatever  positive  whole  number  m 


may  be,  ( —  I)™  and  (  \/  —  1)'"  will  always  be  of  the  form  tz+6\/  —  1;  or, 

n  II 

more  generally,  ( —  1)'"  and  (  \/  —  1)"'  will  always  bo  of  this  form,  n  and  m  be- 
ing any  integers  positive  or  negative  (Cor.  to  Lemma  II.). 

THEOREM. 

241.  Every  algebraical  equation,  of  whatever  degree,  has  a  root  of  the  form 


n— 1 


-fA„_j«^--f(«-l)A_^«'"-= 


-a  •  h^ 


/n— 3 


T-+A 


+A,a'  1 

+N  I 

wlkicli  may  be  written 

/(a'H-;*)=/(«')+/.  ('OA4-/i{'i')|Va(^'').;^3  •  •  •  ^". 

Kow,  by  what  has  bccu  above  sliowii,  a  value  so  suiall  may  bt  given  to  h  that  the  ram 
of  the  terms  after /(o^)  shall  be  less  than  any  assifrnable  quantity,  however  small.  Hence, 
whatever  iutcrmcdiate  value  of  between  a  and  b  be  fixed  upon  for  x  mj{x),  in  pruceeding 
to  a  neighboring  value,  by  tlic  a<lditi(>n  tu  a'  uf  a  <iunntity  h  ever  so  mhmte,  we  obtain  for 
f{i^-\-h)  a  like  minute  increase  of  the  precedinij  value/(f/).  In  other  wonls,  in  proceed- 
ing continuously  from  a  to  6  in  our  substitutions  for  x,  the  results  of  those  substitutioua 
must  be,  in  likt^  manner,  contiuuous.  or  all  connected  together  without  any  unoccupied  in- 
tervaL 

U 
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a'\-h  y/ — 1,  whetlier  the  coefficients  of  the  equation  be  all  real,  or  any  of 
them  imaginary  and  of  the  same  form. 

Lot/(j-)=x"+A„._,x°- »+...A3.r»+A2r»+A,x+N=0 (1) 

represent  any  equation  the  coefficients  of  which  nre  either  real  or  imaginary. 

If  in  this  equation  we  substitute  P'\'q  yj  —  1  for  7,  jp^and  q  being  real,  the 
first  member  will  furnish  a  result  of  the  fonn  P4-QV  —  1*  ^  ^^^  Q  being 
real  (Lemma  II.).  Should  i^+^V — 1  ^^  ^  'o^^  o^  ^^  equation,  this  result 
must  bo  zero  ;  or,  which  is  the  same  thing,  the  modulus  of  P  +  Q  \^  — 11  ^'z., 
VP^'+Q^  must' be  zero  (Lcm^na  III.).  And  wc  have  now  to  prore  that 
values  of  j7  and  q  always  exist  that  will  fulfill  this  latter  condition. 

In  order  to  this,  it  will  be  suificietit  to  show  that  whatever  value  of 
■/P^+Q^  greater  than  zero,  arises  from  any  proposed  values  of/)  and  9, 
other  values  of  j)  and  q  necessarily  exist,  for  which  'v/P'^4"^'  becomes  still 
smaller,  so  that  the  smallest  value  of  which  -/P'-^-j-Q*  is  capable  must  bo  zero, 
and  the  particular  expression  ^>+^  -v/  —  1,  whence  this  value  has  arisen,  must 
be  a  root  of  the  equation. 

For  the  purpose  of  examining  the  effect  upon  any  function, /(r),  of  changes 
introduced  into  the  value  of  x,  the  development  exhibited  at  Art.  239,  Not«,  is 
veiy  convenient.  By  changing  x  into  x-\-hy  the  altered  value  of  the  function  is 
tlius  expressed  by 

/(^+/,)=/(.r)+/,(x);t+/,(x)-^,+/3(r)-^.../i» (2) 

where /(r)  is  the  original  polynomial,  and  J\{x),J\(x)t  &c.,  contain  none  but 
intepTAl  and  positive  powers  of  r  (Art.  239,  Note). 

The  first  of  these  functions, /(.r),  becomes  P  +  Q  V — I  when  ^7+9"/ — I 
is  substituted  for  .r ;  the  other  functions  may  some  of  them  vanish  for  the 
same  substitution,  for  aught  wo  know  to  the  contrary  ;  but  all  the  terms  after 
f(x)  can  not  vanish ;  the  last  //",  which  does  not  contain  j-,  must  necessarily 
remain. 

Without  ns«;uinin^  any  hypothesis  as  to  what  terms  o(  f{x-\-h)  vanish  for 
the  value  X'=.p-\-qy/ — 1,  which  causes  the  first  of  those  terms, /(r),  to  be- 
come P  +  Q  \/  — 1,  let  us  represent  by  h^  the  least  power  of  h  for  w^hich  the 
coefficient  does  not  vanish  when  p-\-q'\/  —  1  is  put  for  x.  This  coefficient 
will  be  of  the  form  R  +  S  \/  — 1,  in  which  R  and  S  can  not  both  be  zero. 


When  jy+qy/  —  1  is  put  for  j*,  we  have  represented /(.r)  by  P  +  Q  V  — 1. 
In  like  manner,  when  p^rj  y/  —iJ^h  is  put  for  x.  we  miiy  represent  the 
function  by  P'+Q'  -/_!.     The  development  (2)  will  then  be 

P'+QV"^^=(P  +  Q  v/"^)  +  (ll+S  V"=^)/t'"+  terms 

h"'+\  h"'+',  ....  //». 

Now  h  is  (piite  arbitrary ;  we  may  give  to  it  any  sign  and  any  value  wo 
please,  provided  only  it  come  under  the  genei*al  form  a+6\/ — 1.     Leaving 

the  absolute  value  still  arbitrary,  we  may  therefore  replace  it  by  either  +A: 

1 

or  —A",  or  ±(  —  1)"^*;  "nd  thus  render  Jr  either  positive  or  negative,  which- 

1 
ever  we  please,  whatever  bo  the  value  of  m ;  and  we  have  seen  that  ( — 1)« 
comes  within  the  stipulated  form  (Art.  240).  Hence  wc  mny  vmte  the  fore- 
going development  thus,  the  sign  of  A:"  being  under  our  own  control : 
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P'+QV-1=(P  +  QV  — l)  +  (R+Sv/-l)it-+  terms  in 

But  in  any  equation  of  this  kind  the  real  terms  in  one  member  are  together 
equal  to  ftiose  in  the  other,  and  the  imaginary  terms  in  one  to  the  imaginary 
terms  in  the  other.     Consequently, 

.P'=P+RA:'"+  the  rfdZ  terms  in  *«•+»,  ^»+«,  ....  A*  ; 
Q'=Q+SA:'"+  ^^^^  terms  involving  powers  above  it*". 
Hence  the  square  of  the  modulus  of  P'+Q'  y/ — 1  is 
P'«+Q'2=pa+Q2+2(PR+QS)Ar+  real  terms  in  1^\  Ar™+^,  .  .  1^. 
Now  k  may  be  taken  so  small  that  the  sum  of  all  the  terms  after  P'+Q" 
may  take  the  same  sign  as  ^(PR+QS)^:™  by  (239),  which  sign  we  can  alwaya 
render  negative  whatever  PR+QS  nuiy  be,  because,  as  observed  above,  Jt" 
may  be  made  either  positive  or  negative,  as  wo  please. 
Hence  we  can  always  render 


In  other  words,  whatever  values  of  p  and  </,  in  the  expression  j?+9  V — 1« 
cause  the  modulus  -v/P'+Q"*  ^o  exceed  zero,  other  values  exist  for  which  the 
modulus  will  become  smaller ;  and,  consequently,  one  case  at  least  must  exist 
for  which  the  modulus,  and,  consequently,  the  expression  P-^Q-/ — 1,  must 
become  zero. 

This  conclusion  presumes,  however,  that  PR+QS  is  not  zero.  If  such 
should  be  the  case,  then  our  having  chosen  the  form  of  /i,  so  as  to  secure  a  com- 
mand over  the  «>»  of  !2(PR4-QS),  will  have  been  unnecessary.  The  form 
must  then  be  so  chosen  that  a  command  may  be  secured  over  the  sign  of  the 
first  term  afitr  2(PR+QS)^'",  in  the  above  series,  for  P'-+Q'-,  which  does 
not  vanish,  when  the  preceding  couclusiou  will  follow. 

242.  The  values  of  a  and  h  in  the  expression  a+i  V  — 1»  which,  when  put 
for  X  in/(x),  cause  that  polynomial  to  vanish,  can  never  be  infinite. 
We  may  write /(x)  as  follows,  viz., 

(An 1         A,|| — o  ^\ 


or,  putting  P  +  Q  v/  — 1  for  what/(x)  becomes,  when  p+^-/  — i  is  substi- 
tuted for  X,  we  have 

/  A„_i  A„_i  N  \ 

Now  the  modulus  of  a  quotient  is  the  quotient  of  the  modulus  of  the  divi- 
dend by  the  modulus  of  the  divisor  (Lemma  II.).  In  each  of  the  dividends 
An_i,  Ad-2^  &c.,  above,  the  modulus  is  finite  by  hypothesis.  Hence,  if  either 
p  or  7  be  infinite,  and,  consequently,  the  modulus  of  every  denominator  or 
divisor  also  infinite,  the  modulus  of  each  quotient  must  be  zero.  Hence,  in 
this  case,  each  of  the  above  fractions  must  itself  be  zero  (Lemma  III.),  and 
therefore  the  modulus  of  the  entire  quantity  within  the  parenthesis  simply  1 ; 
and  the  modulus  of  a  product  is  the  product  of  the  moduli  of  the  factors,  so 
that  the  modulus  of  the  preceding  product,  viz.,  -v/P^+QS  is  the  modulus  of 
(P+^V  — !)"•  I^ut  the  vC^  power  of /j+^-v/— 1  has  for  modulus  tlie  rC^ 
power  of  the  modahis  of  j>-|-  ^  V  — 1,  that  is,  the  n^  power  of  y/p^'^(f  (Lemma 
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II.,  Cor.),  which  is  infinito  ;  cousequcMitly,  -/!*'+ ^'  must  be  infiDito.  But 
when  p-^-q-^  —  1  is  a  root  of  the  oqu  atiou  f(x) = 0,  -/  V-  +  Ci*  is  zero.  HencLS 
ill  this  case,  neither  j)  uor  q  can  bo  infinite. 

243.  An  objection  may  be  brought  against  the  preceding  reasoning  that 
ought  not  to  be  concealed.  It  may  be  denied  that  the  modulus  of  the  product 
above  referred  to  is  simply  the  modulus  of  (i?+7  V  — 1)°  in  the  case  ofp  or  q 
infinite ;  for  it  may  bo  maintained  that  although  in  this  case  all  the  quantities 
within  the  imrenthesis  after  the  1  become  ztro^  yet  the  combination  of  these 
with  (p+7  V — I)"'  which  involves  infinite,  quantities,  may  produce  quantities 
also  infinite  ;  and  thus  the  modulus  of  the  product  may  differ  from  the  modu- 
lus of  (^4~9  V  — I)"  by  a  quantity  infinitely  great.  It  is  not  to  bo  denied  tliat 
there  is  weight  in  this  objection.  But  it  is  not  difficult  to  see  that  although 
the  true  modulus  may  thus  differ  from  the  modulus  of  (j'+^'V^ — I)"*  ^y  "** 
infinite  quantity,  yet  the  modulus  of  (y^+^V  —  l)"i  involving  higher  powers 
than  enter  into  the  part  neglected,  is  infinitely  greater  than  that  part.  This 
part,  therefore,  is  justly  regarded  as  nothing  in  comparison  to  the  ^)art  pre- 
served, the  former  standing  in  relation  to  the  latter  as  a  finite  quantity  to  in-  , 
finity. 

But  the  proposition  may  be  established  somewhat  differently,  as  follows: 

Substituting  {p-^-q  V  — 1)  for  x  in/(.r),  we  have 


(i'+7V-ir4-An-,(jP+9V-ir-^+..A,(p+^V-l)+N. 

Call  the  aggregate  of  all  these  terms  after  the  first  P'  +  Q'  V  —  I  ?  ^^^^^  '^ 
is  plain  that  the  modulus  of  tho  fii-st  term,  that  is,  (  Vi^'+V'*)"*  must  infinitely 
exceed  the  modulus  \/P'--|-Q'^  C)f  the  remaining  terms  whenever  p  or  q  is 
infinite,  because  in  this  latter  modulus  so  high  a  power  of  the  infinite  quantity 
p  or  q  can  not  enter  as  enters  into  the  former.  Now  the  modulus  of  the 
whole  expression,  that  is,  of  the  sum  of  {p+qy/ ^ly  and  P'  +  Q'  >/  — I*  is 
not  less  than  the  difference  of  the  moduli  of  tKeso  (juantities  themselves 
(Lemma  I.),  which  difference  is  infinite.  Hence,  as  before,  -v/P-.j-Ci'  must 
be  infinite  when  p  or  q  is  infinite. 

PROPOSITION   IV. 

244.  Ecery  equation  containing  hut  one  unknown  quantity  has  as  many  roots 
as  there  arc  units  in  tlit  highest  power  of  the  unknown  quantity. 

Let/(.r)=:0  be  an  equation  of  tho  n"'  degree ;  then  if  Aj  be  a  root  of  tliis 
equation,  we  have,  by  last  proposition, 

(.r-«,)/.(.r)=/(,r)  =  0. 

where/, (j:)  represents  the  quotient  arising  from  the  division  of/(r)  by  x — Aj, 
and  will  be  a  |)olynomial,  arranged  according  to  the  powers  of  x,  one  degree 
lower  than  the  given  polynomial /(j).  Now,  if  a^  is  also  a  root  of  tho  equa- 
tion /(x)=0,  it  is  obvious  that/, (.r)  must  be  divisible  by  x — a  ,  for  x — a,  is 
not  divisible  by  r— n^  (see  Art.  84,  Note);  hence,  if/a(r),  a  polynomial  of  a 
degree  one  lower  than/,  (.r),  or  of  a  degree  two  lower  than/(r),  represent  the 
quotient  of/,(j')  divided  by  x— a^,  we  have 

(j-a,)(j:-a3)/2(x)=:/(r)=0. 
Proceeding  in  this  manner,  if  a 3,  04,  05, a^  are  roots  of  the  equation, 
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the  degree  of  the  quotient  reducing  by  one  each  time,  the  equation  will  as- 
sume the  form 

(j:— a,)(j:— tf2)(.r— /Z3) (r— a„)=0; 

and,  consequently,  there  nre  us  many  roots  as  factors,  tliat  is.  as  units  in  tho 
highest  power  of  x,  the  unknown  quantity ;  for  the  last  equation  will  be  veri- 
fied by  any  one  of  the  7i  conditions, 

.T=:a,,  j:=«o,  r=r/3,  x=a^i ....  r=tfu; 

and  since  the  equation,  being  of  the  7t*''  degree,  contains  n  of  these  factors  of 
the  1st  degree,  (x — «,),  &c.,  there  are  7i  roots. 

Corollary  1.  When  one  root  of  an  equation  is  known,  the  depressed  equa- 
tion containing  the  remaining  roots  is  readily  found  by  synthetic  division. 

Corollary  2.  The  number  of  factors  of  the  2^  degree  in  an  equation  is  n(n  —  1 ) 
-7-1.2;  of  the  3°,  n(7i— l)(n— 2)-i-l  .2.3,  and  so  on  (see  Art.  203). 

EXAMPLES. 

(1)  One  root  of  the  equation  x* — ^bx--\-GOx — 36=0  is  3 ;  find  the  equation 
containing  the  remaining  roots. 

1  +0    —25  +60—36  (3 

3    4.  9  ^4R+36 
1  +3    -^16  +12. 
Hence  r»+3a:'— 16x+12=0 

is  the  equation  containing  the  remaining  root«. 

(2)  Two  roots  of  tlie  equation  r*— 12j''»+48x5— 68x+15=0  are  3  and  5  ; 
find  the  quadratic  containing  tlie  remaining  roots. 

1  —lo  +48—68+15  (3 

3   — 07  +  G3  — 15 
1—9  +21—  5  (5 

5   —20 
1—4+1 
...  ja—  4j-+1=0 
is  the  equation  containing  the  two  remaining  roots. 

(3)  One  root  of  the  cubic  equation  j^ — 6j:^+ll.r — 6=0  is  1;  find  the 
quadratic  containing  the  other  roots. 

Ans.  2«— 5a:+6=0 

(4)  Two  roots  of  the  biquadratic  equation  4x* — 14j^ — 52:^+31x+6=0  are 
2  and  3;  find  the  reduced  equation. 

Ans.  42:«+6jr+l=0. 

(5)  One  root  of  the  cubic  equation  a^'+3i•- — 16j:+12:=0  is  1 ;  find  tlie  re- 
maining roots. 

Ans.  2  and  — 6. 

(6)  Two  roots  of  the  biquadratic  equation  x* — 6r'+24x — 16=0  are  2  and 

— 2 ;  find  the  other  two  roots. 

Ans.  3  it  V^' 

PROPOSITION  V. 

245.   To  form  the  equation  whose  roots  are  a, ,  flg,  03,  04, «„• 

The  polynomial, /(j*),  which  constitutes  the  first  member  of  the  equation 

required,  being  equal  to  the  continued  product  of  x — flp  x — a^,  x — 03, ... 

T — ^Bt  by  the  last  proposition,  wo  have 
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(x — ai)(jr — a2)(x — ^3) {£ — (lu)^O; 

and  by  perforiiiing  the  inultiplicntiou  hero  indicated,  wo  huvo,  when 


n=2,  j:«— rti 

r  4-«irt:= 

=0 

— (t: 

n=3,  r* — ffi 

r-+rtirt2 

X  — (Zi/Zs^Zs^O 

— «.' 

+  «lfl3 

—da 

+  «2«3 

n=4,  T* — f/i 

r'*+fl,fli  !  .7*— fliflyza 

X- 

— fli 

+  ''»«3 

— rziflyz^ 

—^3 

+  <J/Ia 

— aia^fU 

— a* 

+  ai(ii 

— a^a^a^ 

+  «2«4 

+  «3«4 

T-^/iia..^j</4:=0,  nnd  so  on. 


By  continuing  tho  nuiltiplication  to  tho  last,  tho  equation  will  be  foun<l 
whoso  roots  arc  those  pn)poi»ed  ;  and  from  what  has  been  done  we  learn  tliai 

(1)  Tho  coefficient  of  the  sfcond  term  in  tho  resulting  polynomial  will  b<^ 
tlie  sum  of  all  tho  rooU  with  their  signs  changed. 

(2)  The  coeffirient  of  tho  third  term  will  be  tho  sum  of  tho  products  of 
*?very  two  roots  with  their  signs  changed. 

(3)  Tho  coefficient  of  the  fourth  term  will  be  the  sum  of  the  products  of 
every  three  rootH  with  their  signs  changed. 

(4)  The  coefficient  of  tho  /[/?/*  term  will  be  tho  sum  of  the  products  of 
every  four  roots  with  their  signs  changed,  and  so  on ;  tho  last  or  absohttr 
term  being  tho  product  of  all  the  roots  with  their  signs  changed.* 


*  I.  The  f?onerality  of  tliis  law  may  be  proved  ns  fullowR  :  Lot  ua  Rupposc  it  to  IhiIiI 
qiXMl  I'ur  the  pnxluct  of  n  hinuiuial  facton,  we  shall  pruvc  that  it  will  for  the  product  of 
n-\-l  of  these.    Let 

represent  tiie  pnxluct  of  n  hinniniul  fucti»ra,  iu  wliich  Aj  repruseuts  the  sum  flj-|-rt,-|-rt, 
-)-,  &.r.,  -\-tta  of  the  n  rccoikI  t«.'niis  of  tho  biunminls,  A ^  tlie  sum  (»f  tlicir  pruductji  two  aijil 
two,  A3  tlie  sum  of  their  pnxlucts  three  and  three,  and  so  on,  ami  A^  the  pru«Iuct  of  all  the 
n  second  tenns  o^a./i^  Jcc,  f/„. 

Litroducc  now  a  new  factor  (r — ''n^i).  Pcrfomiini?  the  niiiltijilicatiiui  of  the  uhuve  poly- 
nomial by  this  new  fac^tor, 

j"— AiX"~'+Ayr"-=— .  &c.,  -|-A„ 


x'"»-'— Aix"+A^"    '—.Ac.,  ±.\^x 

'         -A, 


Here  tho  coefficient  of  the  sccoinl  tenn  is  comimsed  of  A,,  the  sum  of  all  tho 

——ti  % .  • 


n+l 


■econd  terms  of  the  n  binomials  [x — o^),  {x — a,^),  Slc,  and  «n^|,  tlie  second  term  of  tho 

(it-j-l)*''  binomial,  and  is,  therefore,  equal  to  tlie  snm  of  the  second  terms  of  tlie  n-j-l  biiio- 

"fA,. 

is  coniiH>sed  of  A^,  the  sum  of  the  prod- 


mials.    The  coefflcient  of  the  tliird  tenn 


acts  of  the  it  second  tenns  two  and  two,  and  A^a^^^,  the  sujn  of  tlie  «  second  tenni,  each 
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Corollary  1. — If  the  cocHicient  of  the  second  tenn  iu  any  equatiou  bo  0, 
that  is,  if  tho  second  term  be  absent,  tlio  sum  of  the  positive  roots  is  equal  to 
the  sum  of  the  negative  roots. 

Corollary  2. — If  tho  signs  of  the  terms  of  the  equation  be  all  positive,  the 
roots  will  be  all  negative,  and  if  the  signs  be  oltornntely  ()ositivo  and  negative, 
the  roots  will  bo  all  positive. 

Corollary  3. — Ever}'  root  of  an  equation  is  a  divisor  of  the  last  or  absolute 
term. 

multiplied  by  the  new  second  term  a^^i ;  hence  vrill  be  the  sum  of  the  products 

of  the  n-\-l  second  terms  two  and  two. 

Tlie  lost  tenn  A„«n^|  is  tlio  pnidnct  of  A^,  which  is  the  )>n)dnct  of  all  tlie  n  second  terms 
multiplied  by  the  new  second  term  ^n^i,  so  that  A^fl,^,,  is  tho  product  of  all  the  n-\-l  sec- 
ond terms. 

Wo  have  thus  proved  that  if  the  law  for  the  formation  of  tlie  coeftlcients  above  stated 
hold  qood  fur  a  certain  numbor  of  bit^uiial  factors  ;/,  it  will  hold  goixl  fur  one  more,  or  n-\-l. 
We  have  seen,  hy  experiuient,  tliat  it  hoMs  yood  for  four,  it  therefore  holds  good  for  live  ; 
if  for  five,  it  must  for  six,  and  so  on  ad  iu/inititm. 

II.  One  might  imaerine,  at  first  view,  that  the  al>ovc  relations  would  make  known  the 
roots.  They  give  at  once  equations  into  which  these  roots  enter,  and  which  are  etinal  in 
number  to  tlio  coeiHcicnts  of  the  equation  (excepting  the  cociHcient  of  the  first  term,  wliich 
is  miity).  Tho  number  of  these  coefUcients  is  equal  to  tlio  number  of  tlie  roots  of  tho  equa- 
tion. Unfortunately,  when  wo  seek  to  resolve  tlicse  secondary  equations,  we  are  led  to  the 
very  equation  profiosed.  so  that  no  liroLn-ess  is  made. 

For  simplicity,  I  will  toke  the  equation  of  the  3-^  degree. 

^_^Pj^^ar-|-R=0 (1) 

Designating  the  three  roots  by  a,  If,  c,  we  have,  to  determine  the  roots,  tlie  three  re- 
lations 

Ci=ab-{-ac-\-bc (2) 

K=—abc 

To  deduce  fK)m  them  an  equation  which  contains  but  the  miknowii  a,  the  most  limple 
mode  of  proceeding  is,  to  multiply  the  1^  by  d^,  the  iP  by  a,  and  add  them  to  the  3^. 
There  results 

Ptf^-f  Q/j-f  R=— rz»— «26— rt«c 

— abok 
Reducing,  and  tronsposmg  the  term  — a^,  we  have 

aa-fP«:-|-Q//-|-R=0. 

Tlie  unknown  quantities  h  and  c  are  thus  eliminated,  but  the  equation  resulting  is  of  the 
■aroc  degree  with  the  proposeil.  From  tho  symmetrical  fonn  of  tho  relations  (2)  we  per- 
ceive  that  the  elimination  of  a  and  h,  or  a  and  c,  would  have  been  attended  with  similar 
consequences. 

III.  To  find  tlie  sum  of  the  squares  of  tlie  nx>ts  of  any  equation. 

— K{=a-\'b-\-c . . .  -|-/  ; 

^  sum  of  tlie  s<iuares  -f"--^a  • 
.'.  sum  of  squares  =A,2 — 2A5. 
To  find  the  sum  of  the  reciprocals  of  the  roots. 

(_!)»-» A^j=6r ... /-|-flr ... /-fa6 .. /-I- . . 

(— l)"A„=a/«;.../; 

Ill  l_       ^n-l 

a      b      c  I  Ag 
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Corollary  4. — Tii  any  equation,  when  tlio  roots  are  all  real,  and  the  last  or 
absolute  tonn  veiy  small  conipiu'ed  with  the  coefficients  of  the  other  terms, 
then  will  the  roots  of  such  on  equation  be  also  very  small. 

EXAMPLES. 

(1)  Form  the  equation  whose  roots  are  2,  3,  5,  and  — 6 

Here  we  have  simply  to  perform  the  multiplication  indicated  in  the  equa- 
tion 

(j.-2)(a:-3)(j:-5)(.r+6)=0 , 
and  this  is  best  done  by  detached  coefficients  in  the  following  manner : 

1—  2  (—3 

—  3+   G 

1—  5+  G  (—5 

—  5  +  25—30 

1  —  10-1-31—30  (6 

6  —  60+186  —  1^0 
1—   4—29+156  —  180 
...a:*—4r»—29j.-=-'+15Gx— 180=0  is  the  equation  sought. 

(2)  Form  tlie  equation  whose  roots  are  1,  2,  and  — 3. 

(3)  Form  the  equation  whose  roots  nre  3,  — 4,  2+  V^i  ^^^  ^ —  ^3* 

(4)  Form  the  equation  whoso  roots  are  3+  -/S,  3 —  V^i  and  — 6. 

ANSWERS. 

(2)  j^— 7j-+6=0. 

(3)  2^— 3.r»— 15x^+40.r— 12=0. 

(4)  a^'— 32.r+24=0. 

PROPOSITION   VI. 

246.  No  equation  whose  coffficitnts  are  all  intefrcrs^  and  Oiat  of  the  highest 
power  of  the  unknown  quantify  unity  ^  can  have  a  fractional  root. 

If  possible,  let  the  equation 

3:"+A„_iJ"-'+...+A3r'+A,r2+AiX+N=0, 
whoso  coefficients  are  all  integnil,  hnvo  a  fractional  root,  expressed  in  its  low- 
est terms  by  j.     If  we  jiubstitule  this  for  x,  uiid  multiply  the  resulting  equation 
by  6°"*,  wo  shall  have 

■^  +  A„_i«''-i-| ^-A3a^^;"-^+Aa/;"  =+N6"-i=0. 

In  tliis  polynomial,  evcrj'  term  afttM*  the  first  is  intcgml ;  hence  the  first  term 

a  a" 

must  be  integral  also.     But  j-  being  a  fraction  in  its  lowest  terms,  -j-  must  also 

be  a  fraction  in  its  lowest  terms,  and  can  not  be  an  integral.     (See  Note  to 
Art.  84.)     Therefore  tlie  proposed  equation  can  not  have  a  fractional  root. 

PROPOSITION    VII. 

247.  If  the  siffns  of  the  alternate  terms  in  an  equation  he  changed,  the  signs 
of  all  the  roots  will  he  chanfrcd. 

Let  T"+A,i:"-'  +  A.r'   ■  + A„_,r+A„  =  0    ....  (1) 

be  an  equation  ;  then,  chang'ng  tlie  signs  of  the  alternate  terms,  we  have 

J-  — A.j"  >+A,.r"--- fA„_,r  +  A„  =  0  ...  (2) 

or  -x"  +  Air^»— A.,.r"-'  + qpA„_,r±A„=0  ...  (3) 
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But  equations  (2)  and  (3)  are  idonticnl,  for  tho  sum  of  the  positive  terms  in 
eacli  is  equal  to  tho  sum  of  tlie  negative  terms,  and  therefore  they  are  identi- 
cal. Now  if  A  bo  a  root  of  equation  (1),  and  if  a  he  substituted  for  x  in  equa- 
tion (1)  and  — a  in  equation  (*2),  if  n  be  an  even  number,  or  in  equation  (3) 
if  n  be  an  odd  number,  tho  results  will  be  the  very  same ;  and  since  the  for- 
mer is  verified  by  such  substitution,  a  being  a  root,  the  latter,  viz.,  equation 
(2)  or  (3),  as  the  case  may  be,  is  abo  verified,  and  therefore  — a  is  a  root  of 
the  identical  equations  ('i)  and  (3). 

Corollary. — If  the  signs  of  all  tho  terras  are  changed,  tlie  signs  of  the  roots 
remain  unchanged. 

EXAMPLES. 

(1)  The  roots  of  Uie  equation  a."^— (ix-+llx— 6=0  are  1,  2,  3.     What  are 

the  roots  of  the  equation  r*-|-^-'^+ 11^+^=0  • 

Ans.  — 1,  — 2,  — 3. 

(2)  The  roots  of  the  equation  r«— r)jr»-|-24j:-— 1G=0  are  2,  —2,  3i  V^. 
Express  the  equation  whose  roots  are  2,  — 2,  — 3+  -v/f),  and  — 3 —  \/5. 

Ans.  ar*4-Gr''— 24j:— 16=0. 

PROPOSITION  VIII. 

248.  Surds  and  impossible  roots  enter  equations  hy  pairs, 

hot  i^~{- \ij:'^^'\-  \.2X*'~ '-{•.,,.  \n-iX-{'  A n=0  be  an  equation  having  a  root 

of  the  form  a~{-h  -^  — 1,  then  will  a  —  b  -^  — 1  be  also  a  root  of  the  equation ; 

for,  let  a-\-b  ^  —  1  be  substituted  for  x  in  the  equation,  and  we  have 


(a+tV— l)"+A,(rt-f-«;V— ir"'+----A„_,(rt-f-6^/  — 1)  +  A„=0. 
Now,  by  expanding  tlio  seveml  terms  of  this  equation,  we  shall  have  a  .«-'ories 
of  monomials,  all  of  which  will  be  real  except  tho  odd  pow(M*s  of  b^ — 1, 
which  will  be  imaginary.     L<^t  P  represent  the  real  and  Q -/ — 1  the  imagi- 
oary  terms  of  tlie  eximnded  equation  ;  then 

an  equation  which  can  exist  only  when  P=:0  and  Q=0,  for  the  imaginary 
quantities  can  not  cancel  the  re:il  ones,  but  the  r(Mil  must  cancel  one  another, 
and  the  imaginary  one  another  se]Mirate]y. 

Again,  let  a — b  y/ — 1  be  substituted  for  x  in  the  pro|)oscd  equation;  then 
the  only  difference  in  the  expanded  result  will  be  in  the  signs  of  the  odd  powers 
o£ by/ — 1,  and  the  collected  monomials,  by  the  previous  notation,  will  assume 
the  form  P — QV — 1  but  we  have  seen  that  P=0  and  Q=0; 

.-.  P-(|/^r=0, 

and  hence  a — b  y/  — 1  also  verifies  the  equation,  and  is  therefore  a  root 

Such  roots  are  called  cotiju^te. 

In  a  similar  manner,  it  is  proved  that  if  a  4-  y/b  bo  ono  root  of  an  equation, 
a —  y/b  will  also  be  a  root  of  that  equation. 

Corollanj  1. — An  equation  which  has  impossible  roots  is  divisible  by 

and,  therefore,  every  equation  may  be  resolved  into  rationid  factors,  simple  or 
quadratic. 

Corollary  2. — All  the  roots  of  an  equation  of  an  even  degree  may  bo  impos- 
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siblo,  but  if  they  are  not  oil  impossible,  tlie  equatioD  must  have  at  least  two 
real  routs. 

Corollary  3. — The  product  of  every  pair  of  impossible  roots  being  of  the 
form  a''\-h'  is  positive;  and,  therefore,  the  absolute  term  of  an  equation 
whose  roots  ai'o  all  im|M)ssible  must  be  positive. 

Corollary  4. — Kvery  equation  of  an  odd  degree  has  at  least  one  real  root, 
and  if  there  be  but  one,  that  root  must  necessarily  have  a  contrary  sign  to 
that  of  the  last  torm. 

Corollary  5. — Every  equation  of  an  even  degree  whose  last  term  is  nega- 
tive has  ut  least  two  real  roots,  and  if  there  be  but  two,  the  one  if  positive, 
and  the  other  negative. 

PROPOSITION  IX. 

249.  Tht  m  roots  ofOic  equation  X=0,  or 

x"'+Pa:^-»+Qr"'-s+,  &;c,  =0 [A] 

mwt  he  of  the  form  a-^-h^/  — 1,  of  which  form  we  have  already  shown  (Art. 
241)  that  it  must  have  one. 

For,  let  a-^-b^  —  1  be  the  root  whoso  existence  is  demonstrated.  We 
know  (Prop.  11.)  that  the  polynomial  x'"+»  <^'*-**»  is  divisible  byj* — (a+^V  — 1)? 
but  when  we  elfect  this  division,  the  quantities  a+^V — 1»  P»  Q»  A:C'»  can 
combine  only  by  addition,  by  subtraction,  and  by  multiplication ;  then  the  co- 
efficients of  the  quotient  x""^  +  ,  ^c,  will  still  be  of  the  form  a+^V  —  A* 
Consequently,  the  equation  r"~^4-,  A:c.,  will  also  have  at  least  one  root  of  the 
form  a'-\-f/  y/  —  1 ;  dividing  i-"-*4"»  ^c.,  by  x — («'+&'  V  — 1)»  the  coefficients 
of  the  quotient  o-""*-^*  ^c.,  will  be  still  of  the  same  form.  Continuing  to 
reason  thus,  it  is  evident  that  the  primitive  polynomial  X  will  be  divided  into 
m  factors  of  the  form  x — (rt  +  ^V — 1)«  *^"Ji  consequently,  the  roots  of  the 
equation  will  all  be  of  the  form  a-{-h  -^  —  1. 

PROPOSITION   X. 

250.  The  roots  of  the  two  conjugate  equations^ 

Y+Z  ^111=0 (1) 

Y-Zx/iri=:0 (2) 

inll  he  conjugates  of  each  other. 

Let  j*=r/  +  ^\/  —  1  l>oaroot  of  equation  (1),  and  Y'+Z'V — 1  the  quotient 
of  its  first  member,  by  x — a — h  y/  —  I,  we  have  the  identity 

(Y'  +  ZV^^)(-/— a  — ^V-^)=V-f-Zv/"iri (3) 

Effecting  the  multiplication  in  the  1°  member,  we  find 

(j-_,7)Y'+6Z'+[(T-rt)Z'-/iY']  v'"^ 
Clianging  now  in  the  two  factors  Z'  into  — Z',  and  h  into  — 6,  we  see  that 
in  the  product  the  pai"t  which  does  not  contain  y — 1  remains  the  same,  aiid 
that  that  which  does  contain  yf  —  1  only  changes  its  sign;  by  virtue  of  (3), 
therefore,  we  have 

(Y'  — ZV"^)(r— «+''V— 1)  =  V  — Z/m  ....  (4) 

From  whence  we  conclude  that  a  — h  ^J  —  1  is  a  root  of  (2) ;  that  is,  all  the  roots 
of  (2)  are  obtained  by  changing  in  those  of  (1)  the  sign  of  ^J  —  1.  The  real 
roots,  according  to  this,  must  be  the  same  in  the  two  equations. 
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We  moy  now  consider  tlie  fuUowing  beautiful  proposition  as*  demonstrateti 
from  the  foregoing. 

PROPOSITION  XI. 

An  algebraic  equation  which  has  real  coefficients  is  always  composed  of  as 
many  real  factors  of  the  1°  degree  as  it  has  real  roots^  and  of  as  many  real 
factors  of  the  2°  degree  as  it  has  jfdirs  of  imaginary  roots. 

DEPRESSION  OR  ELEVATION  OP  ROOTS  OF  EaUATIONS. 

PROPOSITION. 

251.  To  transform  an  equation  into  another  whose  roots  shall  he  tfie  roots  of 
the  proposed  equation  increased  or  diminished  by  any  givers  quantity. 

Lot  aj"+AiZ°~*-|-Aj>r"-'-|- Ao_ix4-An=:0,  bo  an  equation,  and  let  it 

be  required  to  transform  it  into  an  equation  whose  roots  shall  be  the  roots  of 
this  equation  diminished  by  r. 

This  transformation  invght  be  eflcctod  by  substituting  y-\-r  {or  x  in  the  pro- 
posed equation,  and  tho  resulting  equation  in  y  would  be  that  required ;  but 
this  operation  is  generally  very  tedious,  and  wo  must  tlierefore  have  recourse 
to  some  more  simple  mode  of  forming  the  transformed  equation.  If  we  write 
y-|-r  for  x  in  the  proposed  equation,  it  will  obviously  be  an  equation  of  tlie 
very  same  dimensions,  and  its  form  will  evidently  be 

ay-+B^y-^+}y^f-'+ B„_,t^  +  B„=0 (!)• 

in  which  Bi,  Bj,  &c.,  will  bo  polynomials  involving  r.     But  y=x — r,  and  there- 
fore (1)  becomes 

a(a--r)"+Bi(a:-r)"-^+ B„_i(r-r)+B„=0    .  .  (2) 

which,  when  developed,  must  bo  identical  witli  the  proposed  equation ;  for, 
since  y-\-r  was  substituted  for  x  in  the  proposed,  and  then  x — r  for  y  in  (2), 
the  transformed  equation,  wo  must  necessarily  have  reverted  to  tlie  original 
equation ;  hence  we  have 
a(r— r)"+B,(j:— r)"-^+..B„_,(j:— r)-|-B„=flx"+A,r''-»+  ..  A^,T+An. 


*  It  will  be  of  tho  same  form  with  tho  (levclo)>inent  in  the  note  tu  (Art.  239).  We  give 
it  ajLj^ain  below,  arruiif^cd  uccordini,'  to  the  powers  of  ;■  instead  of  y.  After  substitutint:  ^-j-/* 
for  X,  we  write  tlio  development  of  euclj  term  of  Uie  proposed  eciuatiou  in  a  horizontal  line  ; 
the  tint  horizontal  line  is  the  development  of  as^,  the  second  of  Aix^— i,  and  so  ou. 

n  ,        n-i  ,  ''"("— %n-:  a  , 

X    •    lb 

■    -fA,y      -|-Ai{rt— l)y      r-\ — ^^ y      r-f... 

+Aiy      -fA2{«— 2)y      r-j -"5 y      r^-f... 


-fAn. 

In  which  the  first  column  is  of  the  same  form  as  the  proposed  equation ;  tho  second 
odnmn,  or  coefficient  of  r,  is  derived  from  the  first  by  multiplying  tlie  CfiefBcient  of  each 
term  by  its  exponent,  and  diminishing  the  exponent  by  unity,  the  third  column,  or  coeffi- 

,-3 

dent  of ,  is  derived  from  the  second  in  u  siniihir  manner,  and  so  on. 

If  we  designate  by/(a:)  the  first  member  of  the  given  eiiuntion,  and  by/'(x)  the  first  de- 
rived function,  by/"(x)  the  second  <lerived,  and  so  on,  we  shall  have 

f  {*+'-)=/(x)+/'(x)r+-'-^+i-iJr>+,  Ac. 
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Now,  if  wo  divide  tlio  first  member  by  j* — r,  every  term  will  evidently  be  divis- 
ible,  except  the  last,  B^,  which  will  be  the  remainder,  and  the  quotient  will  be 

«(r-r)-'  +  B,(x-r)-^+ B._e(x-r)+B^i; 

and  since  tne  second  member  is  identical  with  the  first,  the  very  same  quotient 
and  remainder  would  arise  by  dividing  this  second  member  also  by  x — r; 
hence  it  appears  that  if  the  first  member  of  the  original  equation  be  divided  by 
x — r,  the  remainder  will  be  tlie  last  or  absolute  term  of  the  sought  transfonned 
equation. 
Again,  if  we  divide  the  quotient  thus  obtained,  viz., 

a(x-r)-i+Bi(i--r)°-'+  ....  B„_,(x-r)+B„_i 
by  J* — r,  the  remainder  will  obviously  bo  Bn_i,  the  coefficient  of  the  term  last 
but  one  in  the  transformed  equation ;  and  thus,  by  successive  divisions  of  the 
polynomial  in  the  first  member  of  the  proposed  equation  by  x — r,  we  shall  ob- 
tain the  whole  of  the  coefficients  of  the  required  equation. 

RULE. 

Let  the  polynomial  in  the  first  member  of  the  proposed  equation  be  a  func- 
tion of  r,  and  r  the  quantity  by  which  the  roots  of  the  equation  are  to  be  di- 
minished or  increased  ;  tlien  divide  the  proposed  polynomial  by  x — r,  or  x-|-r, 
according  as  the  roots  of  the  proposed  equation  are  to  be  diminished  or  in- 
creased, and  the  quotient  thus  obtained  by  the  same  divisor,  giving  a  second 
quotient,  which  divide  by  the  same  divisor,  and  so  on  till  the  division  termi- 
nates ;  then  will  the  coefficients  of  the  transformed  equation,  beginning  with 
the  highest  power  of  the  unknown  quantity,  be  the  coefficient  of  the  highest 
power  of  the  unknown  quantity  in  the  proposed  equation,  and  the  several  re- 
mainders arising  from  the  successive  divisions  taken  in  a  reverse  order,  the 
first  remainder  being  the  last  or  absolute  term  in  the  required  transfomMid 
equation. 

Note. — When  there  is  an  absent  term  in  the  equation,  its  place  must  be 
supplied  witli  a  cipher. 

KXAMPLES. 

(1)  Transform  the  equation  ^j:*'—V2r^'\-:\x^-\'4x — 5=0  into  another  whose 
roots  shall  be  less  than  those  of  the  proposed  equation  by  2. 

x— 2)  5x*— 12r'+3r^+4x— 5  (5r»— 2x«— x+2 
5x^—10^ 
— 2xa+3i^ 
—  2x3+4.r« 


— x--|-4x 
— xa-|-2x 

2x— 5 

2.r— 4 

— 1.     First  remainder. 

ar-.2)  Sx*— 2x«— x+2  (Sx^+Sx-j-lS 
5x3— lOx- 

8x2— X 
8x=  — IG.r 


1. •).»•+   2 
1.3.r— 30 


32.     Second  remainder. 
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ar— 2)  5r^+8j+15  (5j+18 
5x8- lOx 

lar+is 

18j— 36 

51.     Third  remainder. 

X— 2)5j:+18(5 
5j— 10 

28.     Fourth  remainder. 
Therefore  the  transformed  equation  is 

53^+28y'+5iy^+32y-l=0. 

This  laborious  operation  can  be  avoided  by  Ilorner^s  Synthetic  Method  of 
division,  and  its  great  superiority  over  the  usual  method  will  be  at  once  ap- 
parent by  comparing  the  subsequent  elegant  process  with  the  work  abovu. 
Taking  the  same  example,  and  writing  the  modified  or  changed  term  of  the 
divisor  x — 2  on  the  right  hand  instead  of  the  lett,  the  whole  of  the  work  will 
be  thus  arranged : 

5—12  +  3  +  4   — 5  (2 
10—4   —  2       4 

~2  "^  ,:  B4=— 1 
30 


—  2 

—  1 

10 

16 

8 

15 

10 

36 

18 

51 

10 

32  .-.  63=32 

.-.  Ba=51 

2ri  .-.  Di  =  28 
•'•  5y*+28y^+^^y'+32// — 1=0  is  the  required  equation,  as  before. 

(2)  Transform  the  equation  5^'-|--^.'/^+*^^y^4"'^'.V — 1=0  into  another 
having  its  roots  greater  by  2  than  those  of  the  proposed  equation. 

5  +  28+      51    +32   —1  (—2 
-_10      —36  —30   —4 

2  —5 


18 

15 

0 

—10 

—  16 

—  1 

2 

8 

4 

—  10 

4 
3 

0 

—10 

—  12 

.•.52:* — 12r^+33:«+4r — 5=0  is  the  sought  equation,  which,  from  the  trans- 
formations we  have  made,  nmst  be  the  original  equation  in  Example  1. 

(3)  Find  the  equation  whose  roots  are  less  by  1*7  than  those  of  the  equation 

23—2:^+32—4=0. 
1—2  +3  —4(1 

1   —1       2 

—  1   ~  II2 

1  0 

0       2 

1 
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Now  wo  know  tho  equation  whose  roots  are  less  by  1  than  those  of  the 
jliven  equation  :  it  is  t*+^+~^ — 2=0 ;  and  by  a  similar  process  for  •?,  re- 
membering the  localities  of  tho  decimals,  we  have  tho  required  eqaation ; 
thus : 

1  +  1      -1-2        —2  (-7 
.7       1-19       2-233 
•233 


1-7 

3-19 

7 

1-68 

2-4 

4-87 

7 

3-1 
.-.  3/>+3-l^«+4-87y+-233=0  is  the  required  eqtmtion. 

This  latter  operation  can  he  continued  from  the  fonner  without  arranging 
the  coefficients  anew  in  a  horizontal  line,  recourse  being  had  to  this  second 
operation  merely  to  show  the  several  stops  in  the  transformation,  and  to  point 
out  the  equations  at  each  stop  of  the  successive  diminutions  of  tho  roots. 
Combining  tliese  two  operations,  then,  we  have  the  subsequent  arrange- 
ment. 


or 


1—2 

+3 

—4  (1-7 

1 

—  1 

2 

—1 

2 

—2 

1 

0 

2-233 

0 

•233 

1 

1-19 

1-7 

319 

•7 

1-68 

2-4 

4-87 

•7 

31 

1—2 

+  3 

—4  (1-7 

1-7 

—   -51 

4-233 

—   -3 

'J-41) 

-233 

1-7 

2-38 

1-4 

4-H7 

1-7 

31 

We  have  then  the  snme  resulting  equation  as  before,  and  in  the  latter  of 
those  wo  have  used  1-7  at  once.  It  is  always  l>etter,  however,  to  reduce 
continuously  as  in  the  former,  to  avoid  mistakes  incident  to  the  multiplier  1-7. 

(4)  Find  the  equation  whose  roots  shall  be  less  by  1  than  those  of  the 
equation 

3^—7^+7=0. 

(5)  Find  the  equation  whose  roots  shall  be  less  by  3  than  tho  roots  of  the 
equation 

r*— 3r'— 15.z^+49j-— 12=0, 

and  transform  the  resulting  equation  into  another  whose  roots  shall  be  greater 
by  4. 
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(6)  Give  the  equntion  whoso  roots  shall  bo  less  by  10  than  tlie  roots  of  tlio 
equatioD 

.r< -I- 2j3-|.32:«+4i:— 12340=0. 

(7)  Give  tho  equation  whose  roots  shall  be  less  by  2  than  those  of  the 
equation 

aH»+2r»— 6a:2_l0r+8=0. 

(8)  Give  the  equation  whose  roots  shall  each  be  less  by  1  than  tho  roots  of 
che  equation 

2j:«—6r»+4j^— 2x4-1=0. 

'answkrs. 

(4)  y^+3.?/2— 4y+l=0 whence  T=y+  1 

(5)  y«4-9y+12//-— 14^=0 whence  x=y4-  3 

and  z** — '7z^-\-V)()Z — 72=0 whence  j= 2 —  1 

(6)  y+423/3+(iO*3//^+4()(>4?/=0 whence  x=y4-10 

(7)  f+l0ff+42y^+SC)ij-  +  70ij+12=:0 whence  5-= ?/+  2 

(8)  2if'^2if'^2f'^pj+l=z0 whence  j-=y4-  i 

PROPOSITION 

252.  IfOic  real  roots  of  an  equation,  taken  in  Uie  order  of  Oieir  magnitudes,,  he 

0-\t  f^Si  ^3*  <*4«  '^S' 

where  a^is  Ote  ffreatcst,  a.j  the  next,  and  so  on  ;  then  if  a  series  of  numbers, 

^If    ^2»   ^^3»   ^4»   '^A» 

Hi  which  bi  is  greater  than  n,,  bo  a  number  between  a,  and  ag,  bj  a  number 
between  ay  gnd  ag,  and  so  on,  be  substituted  for  x  in  the  i>roposed  equation, 
fhe  results  will  be  alternately  jiositire  and  negative* 

The  polynomitil  in  the  fii-st  member  of  the  proposed  equation  is  tho  product 
uf  the  simple  factors 

(j:— cr,)(.r— fl.)(T— rt3)(a:— /Z4) 

and  quadratic  factors,  involving  the  imaginary  roots ;  but  the  quadratic  factors 
have  always  a  positive  value  for  every  real  value  of  x  (Art.  248,  Cor.  3) ;  there- 
fore wo  may  omit  tht^sc  positive  factors ;  and  substituting  for  x  the  proposed 
series  of  values,  6,,  b.,^  b.j^.  Arc,  we  have  these  results: 

(t,— tf,)(6, —«.)(/>,— tf3)(fci—tf4) =z_|-.4-.  +  .4- =4. 

(6 J <^\)(bn 0.'2W^'2 ^2){^ll ^'4)   ••••  = •4"*"l"*4" = 

(''3— "l)('^|— «1')(*3— ^3)(''3— ^4) =— +  •+ =  + 

(^4— «i)('^i— <'.^)('>4— «n)('>4— ^4)  ....=—. .+ =  — 

&;c.  <5cc.  <fec. 

Corollary  1. — If  two  numbers  be  successively  substituted  for  x  in  any  equa- 
tion, and  give  results  with  diH^erent  signs,  then  between  these  numbers  there 
must  be  one,  three,  five^  or  some  odd  number  of  roots. 

Corollary  2. — If  the  results  of  the  substitution  in  corollary  1  are  affected 
with  like  signs,  then  between  these  numbers  there  must  be  two,  four,  or  some 
even  number  of  roots,  or  no  root  between  these  numbers. 

Corollary  3. — If  any  quantity  q,  and  every  quantity  gi-eater  than  q,  renders 
the  result  positive,  then  q  is  greater  than  the  greatest  root  of  tlie  equation. 

Corollary  4. — Hence,  if  the  signs  of  the  alternate  terms  bo  changed,  and  if 
p,  and  every  quantity  greater  than  p,  renders  the  result  poeithre,  then  — ^  is 
less  than  the  least  root. 
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EXAMPLE. 

Find  the  initinl  figure  iu  one  of  the  roots  of  the  equation 

x3— 4j^— 6jr+8=:0. 

Here  one  value  of  x  docs  not  difler  greutly  from  unity,  for  the  value  of  the 
given  polynomial,  when  j=l,  is  — 1,  and  when  ar='9,  it  is  found  thus: 

1—4— G      +8  (-9 
•9— 2-79— 7911 
—in  — y"79  +  "^69. 

The  value,  therefore,  when  r=-9  is  (Art.  251)  '089.     Hence  the  former 
value  being  negative,  and  the  latter  positive,  the  initial  figure  of  one  root  is  *9. 

PROPOSITION. 

253.  Given  an  equation  of  die  n'*  decree  to  determine  another  of  the  (n — 1)** 
degree,  such  that  the  real  roots  of  the  former  shall  separate  those  of  the  latter. 
Let  a,,  rto,  a  3,  a  4, ....  rt„  bo  the  roots  taken  in  order  of  the  equation 
a:"+A,r"-»  +  A2X"-2-| A„_iar+AB=0; 

then  dimhiisliing  the  roots  of  this  equation  by  r  (Art.  251),  we  have  the  fol- 
lowing process,  viz. : 

l  +  '^i+  ^2+ A,»_54-  A„_i+  A„  (r 

r       rB,  rB„_3     rB„_3     rB„_i 

B,  B3  Bn_3  Bn-1  Bn 

r_     rCj^  rC„_3     rC„^ 

Whence 

Cn-i  =  A„_i-4-  r  r>n_:-f-  r  Cu— 2 

=  An_i4.  ^(A„-.+  r  B„_.)+  r(An-o  +'*  B^+rCn-a) 
=  An-,  +  2/-  A„_,+2r-  B..  :,  +   r^  C„_, 

=  A„_,  +  2/- A,_:  +  2r-(A,._3  +   r  B„_4)  +  r^(A„_3+rB„.^+rCn_4) 
=:A„.-i  +  2r  A„_:+3r^  An-3  +3r^  Bn_^  +r»  C„_, 


=A„_i+2r  A„_2+3r=  A„_3  + (w  — l)r«-^Ai+rir«-\ 


or 


C„_,=:/?r--'  +  (/i-l)Air"--+(/z-2)A,r"-3H 2A„_2r+A._,.  .  .  (1) 

Again,  the  roots  of  the  transformed  equation  will  evidently  be 

^i— r,  ^/:— r,  ar.—r,  a^  —  r,  ....  «„— ^t 
and  as  we  have  found  the  coefficient,  Cn-i»  of  the  Inst  term  but  one  in  the 
transformed  equation,  by  one  process,  we  shall  now  iind  the  same  coefficient, 
Cn-i.  by  another  process  (Prop.  V..  p.  309) ;  it  is  the  product  of  every  (n  —  1) 
roots  of  tho  equation  (1)  with  their  signs  changed;  hence  we  have 

Cn-i=('* — «i)(^ — <'.')('' — ^3) Xo  (n  —  1)  factors  ' 

-|-(r — rt,)(r — a:)(r — a^) to  (w  —  1)  factors 

-|-(r— fli)(r— a3)(''— fli) to  (n—1)  factors 

:  :  f '^) 

... 
... 

-^(r— a2)(r— fl3)(r— flT^) to  (71— 1)  factors 

Now  these  two  expressions  which  we  have  obtained  for  Ca-i  arc  equal  to 


GENERAL  THEORY  OF  EaUATIONS.  321 

ODo  another,  and,  therefore,  Avhatevor  changes  arise  by  substitution  in  the 
one,  the  same  changes  will  be  produced,  by  a  like  substitution,  in  the  other; 
hence,  substituting  a^  aj*  ^31  &c*t  successively  for  r  in  the  second  member  of 
equation  (2),  we  have  these  results : 

(ai— cr3)(ai— a3)(ai— 04) =-|-,-|-.-|- =~|~ 

(os—- ai)(a3 — fl3)(fl-2— fl^) = — •■H'"H ^^  — 

{a3— «i)(as— a«)(«3— aO =z—,  —  .+ =  + 

&c.  &c.  &c. 

But  when  a  series  of  quantities,  a^  a^,  ^3,  a^,  &c.,  are  substituted  for  the 
unknown  quantity  in  any  equation,  and  give  results  which  are  alternately  -\- 
and  — ,  then,  by  Art.  352,  these  quantities,  taken  in  order,  are  situated  in  tlie 
successive  intervals  of  the  real  roots  of  the  proposed  equation ;  hence,  making 
Cn-i=0,  and  changing  r  into  x,  we  have  from  equation  (1) 

nr»-i+(n— l)AiZ°-^4-(n— 2)AiX"-3H 2A„_ar+A^i=0  ...  (3) 

an  equation  whose  roots,  therefore,  separate  those  of  the  original  equation 

a^+AiX-'-^+AsJ^-^H A„_ix4-An=0, 

and  the  manner  of  deriving  it  from  the  proposed  equation  is  to  multiply  each 
term  of  the  proposed  equation  by  the  exponent  of  x,  and  to  diminish  the  ex- 
ponent one.  It  is  identical  with  the  second  column  of  the  development  in 
the  note  to  Article  251.  It  is  known  by  the  name  of  the  derived '  equa- 
tion. 

Lot  Ai,  a^j  03,  a^,  &c.,  bo  the  roots  of  the  proposed  equation,  and  &i,  69,  b^ 
dec.,  those  of  the  derived  equation  (3),  ranged  in  the  order  of  magnitude ;  then 
the  roots  of  both  the  given,  and  the  derived  equation  will  be  represented  in 
order  of  magnitude  by  the  following  arrangement,  viz.  : 

Oi-t  &M  ^2*  ^2»  fi2%  ^31  ^4^  ^^'  ^'m  ^:.*  ^C'  •    • 

Corollary  1. — If  rti=ai,  then  r — «i  will  be  found  as  a  factor  in  each  of  the 
groups  of  factors  in  equation  (2),  which  has  been  shown  to  be  the  separating 
equation  (3),  and,  therefore,  the  separating  equation  und  the  original  equation 
will  obviously  have  a  common  measure  of  the  form  x — a|. 

Corollary  2. — If  fl3=a2=ai,  then  (r— tfi)(r — a,)  will  occur  as  a  common 
factor  in  each  group  of  factors  in  (2) ;  that  is,  the  separating  equation  (3)  is  divis- 
ible by  (x — OiY;  and,  therefore,  the  proposed  equation  and  the  separating  equa- 
tion have  a  common  measure  of  the  form  {x — a.)'. 

CoroUarif^3, — If  the  proposed  equation  have  also  ^4=^5,  then  it  will  have  a 
common  measure  with  the  separating  equation  of  the  form  {x — ai)^  {x — o^), 
and  so  on. 

Scholium. — When,  therefore,  we  wish  to  ascertain  whether  a  proposed 
equation  has  equal  roots^  we  must  first  find  the  separating  equation,  and  then  find 
the  greatest  common  measure  of  the  polynomials  constituting  the  first  mem- 
bers of  these  two  equations.     If  the  greatest  common  measure  be  of  the  form 

(x — ai)P  {x — a-i)''  (x — aaY 

then  the  proposed  equation  will  have  {p-\-l)  roots  =ai,  (^-f-I)  roots  =03, 
(r-)-l)  roots  =03,  dec.  The  equation  may  then  be  depressed  to  another  of 
lower  dimensions,  by  dividing  it  by  tho  difference  between  x  and  the  repeated 
root  raised  to  a  power  of  the  degree  expressed  by  the  number  of  times  it  is 

repeated. 

X 
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EXAMPLES. 

Find  the  equal  roots  of  the  equation 

a:7_^5^^6x*— (xr*— 15x»— 3x«+8x+4=0 (1) 

The  derived  polynomial  is 

7a:«4-30j*+30x*— 24r»— 45a:«— 6x+8 (2) 

and  the  common  divisor  of  (1)  and  (2) 

x*+3x3+x3— 3x— 2 (3) 

The  values  of  x,  found  by  putting  this  equal  to  zero,  would  be  the  repeated 
roots  of  the  proposed  equation.  This  itself  will  be  found  to  have  equal  rootB, 
for  it9  derived  is 

4r»+9a:«+2x— 3, 
and  their  common  divisor 

x+1. 
Hence,  by  the  rule, 

(:r+l)' '• (4) 

is  a  factor  of  (3),  and 

{x+iy 

a  factor  of  the^proposed. 

Dividing  (3)  by  (4),  the  quotient  is 

za+ar— 2, 
which,  put  equal  to  zero,  gives 

x=l,  or  — 2. 
Hence  (3)  may  be  put  under  the  form 

(x+l)Mr-l)(x+2), 
and  by  the  rule  in  the  above  scholium  the  given  oquatioo  may  be  put  under 
the  form 

(x+l)M^-lr(^+2)^ 
so  that  in  the  proposed  equation  tliere  are  three  roots  equal  to  — 1,  two  to 
-|-1»  and  two  to  — 2. 

(2)  .r»— 3fl2j— 2a^=0. 
By  the  process  above  it  may  bo  transformed  into 

(x+ay  (x— 2^/)=0, 
so  that  the  three  roots  are  two  equal  to  — a,  and  the  third  2rt. 

(3)  x«— 12x^+532^— 92x*— 9x^+212x3— 153x3— 108x+108=0 
decomposes  into 

(a:— 1)  (x— 2)2  (x+l)2  (x— 3)»=0. 

254.  The  most  satisfactory  and  unfailing  criterion  for  the  determination  of 
the  number  of  imaginary  roots  in  any  equation  is  furnished  by  the  admirable 
theorem  of  Sturm,  which  gives  the  precise  number  of  real  roots,  and,  conse- 
quently, the  exact  number  of  imaginary  ones,  since  both  the  real  and  iniagi* 
nary  roots  are  together  equal  to  the  number  denoted  by  the  degree  of  the 
proposed  equation. 

PROPOSITION. 

To  find  the  number  of  real  and  imaginary  roots  in  any  proposed  equation. 
The  acknowledged  difficulty  which  has  hitherto  been  experienced  in  the 
important  problem  of  the  separation  of  the  real  and  imaginary  roots  of  anjr 
proposed  equation  is  now  completely  removed  by  the  recent  vahiable  re- 
searches of  the  celebrated  Sturm  ;  and  we  shall  now  give  the  demonstration 
of  the  theorem  by  which  this  desirable  object  has  been  so  fully  aceompikdi- 
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ed,  nearly  as  given  by  the  author  himselff  deeming  it  far  more  satisfactiii^  than 
any  other  version  which  we  have  seen. 

THEOREM  OF  STURM. 

I.  Let  Nx"+P2-»-»  +  Qj"-«+ 4-Tj:+U=0 

be  a  numerical  equation  of  any  degree  whatever,  of  which  it  is  proposed  to 
determine  all  the  real  roots. 

We  begin  by  performing  upon  this  equation  the  operation  which  serves  to  de- 
termine whether  or  not  it  has  equal  roots  (Art.  253,  Sch.),  in  a  manner  which 
we  proceed  to  point  out.  If  V  designate  the  entire  function  Ni"+Pi:°'~^  +  » 
&c.t  and  Vi  its  derived  function  (which  is  formed  by  multiplying  each  term 
of  V  by  the  exponent  of  x  in  tliis  term,  and  diminishing  that  exponent  by  uni- 
ty), we  must  seek  for  the  greatest  common  divisor  of  the  two  polynomials  V 
and  Vi.  Divide,  at  first,  V  by  Vi,  and  when  a  remainder  is  obtained  of  a 
degree  inferior  to  tliat  of  the  divisor  Vi,  change  the  signs  of  all  tlie  terms  of 
this  remainder  (the  signs  -f-  into  —  and  —  into  -)-)•  Designate  by  V3  what 
this  remainder  becomes  after  the  change  of  signs.  Divide  in  the  same  man- 
ner Vi  by  Vs,  and,  after  having  changed  tlie  signs  of  tlie  remainder,  it  becomes 
a  new  polynomial  V3,  of  a  degree  inferior  to  that  of  Vf.  The  division  of 
V^s  hy  V3  conducts,  in  the  same  manner,  to  a  function  V4,  which  will  be  the 
remainder  resulting  from  this  division  after  having  changed  the  signs.  This 
series  of  divisions  is  to  be  continued,  ttiking  care  to  cliange  the  signs  of  the 
terms  of  each  remainder.  This  change  of  signs,  which  would  be  useless  if 
our  object  was  to  find  the  greatest  common  divisor  of  the  i)olynomials  V  and 
Vi,  is  necessary  in  tlie  theory  about  to  be  explained.  As  the  degrees  of  the 
successive  remainders  go  on  diminishing,  we  arrive  finally  either  at  a  numeri- 
cal remainder  independent  of  :r,  and  differing  from  zero,  or  at  a  remainder  a 
function  of  r,  which  exactly  divides  the  preceding  remainder. 

We  shall  examine  these  two  cases  separately. 

II.  Suppose,  in  the  first  place,  that,  after  a  certain  number  of  divisions,  we 
arrive  at  a  numerical  remainder,  which  may  be  represented  by  Vr* 

In  this  case  we  know  that  the  equation  V=0  has  no  equal  roots,  since  the 
polynomials  V  and  Vi  have  no  common  divisor  function  of  x.  Representing  by 
Qi,  Q3..».Qr_i*  the  quotients  given  by  the  successive  divisions,  which  leave 
for  remainders  —  Vj,  — V3....  —  Vr,  we  have  this  series  of  equalities  : 

V=V,Q.-V, 

V,=V,Q3-V, (1) 

Thus  much  being  premised,  the  consideration  of  this  system  of  functions 
V,  Vi,  V3 . . .  .V,  furnishes  a  sure  and  easy  means  of  knowing  how  many  real 
roots  the  equation  V=0  has  comprehaidcd  between  two  numbers  A  and  B  of 
any  magnitude  or  signs  whatever,  B  being  greater  than  A.  The  following  is 
the  rule  which  attains  this  object : 

Substitute  in  place  of  x  the  number  A  in  all  the  functions  V,  Vi,  V^ . . . . 
V^i,  Vr,  then  write  in  order,  in  one  line,  the  signs  of  the  results,  and  count 
the  number  of  variations  which  are  found  in  this  succ^sion  of  signs.  Write, 
in  the  same  manner,  the  succession  of  signs  which  those  same  functions  take 
by  the  substitution  of  the  other  member  B,  and  count  the  number  of  variations 
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which  are  found  in  this  second  succession.  The  number  of  variations  which  it 
has  less  tfian  the  first  will  be  the  number  of  real  roots  of  the  equation  V^O 
comprehended  between  the  numbers  A  and  B.  If  the  second  succession  has  at 
many  variations  as  the  firsts  the  equation  V=s:0  h^is  no  real  root  between  A 
and  B. 

III.  We  shall  demonstrate  this  theorem  by  examining  how  the  number  of 
variations  formed  by  the  signs  of  the  functions  V,  Vi,  Vg . . .  V„  for  any  one 
value  whatever  of  x,  can  change,  when  x  passes  through  different  states  of 
magnitude. 

Whatever  may  be  the  signs  of  these  functions  for  one  determinate  value  of 
X,  when  x  increases  by  insensible  degrees  to  beyond  this  value,  there  can  take 
place  no  change  of  signs  in  this  succession  of  signs,  unless  one  of  the  functions, 
V,  y  I  . . .,  changes  sign,  and,  consequently  (153,  note),  becomes  zero.  There 
are  then  two  cases  to  examine,  according  as  the  function  which  vanishes  is  the 
first,  V,  or  some  one  of  the  other  functions,  V,,  V^  ...  Vr-i*  intermediate  be- 
tween V  and  Vr :  the  last,  Vr,  can  not  change  sign,  since  it  is  a  number 
positive  or  negative. 

IV.  Let  us  see  first  what  alteration  the  succession  of  signs  experiences  when 
X,  in  increasing  in  a  continuous  manner,  attains  and  passes  by  a  value  which 
destroys  the  first  function  V.  Designate  this  value  by  c.  The  function  V,, 
derived  from  V,  can  not  be  zero  at  the  same  time  with  V  for  x^c,  because 
by  the  hypothesis  the  equation  V=0  has  not  equal  roots.  We  see,  besides, 
by  the  equations  (1),  without  falling  back  upon  the  theory  of  equal  roots,  that 
if  the  functions  V  and  Vj  were  zero  for  x=c,  all  the  other  functions,  V,,  V, 
. . .,  and,  finally,  Vr,  would  be  zero  at  the  same  time ;  but,  on  the  contrary,  Vr 
is  by  hypothesis  a  number  different  from  zero.  V,  has  then  for  xsszc  a  value 
different  from  zero,  positive  or  negative. 

Let  us  consider  values  of  x  very  little  different  from  c.  If  in  designating  by 
u  a  positive  qunntity  as  small  as  we  please,  wo  make  by  turns  x=c — u  and 
x=zc-{'Ui  the  function  Vj  will  have  for  these  two  values  of  x  the  same  sign 
that  it  hns  for  x=c ;  because  we  can  take  u  sufficiently  small,  to  insure  that  V, 
shall  have  for  these  two  values  of  x  the  same  sign  tliat  it  has  for  xs=c  ;  since 
wu  can  take  u  so  small  that  V,  will  not  vanish,  and  not  change  sign,  while  z 
increases  from  the  value  c — u  to  c-\-u.* 

We  must  now  determine  the  sign  of  V  for  x=r-|-i/.  Designate  for  a  mo- 
ment V  by /(x),  Vi  by/'(x),  and  the  other  derived  functions  of  V  by/"(x), 
f"'{x) . . .  .»/'"(r),  which  are  not  to  be  confounded  with  Vn,  Vg,  &c.,  tliese 
latter  not  being  derived  functions.  When  we  make  x=sc-\'Uy  V  becomes 
/(c-f-u),  and  we  have  (see  note  to  Prop.  III.,  Art  239) 

f(c+u)=f(c)+f'(c)u+'(^u'+{^u'+,&c.; 

or,  rather,  observing  that /(c)  is  zero,  and  that/'(c)  is  not, 

/(c+«)=«[/'(c)+-^^«+g^„.+ . .]. 

We  see  from  this  expression  of/(c-|-M),  that  in  attributing  to  u  very  small 

*  The  delicate  point  on  wliich  tlio  tlieorem  hinges  ia  the  one  stated  here.  Let  it  be  dis- 
tinctly seen  that  since  Vi  %an  not  be  zero  at  the  same  time  with  V  when  x=ze,  thoreiora, 
however  little  e  may  differ  from  a  value  wliich  reduces  Vi  to  xen>»  u  may  be  taken  ■»T»f^H<)r 
than  this  difference. 


THKORKM  OF  STURM.  325 

positive  values, /(c+tt)  will 'have  die  same  sign  as /'(c),*  and,  consequently, 
J(c-\-u)  will  have  also  the  same  sign  as/'(c4-M)i  since/'(c-|-w)  has  the  same 
sign  as /'(c).     Thus,  V  has  the  same  sign  as  V,  for  x=c+u. 
By  changing  u  into  — u  in  the  preceding  formula,  we  have 

f{e-u)=-u[f'(c)--f^u+.  &c.] 

I 

And  we  perceive,  in  the  same  manner,  that  /(c — u)  has  a  sign  contrary  to 
that  of /'(c),  from  whence  it  follows  that  for  x=c — u  the  sign  of  V  is  contrary 
to  that  of  Vi. 

Then,  if  the  sign  of /'(c)  or  of  V,,  for  a:=c,  is  +»  ^b®  ^^^^  ^^^  w*D  ^  + 
for  x=c+«,  and  —  for  x=c — u.  If,  on  the  contrary,  tlie  sign  of  Vj  is  — 
for  r=c,  that  of  V  will  be  —  for  x=c-|-u,  and  +  for  x=c — u.  Besides,  V| 
has  for  x=c-)-u  and  for  x=c — u  the  same  sign  as  it  has  for  x=c. 

These  results  are  indicated  in  the  following  table : 

V  Vi  vv, 

CXzzzC  —  U, 1-,  H , 

For  <x=c.  0    4-,  or  else   0    — , 

(x=c+w,    +  +,  

Thus,  when  the  function  V  vanishes,  the  sign  of  V  forms  with  the  sign  of 
V ,  a  variation,  before  x  attains  the  value  c,  which  reduces  V  to  zero,  and  this 
variation  is  changed  into  a  permanence  after  x  passes  this  value. 

As  to  the  other  functions,  V3,  Vs,  &c.,  each  will  have,  as  V,,  either  for 
x=:c-(-u  or  for  x=c — 1<,  the  same  sign  that  it  has  for  x=c,  that  is,  if  none  of 
them  vanish  for  x=c  at  the  same  time  with  V. 

The  succession  of  the  signs  of  the  functions  V,  Vj,  V^  ...  V,,  loses  then  a 
variation,  when  x,  going  on  increasing,  passes  over  n  value  c,  which  reduces 
the  first  function  V  to  zero  without  destroying  any  of  the  other  functions,  Vj, 
V3,  dec.  It  b  necessary  now  to  examine  what  happens  when  one  of  these 
functions  vanishes. 

V.  Let  there  be  a  function  intermediate  between  V  and  V,,  which  is  de- 
stroyed when  X  becomes  equal  to  6.  This  value  of  x  can  not  reduce  to  zero 
either  the  function  Vn_i,  which  precedes  immediately  Vn,  or  the  function 
Vi>+.it  which  follows  Vn.  Indeed,  we  have  between  the  three  functions  V^-u 
^Df  ^o-fii  the  following  equation,  which  is  one  of  the  equations  (1). 

V„_,=V„Q„-V„+,. 

It  proves  that  if  the  two  consecutive  functions,  Vn-i,  Vn,  were  zero  for  the 
same  value  of  x,  Vd4.i  would  be  zero  at  the  same  time ;  and  as  we  have  also 

we  should  have,  again,  V,^3=0,  and  so  on,  so  that  we  should  have  finally 
V,=0,  which  is  contrary  to  the  hypothesis. 

The  two  functions,  Va_i  and  V„+i,  have  then  for  x=6  values  diflferent 
from  zero ;  moreover,  these  values  are  of  contrary  signs,  because  the  same 
equation, 

V„_i=V„Q„_Vn+„ 

gives  Vn_i  =  — V^4.i,  when  we  have  V,=0. 

*  Tbia  depends  upon  a  principle  demoujitratcd  at  Art.  239,  Cor.,  that  if  a  function  of  11  be 
amnged  according  to  the  ascending  powers  of  11,  u  may  be  taken  so  small  that  the  sign 
of  the  whole  function  sliall  depend  upon  that  of  its  first  term. 
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This  being  established,  substitute  in  place  ofx  two  numbers,  b — u  and  b-\'U^ 
very  little  diflierent  from  h ;  the  two  functions,  Vb-i  and  Vd+i*  wiO  have  for 
these  two  values  of  x  the  same  signs  as  they  liavo  for  x=6,  since  we  can  al- 
ways take  u  sufficiently  small,  to  insure  that  neither  V^-i  nor  Vb^i  shall  change 
sign  when  x  enlarges  in  the  interval  from  b — «  to  2;+m.  Whatever  may  ho 
the  sign  of  Vq  for  .r=& — u,  as  it  is  placed  in  the  snccession  of  signs  between 
those  of  Vb_i  and  V,+i,  wliich  are  contrary,  the  signs  of  these  three  conseca- 
tive  functions,  V„_i,  Vn,  Vu+u  for  x=b — m,  will  fonn  always  either  a  perma- 
nence followed  by  a  variation,  or  a  variation  followed  by  a  permanence,  as  is 
here  seen. 

Vn_i    V„    Vo+i  V,»_i    Vb    Vb^i 

For  r=6 — u       +     i      — ,  or  else,     —     db     +• 

Similarly,  the  signs  of  the  three  functions,  Vb_i,  Vb,  V»^i,  for  j:=&-|-ii, 
wliatever  may  be  that  of  Vn,  will  form  one  variation,  and  will  form  but  one- 

Besides,  each  of  the  other  functions  will  have  the  same  sign  for  x=b — u 
and  x=:b-\'U^  provided  no  one  of  them  is  found  to  be  zero  for  x=b  at  the 
same  time  as  Vn. 

Consequently,  the  succession  of  the  signs  of  all  the  functions,  V,  V,  ...  V„ 
for  x=zb-{'Uj  will  contain  precisely  ns  many  variations  as  the  succession  of 
their  signs  foj  x=b — w.  Thus,  the  number  of  variations  in  the  succession  of 
signs  is  not  changed  when  any  intermediate  function  whatever  passes  through 
zero. 

One  arrives  evidently  at  the  same  conclusion,  if  many  intermediate  functions, 
not  consecutive,  vanish  for  the  same  value  of  x.  But  if  this  value  should  de- 
stroy also  the  first  function,  V,  the  change  of  sign  of  this  one  would  then  make 
one  variation  disappear  at  the  left  of  the  succession  of  signs,  as  has  been  shown 
in  IV. 

VI.  It  is  then  demonstrated  that  each  time  that  the  variable  r,  in  increasing 
by  insensible  degrees,  attains  and  passes  a  value  which  renders  V  equal  to 
zero,  the  series  of  the  signs  of  the  functions  V,  V,,  Vg  ...  V,  loses  a  varia- 
tion formed  on  its  left  by  the  signs  of  V  and  V , ,  which  is  replaced  by  a  per- 
manence, while  the  changes  of  signs  of  the  intermediate  functions,  Vj,  Vj 
....  Vr-i,  can  never  either  augment  or  diminisli  the  number  of  variations  which 
existed  already.  Consequently,  if  wo  tnke  any  number  whatever,  A,  positive 
or  negative,  and  any  other  number  whatever,  B,  gi-eater  than  A,  and  if  we 
make  x  increase  from  A  to  B,  as  many  values  of  r  as  are  comprised  between  A 
and  B,  which  render  V  equal  to  zero,  so  many  variations  will  the  succession 
of  signs  of  the  functions  V,  V,  ...  V,  for  t=B  contain  less  than  the  suc- 
cession of  their  signs  for  j-=A.     This  was  the  theorem  to  be  demonstrated. 

Remark. — In  the  successive  divisions  which  serve  to  form  the  functions  V,, 
V3,  A:c.,  we  can,  before  takin*;  a  i)olynomial  for  a  dividend  or  divisor,  multiply 
or  divide  itby  any  positive  number  at  pleasure.  The  functions  V,  V,,  V, 
....  Vr,  obtained  by  this  operation,  will  ditfer  only  by  positive  numerical  fac- 
tors from  those  which  we  have  previously  considered,  and  which  appear  in 
equations  (1),  so  that  thoy  will  have  respectively  the  same 'signs  as  these  for 
each  value  of  x. 

With  this  modification  we  can,  when  the  cocfTicients  of  the  equation  V=0 
are  whole  numbers,  form  polynomials  Vg,  V^,  &:c.,  the  coefficients  of  which 
shall  be  also  entire.  But  it  is  necessary  to  take  good  care  that  the  numerical 
factors  thus  introduced  or  suppressed  bo  all  positive. 
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VII.  This  thoorera  gives  the  moans  of  knowing  the  whole  number  of  real 
roots  of  the  equation  V=0. 

In  fact,  an  entire  polynomial  function  of  x  being  givAn,  we  can  alwajs  as- 
sign to  X  such  a  ))08itiTe  value  as  tliat  for  this  and  every  greater  value  the 
polynomial  will  have  constantly  the  sign  of  its  first  term  (see  Art.  239).  It  is 
the  same  with  all  negative  values  of  x  below  a  certain  limit.  All  the  real  roots 
of  the  equation  V=0  being  comprised  between  —  od  and  +cd,  it  will  bo  suffi- 
cient, in  order  to  know  their  number,  to  substitute  — ao  and  -)-^  instead  of  A 
and  B,  in  the  functions  V,  V|,  V^...  V^,  and  to  note  the  two  successions  of 
signs  for  — od  and  -|-^*  When  we  make  x=-{-x>,  each  function  is  of  the 
same  sign  as  its  first  term.  For  j*=  —  od,  each  function  of  an  even  degree,  in- 
eluding  Vr,  has  the  same  sign  that  it  has  for  a:=  -{-  ao  ;  but  each  function  of  an  un- 
even degree  takes  for  x^=.  —  oo  a  contrary  sign  to  that  which  it  has  for  x=  -(-  oo. 
The  excess  of  the  number  of  variations  formed  by  the  signs  of  the  functions  V, 
V ,  . . .  V„  for  x=  —  OD ,  over  the  number  of  variations  for  x=  +  oo ,  will  express 
the  whole  number  of  real  roots  of  the  equation  V=0.* 

To  determine  the  initial  figures  of  the  roots,  we  may  substitute  the  suc- 
cessive numbers  of  the  series 

0,  -1,  -2,  -3,  -4 

till  we  have  as  many  variations  as  — x  produced;  and  if  we  substitute  the 
numbers  of  the  series 

*  One  miglit  be  curious  to  know  bow  tbo  BocccMion  of  signi  of  the  functions  V,  V^,  Vg 
. .  .Vr  most  undent  chani^o  so  as  that  a  variation  is  lost  over>'  time  tiiat  V  vanishes. 

Wo  have  seen  (IV.)  that  if  c  is  a  root  of  the  c<iuation  V=0,  the  two  functions  V  and 
Vi  must  have  contrary  signs  for  x-=.c — m,  and  the  same  sign  for  x=:c-|-m.  So  that  if  we 
designate  by  </  the  root  of  the  equation  V=:0,  which  is  next  greater  than  <r,  so  tlint  be- 
tween e  and  d  there  is  no  other  root,  V,  will  have  for  *=:f' — »  a  sign  contrary  to  tliat  of 
V.  But  V  has  constantly  Uie  same  sign  for  all  values  of  x  comprised  between  c  and  d ; 
and  as  Vj  has  the  samo  sign  as  V  for  x=:r-{-«,  and  a  contrary  sign  to  that  of  V  for  x:=.cf 
— II,  we  see  that  Vi  has  two  values  witli  contrary  signs  for  a:=<:-f-tt  and  for  x-=zcf — u  ; 
then,  while  x  increases  fn>ni  c-\-u  to  </*—u,  V^  must  change  sign  once,  or  an  uneven  num« 
ber  of  times  (I.,  or  Prop,  of  Art.  2r)2,  Cor.  1). 

Let  y  be  the  only  value  of  j-,  or  the  least  value  of  x  between  c  and  r',  for  which  V| 
changes  sign.  V  and  V^  will  have  for  x=y — u  tijo  same  common  sign  that  they  have  for 
x=C'\-u.  For  x=y-^n  V  will  have  this  samo  sign  ;  but  Vj  will  have  the  contrary  sign. 
Vj  will  have  a  sign  contrary  to  that  of  V  for  the  three  values  for  y — «,  y,  and  y-^-u  (V.).  If, 
for  example,  V  is  positive  for  x=c-{-u,  we  have  tlie  following  table  : 

V  V,  V, 

Pot  X — y— u    -f"  H 

x=y           +   0  — 
jr=y-f  w     H 

Thus,  before  x  attained  the  value  e,  which  destroys  V,  the  signs  of  V  and  V^  formed  a 
variation  whitrh  is  changed  into  a  permanence  after  x  has  overpassed  this  value  c ;  this 
permanence  subsists  until  Vi  clianges  sign,  then  it  is  anew  replaced  by  a  variation  after 
the  change  of  sign  of  Vi ;  bat,  at  the  same  time,  there  is  a  variation  formed  by  the  signs 
of  Vi  and  Vg  which  changes  into  a  permanence,  so  tliat  the  number  of  variations  in  the 
total  soccetsion  of  signs  is  neither  increased  nor  diminished. 

If  Vi  changes  sign  a  second  time  for  a  new  value  of  x  comprehended  between  c  and  d, 
the  variation  which  the  signs  of  V  nnd  Vi  form  before  x  attains  this  value  will  be  again 
replaced  by  a  permanence ;  and  still,  on  account  of  Vj,  tlie  number  of  variations  will  re- 
main the  same  in  the  succession  of  siinis.  As  Vi  can  thus  change  sign  only  an  uneven 
number  of  times,  after  its  last  change  tlie  signs  of  V  and  Vi  will  form  a  variation  which 
will  ^abBist  until  x  attains  the  value  c^,  wliicli  destroys  V.  We  have  not  to  consider  here 
the  case  where  V  vani.dios  without  changing  sign. 
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till  we  arrive  at  a  number  which  produces  as  many  variations  as  -|-  ao ,  then 
the  numbers  thus  obtained  will  be  the  limits  of  the  roots  of  the  equation,  and 
the  situation  of  the  roots  will  be  indicated  by  the  signs  arising  from  the  sub- 
stitution of  the  intermediate  numbers. 

We  shall  now  apply  tho  theorem  to  a  few 

EXAMPLES. 

(1)  Find  the  number  and  situation  of  the  roots  of  the  equation 

r»— 4j:8— 6j+8=0.* 

Here  we  have  V  =  r* — 4jc^ — 6x+8 

V,=3^— Sj— 6; 
then,  multiplying  the  polynomial  V  by  3,  in  order  to  avoid  fractions, 
33^—8x—6)  3j:«— 12.r=— 18J-4-24  (x—l 

—  4j-*— 1,*j:+24,  multiply  by  }  ; 
or  —  3j«--  9x4- 18 
--  3j^+  ar+  6 

Za7x+12  .-.  V8=:17x— 12 
3j:2—  ar— 6 
17 

17a:— 12)51.c-— 136j:— 102  (3x 
51.T^—  36t 

— lOOx— 102. 
It  is  now  unnecessary  to  continue  the  division  further,  since  it  is  very  ob« 
vious  that  the  sign  of  the  remainder,  which  is  independent  of  r,  is  —  ;  and, 
therefore,  the  series  of  functions  are 

V  =     r^—  4a:^— 6x-f  8 
V,=  3z'—  Sr—G 
V2=17x  —12 

Put  -j-co  and  — x  for  x  in  tho  leading  terms  of  these  functions,  and  the 
signs  of  the  results  are 

*  The  pn)cc8s  applied  to  the  general  cubic  equation  x^-^au:^-\-bx-\-c=0,  gives  the  £>!• 
lowing  functions,  viz. : 


With  the  XMowl  term 

V  =  .'r«+  f/jri-f  ^j-f-r 

V,=3^^+2«x+A ^^jj 


Without  the  second  term,  or  o=0. 
V  =  j[>i^f,x-{-c 

V,=3^4-* 


V;,=— 46'— 27^4 


(2) 


V3=— 4a3c-f^/2i2—i8aZ^_4^— 27r-2  j 

Tlicse  functions  in  (1)  and  (2)  will  frequently  be  found  useful  in  tlie  application  of  Sturm's 
theorem  to  equations  of  the  thinl  dom-eo,  since  the  dcri\  Oil  functions  in  any  particular  ox- 
ample  may  be  found  by  substitution  only.  In  order  that  all  the  roots  of  the  equation 
a^_|_6x-|-r^0  may  be  real,  the  first  terms  of  the  functions  must  be  positive ;  hence  — 2A» 
and  — 4^"** — 27r*  must  be  positive ;  and  us  — 27r2  is  always  negative,  b  must  be  negative, 
in  order  that  — 4^3  and  — 26  may  be  jKisitive ;  therefore,  when  all  tho  roots  are  real,  46» 

//A  3  /r\9 

must  be  greater  than  27c^,  or  y-f   gi-oaterthan  1^1  .    When,  therefore,  b  is  negative  and 

(-1  >(7)  ,  aU  the  roots  are  real,  a  criterion  which  hps  been  long  known,  and  aa  simple^ 
can  be  given. 
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For      T=  +  00,  +  +  +  +  °®  variation, 

r=  —  TD,  — I 1-  three  variations, 

.*.  3 — 0=3,  the  number  of  real  roots  in  the  proposed  cubic  equation.  . 
Next,  to  find  the  situation  of  the  roots  we  must  employ  narrower  limits 
than  -(-GO  and  — qd.     Commencing  at  zero,  let  us  extend  the  limits  both  lyays* 
and,  since  the  proposed  equation  has  only  one  permanence  of  sign,  one  of  the 
roots  is  negative,  and  the  remaining  roots  are  positive. 


V  ViVaVs 

For  xr=0  signs  -| \- 

x=:l .... (--[- 

•t  !ZS  4>  •    .    .    .    ^^  ^~"  ^"  ^T" 
•T  ■•■_«)  •   •    •    .    "^  "^~  ~r  ^^ 

x=4 ....  — h-l-4" 

x=6  •  •  .  •  +  +  +  4" 
x=6. ...+  +  +  + 


Var. 

I    o 

1 
1 
1 
1 
1 
0 


V  ViVaVs 

Fom=     0  signs -{ 1- 

x=— 1 -f  H \- 

X^S^  "^  A>   *     .    *     .      ^^  "T—   ^■"  "T" 


Var. 
2 
2 
3 


We  perceive,  then,  by  the  colunrms  of  variations,  that  the  roots  are  between 
0  and  1,  4  and  5,  — I  and  — 2  ;  hence  the  initial  figures  of  the  roots  are  — 1, 
0,  and  4  ;  and,  in  order  to  narrow  still  further  the  limits  of  the  root  between 
0  and  1,  we  shall  resume  the  substitutions  for  x  in  the  series  of  functions  as 
before.  But  as  the  substitution  of  1  for  x,  in  the  function  V,  gives  a  value 
nearly  zero,  we  shall  commence  with  1,  and  descend  in  the  scale  of  tenths, 
until  we  arrive  at  the  first  decimal  figure  of  the  root. 

Let  x=  1  signs 1-  -|-  one  variation, 

x='9 .  .  .  .  -| f-  +  two  variations  ; 

hence  the  initial  figures  are  — 1,  '9,  and  4. 

(2)  Find  the  number  and  situation  of  the  real  roots  of  the  equation 

r<+r»— z»— 2x+4=0. 
Here  the  several  functions  are 

V  =       x*+  j:^-.  ja— 2x+4 
Vi=     4r»-i-3jr2— 2a:  —2 
V2=       3P+2x  —6 
V3=-  x+1 
V,=  +  . 

Let    x=  -|-  QD,  signs  of  leading  terms  +  +  H f-  two  vanations 

x=  —  X ^ 1- +  + two  variations  ; 

and  an  the  roots  of  the  equation  are  imaginary. 

When,  in  seeking  for  the  greatest  common  divisor  of  V  and  Vi,  we  arrive 
at  a  polynomial  Vn  (for  example,  at  that  of  the  second  degree),  which,  put 
equal  to  zero,  will  only  give  imaginary  values  of  r,  it  is  not  necessary  to  cany 
the  divisions  further,  because  this  polynomial  Vn  will  be  constantly  of  the  same 
sign  as  its  first  term  for  all  ronl  values  of  x ;  for  if  it  gave  a  plus  sign  for  one 
value,  and  a  minus  for  another,  there  must  be  a  real  root  between.* 

(3)  Required  the  number  and  situation  of  the  real  roots  of  the  equation 

2x*— rlli-«+8r— 16=0.  • 

The  first  three  functions  are 

V  =  2r<  — llz«+ar— 16 
V,=  4r»  — lla:+4 
V3=lli-2— 12X+32; 

*  This  coiuideration  ia  of  impurtaDoe,  as  tlic  calcolatioua  fur  determining  the  fimctions 
Vsf  Vs  are  loug,  especially  toward  the  last,  on  account  of  the  magnitude  of  their  numerical 
coeflSdenti. 
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and  the  roots  of  the  quadratic  IIj:^ — 1*22'-|-32=0  are  imagiDary,  for  11x32 
X  4  is  greater  than  12'^ ;  heuco  Vz  must  preserve  the  same  sign  for  every 
value  of  Xj  aud  the  subsequent  functions  can  not  change  the  number  of  varia- 
tions, for  a  variation  is  only  lost  by  the  change  of  the  sign  of  V.     Hence, 

For  x=z  -\-  00  signs  -|-  +  ~{~  '^^  variation, 

xz=  —  00  .  .  .  -| \-  two  variations  ; 

and  the  proposed  equation  has  two  real  roots,  the  one  positive  and  the  other 
negative,  since  the  last  term  is  negative.     (Prop.  VIII.,  Cor.  5,  p.  314.) 

When  2r=0  signs 1--|-  x=z     0  signs —  +  + 

T=l  . . . . \-  x=: — 1.... 1-  + 

x=2 1-+  x=— 2. .  .  . j- 

x=3  . . . . -|--|--f-  a:=— 3  .  •  .  • -f- — -|-. 

Hence  the  initial  figures  of  tlie  real  roots  are  2  and  — 2. 

IVhcn  two  roots  are  nearly  equal  to  each  other, 
(4)  Find  the  roots  of  the  equation 

r»+llx3— 102r+181=0. 
The  functions  are 

V=       ar»+llx»— 1022r+181 
Vi=     3i:«4-22x— 102 
V3=1222:  —393 
V5=+; 
and  the  signs  of  the  leading  terms  are  all  -f-  \  hence  the  substitution  of  —  oo 
and  4"  00  must  give  three  real  roots. 

To  discover  the  situation  of  the  roots,  we  make  the  subetitatiuns 
a:=0  which  gives  -| f-  two  variations, 

X  ^•^m   JL.  ......      ^~     ^^    ^^   ^~ 

r — o  _L L 

r:=3 -\ f- two  variations, 

x=4 4"  4"  +  +  *^o  variation  ; 

honco  the  two  positive  roots  are  between  3  and  4,  and  we  must,  therefore, 
transform  the  several  functions  into  otiiers,  in  which  x  shall  be  diminished  by 
3.     This  is  effected  by  Art.  251,  p.  315  ;  and  we  get 

V'=:       y^+20f^0y+l 

V',=     37/2+40^—9 

V'«  =  122^  —27 

Make  the  following  substitutions  in  these  functions,  viz. : 

y  =  0  signs  -| 1-  two  variations, 

y=-l  .  .  .+ + 

y='2  .  .  .  -| 1-  two  variations, 

2/='3  .  .  .  -I-  +  +  +  "o  variation; 
hence  the  two  positive  roots  are  between  3*2  and  3*3,  and  we  must,  again, 
transform  the  last  functions  into  others,  in  which  y  shall  bo  diminished  by  *2- 
Effecting  this  transformation,  wo  have 

V"  =       2=»+20-()2-— -Sez  +  'OOS 
V",=     32-+41-2r  —-88 

V",=+. 
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Let  z=  0    tiien  signs  aro  -) \-  two  variatioost 

2=.01 •] 1-  two  variations, 

z=:*02 1- ono  variation, 

2=:*03 -|~ -{~  4~  ~(~  ''^  variation  ; 

hence  we  have  3*21  and  3*22  for  the  positive  roots,  and  the  sum  of  the  roots 
is  — 11 ;  therefore,  — 11 — 3*21 — 3*22  =— 17*4  is  tlie  negative  root. 

When  the  equation  has  equal  roots. 

255.  When  the  equation  has  equal  roots,  one  of  the  divisors  will  divide  the 
preceding  without  a  remainder,  and  the  pi'ocess  will  thus  terminate  without  a 
remainder,  independent  of  z.  In  this  cose,  the  last  divisor  is  a  common  meas- 
ure of  y  and  Vi ;  and  it  has  been  shown  (Art.  253,  Scholium  3,  p.  321)  that  if 
(x — tfj)(j — 0-2)'  be  the  greatest  common  measure  of  V  and  V^,  then  V  is  di- 
Tisible  by  (x — ai)'(x — c/c)^  and  the  depressed  equation  furnishes  the  distinct 
and  separate  roots  of  the  equation,  for  Sturm^s  tlieorem  takes  no  notice  of 
the  repetition  of  a  root.  The  several  functions  may  be  divided  by  the  great- 
est common  measure  so  found,  and  the  depressed  functions  employed  for  the 
determination  of  the  distinct  roots ;  but  it  is  obvious  that  the  original  functions 
will  fumbh  the  separate  roots  just  as  well  as  the  depressed  ones,  for  the  for- 
mer differ  only  from  the  latter  in  being  multiplied  by  a  common  factor  (29) ;  and 
whetlier  the  sign  of  this  factor  be  -{-  or  — ,  the  numl)er  of  variations  of  sign 
must  obviously  remain  unchanged,  since  multiplying  or  dividing  by  a  positive 
quantity  does  not  affect  the  signs  of  the  functions  ;  and  if  the  factor  or  divisor 
be  negative,  all  the  signs  of  tlie  functions  will  be  changed,  and  the  number  of 
variations  of  sign  will  remain  precisely  as  before. 

Find  the  number  and  situation  of  the  real  roots  of  the  equation 

a*— 7r<+13r^-fr---lGx-f4=zO. 

By  the  usual  process,  we  find 

V=     afi—  7x*4-13r'»+  jO— 16x+4 

Vi=  5j:*— 28jr»4-39x24.2x— 16 

V,=lljr»— 48x2— 51x  4-2 

¥3=  3x'-—  8a: +4 

V4=     X  —2 

V,=0. 

Hence  x — 2  is  a  common  measure  of  V  and  Vi ;  and  if 

x=  —  ®  the  signs  are 1 1 four  variations, 

a:= — 2 1 1 four  variations, 

x= — 1 0  +  — H 

x=     0 -| 1--| three  variations, 

x=      1 \--\ two  variations, 

x=     2 00000 

x=z     3 1-  +  +  one  variation, 

x=     4 -|-4"4"  +  +°<^  variation. 

Therefore  we  infer  that  there  aro  four  distinct  and  separate  roots ;  one  is  — 1, 
for  V  vanishes  for  this  value  of  x ;  another  bet>%'eep  0  and  1 ;  a  third  is  2,  and 
a  fourth  is  between  3  and  4.  The  common  measure  x — 2  indicates  that  the 
polynomial  V  is  divisible  by  (x — 2)^ ;  and  hence  there  are  two  roots  equal  to 
2  (Art.  253,  Cor.  1). 
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It  may  happen  that  ono  of  tho  functions,  V|,  V^  ...  Vr-ii  should  be  found 
zero  either  for  x= A  or  x=B.  In  this  case  it  is  sufficient  to  count  the  varia- 
tions which  are  found  in  the  succession  of  signs  of  the  functions  V,  V,,  Vj 
. . .  Vr,  omitting  the  function  which  is  zero.  This  results  from  the  demonstra- 
tion in  Art.  254,  V,  for  the  case  where  an  intermediate  function  vanishes. 

When  the  number  of  the  auxiliary  functions,  V|,  Vg,  &c.,  is  equal  to  the 
degree  of  the  equation,  as  is  ordinarily  the  case,  in  consequence  of  each  re- 
mainder in  seeking  for  the  common  divisor  being  one  degree  less  than  the  pre- 
ceding, the  number  of  imaginary  roots  in  the  equation  may  be  found  by  the  fol- 
lowing rule :  The  equation  V=0  will  have  as  many  pairs  of  imaginary  roots 
as  Oiere  are  variations  of  sign  in  Oie  succession  of  the  signs  of  the  first  terms  of 
the  functions  V,,  V^,  &c.,  to  the  sign  of  the  constant  Vm  inclusive. 

This  foUows  from  the  fact  that  two  consecutive  functions,  Vn-i,  V^,  are 
the  ono  of  an  even,  the  other  of  an  odd  degree.  Then,  if  the  two  functions 
have  the  same  sign  for  x=4-x,  they  will  have  contrary  for  x=z — qd,  and  vice 
versa.  So  that  if  we  write  the  succession  of  signs  of  V,  Vj,  Vj  ....  V"„,  for 
xr=:  —  00  and  for  x;=-|-Qo,  each  variation  in  the  one  succession  will  correspond 
to  a  permanence  in  the  other.  Thus,  the  number  of  permanences  for  x=  —  oo 
is  equal  to  tlie  number  of  variations  for  x=-\-cd. 

But  for  j:=-|-cc  the  number  of  variations  will  be  that  of  the  first  terms  of 
the  functions  V,  Vj  ...  V„,  which  denote  by  t.  Then  there  will  be  t  per- 
manences for  jr=  —  00  and  m — i  variations.  The  excess  of  the  number  of 
variations  m — i  for  x=  —  cx>  over  the  number  i  for  x=-|-aD,  is  m — 2t,  which 
is  therefore  the  number  of  real  roots  of  the  equation,  and  therefore  2i  the 
number  of  imaginary  roots,  the  whole  number  of  roots  being  m. 

Horner's  method  of  resolving  numerical  equations  of  all  orders. 

256.  The  method  of  approximating  to  tlie  roots  of  numerical  equations  of 
all  orders,  discovered  by  W.  G.  Horner,  Esq.,  of  Bath,  England,  is  a  process 
of  veiy  remarkable  simplicity  and  elegance,  consisting  simply  in  a  succession 
of  trajisformations  of  one  equation  to  another,  each  transformed  equation  as  it 
arises  having  its  roots  less  or  greater  than  those  of  the  preceding  by  the  cor- 
responding figure  in  the  root  of  the  proposed  equation.  We  have  shown  how 
to  discover  the  initial  figures  of  the  roots  by  the  theorem  of  Sturm  ;  and  by 
making  tho  penultimate  coefficient  in  each  transformation  available  as  a  trial 
divisor  of  the  absolute  term,  we  are  enabled  to  discover  the  succeeding  figure 
of  the  root ;  and  thus  proceeding  from  one  transformation  to  another,  we  are 
enabled  to  evolve,  one  by  one,  the  figures  of  the  root  of  the  given  equation, 
and  push  it  to  any  degree  of  accuracy  required. 

general  rules. 

1.  Find  the  number  and  situation  of  the  roots  by  Sturm^s  theorem,  and  let 
the  root  required  to  be  found  be  positive. 

2.  Transform  the  equation  into  another  whose  roots  shall  be  less  than  those 
of  the  proposed  equotion  by  the  initial  figure  of  the  root. 

3.  Divide  tlie  absolute  term  of  the  transformed  equation  by  the  trial  divisor, 
or  penultimate  coefficient,  and  the  next  figure  of  the  root  will  be  obtained,  by 
which  diminish  the  root  of  the  transformed  equation  as  before,  and  proceed  in 
this  manner  till  the  root  be  found  to  the  required  accuracy. 
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Note  1. — When  a  Degative  root  is  to  bo  found,  change  the  signs  of  the  alter- 
nate terms  of  the  equation,  and  proceed  as  for  a  positive  root. 

Note  2. — When  three  or  four  decimal  places  in  the  root  are  obtained,  the 
operation  may  be  contracted,  and  much  labor  saved,  as  will  be  seen  in  the 
following  examples : 

EXAMPLES. 

(1)  Find  all  the  roots  of  the  cubic  equation 

r»— 7z+7=0. 
By  Sturm's  theorem,  the  several  functions  are  (Note,  p.  328), 

V  =  x^— 7x+7 

Vi=:2x  —3 

Hence,  for  x=  -\-  oo  the  signs  are  -|-  -)-  -|"(~  ^^  variation, 

xzsz — oD 1 f-  three  variations ; 

therefore  the  equation  has  three  real  roots,  one  negative,  and  two  positive. 
To  determine  the  initial  figures  of  these  roots,  we  have 

for  r=0  signs  -| f-  for  j*=      0  signs  -| {- 

x=:l  .  .  .  "4 1-        x=i  —  1  .  .  .  -| 1- 

a:=2  .  .  .  4.  +  +  +        x=— 2  .  .  .  +^ [- 

ar=— 3  .  .  .  +-i [- 

j:=— 4  .  .  .  — H \- 

hence  there  are  two  roots  between  1  and  2,  and  one  between  — 3  and  — 4. 

But  in  order  to  ascertain  the  first  figures  in  the  decimal  parts  of  the  two 
roots  situated  between  1  and  2,  we  shall  ti'ansform  tlie  preceding  functions  into 
others,  in  which  the  value  of  x  is  diminished  by  unity.  Thus,  for  the  function 
V  we  have  this  operation : 

1  +  0  —7  +7  (1 
1        1  —6 

1  —6       ] 
1        2 

2  ^ 
1 

And  transforming  the  others  in  the  same  way,  we  obtain  the  functions 
V'=y»+3i/«-4y+l;  V\=:3y^+6y-^4;  V'a=2y-1;  V'3=  +  . 

Let  y='^  then  the  signs  aio  -) \-  two  variations, 

y=-2 + +  do. 

y=-3 H h  do. 

y=z'i 1-  one  variation, 

y=-5 =f  +  do. 

y=-6 -+  +  +  do- 

y=*7 -(~~{~~{~4~  no  variation. 

Therefore,  the  initial  figures  of  the  three  roots  are  1*3,  1*6,  and  — 3. 
The  rest  of  the  process,  with  a  repetition  of  the  above,  is  exhibited  and 

afterward  explained  below. 
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1+0 

1 

—  7 
1 

+7  (1-356895867 
—6 

1 

1 

—  6 
2 

•1... 
—903 

2 

1 

— *4.. 
99 

•97 . . . 
—86625 

•33 
3 

—  301 
108 

•10375 . . 
—9048984 

36 
3 

—•19  3 

1975 

•1326016 
—1184430 

•39  5 
5 

—  17325 
2000 

141586 
—132923 

40  0 
5 

—♦15325  .. 
24336 

8663 
—7382 

♦40  56 
6 

—   15081 64 
2  4  3  7  2 

1281 
—1181 

40  62 
6 

—  •148379 
325 

2 

4 

8 
4 

100 
—89 

♦40  68 

—   148053 
325 

11 
—10 

—   14772 
3 

8 
6 

1 

—   14769 
3 

2 
6 

-   1|4|7|6|5 

The  process  here  is  similar  to  that  on  p.  318.  The  nmnbers  marked  with 
stars  are  the  coofficients  of  tho  oqnatioti  having  tho  reduced  roots.  Thus,  ^3, 
•4,  and  •I  are  the  coefficients  of  the  equation  whose  roots  are  1  less  tlian 
those  of  tho  proposed  equation.  The  right-hand  3  of  *33  is  the  3  tenths  add- 
ed in  the  next  step  of  the  process,  which  has  for  its  object  to  reduce  the  roots 
by  -3.  The  coefficients  of  the  resulting  equation  are  *39,  — •193,  and  ♦97. 
Now,  instead  of  going  on  in  this  manner  to  obtain  the  following  figures,  568, 
&c.,  of  the  root,  the  method  of  proceeding  changes ;  the  193,  which  is  tho 
penultimate  coefficient,  becomes  a  trial  divisor,  by  which  dividing  tho  absolute 
term  97,  which  is  .0097,  the  divisor  being  1*93,  the  quotient  is  5,  the  next  fig- 
ure of  the  root,  which  Is  .05.  This  5  is  annexed  to  tho  ^39,  and  we  proceed 
as  before ;  that  is,  multiply  the  *395  in  the  first  column  by  this  5,  producing 
1975  in  the  second  column,  and  Ijy  uddition,  1-7325,  and  so  on.  To  show  that 
the  quotient  figure  5  is  obtained  by  moans  of  tho  trial  divisor,  observe  that  the 
1*7325  is  nearly  equal  to  the  ♦l-OS  above,  and  that  the  '088625  in  tho  third 
column,  which  is  the  product  of  1-7325  by  the  '05,  is  nearly  equal  to  the  ♦•097 
above  ;  hence  the  (|uotient  of  ♦•097  by  1-93  is  nearly  this  same  '05. 

The  further  we  proceed,  tho  more  accumte  this  process  becomes,  for  the 
first  figure  of  each  number  in  the  first  column  being  units,  this,  multiplied  by 
the  decimal  figure  foimd  in  the  root,  which  is  thousandths,  tens  of  thoasandths, 
and  so  on  ;  that  is,  soon  a  very  small  fraction  gives  thousandths,  ten  of  thou* 
sandths,  and  so  on,  or  a  very  small  fraction,  for  the  product;  and,  tho  first 
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(iguro  in  the  numbers  of  the  second  column  being  also  units,  these  numbers 
are  not  much  affected  by  the  addition  of  the  above-named  products.* 

When  the  number  of  decimal  places  in  the  numbers  of  the  third  column 
becomes  equal  to  the  number  of  decimal  places  required  in  tlie  root,  it  will 
not  be  necessary  to  obtain  any  more  in  the  third  column ;  and  as  each  new! 
decimal  figure  in  the  root,  multiplied  by  the  number  in  the  second  column, 
would  make  one  more  place  in  the  thiid,  it  will  be  necessary  to  cut  off  one 
figure  in  the  second  column,  and,  for  a  similar  reason,  two  figures  in  the  first 
column.  As  soon  as  the  figures  are  all  cut  off  in  the  first  column,  the  process 
becomes  simply  one  of  division,  the  divisor  and  dividend  rapidly  diminishing. 

We  have  thus  found  one  root  t=1 '350895807 ,  and  the  coefficients 

of  the  successive  transformed  equations  are  indicated  hy  the  asterisks  in  each 
column.     To  find  another,  we  have  the  following  : 

1+0  —7  +7  (1-092021471 

1  1  —0 


1 
1 

=1- 
•oot. 

—6 
2 

1... 
—  1104 

2 

1 

^4  .  . 
210 

—  104... 
100809 

36 
6 

—184 
25  2 

—3191... 
3156888 

42 

6 

08  .  . 
4401 

—34112 
31774 

48  9 
9 

112  01 

4482 

—2338 
1589 

49  8 
9 

15683  . 
1014 

• 
4 

4 

8 

—749 
635 

50  72 
2 

157844 
1014 

—114 
111 

50  74 
o 

15  8  8  5 
1 

9 

o 

3 

• 

50  76 
Another  root  is  X' 

115  818  7 
692021471  ...  - 

For  the  negative  z 

change  the  sign 

s 

of  the  second  and  fourth  terms. 

*  To  show  thii  in  a  more  general  wny,  let 

aar"-|-Bx"-'-f  Bj-"--  ....  -|-B„_iJr-f  B„=0 

bo  one  of  the  deproued  cquationA  which  is  to  furubh  the  next  dccimnl  place  of  tlie  root  of 
the  proposed  equation ;  the  value  of  ;r  in  tliis  doprcsied  equation  will  of  course  bo  a  very 
■mall  fraction ;  hence  the  higrher  powers  of  it  may,  without  much  error,  be  neglected.  Tho 
depressed  equaticm  thus  reduces  to 

Hence  Uid  value  of  x,  without  rcgnni  to  its  sign,  is 

B. 

i*a-l 

nearly ;  that  is,  it  may  be  obtained  by  dividing  the  nlttmato  by  the  penultimate  coefficient 
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1-0 
3 

3 
3 

ALGEBBA. 

—  7 
9 

2 

18 

20  ...  . 
361^ 

—7  (3-0489173396 

— 1 

814464 

6 
3 

—185536... 
166382592 

90  4 
4 

203616 
3632 

24 

—19153408 
18791228 

90  8 
4 

207248 
730 

—362180 
208875 

9128 
8 

20797824 
73088 

—153305 
146212 

9136 

8 

2087091 
823 

2 

0 

2 
0 

—7093 
6266 

|..91|44 

2087914 
823 

—827 
626 

208873 

7 
9 

—201 
188 

208874 

6 
9 

—13 
12 

2|0|8|8|7|5  1 

Hence  the  three  roots  of  the  proposed  cnbic  equation  are 

x=z      1-356805867 

xz=      ]-60-i021471 

x=— 3-048917339 

(2)  Find  the  roots  of  the  equation  j3_|_ii;ca_i02x-f  181=0. 
We  have  already  found  the  root-s  to  be  nearly  3-21,  3-22,  and  — 17. 
Example  4,  p.  330.) 


1+11 

3 

—102 
42 

page. 

+  181  (3-21312775 
—180 

14 
3 

—  60 
51 

1... 
—992 

17 
3 

—     9  .  . 
404 

o . . . 
—6739 

2  02 
2 

—     496 
408 

1261... 
—  1217403 

2  04 
2 

—        88.  . 
2061 

43597 
—34183 

2  061 
1 

—        6739 
2062 

9414. 
—6787 

2  06  2 

—       4677  .  . 
Carried  to  next 

2627 

(See 
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2  00  2 
1 

2  06  33 
3 

2  06  36 
3 

•2|06139 


4677  .  . 
6  18  9  9 


2627 
2372 


—   406801 
Gl  908 

—   3  4  3  8  9  3 
2  0  6  4 

—   3  4  18  2  9 
2  0  6  4 

—   3  3  9  7  6 
4  1 

—   3393 
4 

5 

1 

255 
237 


18 
—16 


—       313:819 


In  a  similar  manner,  tbo  two  romnining  roots  will  bo  found  to  bo 

x=3-22952121 
and 

x=  — 17-44264896. 

(3)  Given  x*4-r>4-j:*-|-3x — 100=0,  to  find  the  number  and  situation  of 
the  real  roots. 
Hero  we  havo 

V  =  T*+  x''+  a'=+3r— 100 

V,  =  4.r'+3.c-'+2.r+3 

V.^=— oj--— 34J-+1603 

^..=1=  — I132.r+G059 

V,  =  -. 

Let  r=  — 00  tben  signs  are  H 1 three  variations, 

x=  +  x +H one  variation  ; 

hence  two  roots  an'  ronl  niid  two  inmginnry ;  and  the  real  roots  must  have 
contrary  signs,  for  the  lust  term  of  the  equation  is  negative.  To  find  the  sit- 
uation of  the  roots 

ill  V  ViV.VjV^ 


Let 


T=0  signs h  +  H 

T=l.  .  .-  +  +  +  - 
2-=2.  .  .-  +  +  +  - 
x=3.    .   .+  +  +  +  - 

•m  VViV^VaV, 


Also, 


x=z      0  signs 1-  +  H 

T=  — 1  .    .   .  —  0  +  +  — 

x=— 2  .   .   . h-h  — 

T=— 3  .   . I--I-  — 

T=-4.   .   .+-  +  +  - 

In  this  example  the  function  V.  vimishes  for  x=  — 1,  and  for  the  same 
Talue  of  X  the  functions  V  niid  V-:  hnvo  contrary  signs,  agreeably  to  Lemma 
2,  and  writing  -f-  or  —  for  0  ^ivos  tlie  same  number  of  variations.  The 
inituJ  figures  of  the  root  are,  therefore,  2  and  —3. 


3d 

ALGEBRA. 

To  find  the  negative  root 

,  we  have  the 

following  operation : 

1-1            +1 

—    3 

—100  (3-43357786336599 

3                6 

21 

54 

2                7 

18 

—46 .... 

3               15 

66 

416896 

6              22 

84  .  .  . 

—43104 

3              24 

20224 

384456501 

8               46  .  . 

10  4  2  2  4 

—46583499... 

3                 4  5G 

22112 

390491222121 

114 
4 


118 

4 


12  2 

4 


12  63 

3 

"l2  66 
3 

12  69 
3^ 

12  723 
3 

12  726 

3 

l2  729 

3 

•12|732 


50  56 

4  72 

55  28 

4  88 

60  16  .  . 

37  89 

60  53  89 

37  98 

60  91  87 

38  07 

*  . 

61  29  94 

3  8169 

61  33  75  69 

3  81  78 

61  37  57  47 

3  81  87 

6141  39 

34 

63 

6 

Gl  42  02  9 

63 

6 

61  42  66 

5 

6'A 

6 

12  6  3  3  6.  .  . 

1816167 
12815  2  167 

18  2  7  5  61 

12  9  9  7  9  7  2  8  .  .  . 

18401 2707 

r30T63  7  4  0  7  0  7 
184127241 


—75343767879 

65189289046 

—10154478833 

9128951421 

—1025527412 

912928254 

-112599158 

104335040 


130347867  9  4 
307101  4 


8 
5 


1303785780  9 
3071332 


3 
5 


1304092  9  14 
4  3  0  0  3 


—8264118 

7825130 

—438988 

391256 

-47732 

39126 


1304135  9  17 
4  3  0  0  3 


3 
1 


13  0  4  17  8  9  2 
4  30 


13  0  4183  2  2 
4  30 


—8606 

7825 

—781 

652 

—  129 

117 


13  0  4  18  7  5 
4 


3 


—  12 
11 


Gl  143130 


3  0 


1 


8 


0 
4 


1 


For  the  positive  root  wo  have  a  similar  operation, 

1  +1  +1  +3  —100  (2-8028512181582; 

but  this  we  shall  leave  for  the  student  to  perform,  and  the  two  roots  will  be 
found  to  be 

.T=     2-802851218]  582  .  .  . 
x=— 3-4335778633059  .  .  . 

(4)  Find  the  roots  of  the  equation  .r'+2.r*+3r^4-4j3+5r— 20=0 

Ilore  we  liave  V  =  .r'+  2r*+  3r»+4j:3+5x— 20 

V,=5.r*+  8r»+  9.r2+8x+5 
Vi=  —7.r»— 212^—42x4-255 
V3=— *l3x+14 

For  r  = — CD  we  have  signs  —  +  +  H two  variations ; 

i:=4-QD -|--|-  — —  _  ono  variation. 
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Hence  the  difference  of  varintions  of  sign  indicates  the  existence  of  one  real 
and  four  imaginary  roots,  the  real  root  being  situated  between  I  and  2. 


1+2 

1 

+  3 
3 

+   4 
G 

+  6 
10 

—  20(1-126700.. 
15 

3 

G 

10 

16 

-^o . . .  • 

I 

4 

1  0 

20 

387171 

4 
1 

10 
5 

20 
15 

Od   .    .    •    • 

3  7  17  1 

—  112829 
87()05 

5 

16 

u  O  .  .  * 

38  7  1  7  1 

—25824 

1 

6 
21.. 

2171 
3  7171 

3  9  4  14 

22285 

6 

42  66  8 

6 

—3539 

1 

71 
3171 

22  43 

3  94  14 

844 

313G 

71 

43  5  0  2  6 

—403 

1 

72 
2  243 

23  16 

8634 

403 

72 

4  17 

30 

44  3  5 

6 

1 

73 
2  316 

4 

7 
0 

2l!5 

73 

4  22 

44  6  7 

1 

1 

74 
I..2  390 

4 
4  26 

7 

7 

21 

5 

74 

44  7 

8 

1 

4 

/ 

2 

|..75 


|.4j31 


41|8 


Hence  the  real  root  is  nearly  1*125790  ;  and  by  using  another  period  of  ciphers 
we  should  have  tiie  root  correct  to  ten  places  of  decimals,  with  very  little  ad- 
ditional labor. 


(1)  Find 

(2)  Find 

(3)  Find 

(4)  Find 

(5)  Find 

(6)  Find 

(7)  Find 

(8)  Find 

(9)  Find 

(10)  Find 

(11)  Find 


ADDITIONAL  EXAMPLES  FOR  PRACTICE. 

all  the  roots  of  the  equation  3^ — 3x — 1=0. 

all  the  roots  of  the  equation  r' — 22j* — 24=0. 

the  roots  of  the  equation  x^+.r* — 500=0. 

the  roots  of  the  equation  Jcr^-\-X'-\-x — 100=0. 

the  roots  of  the  equation  2j:''+3r- — Ax — 10=0. 

the  roots  of  the  equation  x*  —  12j:--|-12jr — 3=0. 

the  roots  of  the  equation  x*  —  8r-''-|-14.r--|-4.r — 8=0. 

the  roots  of  the  equation  r* — .r^+2j'--|-i* — 4=0. 

the  roots  of  the  equation  r^ — 10jr*+6j:-|-l=0. 

the  roots  of  the  equation  j''*+3i*+2r^— 3x-— 2x— 2=0 

all  the  roots  of  the  equation 

.rG+4j:*— 3x»— 16r»+ll.T:^+12i:— 9=0. 


A?rSWERS. 


'2-= +  1-879385242 

(1)  \  T=— 1-532088886 
(x=—  -347296355 

'x= +5-1622776601 

(2)  J  r=  — 1-1622776601 
U=-4 

(3)  x=7-61727975596 
,4)       T=4-2644299731 
(5)       2:=1-6248190836 


(6) 


(7) 


(8)    \',Z 


x=  +  2-8580833081 63 
j-=+  -606018306917 
T=+  -443276939605 
x=  — 3-907378554685 

jr=  + 5-2360679776 
r=+  -7639320225 
r= +  2-7320508075 
2-=—   -7320608075 

x=  +  l-14G994592 
x=— 1-090593586 
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.r=-  3-0G5315701'2083 
.r=—  •69157()-2804f»00 
(9)  {x=—  •175674799.>H83 
x=4-  •8795087084144 
a:=  -f  3-0530681G.26G22 


(10)  r=  1-059109003461882 

foTzs— 1;  !=:— 3;  J=l 

(11)  \  x=-.3;  x=l 

j:=1 


257.  The  theorem  of  Sturm  gives  a  simple  means  of  establishing  the  con- 
ditions of  the  reality  of  the  roots.  As  the  real  roots  are  comprised  between 
two  limitSf  — L'  and  -|-L,  the  one  negative  and  the  other  positive,  which  may 
he  chosen  as  large  as  we  please,  the  question  reduces  to  seeking  the  conditions 
necessary,  in  order  that  from  r=: — L'  to  j:=-|-L  the  series  V,  V,,  Vj,  &c., 
should  lose  a  number  of  variations  equal  to  the  degree  of  the  equation. 

Supposing  this  degree  to  be  m,  it  must  then  lose  rn  variations.  But  in  order 
that  it  may  have  m  variations,  it  is  necessary  that  it  should  have  at  least  m-\-l 
terms ;  and  as  it  can  not  have  more,  we  are  sure  that  the  quantities  V,  Vi,  V^, 
&c.,  exist  to  the  number  m^-1,  and  that  they  arc  respectively  of  the  degree 
m,  m — 1,  m — 2,  6cc.  The  last,  which  docs  not  contain  x,  will  then  be  repre- 
sented by  V„. 

When  in  the  polynomial  functions  of  x  we  substitute  very  large  numbers, 
positive  or  netrutive,  for  r,  wo  know  that  the  results  are  of  the  same  sign  as  if 
each  polynomial  were  reduced  to  its  first  term ;  tlierefore,  in  the  present  in- 
?esti;;ation,  we  need  occupy  ourselves  only  with  the  first  term.  Let  us  take 
the  equation  V=0  under  the  ordinary  form 

:r'"-f-;;x"'-»4-gr'"-«4-,  &c.,  =0. 

The  first  term  of  V  is  .r™;  that  of  the  derived  polynomial,  Vi,  will  be  mx^~^. 
With  regard  to  those  of  the  polynomials  Vj,  V3,  &c.,  they  are  functions  com- 
posed of  the  coefficients  p,  q^  &c.,  determined  by  the  successive  divisions  in 
accordance  with  the  rule.  Let  us  represent  these  functions  by  G^,  G3  . . .  Gm 
and  write  in  order  the  7/i-|-l  quantities, 

.r^,  mx"'-\  G;T™--,  GaX"-^  . . .  G„. 

The  question  will  be  reduced  to  finding  the  conditions  which  will  cause  the 
loss  of  m  variations  from  this  series  when  we  pass  from  x=z  —  L'  to  r=-|-L. 
In  order  that  this  may  be  tlio  case,  it  must  have  m  variations  upon  the  substi- 
tution of  — L',  and  m  ponnaiiences  upon  the  substitution  of  -|-L.  But  in  this 
series  the  powers  of  .r  go  on  decreasing  by  unity;  consequently,  if  it  has  notli^ 
ing  but  permanences  when  .r=-|-L,  it  will  have  nothing  but  variations  when 
x=  —  L'.  Thus,  the  conditions  are  reduced  simply  to  such  as  require  this 
series  to  have  only  positive  coefficients,  that  is  to  say,  to  the  following, 

G,>0,  G,>0  ....  G„.>0. 

These  conditions  will  never  bo  greater  in  number  than  m — 1,  but  they  may 
bo  less  in  number,  inasmuch  as  some  of  the  almve  inequalities  may  involve  the 
others.        f 

EXAxMPLK. 

258.  Find  the  conditions  neccssaiy  for  the  reality  of  the  roots  of  the  equa- 
tion r*-|-</j:-|-r=0. 

Here  we  have  w=r3,  and  the  conditions  are  only  two  in  number,  Gs>0  and 
G,>0. 

To  find  G^  and  G3,  we  calculate  V^  and  V3  by  successive  divisions,  as  fol- 
Ipws: 
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First  Division.  Second  Division. 


3r^+3qr+3r 


1:  12q^x^+  4f 


—  '2qT—  3r 

—  (}qx+  Or 


3i^+   qx  I'lq^x'+lSqrx 


t>^x+3r  —  IHyrx  +  4y» 

.«.  Vjzs  — S^J— 3r.  —  IHyr-r  — 27r^ 


4y*+27r« 
.-.  V3=—  4y»— 27r«. 
Consequently,  the  inequalities  G.j^O,  G3]>0,  become 

— 27>0,  —4y»— 27r->0; 

observing,  however,  that  the  first  inoquiility  is  embraced  in  the  second,  since 
r*  is  always  positive ;  and  changing  the  signs  of  the  second,  we  have  for  the 
sole  condition  of  the  roots  of  an  equation  of  the  third  degree,  being  real, 

4y»4-27r^<0. 


We  have  now  given  so  much  of  the  general  properties  of  equations  of  aU 
degi'ees,  and  such  modes  of  proceeding,  as  will  insure  their  numerical  solution 
in  a  manner  the  most  certain  nud  infallible,  and  ordinarily  the  best. 

There  are,  however,  many  tmnsfurmations  of  equations,  which,  by  reducing 
their  degree,  or  by  giving  lliem  a  particular  form,  serve  to  facilitate  their  solu- 
tion in  certain  cases.  There  are  also  many  general  principles  applicable  to 
the  resolution  of  equations  of  the  higher  orders  by  the  methods  in  use  previ- 
ous to  the  discovery  of  Sturm,  which,  with  those  methods  themselves,  it  is  de- 
sirable to  know  for  many  purposes  in  the  application  of  algebraic  analysis  to 
the  higher  branches  of  both  pure  and  mixed  mathematics,  for  ulterior  improve- 
ments in  the  general  theory  of  equations 'itself,  and  even  for  use  in  the  solu- 
tion of  equations,  in  some  cases,  to  which  they  are  more  conveniently  adapted 
than  the  method  of  Sturm.  A  treatise  on  algebra  could  scarcely  be  regarded 
as  complete  without  some  notice  of  these.  We  shall  therefore  give  as  exten- 
sive an  exhibition  of  them  as  can  in  any  way  be  useful  in  an  elementary  work 
like  the  present,  commencing  with  the  well  known 

RULE  OF  DES  CARTES. 
259.  An  equation  can  not  have  a  greater  number  of  positive  roots  than  there 
are  variations  of  sign  in  the  successive  terms  from  -^  to  — ,  or  from  ^~  to  -\-, 
nor  can  it  have  a  greater  number  of  negative  roots  than  there  are  permanences^ 
or  successive  repetitions  of  the  same  sign  in  the  successive  terms. 

Let  an  equation  have  the  following  signs  in  the  successive  terms,  viz. : 

+  -  + +  +  +  -.or4. +_  +  +  +  . 

Now,  if  we  introduce  another  positive  root,  we  must  multiply  the  equation  by 
X — a,  and  the  signs  in  the  partial  and  final  products  will  be 

+  -  + +  +  +  -  + +  -  +  +  + 

"+-  +  +  + +  __  -  +  +  +  -+ 

+  -H — ±it  +  ±±-+  +-i±'H —  +  ±i- 

where  the  ambiguous  sign  i  indicates  that  the  sign  may  be  +  or  —  aocoi"d- 
ing  to  the  relative  magnitudes  of  the  terms  with  contrary  signs  in  the  partial 
products,  and  where  it  will  be  observed  the  pennanences  in  the  proposed 


342  ALGEBRA. 

equation  are  cbaiigeil  into  signs  of  ambiguity ;  hence  the  permanonccs,  take 
the  ambiguous  sign  as  you  will,  arc  not  increased  in  the  final  product  by  the  in- 
troduction of  the  positive  root  -j-^  *  ^ut  the  number  of  signs^is  increased  by 
one^  and,  therefore,  the  number  of  vai'iations  must  bo  increased  by  one.  Hence 
it  is  obvious  that  the  introduction  of  every  positive  root  also  introduces  one 
additional  varintion  of  sign,  and,  therefore,  the  whole  number  of  positive  roots 
can  not  exceed  the  number  of  variations  of  signs  in  the  successive  terms  of  the 
proposed  equation. 

Again,  by  changing  the  signs  of  the  alternate  terms,  the  roots  will  be  changed 
from  positive  to  negative,  and  vice  versa  (see  Prop.  VII.).  Moreover,  by  this 
change  the  permanences  in  the  proposed  equation  will  be  replaced  by  varia- 
tions in  the  changed  equation,  and  the  variations  in  the  former  by  permanences 
in  the  latter ;  and  since  the  changed  equation  can  not  have  a  greater  number 
of  positive  roots  than  there  are  variations  of  sign,  the  proposed  equation  can 
not  have  a  greater  number  of  negative  roots  than  there  are  permanences  of 
sign. 

Lot  17  be  the  number  of  variations,  r'  the  number  of  variations  of  the  trans- 
formed equation  obtained  by  changing  x  into  — x.  The  number  of  real  roots 
of  the  equation  can  not  surpass  v-{-v'.  Then,  if  this  sum  is  less  than  the  de- 
gree m,  the  equation  will  have  imaginary  roots. 

The  sum  t^-|-t''  is  never  greater  than  the  degree,  and  when  it  is  less  the 
difference  is  an  even  number.     (See  Art.  248.) 

EXAMPLES. 

(1)  Theequationa:<'4-3.r'^—41j:*—87r»4-400x--f444x— 720=0 hassui real 
roots.     How  many  are  positive  ? 

(2)  The  equation  x^ — 3r*  — 15x^-|-49x — 12=0  has  four  real  roots.  How 
many  of  these  are  negative  ? 

260.  We  give  next  the  repetition  of  a  principle  already  presented,  but  which 
may  be  derived  as  a  direct  consequence  of  the  theorem  of  Sturm. 

THEOREM  OF  ROLLE. 

Let  F(j:)=0  be  an  equation  which  has  no  equal  roots,  F'(x)  its  derived 
polynomial.  We  have  scon  that  as  .r  increases,  the  series  of  Sturm  loses  a 
variation  eveiy  time  that  x  passes  over  a  root  of  the  equation  F(x)=:0,  and 
that  it  can  not  lose  one  in  any  otJicr  wny.  Moreover,  we  have  seen  that  this 
variation  is  lost  at  the  conunencement  of  the  scries  of  functions,  in  conse- 
quence of  F(.r)  changing  sign,  while  F'(.r)  does  not;  so  that  F(t)  is  always 
of  a  sign  contrary  to  that  of  F'(t)  for  a  value  of  r  a  little  less  than  the  root, 
and  always  of  the  same  sign  for  a  value  a  little  greater. 

Thus,  when  we  ascend  from  a  root  r  to  a  root  r',  w^hich  is  immediately 
above  r,  F(ar)  must  be  of  the  same  sign  as  F'(x)  for  a  value  of  a:  a  little  greater 
than  r,  and  of  a  sign  contrary  to  F(x)  for  a  value  of  x  a  httle  less  than  r'.  But 
in  the  interval  V(x)  docs  not  change  sign ;  then  ¥\x)  must  change  sign  at 
least  once;  therefore  the  equation  F'(r)=0  has  at  least  one  root  lietween  r 
and  r'. 

Let  a,  6,  c,  rf . . .  ^  be  the  real  roots  of  F(.r)=0,  arranged  in  order  of  magni- 
tude, beginning  with  the  largest ;  and  let  a, ,  i,,  r ,  . . .  ^,  be  the  real  roots  of 
F'(j:')=0,  disposed  in  the  same  manner.  Wo  have  just  seen  that  these  last 
ore  comprised,  some  between  a  and  6,  some  between  h  and  c,  &c. ;  but  as  the 
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degree  of  F'(x),  and,  consequently,  the  number  of  its  roots,  is  one  less  than 
the  degree  and  number  of  roots  of  F(j*)=0,  it  follows  tliat  the  equation 
F(x)=0  can  have  but  one  root  above  aj,  but  one  between  a,  and  6,  . . .,  and, 
finally,  but  one  below  gi.  This  property,  which  has  been  long  known,  and  of 
which  wo  havo  given  an  independent  demonstration  at  (Art.  253),  is  identical 
with  the  theorem  of  RoUe. 

261.  The  considerations  which  lead  to  the  theorem  of  Rolle  furnish  also 
the  means  of  deterinuiiug  whether  the  jn  roots  of  the  equation  F(t)=0  are 
real  and  unequal. 

Since  ai  is  between  a  and  b,  hi  between  h  and  c,  &c.,  it  is  easy  to  see  (Art. 
252)  that  if  wo  sulistitute  successively  ^i,  bi,  &c.,  in  placo  of  jr  in  F(x),  the 
results  will  be  alternately  negative  and  positive  ;  so  that 

For F(aO»  F(fti)»  F(ci'),  Arc, 

we  have    ....       — ,      -|-,      — ,    &c. 

But  we  may  apply  to  the  function  F'(r)  and  its  derived  function  F"(z)  all 
that  has  been  said  in  the  preceding  article  of  F(.r)  and  F'(r) ;  then, 

For  ....  F"(ai),  F"(5i)»  F"(<^i),  <fec., 

we  have.  .       4-»         — ♦       +»      ^' 
Then  the  products  F(ai)xF"(ai)y  F(6i)xF"(&,),  &c.,  of  which  there  are 
m — 1,  will  be  uU  negative. 

But  if  we  make  F(r)xF"(r)=y,  and  elimmote  (as  at  p.  157)  x  between 
the  two  equations, 

F'(.r)=0,  F(x)xV"(x)=:ij (2) 

the  m — 1  roots  of  the  final  equation  in  y  will  be  precisely  the  products  above; 
but  since  uU  these  products  are  negative,  the  equation  in  y  will  have  only 
negative  roots,  and,  consequently,  aU  its  terms  will  have  the  sign  -\-.  Thus, 
when  the  equation  F(x)=0  has  none  but  real  and  unequal  roots,  the  theorem 
of  RoUe  shows  that  the  roots  of  F'(.r)=0  must  be  real  and  unequal  also;  and 
from  what  has  just  been  said  above,  it  appears  that  besides  this,  the  signs  are 
all  plus  in  the  equation  in  y,  resulting  from  tlie  elimination  of  x  between  the 
equations  (2). 

262.  Conversely,  these  conditions  being  fulfilled,  we  can  demonstrate  that 
all  the  roots  of  F(r)=0  will  be  real  and  unequal.  And  first,  the  m — 1  roots 
of  F'(,r)=0  being  real,  from  what  has  just  been  said,  those  of  F"(x)=0  must 
be  real,  and  the  m  —  1  values  of  y,  or  F(r)xF"(a:)  real  also;  and  the  roots 
of  F'(jr)=0  being  by  hypothesis  unequal,  the  theorem  of  R^llo  proves  that  the 
quantities  F"(£/i),  F"(fei),  dec,  liave  their  signs  alternately  -|-  and  — .  Again, 
since  the  equation  in  y  has  its  signs  all  -)- ,  we  conclude  that  it  has  no  positive 
roots ;  and  since  all  its  roots  are  real,  they  can  only  be  negative ;  then  the 
m — 1  products 

F(tf,)xF"(flO,  F(b,)xF"(b,),  &c., 
are  negative.  But  the  second  factors  have  their  signs  altenmtely  -f-  ^^cl  — « 
then  tlio  quantities  F(ai),  F(fc,),  A:c.,  must  have  tlieir  signs  alternately  —  and 
^.  Then  there  exists  above  Ui  a  root  of  the  equation  F(i*)=0,  another  be- 
tween (Zj  and  hi,  another  between  bi  and  Ti,  &c.,  therefore  the  m  roots  of  tliis 
equation  are  real  and  unequal. 

'  The  conditions  drawn  from  the  equation  in  y  may  be  regarded  as  actually 
known,  because  this  equation  is  obtained  by  simple  elimination.    As  to  the 
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other  condition  which  requires  tliat  the  roots  of  F'(z)=0  be  real,  let  it  be  ob* 
served  that  this  equation  is  of  tlio  degree  m — 1,  and,  applying  to  it  the  same 
reasoning  as  to  F(j:)=0,  we  reduce  the  question  to  determining  the  reality  of 
the  roots  of  F"(x)=0,  which  is  only  of  the  degree  m — 2.  Continuing  thus, 
we  descend  to  an  equation  of  the  second  degree,  the  derived  function  of  which 
being  of  the  first  degree,  can  not  have  an  imaginary  root.  Then  the  only  con- 
dition to  fulfill  will  be  that  the  equation  y,  which  is  also  of  the  first  degree, 
have  its  two  terms  of  the  same  sign. 

Remark. — By  recurring  to  the  reasoning  which  led  to  the  use  of  the  equa- 
tion y=F(j:)xF"(x),  it  is  easily  perceived  that  this  may  be  replaced  by 
M  X  F(r)  X  F"(x),  M  being  any  positive  quantity  whatever.  We  can  then  in- 
troduce or  suppress  in  the  polynomials  F(r),  F'(x),  F"(r),  &c.,  such  positive 
factors  as  may  be  judged  suitable  to  simplify  the  calculation. 

263.  The  equation  in  y,  resulting  from  the  elimination  of  x  in  the  equations  (2), 
being  of  the  degree  m — 1,  will  have  m — 1  coefficients,  thus  presenting  m — 1 
conditions  to  be  fulfilled ;  the  second  equation  in  y,  obtained  by  eUminating  x 
between  the  two,  F"(z)=0,  2/=:F'(x)xF'"(x),  will  be  of  the  degree  m— 2, 
and  present  m — 2  conditions  to  be  fulfilled,  and  so  on,  till  we  arrive  at  an  equa- 
tion of  the  first  degree  in  ?/,  which  will  give  but  a  single  condition ;  then, 
taking  all  the  conditions  in  an  inverse  order,  their  number  will  be  express- 
ed (Art.  228)  by 

m(m — 1) 
I4-2+3 l-m— 1=-^— '-. 

264.  For  an  application  of  the  above,  let  us  take  the  general  equation  of  the 
second  degree. 

Here  we  have  Y{x)-=.x'^'\'j>x-\-q,  F'(T)=2a:-|-p,  F"(^)=2,  and  we  per- 
ceive at  once  that  F'(.r)  has  no  imaginar}'  root,  since  it  is  of  the  first  degree. 

In  order  to  have  the  equation  in  ?/,  the  two  equations  between  which  we 
most  eliminate  .r  are 

2a:+p  =  0,  y=(z24.p.r+5)  x  2. 

The  elimination  gives 

Then,  in  order  that  the  terms  of  this  equation  may  have  the  same  sign,  we 
must  have  jp^— <7>0 ;  and  this  is  the  only  condition  necessary  to  insure  the 

reality  of  the  roots  of  the  equation  of  the  second  degree.  It  accords  with 
what  wo  have  seen  at  (Ait.  191). 

265.  Lot  us  consider  next  the  general  equation  of  the  third  degree.  The 
second  term,  it  will  bo  seen  hereafter,  may  be  made  to  disappear  without 
changing  the  number  of  the  real  roots ;  we  may  therefore  take  it  under  the 
form 

In  tliis  case  F(r)=.r3+7r+r,  F'(.r)=3.r-+9,  F"(r)=6r.  It  is  necessary, 
first,  that  the  derived  equation,  3.r+7=0,  should  have  only  real  and  aneqnal 
roots;  and  for  this  the  condition  is  evidently  9<[0. 
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Secondly,  it  is  necessary  to  eliminate  r  between  tiie  two  equations 

3j^+qz=0 (1) 

y=(r»4-«jfx+r)x6j-, 


or 


The  first  gives 


and  (2)  becomes 


y=6j:*+67.r=+6rj: (2) 


1  1 


y=-'r,q'+Grx 


X=: 


3 

3.V+47"- 


16r 
Substituting  this  in  (1),  wo  have,  after  reducing. 

In  order  that  the  three  terms  of  thi»  equation  may  have  the  same  sign,  it  is 
necessary,  and  it  is  sufficient,  that  the  known  term  should  be  positive.  We 
have  already  seen  that  q  must  be  negative,  but  7'  in  the  second  term  is  posi- 
tive; then  the  new  condition  is  4y'-|-27r^<0.  Finally,  as  this  new  condition 
can  be  fulfilled  only  when  q  is  negative,  it  is  the  only  one  necessary,  in  order  * 
that  tlie  roots  of  the  equation  of  the  third  degree  should  bo  real  and  unequal. 

FOURIER'S  METHOD  OF  SEPARATING  THE  ROOTS. 

266.  We  shall  now  give  another  metliod  of  separating  the  roots,  proposed 
by  Fourier,  which  has  the  recommendation  that  the  auxiliary  functions  em- 
ployed in  it  are/(jr)  and  its  successive  derived  functions,  which  can  bo  form- 
ed by  inspection  ;*  so  that  the  method  can  be  applied  nearly  with  equal  ease 
to  an  equation  of  any  degree  ;  in  particular,  the  inteiTals  in  which  no  real  root 
can  be  situated  are,  by  Fourier's  method,  immediately  assigned.  The  objec- 
tion to  this  method  is,  that  by  its  immediate  application  we  only  find  a  limit 
which  the  number  of  real  roots  in  a  given  inter\'al  can  not  exceed,  and  not  the 
absolute  number;  and  that  the  subsidiary'  profiositions  by  which  this  defect  is 
supplied  are  not  of  the  same  simple  character  as  the  origintU  theorem.  The 
enunciation  and  proof  are  as  follows. 

THEOREM. 

The  number  of  real  roots  of{(x)=zO  which  lie  between  two  numbers  a  and  b, 
caw  not  exceed  the  difference  between  the  number  of  variations  of  signs  in  the 
results  of  the  substitutions  nfn  and  hfor  x,  in  the  series  formed  by  f(x)  and  its 
derived  functions :  viz.,/(j-),/'(r),/''(.r),  ..,f"(x). 

If  none  of  the  equations 

/(i)=0,/'(x)=0,  &c., 

have  a  root  between  a  and  6,  it  is  manifest  that  the  substitution  of  a  and  &,  and 
of  any  intermediate  quantity,  in  f(jr).  /'(x),  &c.,  will  always  produce  exactly 

*  TIio  mothod  of  Sturm  employs  only  the  i^ivcn  aiul  first  derived  function /(r)  and/'(4-), 
wliich  are  tlie  same  at  V  aii-l  V,,  tlic  otlor  functions  in  his  ractliod,  viz.,  Vj.  Vj..  Ac,  be- 
ing obtained  by  the  mctho<f  of  tli"  common  divisor,  which,  in  fjractice,  is  tedious  for  func- 
tions of  the  higher  degrees,  especially  if  they  have  lan^e  coefficients.  For  methods  of  sim- 
plif^-iog  these  iaborioas  operations,  see  Young's  Theory  and  Solution  of  the  higher  Equatioos 
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tho  snmo  series  of  digns ;  but  if  any  of  these  equations  have  roots  between  a 
and  6,  then  chan;>;es  in  the  series  of  signs  will  occur  in  substituting  gradually 
ascending  quantities  from  a  lo  b  ;  our  object  is  to  show  that  by  such  substitu- 
tions the  number  of  variations  of  signs  can  never  increase,  and  that  one  varia- 
tion will  bo  lost  every  time  the  substituted  quantity  passes  through  a  real  root 
/(x)^0;  this  wo  shall  do  by  examining  separately  each  of  the  cases  in 
which  the  series  of  signs  can  bo  affected ;  namely,  1,  when  f(x)  alone 
vanishes ;  2,  when  some  derived  function,  /"'(-r),  alone  vanishes ;  3  and  4, 
when  some  group  of  derived  functions,  of  which  f(x)  either  is  not  or  is  a 
pait,  alone  vanishes ;  and  lastly,  when  several  or  all  of  these  cases  of  vanish- 
ing happen  at  the  same  time. 

First,  suppose  that  j=c-  (c  being  some  quantity  between  a  and  b)  makes 
f(x)  vanish,  without  making  any  of  the  derived  functions  vanish;  then  the 
result  of  •  substituting  c-^h  for  x  '\nf{x)  and/'(x)  is  (supposing  h  so  small  that 
tho  signs  of  the  whole  of  the  two  series  which  express /(c+ A)  and  /'(c+A) 
depend  upon  those  of  their  Hi'st  terms,  and  writing  down  only  the  first  terms) 

A. /'(c)  and /(c), 

which  have  different  or  the  same  signs  according  as  A  is  —  or  -}-  ;  therefore, 
in  passing  from  c — h  to  c-\-h  through  a  root  of  the  equation,  a  variatioQ  of 
signs  is  lost,  but  none  gained.* 

Secondly,  suppose  that  x=:c  makes  one  of  the  derived  functions,  /"(-r), 
vanish,  without  making  any  otlier  of  tho  derived  functions,  or/(x),  vanish ;  then 
the  result  of  substituting  c-^h  for  x  in  tlu)  three  consecutive  functions 

/™-U^)»  /™(^)»  /•"+'(^). 
(these  being  the  only  terms  which  it  is  necessary  to  examine)*  is 

/— He), /i./'"+'(c),/»+Hc). 

If,  then,  tlie  first  and  third  terms  have  tho  same  sign,  there  will  be  two  varia- 
tions when  h  is  negative,  and  two  permanences  when  h  is  positive ;  if  the 
extreme  terms  have  contrary  signs,  there  will  bo  one  variation,  and  one  only, 
whether  h  be  negative  or  positive;  therefore,  in  passing  from  c — h  to  C'\-h 
through  a  value  which  makes  one  of  the  derived  functions  vanish,  either  two 
variations  or  none  will  bo  lost,  but  none  over  gained. 

Thirdly,  suppose  that  x=c  makes  r  consecutive  derived  functions  vanish, 
without  making  any  other  derived  function,  or/(j'),  vanish ;  then  the  result  of 
the  substitution  of  c-f-/*  for  x  in  the  series 

(these  being  the  only  terms  necessary  to  be  examined)  is 

/"-'(<•).  |7/'"+'('-) iT/"-^'(«)'  t/°^'(«).  /°**-'(c). 

where  \r  denotes  1.2.3 r. 

If,  then,  the  extremes  of  this  series  hnve  the  same  sign,  there  will  be  r  or 
r-f-l  changes  (according  as  r  is  even  or  odd)  when  h  is  negative,  and  no 
change  when  h  is  positive ;  if  the  extreme  terms  have  contrary  signs,  there 


*  It  is  lumocessar}-  to  attend  to  the  utlier  functions  of  tlie  icrioB  of  derived  fonctioDB,  be- 
canso  h  is  supposed  no  small  that  not  one  of  them  vaiiijlioB  by  the  sabstitatiqa  of  say 
quantity  bctweeu  c — Ji  aiid  e-^-h,  and  Uierefore  each  has  the  same  sign  for  c — h  aa  &ir 
c-\-h. 
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will  be  r  or  r-f- 1  variations  (according  as  r  is  odd  or  even)  when  h  is  negative, 
and  one  change  when  h  is  positive ;  therefore,  in  passing  from  c — h  to  €-{-11 
through  a  value  which  makes  r  consecutive  derived  functions  vanish,  r  or  r:^  1 
changes  are  lost  (iiccording  as  r  is  even  or  odd)  but  none  over  gained. 

Fourthly,  suppose  the  vanishing  group  to  consist  of /(r)  and  the  first  r — 1 
derived  functions  (which  corresponds  to  r  roots  =c  in/(.r)=0)  ;*  then  the  re- 
sult of  the  substitution  of  c-f-^*  for  x  in/(^),/'(x),  •.•/'~H-^)»/'("'^)»  ^ 

in  which  there  are  r  variations  when  h  is  negative,  and  none  when  h  is  posi- 
tive ;  therefore,  in  passing  through  a  root  which  occurs  r  times  in  the  equation, 
r  changes  are  lost,  but  none  gained. 

Lastly,  suppose  the  substitution  of  a:=c  to  produce  several,  or  all  of  the 
above  cases  at  the  same  time ;  then,  because  the  conclusions  respecting  the 
effect  of  the  passage  through  c  upon  the  series  of  signs  in  one  part  of  the 
series  of  derived  functions  are  not  at  all  influenced  by  what  happens,  in  con- 
sequence of  the  same  passage,  at  another  distinct  part  of  the  series,  by  what 
has  been  proved,  several  variations  will  be  lost,  but  none  ever  gained. 

Since  then,  in  substituting  gradually  ascending  values  from  a  to  h,  variations 
of  signs  are  generally  lost  for  every  passage  through  a  quantity  which  mokes 
one  or  more  of  the  derived  functions  vanish,  and  invariably  one  for  every  pass- 
age through  a  root  of/(jr)=0,  but  none  under  any  circumstances  gained,  it 
follows  that  the  number  of  roots  of/(x)=0,  which  lie  between  a  and  6,  con 
not  be  greater  than  the  excess  of  the  number  of  variations  given  by  r=a,  above 
that  given  by  Tz=h. 

267.  Hence,  if  the  limits,  a  and  6,  be  — x  and  -^x,  or  any  two  numbers 
the  first  of  which  gives  only  variations,  ond  the  second  only  permanences ;  and 
if,  in  the  series  formed  by/(^)  and  its  derived  functions, 

/(■f)./'(^)./"W.-/"(-r). 
c  be  substituted  for  x  and  be  then  made  to  assume  all  values  between  these 
limits,  the  series  of  signs  of  the  results  will  have  the  following  properties ; 
there  will  at  first  be  n  variations  of  sign,  and  at  last  no  variation,  but  n  per- 
manences ;  these  variations  disappear  gradually  as  c  increases,  and  when  once 
lost,  can  never  be  recovered ;  one  variation  disappears  every  time  c  passes 
through  a  real  unequal  root  of /(x)=0 ;  r  variations  disappear  every  time  r 
passes  through  a  root  which  occurs  r  times  in/(r)=0 ;  either  two  or  none  of 
the  variations  disappear  eveiy  time  one  only  of  the  derived  functions  vanishes, 
without /(x)  vanishing  at  the  same  time;  an  even  number |7  of  variations  dis- 
appears every  time  an  even  group  of  p  functions  (not  including  the  first /(^r)) 
vanishes;  and  an  even  number  ^iLl  of  variations  disappears  every  time  an 
odd  group  of  q  functions  (not  including  the  first^*(j:))  vanishes.  Also,  if  a  value 
causes /(x)  and  the  first  r—1  derived  functions  to  vanish,  and  an  even  group 
of  p  functions  in  one  part  of  the  series,  and  *an  odd  group  of  q  functions  in  an- 
other part,  to  vanish  at  the  same  time,  the  number  of  variations  lost  in  pass 
ing  through  that  value  will  be  r+p+vi  !• 

268.  Hence,  if /(x)=:0  have  all  its  roots  real,  no  value  of  x  can  make  any 
of  the  derived  functions  vanish,  and  thereby  exterminate  variations  of  signs. 

•  See  (Art.  253,  Schol). 


346  ALGEBBA. 

without  at  the  same  time  raaking/(jr)  vanish ;  for  if  it  could,  since  those  vari- 
ations  can  never  be  restored,  and  since  a  variation  must  disappear  for  every 
passage  through  a  real  root,  the  total  number  of  vanations  lost  would  surpass 
n,  the  degree  of  the  equation,  which  is  absurd,  since  there  are  but  n  derived 
functions  in  all.  Whenever,  therefore,  variations  disappear  between  values  of 
X  which  do  not  include  a  root  of /(.r)=:0,  there  is,  corresponding  to  that  oc- 
currence, an  equal  number  of  imaginary  roots  of /(x)=0.  Hence,  if  t=c 
produces  a  zero  between  two  similar  signs,  or  if  it  produces  an  even  number 
p  of  consecutive  zeros  either  between  similar  or  contrary  signs,  there  will  be 
respectively  two,  or  p^  imaginary  roots  corresponding;  or  if  it  produces  an 
odd  number  q  of  consecutive  zeros,  there  will  be  ^i  1  imaginary  roots  corre- 
sponding, according  as  they  stand  between  similar  or  contrary  signs ;  c,  of 
course,  not  being  a  root  of  /(x)=0. 

Observation!. — Since  the  derivatives  which  follow  any  one  f'(x)  may  be 
supposed  to  arise  originally  from  it,  it  is  manifest  that  the  same  conclusions 
respecting  the  roots  of/^(z)=0  may  be  drawn  from  observing  the  part  of  the 
series  of  derived  functions 

/'(x), /■+■(*).... /'(z) 

as  were  drawn  respecting  tlie  root  of/(i:)=0  from  the  whole  series. 

2G9.  Des  Cartcs^s  rule  of  signs  is  included  in  Fourier*s  theorem  as  a  par- 
ticular case. 

For  when,  in  the  series  formed  by  f(x)  and  its  derived  functions,  we  pat 
x=  —  GO,  tliere  are  n  variations ;  and  when  we  put  x=0,  the  signs  of  the  series 
of  functions  become  the  same  as  those  of  the  coefficients  of  the  proposed  equa- 
tion 

Pay  Pa-li  "  '  Pu  !• 

Let  the  number  of  variations  in  this  series  of  coefficients  =:A%  and  therefore 
the  number  of  permanences  (supposing  the  equation  complete)  =w — k:  if 
we  make  x=-|-qo,  the  signs  of  the  functions  are  all  positive,  and  the  number 
of  variations  ^0.  Hence,  between  x=  —  oo  and  r=:0,  the  number  of  varia- 
tions lost  is  n — k ;  therefore  in  a  complete  equation  there  can  not  be  more 
than  n — k  negative  roots,  t.  c,  than  the  number  of  permanences  in  the  series 
of  coefficients ;  also,  between  x=0  and  j'=ao,  the  number  of  variations  lost  is 
A',  whether  the  equation  be  complete  or  incomplete ;  hence  in  any  equation 
there  can  not  be  more  positive  roots  than  A*,  i.  e.,  than  the  number  of  variations 
in  the  series  of  coefficients,  wliich  is  Des  Cartes's  rule  of  signs. 

270.  Fourier's  theorem  may  also  be  presented  under  the  following  form  : 
If  an  equation  have  m  real  roots  between  a  and  6,  then  the  equation  whose 
roots  are  those  of  the  proposed,  each  diminished  by  a,  has  at  least  m  more 
variations  of  signs  than  the  equation  whoso  roots  are  those  of  the  proposed,  each 
diminished  by  b. 

The  transformed  equations  would  be 

/0/  +  «)  =  0,/(7/+fc)  =  0; 

and  if  these  were  an-nnged  according  to  ascending  powers  of  y,  the  coefficients 
would  be  the  values  assumed  by /(r),/'(.7),  Arc,  when  a  and  b  are  respectively 
written  for  x.  Therefore,  whatever  number  of  variations  of  signs  is  lost  in  the 
series /(j),/'(j-),  &c.,  in  passing  from  a  to  ?>,  the  same  is  lost  in  passing  from 
one  transformed  equation  to  the  other ;  but  the  series  for  a  has  at  least  m 
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more  variatioDs  than  that  for  b ;  therefore /(^-^  a  )r=0  has  at  least  m  more 
Tariatious  than  /(y-|-&)=0. 

271.  To  apply,  this  method  to  find  the  intenals  in  which  the  roots  of 
y(x)=0  are  to  be  sought,  wo  must  substitute  successively  forz,  in  the  series 
formed  by/(i*)  and  its  derived  functions,  the  numbers 

—a, 10,  — 1,  0,  1,  10,  ...,  +/3  (1),    . 

(  a  and  -j-/^  being  the  least  negative  and  ionst  positive  number,  which  give 
respectively  only  variations  and  permanences),  and  observe  the  number  of 
variations  of  sign  in  each  result. 

Let  h  and  k  be  the  numbers  of  variations  of  sign  when  any  two  consecutive 
terms  in  series  (1),  a  and  i,  are  resiwctively  written  for  x ;  therefore  // — k  is 
the  number  of  real  roots  that  may  lie  between  a  and  b  :  if  this  cquids  zero, 
f{x)=zO  has  no  real  root  between  (/  and  b,  and  the  interval  is  excluded;  if 
k — k=zl,  or  any  odd  number,  there  is  at  least  one  real  root  between  a  and  b  ; 
if /i — A:=2,  or  any  even  number,  there  nuiy  bo  two,  or  some  even  number,  or 
Done ;  the  latter  case  will  happen  when,  as  explained  above  (Art.  268),  some 
number  between  a  and  b  makes  two  or  some  even  number  of  variations  vanish, 
without  satisfy ing/(T)=0.  Similarly,  wo  umst  examine  all  the  other  partial 
intervals ;  and  when  two  or  more  roots  are  indicated  as  lying  in  any  interval, 
their  nature  must  bo  determined  by  a  succeeding  proposition. 

The  two  former  of  the  following  examples  are  extracted  from  Fourier's 
work. 

EXAMPLE  1. 

/    (j)=       r*^—  32-*—  24^3+   95j:«— 46i:--101=0 

/'  (x)=     5j:»— 12jr»—   72x-+1902:  — 4G 

f"  (.1)=   20.r^— 3ar-  — 144j:  +190 

f"'(x)=  60x2— 72.r  _i44 

p  (j:)  =  120.r  —72 

/*  (2:)  =  120. 

Hence  we  have  the  following  series  of  signs  resulting  from  the  substitutions 
of  — 10,  — 1,  0,  tVc,  fur  X,  in  the  series  of  quantities 

-  +     - 

+  - 

+  - 

+  - 

4-  4- 

Hence  all  the  roots  lie  between  — 10  and  +10,  because  five  variations  have 
disappeared;  one  root  lies  in  ench  of  the  intenals  — 10  to  — 1,  and  — 1  to  0, 
because  in  each  of  them  a  single  variation  is  lost ;  no  root  lies  between  0  and  1, 
because  no  variation  is  lost  between  those  limits ;  and  three  roots  mny  be  sought 
between  1  and  10  (because  three  variations  have  disappeared),  one  of  which  is 
certainly  real ;  it  is  doubtful  whether  the  other  two  are  real  or  imaginary. 

Observation. — When  any  value  c  of  j:  makes  one  of  the  dcrivea  func- 
tions,/'"(r),  vanish,  we  may  substitute  C:^h  instead  of  c,  h  being  indefinitely 
small ;  then  all  the  other  functions  will  have  the  same  sign  as  when  x=zc,  and 
the  sign  of /'"(c±^)  will  depend  upon  that  of  ±/{/'""+*(c);  i.  «.,  it  will  be  the 


(-10)     - 

+ 

(-1)   + 

— 

(0) 

— 

(1) 

+ 

(10)           + 

+ 

r 

/' 

— 

+ 

— 

+ 

— 

+ 

+ 

+ 

+ 

+ 
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same  or  coutmry  to  that  of  the  following  derivative, /"H-'(c),  according  as  A  is 
positive  or  negative,  or  according  ns  we  substitute  a  quantity  a  little  less  or  a 
little  greater  than  the  value  which  makes /'"(r)  vanish.  The  use  of  this  re- 
mark will  be  seen  in  the  following  example. 

EXAMPLE  II. 

/    (ir)=     r«—  4r^-.3x+23=0 
/'  (r)=  4r»— 122:«— 3 
/"  (j:)=:12r'— 24x 
/'"(r)=24x— 24 
/^  (r)=24. 


/ 

/' 

/" 

/*'" 

r 

1=0 

+ 



•0 

— 

+ 

x=0^h, 

+ 



± 

— 

+ 

Tr=l 

+ 



— 

0 

+ 

J-=1T''' 

+ 



— 

T 

+ 

T=10 

+ 

+ 

+ 

+ 

+ 

Every  value  less  than  0  gives  results  alternately  +  and  — ,  therefore  there 
is  uo  real  negative  root ;  for  r=0,  we  have  a  result  zero  placed  between  two 
similar  signs,  and  therefore  corresponding  to  it  there  is  a  pair  of  imaginaiy 
roots.  There  is  no  root  between  0  and  1,  but  there  may  be  two  roots  be- 
tween 1  and  10. 

EXAMPLE  111. 

/(.r)=.r«— Gr"^4-40j:34-60i-«— r— 1=0. 

Here  there  is  no  root  < — 1 ;  there  is  one,  and  there  may  be  three,  be- 
tween — 1  niid  0 ;  there  is  one  root  between  0  and  1,  and  there  may  be  two 
roots  between  2  and  3. 

272.  The  above  process  will  delcnnino  tho  intervals  in  which  the  roots  are 
to  be  sought,  but  not  always  ihcir  nature ;  when  nu  even  number  of  roots  is 
indicated,  thoy  nioy  all  turn  out  to  l)e  impossible.  Tho  series  of  magnitudes 
between  — cjo  and  +od,  to  be  substituted  for  x  in  the  derived  functions,  has 
been  divided  into  intervals  of  two  sorts,  each  contained  by  assigned  limits,  a 
and  h.  The  firet  sort  of  iiitcnal  is  one  within  which  no  root  is  comprehended, 
2.  £.,  the  limits  of  which  give  tho  same  number  of  variations  of  signs  in  the 
series  of  derived  functions.  TJio  second  sort  is  one  within  which  roots  may 
lie,  t.  c,  where  the  number  of  variations  resulting  from  the  substitution  of  h 
is  loss  than  the  number  resulting  from  the  substitution  of  a,  in  the  series  of 
derived  functions.  This  second  sort  of  interval  has  two  subdivisions,  viz., 
cases  where  the  indicated  roots  do  really  exist,  and  others  where  they  are 
imaginary.  When  we  have  ascertained  that  a  certain  number  of  roots  may 
lie  between  a  and  6,  we  may  substitute  c  (a  quantity  between  a  and  h)  in  tho 
series  of  derived  f  mictions,  and  if  any  variations  disappear,  our  interval  is  broken 
into  two  others  ;  if  no  variations  disappear,  we  may  increase  or  diminish  c,  and 
make  a  second  substitution,  and  it  may  still  happen  tliat  no  >'ariation  is  lost,  and 
so  on  continually ;  and  we  may  be  left,  after  all,  in  a  state  of  uncertainty, 
whether  the  separation  of  the  roots  is  impossible  because  they  are  imaginary, 
or  only  retarded  because  their  difference  is  extremely  small.  This  iincer- 
tainty  is  relieved  by  taking  the  interval  so  small  as  to  be  sure  to  inclade  the 
real  roots,  if  they  exist. 
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One  metliod  of  arriviDg  at  the  proper  iuteiTnl  is  by  nicans  of  the  so-called 
equation  of  the  squares  of  the  diflerciiccs  of  the  roots  of  the  ^iven  equation, 
which  we  shall  hereafter  have  occasion  to  deduce.  This  process  is  tedious  in 
practice ;  and  as  our  object  in  unfolding  the  method  of  Fourier  was  to  pursue 
it  only  so  far  as  it  threw  light  upon  the  general  theory  of  equations,  we  shall 
here  leave  it. 

We  should  now  introduce  the  theorem  of  Budan,  but  it  requires  a  trans- 
formation  which  we  have  not  yet  exhibitedf  and  we  therefore  take  this  op- 
))ortunity  to  complete  a  subject,  one  proposition  of  which  (Ait.  251)  we  have 
already  had  occasion  to  anticipate. 

TRANSFORMATION  OF  EUUATIONS. 

r REPOSITION   I. 

273.  To  transform,  an  equation  into  another  whose  second  term  shall  he  removed- 
Let  tlie  proposed  equation  be 

z"4-AiJ:"-^4- A,j:°-2-f An-iX-f  A„=0 ; 

and  by  Art.  245  we  know  that  the  sum  of  the  roots  of  this  equation  is  — Ai ; 
therefore,  the  sum  of  all  the  roots  must  be  increased  by  Ai  in  order  that  the 
transformed  equation  may  vnmt  its  second  term ;  but  there  are  n  roots,  and 

hence  each  root  must  be  increased  by  — ,  and  then  the  changed  equation  will 

have  its  second  tenn  absent.     If  the  si^n  of  the  second  term  of  the  proposed 

equation  be  negative,  tlien  the  sum  of  all  the  i-oots  is  -\-Ai ;  and  in  this  case 

Ai 
we  must  evidently  diminish  each  root  by  — ,  and  the  changed  equation  will 

then  have  its  second  term  removed.     Hence  this 

RULE. 

Find  the  quotient  of  the  coefficiont  of  the  second  term  of  the  equation 
divided  by  the  highest  power  of  the  unknown  quantity,  and  decrease  or  in- 
crease the  roots  of  the  equation  by  this  quotient,  according  as  the  sign  of  the 
second  term  is  negative  or  positive. 

KXAMPLKS. 

(1)  Transform  the  equation  r* — 6x^4"^-'' — 2^0  into  another  whose  second 
tenn  shall  be  absent. 

Hero  Ai^ — 6,  and  n=3 ;  .*.  we  must  diminish  each  root  by  }  or  2 

1   _6  4-8  —2  (2 

^  —8  0 

Hi        0  —2 
2  —4 


a 

.*.  y* — 4y — 2=0  is  the  changed  equation. 
And  since  the  roots  are  diminished,  we  must  have  the  relation  x=y4'^* 

(2)  Transform  the   equation  -r* — IGi.-^ — 6^4-1^=^  i"^o  another  whose 
second  term  shall  be  removed. 

(3)  Transform  the  equation  a''4-15.r*4-12r»— 20x- 4-1 4.r— 25=0  into  an- 
other whose  second  term  shall  bo  absent. 
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(4)  Change  the  equation  s^+ax-^-h^O  into  another  deficient  of  the  second 
tenn. 

(5)  Change  the  equation  x^+(u^+bx-{-c=0  into  another  wanting  the 
second  term. 

ANSWERS. 

(2)  y—96y«—518y— 777=0. 

(3)  yft— 781/3+ 412y2—757y +401=0. 

(4)  z^^^+h=0. 


(a^       \       2«3     ah 


PROPOSITION  II. 

274.   To  transform  an  equation  into  another  whose  roots  shall  he  the  reeipro 
cols  of  the  roots  of  the  proposed  equation. 

Let  aa:°+Aia:"~^+A2X"--+ Ao-iX+Ab=0  bo  the  proposed  equa- 
tion, and  put  y=-;  then  x^-,  and  by  writing  -  for  x  in  the  proposed  equa- 

^  y  y 

tioUf  multiplying  by  ^°,  and  reversing  the  order  of  the  terms,  we  have  the 
equation 

A„y»+A„_,y"-'  +  An-2r"'+ Aay«+A,y+a=0, 

whoso  roots  arc  the  reciprocals  of  the  roots  of  the  proposed  equation. 

The  transformation  is  then  effected  by  simply  changing  the  order  of  the  co- 
efficients of  the  given  equation. 

Corollary  1. — Hence  nn  equation  may  be  transformed  into  another  whose 
roots  shall  be  greater  or  less  than  the  reci])rocals  of  the  roots  of  the  pro|)Osed 
equation,  simply  by  reversing  the  order  of  the  coefficients,  and  then  proceed- 
ing as  in  the  Proposition  to  Art.  251. 

Corollary  2. — If  \ho  coefficients  of  the  proposed  equation  be  the  same, 
whether  taken  in  reverse  or  direct  order,  then  it  is  evident  that  tho  trans- 
formed equation  will  bo  the  same  as  the  original  ono  ;  and,  therefore,  the  roots 
of  such  equations  must  be  of  the  form 

^  ^  ^  ^      A. 

ri  r.i  ra  r^ 

Corollary  3. — If  the  coefficients  of  an  equation  of  an  odd  degree  be  tho 
same  whether  taken  in  direct  or  inverse  order,  but  have  contrary  signs,  then, 
also,  the  root«  of  the  transformed  equation  will  be  the  same  as  the  roots  of  the 
proposed  equation ;  for,  chanj^ing  the  signs  of  all  the  terms,  the  original  and 
transformed  equations  will  bo  identical,  and  the  roots  remain  unchanged  when 
the  signs  of  all  the  terms  are  chang(;d.  And  this  will  likewise  be  the  case  in 
an  equation  of  an  even  degree,  provided  only  the  middle  term  be  absent,  in 
order  that  the  transfurriied  equation,  with  all  its  signs  changed,  may  be  identical 
with  the  original  equation. 

Equations  whose  coefficients  are  the  same  when  taken  either  in  direct  or 
revci'se  order,  are,  therefore,  called  recurring  equations^  or,  from  the  form  of 
the  roots,  reciprocal  equations. 

Corollary  4. — If  the  sign  of  the  last  term  of  a  recurring  equation  of  an  od4 
degree  be  +,  one  of  the  roots  of  such  equation  will  be  — 1 ;  and  if  the  sign 
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of  tlie  lost  term  bo  — ,  one  root  will  be  -^-1.  For  the  proposed  equation  and 
tlie  reciprocal  have  ono  root,  tbo  same  in  each,  and  1  is  tho  only  quantity 
whose  reciprocal  is  tho  same  quantity ;  hence,  since  each  of  the  other  roots 
has  the  same  sign  as  its  rcciprocid,  the  product  of  each  root  and  its  reciprocal 
must  be  positive;  and,  tlierofore,  tho  last  term  of  the  equation,  being  tho 
product  of  all  the  roots  with  tlieu:  signs  changed,  must  have  a  contraiy  sign  to 
that  of  the  root  unity. 

Hence  a  recurring  equation  of  an  odd  degree  may  always  bo  depressed  to 
an  equation  of  tlie  next  lower  degree  by  dividing  it  by  x-|-l»  or  x — 1,  accord- 
ing as  the  sign  of  the  last  term  is  4-  or  — . 

Corollari/  5. — A  recurring  equation  of  an  even  degree  may  always  be  do- 
pressed  to  another  of  half  tho  dimensions.     For  let  the  equation  bo 

a^°4-Air»'»-'4-A2a:^°-^+ A2j:*+A,x+1=0; 

dividing  by  x",  and  placing  the  first  and  last,  tho  second  and  last  but  one,  &€., 
in  juxtaposition,  wo  have 

^+^+Ai(x"-»+^)+ A„_,(x+1)+A„=0 [2] 

1 
Assume  i/=x4--,  then  wo  have 

1  1 

x+-=y  •••  r  +-  =y 

(r+^)*=r'+p+4(x»+^)+6  x*+~y*-i{y^-2)-S 

&c.  &c.  &c.  =y< — 4y+2; 

snbstitutiog  these  values  of 

'+?  ■'^'+7'  ■  ■  •  •'^°+?  "  t'-^^ 

the  resulting  equation  is  of  the  form 

y-+B,y-'+B^f-"'+ B„_,y+B„=0; 

and  the  original  equation  is  reduced  to  an  equation  of  half  the  dimensions. 

EXAMPLES. 

(1)  Transform  tho  equation  x^ — 7j*4-7=0  into  another  whoso  roots  shall 
bo  less  than  tlie  reciprocals  of  those  of  tho  given  equation  by  unity. 

7  _7  +0  +1  (1 
7       0       0 
0       0  ~T 
7       7 


7        7 
7 


14 


•.  72*4- 142«-f7z+ 1=0  is  the  equation  sought,  where  t+l=-»  or  3*=--t-t. 


354  ALGEBRA. 

(2)  Find  the  roots  of  the  recnrring  equation 

aJ^_6j*4-5r»+5j:3— 6x4-1=0. 
By  Cor.  4,  this  equation  has  one  root  x= — 1,  and  the  depressed  equatioa  is 

j:4_7r»4-12j^— 7r+l=0. 
Divide  by  x^,  and  arrange  the  terras  as  in  Cor.  5  ;  then 

^+^-7(-r+3+12=0.  .  .(A) 

Pat  x-{--=z ;  then  z°-|-— =::° — 2 ;  hence,  by  substitntion,  (A)  becomes 

2»— 2— 72+12=0; 
or  2«— 72  +  10=0; 

and,  resolving  the  quadratic,  we  get 

.    7  .     /49 

7zb3 
""    2 
r=5,  or  2=2. 

Hence  x+-=5,  and  r+-=2,  and  the  resolution  of  these  two  quadratics 

gives 

J=K5±  V21)  and  a:=  +  l,  or  +1, 

and  the  five  roots  are 

5+  V21        ,  5—  V2i 
—  1,  +1,  +1, ,  and 1^ ; 

5-V2i      (5-  VTl)  5+  V21         25-21  2  ,.,.,, 

where -; = . zzr= =^= =,  which  is  tho 

-J  25^  ^21     2(5+  V21)     5+  V21 

5+  V2i 
reciprocal  of  the  root . 

(3)  Givo  the  equation  whose  roots  are  tho  reciprocals  of  the  roots  of  the 
equation 

2^— Sx*— 2j:*+3r'+12r3^10x— 8=0. 

(4)  Find  the  roots  of  the  recurring  equation 

(5)  Find  the  roots  of  tho  recumng  equation 

r5+a:«+j<J+xa+x+l=0. 

ANSWERS. 

(3)  8j:«— lO.r"'— 12x*  — 3.r»+2.r^+3j:— 1=0. 


l+V-3   1- V-3    _3+4V-l        ,-3-4V-l 
(4)  1, r^ , r^ , 5 ,  and . 

/— 1+   V^  /— l_-y/Tl3  /  — 1+  V^ 

(5)  -1,     V— ^ — .     V :r — '     -yJ-^^ — ^    «»d 


-xEi^. 
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FROPOSITIOIf   III. 

275.  2b  transform  an  equation  into  another  whose  roots  shall  be  any  pro- 
posed multiple  or  submultiple  oftiie  roots  of  the  given  equation. 

Let  a:"+ AiX""*^ ^2^^"*+'  •  •  An_ix4- An=0  be  aoy  equation ;  then  putting 

y 

y=mx,  we  have  x=:— ,  and  by  substituting  Uiis  value  of  r  in  the  given  equa- 
tion, and  multiplying  each  term  by  m",  we  have 

y''-{-mXiy'*-^-{-m'^k2y''~^-{-'» .  .m^-^Aa-iy+wAnSsO ; 

an  equation  whose  roots  arc  m  times  those  of  the  proposed  equation.  Hence 
we  have  simply  to  multiply  the  second  term  of  the  given  equation  by  m,  the 
third  by  m',  the  fourth  by  m^  and  so  on,  and  the  transformation  is  effected. 

Corollary  1. — If  the  coefficient  of  tho  first  tonn  be  m,  then,  suppressing  m 
in  the  first  term,  making  no  change  in  tho  second,  multiplying  the  third  by  m, 
the  fourth  by  m^,  and  so  on,  tho  resulting  equation  will  have  its  roots  m  times 
those  of  the  given  equation. 

Corollary  2. — Hence,  if  an  equation  have  fractional  coefficients,  it  may  be 
changec)  into  anotlier  having  integral  coefficients,  by  transforming  the  given 
equation  into  another  whose  roots  shall  be  those  of  the  proposed  equation 
multiplied  by  the  product  of  the  denominators  of  tho  fractions. 

Corollary  3. — If  tho  coefficients  of  the  second,  third,  fourth,  &c.,  terms  of 
an  equation  be  divisible  by  m,  m^,  m^,  and  so  on,  respectively,  then  m  is  a  com- 
mon measure  of  the  roots  of  the  equation. 

EXAMPLES. 

(1)  Transform  the  equation  2i^ — 4jf^-\-7x — 3=0  into  another  whose  roots 
shall  be  three  times  those  of  the*  proposed  equation. 

(2)  Transform  the  equation  Ax* — 3x^ — l23^-\-5x — 1=0  into  another  whose 
roots  shall  be  four  timos  those  of  the  given  equation. 

(3)  Transform  the  equation  3.«-|-o-^ — T-^+2=0  into  another  whose  roots 
i^hall  be  12  times  those  of  the  given  equation. 

ANSWERS. 

(1)  2r»— 122^4- 63r— 81=0. 

(2)  r<—3r»—4ac3+80x— 64=0.4 

(3)  r»+4z^— 36x+3456=0. 

PROPOSITION  IV. 

27 (j.  To  transform  an  equation  into  another  whose  roots  shall  he  the  squares 
of  the  roots  of  the  proposed  equation. 

Let  x°4-Aia:"~^+Aa2:"~'+ -{•An-iX-{-Xo=:0  be  any  equation;  then 

T" — Aixf*~^  +  A^~^ — dbA„_iT^An=0  is  the  equation  whose  roots  are 

the  roots  of  the  former,  with  contrary  signs  (Prop.  VII.,  Art.  247). 

Let  au  as,  03,  dec,  be  the  roots  of  the  former  equation,  and  — ai,  — a^,  — 03, 
&c.,  those  of  the  latter ;  then  we  have 

(r"+ A8a:"-«H )  +  (Air»-*-|- A3J:^»+  . .  .)=(t— a,)  (x— fls)(x— a,). . . . 

(x«+A,a--»-i )— (Aia:»-»+AaJ«+...)=(x-|-ai)(x+aa)(x+a5,).... 

Hence,  by  multiplying  these  two  equations,  we  have 
(x»+ A^-^+ . . 0»-(AiX*-»+ A,a;--»+  . . .  )«=(a*-ai«)(a:«-.a,«)(a*-.a,«)  . . . 
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Or  .T«"— ( A,«— 2Aa)j^°-^+(A,3--2AiA3+2A4)r«"-< Ace.,  =(i«— ai«) 

(j^ — ai^)(:t^ — aj^),..,  by  actually  squaring  and   an-anging  accoi-ding  to  tho 
powers  of  j*.     Now,  for  2-^  write  y^  and  we  have 

^n_(A,'^-2A«)»/"-»4-(Aa'^-2AiA3+2A4)i/»-^-..  &c.,  =(y-ai«)(y-ai=) 
(y— a3«)... 
...  y»_(A,«— 2A2)^"-*4-(A2«— 2AiA3+2A4)y"-«— =0  is  an  equation 

whose  root^  are  the  squares  of  the  roots  of  the  given  equation. 

EXAMPLES. 

(1)  Transform  the  equation  x^-^Sx^ — 6x — 8=0  into  aDother  whose  roots 
are  the  squares  of  tliose  of  the  proposed  equation. 

Here  3^ — 6i= — 32:^+8  by  transposition,  and  by  squaring  we  have 

.-.  J*— 21j:*4-84z2_64=0, 
or 

is  the  required  equation. 

The  roots  of  the  given  equation  are  — 1,  — 4,  2;  and  those  of  the  trans- 
formed equation  are  1,  4,  16. 

(2)  2*+r»+3j:a-f  16x4-15=0. 
Tho  transformed  equation  is 

a:^+22-*+:i3r'+23j!^+166x— 225=0, 
whicli  has  (Art.  259)  only  one  positive  root,  and  therefore  the  proposed  has 
only  one  real  root. 

(3)  Transform  the  equation  x^ — x- — 7z+15=0. 

(4)  Transform  the  equation  .i-*— 6r*-|-5x--|-2i:— 10=0. 

(5)  Transform  the  equation  x* — 4j^ — 82'-|-32:=0. 

(6)  Transform  the  equation  .r*— Sr*— 15j:--f49jr— 12=0. 

ANSWERS. 

(3)  f—loif+70ij—22o=0, 

(4)  7/^  —  262/=^ +29;/-^— 104/74.100  =  0. 

(5)  y  — 162/^—64^4-1024  =  0. 

(0)  y— 39y4.495y-— 204l7/  +  144  =  0. 

•  PROPOSITION  V. 

277.  To  transform  an  equation  into  another  wanting  any  given  term. 
By  recurring  to  the  tninsforined  equation  in  Art.  251,  note,  in  which  the 
roots  of  the  proposed  are  increased  or  diminished  by  a  quantity  represented 
by  r,  it  will  be  seen  that  in  order  to  know  what  value  r  must  have  to  make  the 
coeOicient  of  any  power  of  j-  disappear,  it  is  only  necessary  to  place  the  column 
of  quantities  by  which  that  power  is  multiplied  equal  to  zero,  and  the  result- 
ing equation,  when  resolved,  will  furnish  tho  proper  values  of  r.  This  equa- 
tion will  be  of  the  1°  degi'ce  when  it  is  required  that  the  second  term  shall  dis- 
appear, it  will  be  of  the  2°  degree  when  tho  third  is  to  disappear,  and  so  on. 
The  last  term  can  be  made  to  disappear  only  by  means  of  an  equation  of  the 
same  degree  as  the  proposed. 

By  removing  the  second  term  from  a  quadratic  equation,  we  shall  be  imme- 
diately conducted  to  the  woU-known  formula  for  its  solution.  Thus,  the  equa- 
tion bbing 
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tue  transformed  in  x'-l-^  will  bo 

+  A      +ArC=0; 
+  N    ) 

and,  that  ita  second  term  may  vanish,  we  must  have 

2r+A=0  .-.  r=— JA, 

which  condition  reduces  the  transformed  to 

j:'i«.tA«4-N=0 


.-.  r=r'+r=  — Uzt  V|A«— N; 
which  is  the  common  formula  for  the  solution  of  a  quadratic  equation. 

PROPOSITIO:?   VI. 

278.  To  transform  an  equation  into  one  whose  roots  are  the  squares  of  the 
differences  of  the  roots  of  the  proposed  equation. 

If  in  the  given  equation, /(r)=0,  we  make  T=ai-\-y^  ai  being  one  of  the 
roots,  y  Will  be  the  difference  between  ai  and  every  other  root.  If  we  make 
x^a2-\-y,  y  will  be  tlie  difference  between  as  and  every  other  root,  and  so  on. 

But  since  a^  Oa,  &:c.,  are  roots  of/(x)=:0,  they  must  satisfy  it ;  hence 

/(aO=0,/(a,)=0,  &c (1) 

If  wo  eliminate  ai  or  a^,  &c.,  between  either  of  these  equations  (1)  and  the 
corresponding  oneSt  f{ai-\-y)z=0,f(a.i-\-y)^0,  dec,  the  final  equation  in  y 
will  be  in  each  case  the  same,  and  is  therefore  the  equation  whose  roots  are 
the  differences  of  the  roots  of  the  proposed  equation.  It  is  evidently  the  same 
thing  to  eliminate  between/(j:)  andf(x-{-y). 

The  form  of  the  equation /(j-|-y)  ^3  (Art.  251), 

/(4+/.(')y+ Y|^y+ r- 

The  first  term  is  identical  with  the  proposed  equation,  and  vanishes,  and  the 
whole  is  divisible  by  y ;  we  thus  deduce 

/.w+r^W  •  •  •  r- (2) 

The  equation  (2)  is  of  the  m — 1  degree,  and  by  elimination  with  the  pro- 
posed equation  of  the  degree  m  will  produce  a  final  equation  of  the  degree 
m{7n  —  1),  OS  will  be  hereafter  shown.  It  is  evident,  indeed,  that  the  roots 
being  of  the  form  a^ — flj,  Oa — flu  «i — ^s*  f^a — ^it  «2 — fl-n  &c.,  will  be  equal  in 
number  to  the  permutations  of  m  letters,  two  and  two,  which  is  tn{m — 1) 
(Alt.  200).  The  factors  m  and  m — 1  will  the  one  be  even  and  the  other  odd, 
and  the  product  m{m — 1)  must  therefore  necessarily  be  even ;  moreover,  since 
if  ono  root,  ai — o^,  be  represented  by  /3,  another,  a^ — a^  will  be  represented 
by  — /?,  and  the  equation  (2)  will  be  composed  of  factors  of  the  form  {y — /3) 
(y_|-/3)=:^ — /38;  and  hence  will  contain  only  even  powers  of  y.  It  may 
therefore  be  written  under  the  foim 

y^+pif«^+qf^-<+,  &c.,  +?=0    ....  (3) 
and  if  we  make  y*=2,  we  have 

2">4.2?s«-»  +  72'»-^+,  dec.  +t=zO    ......  (4) 
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as  the  equation  whoso  roots  are  the  squares  of  the  differences  of  the  roots  of 
the  proposed  equation. 

279.  As  an  application  of  the  foregoing  principles,  let  us  find  the  equation  of 
the  squares  of  the  differences  for  the  equation  of  the  tlurd  degree.  In  the 
first  pliice,  I  shall  make  the  general  reuiurk,  that  equations  (3)  and  (4)  ought 
not  to  change  when  we  augment,  or  when  w^e  diminish,  by  the  same  quantity 
all  the  roots  of  equation  (1).  Consequently,  if  the  second  term  of  a  given 
equation  be  not  wanting,  wo  can  cause  it  to  disappear  (Art.  273),  and  then 
find  the  equation  of  the  differences  for  the  transformed  equation ;  we  shall 
thus  find  the  same  equation  as  if  we  had  not  made  the  second  term  vanish,  since 
the  differences  of  the  roots  will  be  the  same  as  before,  while  the  calculations 
will  bo  less  complicated.  This  being  premised,  I  will  suppose  that  the  equa- 
tion of  the  third  degree  wants  its  second  term,  and  has  the  form 

r»4.gr4-r=0 [A] 

Designate  the  given  equation  byy(x)=0,  and  tlio  derived  polynomials  of 
/(^)  ^yfi{^)yfi{^)if3(^)  •  •  •  • ;  the  rule  for  finding  the  equation  of  the  squares 
of  die  differences  is  to  eliminate  between  the  two  equations 

Ax)=o,f,{x)+lM')y+^M^)f-+  •••=<> [B] 

But  in  the  case  before  us  we  have 

f{x)=r'^+qx+r,  f,(x)=3x^+q,  /,(x)=6j:,  Mx)=z6. 

Substituting,  therefore,  these  values  in  equations  [B],  we  shall  readily  perceive 
that  the  elimination  of  x  ought  to  be  performed  between  equation  [A]  and  the 
following  equation, 

3Jd^+q+3xy  +  f=0 [C] 

We  shall,  therefore,  arrange  this  equation  with  reference  to  x,  and  then  elimi- 
nate .r  by  proceeding  as  if  we  had  to  find  the  greatest  common  divisor  of  equa- 
tions [A]  and  [C]. 

First  Dlmsion, 


^4"  (7^  +  ^ 
3r*4-3gz  +3r 


3j:'+3y-r+y+7 


.T — y 
+  :ir'+3.v.r^+(.y'+   q)x 

—3yr'-{y'--2g)x+3r 

— 3.yj'— %■>—;/■'  —<ih 

Second  Division. 


3j«+  3qx+    ?/•+? 
6(y+9)3^+6(?/'+<7).'K+2(>+V)^ 
+6(y»+7)i«+3(.v»+7.'/    +3r)i 


nf-+q)x+y'+qy+3r 

3x+3(f+qy-3r) 


3(y+W  -3r)x+-2{y'  +  r,f 

eij/'+qW+yy  -3r)x+i{y'+q)' 

6(?/'+'/)(y'+«  -^'■)x+3{y>+qy+3r)(f+qy-3r) 
-   4(y»+7)'-3(,y  +qy+3r)(y'+qy-3r). 

In  the  last  division  we  have  multiplied  twice  by  y'^q  ia  order  to  render  the 
divisions  possible,  but  if  we  take  y^-\-q=zO,  the  divisor  redness  to  3r,  a  qoan 
tily  in  general  difTering  from  0. 
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Making  the  last  remainder  equal  to  zero,  and  performing  the  operations  in- 
dicated, the  equation  of  the  diAerenccs  is 

taking  y^=:z,  the  equation  of  the  squares  of  the  difTereucos  becomes 

For  the  equation  r* — 7t+7=0,  we  have  ^=—7,  r:;=+7;  and  hence  the 
equation  in  z  becomes 

23_42.2^441;;_49_,0. 

BUDAN'S  CRITERION 
For  determining  the  number  of  imaginary  roots  in  any  equation, 

280.  If  the  real  positive  roots  of  an  equation,  taken  in  the  order  of  their 
magnitudes,  bo  ai,  a^,  dg,  ^4 . . . .  a„,  where  aj  is  the  smallest,  and  if  we  dimin- 
ish the  roots  of  tlie  equation  by  a  number  h  greater  thim  ai,  but  less  tlian  a,, 
then  the  roots  will  be  a^ — h,  a. — //,  a^ — /*,  ...«„—/*,  and  the  first  of  these 
will  now  bo  negative.  But  tlio  number  of  positive  roots  is  exactly  equal  to 
the  number  of  variations  of  sign  in  the  tenns  of  the  equation  when  tlie  roots 
are  all  real ;  and  as  wo  have  changed  one  positive  root  into  a  negative  one, 
the  ti'ansformed  equation  must  have  one  variation  less  Uian  the  proposed 
equation. 

Again,  by  reducing  all  the  roots  by  A%  a  number  greoter  than  a^,  but  less 
than  (Zs,  we  shall  have  two  negative  roots,  ax — A:,  a^ — ^,  in  the  transformed 
equation,  and,  therefore,  we  shall  have  two  variations  of  sign  less  than  in  the 
proposed  equation,  for  two  positive  roots  have  been  reduced  so  as  to  become 
negative  ones.  Hence  it  is  obvious,  that  if  we  reduce  the  roots  by  a  number 
greater  than  «„,  all  the  j)ositive  roots  will  become  negative,  and  the  transform- 
ed equation,  having  all  its  roots  negative,  will  have  the  signs  of  aU  its  terms 
positive  (Art.  259),  and  all  the  variations  will  have  entirely  disappeared. 

We  see,  then,  that  if  the  roots  of  an  equation  be  reduced  until  the  signs  of 
all  the  terms  of  tlie  transformed  equation  be  -|-,  we  have  employed  a  greater 
number  than  the  greatest  positive  root  of  that  equation ;  and,  therefore,  its 
reciprocal <must  be  less  than  the  smallest  real  root  of  the  reciprocal  equation. 
Now,  if  we  take  the  reciprocal  equation,  and  reduce  its  roots  by  the  reciprocal 
of  the  former  number,  we  should  have  as  many  ])ositive  roots  left  in  this  trans- 
formed reciprocal  equation  as  there  were  positive  roots  in  the  proposed  equa- 
tion, unless  the  equation  has  imaginary  roots  ;  hence  the  number  of  variations 
lost  in  the  former  case  should  be  exactly  equal  to  the  number/^  in  the  latter, 
when  the  roots  are  all  real ;  and,  consequently,  if  this  condition  be  not  fulfill- 
ed, the  difference  of  these  numbers  indicates  the  number  of  imaginary  roots. 
To  explain  this  reasoning  more  clearly,  wo  shall  suppose  that  an  equation  has 
three  positive  roots ;  as,  for  instance,  1,  2*5,  and  3.  Now  if  the  roots  of  the 
proposed  equation  be  reduced  by  4,  a  number  greater  than  3,  the  greatest 
positive  root,  the  three  positive  roots  in  the  original  equation  will  evidently  be 
changed  into  three  negative  ones  in  the  transformed  one,  and  hence  three  va- 
riations must  be  lost.  Again,  the  equation  whose  roots  are  the  reciprocals  of 
the  proposed  equation  must  have  three  positive  roots,  1,  ^,  and  J  ;  and  it  is 
evident  that  if  we  reduce  the  roots  of  the  reciprocal  equation  by  |,  the  recip- 
rocal of  the  former  reducing  number  4,  we  shall  not  change  the  character  of 
the  three  positive  roots,  because  |  is  less  than  the  least  of  tliem,  and  1— {9 
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I — },  }^-|  are  all  positive ;  hence  the  three  variations  introdoced  by  the 
three  positive  roots  must  still  be  found  in  the  transformed  reciprocal  equatioo, 
and,  therefore,  three  variations  are  left  in  the  latter  transformation^  indicating 
no  imaginary  roots.     The  theorem  may,  therefore,  be  stated  thus  : 

If,  in  transforming  an  equation  by  any  number  r,  there  be  n  variations  lost, 

and  if,  in  transforming  the  reciprocal  equation  by  ^  (the  reciprocal  of  r),  there 

be  m  variations  left,  then  there  will  be  at  least  n — m  imaginary  roots  in  the 
interval  0,  r. 

For  there  are  as  many  positive  roots  in  the  interval  0,  r  of  the  direct  equa- 
tion as  there  are  between  ^  and  -  of  the  reciprocal  equation ;  hence,  if  n,  tho 

number  of  variations  lost  in  the  transformation  of  the  direct  equation  by  r,  be 
greater  than  m,  the  number  of  variations  left  in  the  transformation  of  the  re- 
ciprocal equation  by  ^,  there  will  be  a  contradiction  with  respect  to  the  charac> 

ter  of  a  number  of  the  roots,  equal  to  the  difference  n — m.  Hence  thesu 
roots  are  imaginary. 

EXAMPLE.  / 

Find  the  number  of  imaginary  roots  of  the  equation 


Direct. 
1   -1   +2  +1 
10       2 

—4 
3 

(1 

Reciprocal. 
-4  +   1   +  2  -  1  +1  (1 
—  4—3-1-2 

0       2       3 

— 1 

-.3   —  1—2—1 

1        1       3 
13       6 

—  4   —  7  —  8 

—  7   —  8^—10 

1        2 

—  4   —11 

2       5 

—  11    —19 

1 

—  4 

3  —15 

Here  two  variations  are  lost  in  the  transformation  of  the  direct  equation, 
and  no  variations  are  left  in  the  transformation  of  the  reciprocal  equation; 
therefore  this  equation  has  at  least  two  imaginaiy  roots ;  and  it  has  only  two, 
for  the  sign  of  the  absolute  term  is  negative,  implying  the  existence  of  two 
real  roots,  the  one  positive  and  the  other  negative.  (See  Art.  248,  Pr.  VIII., 
Cor.  5.) 

EXAMPLE. 

To  find  the  number  and  situation  of  the  real  roots  of  the  equation  x*-\-3^ 
+a:«+3r— 100  =  0  by  Budan's  method. 

If  the  roots  of  this  equation  be  all  real,  the  permanences  and  variation  indi- 
cate three  negative  roots  and  one  positive  root. 

(1)  To  find  tho  positive  root. 


1  +  14-1+   3—100  (2 
3  +  7  +  17—  GG 


1  +  1+   1+   3—100(3 
4  +  l3  +  '12+   26 


In  the  transformation  by  2,  one  variation  is  left,  and.  in  transforming  by  3, 
there  is  no  variation  left ;  thorefore  the  positive  root  is  between  2  and  3. 

(2)  For  the  negative  roots. 


Reciprocal  Equation, 
—100—     3+     1—     1+     1(1 
—103—102—103—102 
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Direct  Equation. 
1—1  +  1—3—100  (1 
0+1-2-102 
1  +  2+0 

2+4  signs  all  — 

3 

Hero  two  variations  ore  lost  in  the  direct  trnnsfonnntion,  and  no  variations 
are  left  in  the  reciprocal  transformation ;  therefore  the  two  roots  in  the  inter- 
val 0  and  — 1  are  imaginary. 


1—1  +  1—  3  —  100  (3 
2+7+18—  4G 


1—1+   1—  3—100  (4 
3+13+49+  90 


Hence  the  negative  root  is  obviously  situated  between  — 3  and  — 4. 

DEGUAS  CRITERION. 

261.  In  any  equation,  if  we  have  a  cipher-cocflicieut,  or  term  wanting,  and 
if  the  cipher-coefficient  bo  situated  between  two  terms  having  tlie  same  sign, 
there  will  be  two  imaginary  roots  in  that  equation. 

Let  the  order  of  tlie  signs  bo 

+  +  -0-+ ; 

and  for  0  writing  +  or  —  we  have  either 

+  +  -  +  -+ ,  or+  + + 

In  the  former  of  these  we  find  tico  permanences  and  fve  variations,  and  in 
the  latter  we  Ymvafour  permanences  and  only  three  variations  ;  hence,  if  the 
roots  are  all  real,  we  must,  in  the  former  case,  have /ii'«  positive  and  two  neg- 
ative roots,  ond  in  the  latter,  three  positive  niiii  four  negative  roots  (Art.  259) ; 
hence  we  have  two  roots,  both  positive  and  nefi^ative^  at  the  same  time,  and, 
therefore,  tliese  two  roots  can  not  be  real  roots.  I'hese  two  roots,  which  in- 
volve the  absurdity  of  being  both  positive  and  negative  at  the  same  time,  must, 
therefore,  be  imaginary  roots. 

In  nearly  the  same  manner  it  may  l)e  shown  that 

(1)  If  between  terms  having  like  signs,  2n  or  2n — 1  cipher-coeflicients  in- 
tervene, there  will  bo  2n  imaginary  roots  indicated  thereby. 

(2)  If  between  terms  having  difftrcnt  signs,  2w+l  or  2n  ciphor-coeflirients 
intervene,  there  will  bo  2n  imaginary  roots  indicated  thereby. 

EXAMPLE. 

The  equation  r* — 2^ +6^:^^+ 24=0  has  two  imaginaiy  roots,  for  tlie  absent 
term  is  preceded  and  succeeded  by  terms  having  like  signs  ;  and  tlic  equation 
x'ilf  having  the  coefficients  l  +  OiOil,  has  also  two  imaginary  roots. 

EXAMPLES  FOR   PRACTICE. 

(1)  How  many  imaginary  roots  are  in  the  equation 

a*+r»_oj.2_|.oj_i_.o  ? 

(2)  Has  Uie  equation  x^ — 22:^+f)j'+10=0  any  imaginary  roots  ? 

THE  LIMITS  OP  THE  ROOTS  OP  EaUATIONS. 
282.  The  limits  of  any  group  of  roots  of  an  equation  are  two  quantities  be- 
tween which  the  whole  group  lies ;  thus,  +  od  and  0  are  limits  of  tlie  positive 
roots  of  every  equation,  and  0  and  — co  of  th^  negative  roots.     But  in  practice 
we  are  required  to  assign  much  closer  limits  than  these,  usually  the  two  con- 
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secutive  whole  Dumbers  between  which  each  root  lies,  so  that  the  iDferior 
limit  is  the  integral  part  of  the  included  root.  This  may  be  effected  without 
knowing  any  of  the  roots  of  the  equation,  as  will  be  seen  in  the  following  proI^- 
ositious.     The  roots  spoken  of  in  this  section  are  the  real  roots. 

SUPERIOR  AND  INFERIOR  LIMITS  OF  THE  ROOTS. 

283.  The  greatest  negative  coefficient  increased  by  unity  b  a  superior  liimt 
of  the  positive  roots  of  an  equation. 

Lot  — p  be  the  greatest  negative  coefficient;  then  any  value  of  x  which 

makes 

a*— p(x»-i4-a:«-«-| ^xa+r+l)  positive, 

x»— 1 
or  a->j?(x°-»+a:°-'»H |-2a+x+l)>i?^3Y»* 

will,  a  fortiori,  make 

or/(x)  positive,  because  in  the  latter,,  all  the  terms  after  a:"  will  not  generaUy 
be  negative,  and  of  the  negative  terms  not  one  is  greater  than  the  correspond- 
ing term  in  the  former  expression. 

x°— 1 
Now  the  inequality  x'^'^p is  satisfied,  if 

p 
x°=z  or  ]>jr*' r,  or  x — 1=  or  >^,  or  r=:  or  >^+l. 

Since,  therefore,  _p 4"^  ^^^  every  greater  number,  when  substituted  for  x, 
will  make/(j')  positive,  the  numerical  value  of  the  greatest  negative  coefficient 
increased  by  unity  is  a  superior  limit  of  the  positive  roots.f 

284.  In  any  equation,  i{  prX°~'  be  the  first  term  which  is  negative,  and  — p 
the  greatest  negative  coefficient,  1  -f-  V/^  b  a  superior  limit  of  the  positive 
roots. 

Any  value  of  x  which  makes 

x->p(x--^+x-—'+  . . .  +x+l)>p'^  _^_^  , 
will  of  coiu*8e  make  x"-|-i'i^*"~^4"P-*^"~^4"  •  •  •  positive. 
Now  the  inequality  J:">^ z — ,  is  satisfied  if 

^°>1' T'  ^^  ^~K^— l)>i^  or  if  {x — l)f-'(r— 1)=  or  >p,  or  {x — 1)  =: 

or  ]>^,  or  x=z  or  >  1  +  Vi'* 

Since,  therefore,  1+  \/p  and  every  gi'eater  number  gives  a  positive  result, 
1-|-  ''\/ p  is  a  superior  limit. 

This  method  may  be  employed  when  the  first  term  is  followed  by  one  or 
more  positive  terms. 

EXAMPLK. 

Here  r=3,  and  a  limit  of  the  positive  roots  is 

1_|-  yci,  or  5,  taking  the  next  higher  integer. 

285.  If  each  negative  coefficient,  taken  positively,  be  divided  by  the  sum  of 


See  (Art.  33).  f  This  is  commouly  known  as  Maclauriu's  limit. 
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all  the  positive  coofficients  wliich  precede  it,  the  greatest  of  the  fractions  thus 
formed,  increased  by  unity,  is  a  superior  limit  of  the  ])ositive  roots. 
Let  the  equation  be 

•••+(-i'r)j:^'+---+i'a=0; 
then,  since  (Art  23), 

if  we  transform  every  positive  term  by  this  formula,  and  leave  the  negative 
terms  in  their  original  form,  we  shall  have 

0=(a:—l)a:»-»+(x— l)2*-^+(x— l)i*-'H J-x— 1  +  1 

+i;,(a:-l)x°-"-4-j>i(x-l)z»-»H \.p,(x-^i)+p, 

+p,(i— l)z»-3+  ...  +p:(j— 1)+^3 

+ 

Now  if  such  a  value  bo  assigned  to  x  that  every  term  is  positive,  that  value 
will  be  the  superior  limit  required ;  in  the  terms  where  no  negative  coefficient 
enters,  it  is  sufficient  to  have  .r^  I ;  in  the  other  terms,  each  of  which  in- 
volves a  negative  coefficient,  we  must  have 

(^+Pi+P^)(^-l)>P2, 
0^+Pi+Pi+ hPr-l)(x—^>Pn  &C., 

or 

a:>7-; ; — +1;  T>--; 1 y ^+1,  &c. 

If,  then,  X  be  taken  equal  to  the  greatest  of  these  fractions  increased  by 
unity,  this  value,  and  every  greater  value,  will  make  f(x)  positive,  at^  there- 
fore will  be  a  superior  limit  of  the  positive  roots.  This  method  gives  a  limit 
easily  calculated,  and  generally  not  far  from  the  ti'uth.* 

EXAMPLES. 

(1)  4:t«— ar*+23ar»4-1052«— 80x+3=0. 

8  80  8      80  8 

The  fractions  are  -  and  .  .  ^-  ,  -q^*  ^^^  I -^  130 '   therefore  j+l  =3  is  a 

superior  limit. 

(2)  4x7— 6j«— 7x0+8j-<+7jr»— 23jS— 22jr— 5=0; 

here  3  is  a  superior  limit. 

OasEavATiON. — The  form  of  the  equation  will  often  suggest  artifices,  by 
means  of  which  closer  limits  may  be  determined  than  by  any  of  the  preceding 
methods;  thus,  wi'iting  the  equation  of  Example  1  under  the  form 

4j:<(x— 2)  +  23r»+105x(x— — )  +3=0, 

we  see  that  x=  or  ^2  gives  a  positive  result,  therefore  2  is  a  superior  limit. 
Similarly,  by  writing  the  example  of  Art.  284  under  the  form 

x(r'-25)+ll(j?-^)=0, 

we  see  that  3  is  a  supeiior  limit. 

We  have  seen  (Art.  248)  tliut  an  equation  of  an  even  number  of  dimensions 
with  its  last  term  positive  may  have  no  real  root ;  but  we  shall  now  show  that 

•  This  is  tlio  metluxi  of  Bret. 
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m  any  equation  whatever,  if  the  absolute  term  be  small  compared  with  the 
other  terms,  there  will  be  at  least  one  real  root  also  very  small. 

286.  In  the  equation 

i^oJ'°+i?ia^°~*  +  »  ^c.,  +x — r=0, 
where  r  is  essentially  positive,  and  which  may  represent  any  equation  what- 
ever, if  r<C,/.  .      ,  where  p  is  numerically  the  greatest  coefficient,  then  there 

is  a  real  positive  root,  <C2r. 

By  dividing  by  the  coefficient  of  x,  and  changing  the  signs  of  all  the  terms, 
and  of  all  the  roots,  if  necessary,  every  equation  may  be  reduced  to  the  form 

— r4-a-+,  dec,  -f|7ir"-*-f^or"=0  ....  (1) 

where  r  is  cssontiaily  positive ;  let  p  bu  numerically  the  greatest  coefficient, 
then  any  value  of  jr<^l  which  makes 

nx^il x^-^\ 

will  make  the  first  member  of  (1)  positive ;  and  this  condition  is  fulfilled  by 

pjn^ 
-r+x=  OP  >:^^. 

because  1>1 — x°~\  or 

(l+p)x^-(l+T)x+r=0, 
or 


2(14.i>)r=(l+r)-V(l  +  r)*-4r(l+2>); 
if,  then,  4r(14-j?)<l,  the  radical  will  have  a  real  value  >r,  and  there  will  be 

for  X  a  »eal  value  less  than  ,^.  which  makes  the  first  member  of  (1 )  posi- 

tive, while  x^O  makes  it  negative ;  tlierefore,  in  any  equation  reduced  to  the 
above  form,  if  r<   .  ,  there  is  a  real  small  positive  root,  <2r. 


KX  AMPLE. 

x*+lSx^-'2lx'  —  l2x+l=zO 

has  a  real  root  between  0  and  -. 

0 

287.  To  find  an  inferior  limit  of  the  positive  roots,  we  must  transform  the 
equation  into  one  whoso  roots  are  the  reciprocals  of  the  roots  of  the  former; 
and  the  reciprocal  of  the  superior  limit  uf  the  roots  of  the  ti-ansformed  equa- 
tion, found  by  the  preceding  metliods,  will  be  the  quantity  required. 

Hence,  if  j^r  denote  the  gi'eatest  coefficient  of  a  contrary  sign  to  the  last 

V 

term.  ;>„,  an  inferior  limit  of  the  positive  roots  is  — r — .     For  the  transformed 

Vo+Pr 


equation  will  be  (Art.  27 1) 


Pn  Pu  Pa 

P  f) 

of  which  —  is  the  greatest  ne;;ative  coefficient;  therefore —+1  is  a  superior 

Pa  Pa 

limit  of  its  roots;  and,  consequently,  — -r- —  an  inferior  limit  of  the  positive  roots 

Pt-Tl^a 

of  the  proposed  equation. 
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i 

KXAMPLE. 

xs— 4ili-=i+441x— 49=0. 

49  1 

Here  j?o=49,  j;,=441,  .-.  4^X44!'  ^^  10  *®  *"  iuferior  limit  of  the  positivu 

roots.     By  putting  x=-  wo  may  discover  a  limit  closer  to  the  roots ;  for  the 
traiisformed  equation  is 

3^-9r+^i/-;^=0.  or  3^(y-9)+^(y-~)=0, 
which  evidently  has  9  for  the  superior  limit  of  its  positive  roots,  and,  there- 
fore, the  proposed  has  -  for  its  inferior  limit. 

288.  To  find  superior  and  inferior  limits  of  the  negative  roots,  we  must 
transform  the  equation  into  one  whose  roots  are  tliose  of  the  former  with  con- 
trary signs  (Art.  247) ;  and  if  a,  (i  bo  limits,  found  as  above,  of  the  positive 
roots  of  this  equation,  then  — a  and  — (i  will  be  limits  of  the  negative  roots  of 
the  proposed  equation. 

KXAMPLE. 

r»— 7j--f7  =  0; 

putting  x= — 7/,  wo  got  y^ — 7y — 7=0,  of  which  l-f-  \/7  or  4  is  a  superior 
limit. 

*,  .  1  .1  13 

Also,  puttmg  y=-,  wo  get  z'+z'— -=0,  or  z^— — -fz'— --=0,  of  which 

-  is  a  superior  limit;  therefore  tho  negative  root  of  the  proposed  lies  between 

—  4  and  —3. 

NEWTON^S  METHOD  OF  FINDING  LISIITS  OF  THE  ROOTS. 

289.  The  limits,  however,  deduced  by  any  of  the  preceding  methods  sel- 
dom approach  very  near  to  the  roots ;  the  tentative  method,  depending  upon 
the  following  proposition,  will  furnish  us  with  limits  wliich  lie  much  nearer  to 
them. 

Every  number  which,  written  for  .r,  makes /(j*)  and  all  its  derived  functions 
positive,  is  a  superior  limit  of  tho  positive  roots. 

For,  if  we  diminish  the  roots  a,  />,  c,  &c.,  of/(T)=0  by  A,  that  is  (Art.  261), 
substitute  y+h  for  x,  the  result  'iaf{y-{-h)^0^  or 

m+f'(h)\+/"(h)Y^^+-+f'-'{h)^^+y'=o. 

Now,  if  we  give  such  a  value  to  h  that  all  the  coefficients  of  this  equation 
are  positive,  then  every  value  of  y  is  negative ;  that  is,  all  the  quantities,  a — /», 
b — h,  c — A,  dec,  are  negative,  and  therefore  h  is  greater  than  the  greatest  of 
the  quantities  a,  6,  c,  dec,  or  is  a  superior  limit  of  the  roots  of  the  proposed 
equation.  Similarly,  h  will  be  an  inferior  limit  to  all  the  roots,  if  tlie  coefficients 
be  alternately  positive  and  negative. 

EXAMPLE. 

To  find  a  superior  limit  of  the  roots  of 

x9— &c«+7x— i=0. 
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The  tr&Dsformed  equation,  putting  ^-|-A  for  x,  is 

(A»— 5^«+7/t— l)  +  (3/i^— 10A+7)2/+(6A— 10)^+y'=0; 

in  which,  if  3  be  put  for  hy  all  the  coefficients  are  positive ;  tlierefore  3  is  a  su- 
perior limit  of  the  positive  roots. 

Observation. — This  method  of  finding  a  superior  limit  of  the  roots  by  de- 
termining by  trial  what  value  of  x  will  make/(x)  and  all  its  derived  functions 
'  positive,  was  proposed  by  Newton. 

waking's  or  LAGRAN0E*S  method  or  SEPARATING  THE  ROOTS. 

290.  If  a  series  of  quantities  be  substituted  for  x  in/(2'),  then  between  every 
two  which  give  results  with  difTorent  signs  an  odd  number  of  roots  ofy*(2r)=0 
is  situated ;  aud  between  every  two  which  give  results  with  the  same  sign  an 
even  number  is  situated,  or  none  at  all ;  but  wo  can  not  assure  ourselves  that 
in  the  former  case  the  number  does  not  exceed  unity,  or  that  in  the  latter  it 
is  zero,  and  that^  consequently,  the  number  and  situation  of  all  the  real  roots 
is  asceitained,  unless  the  dift'orence  between  the  quantities  successively  sub- 
stituted bo  less  than  the  least  difference  between  the  roots  of  the  proposed 
equation ;  since,  if  it  were  greater,  it  is  evident  that  more  than  one  root  might 
be  intercepted  by  two  of  the  quantities  giving  results  with  different  signs,  and 
that  two  roots  instead  of  none  might  be  intercepted  by  two  of  the  quantities 
giving  results  with  the  same  sign,  and  in  both  cases  roots  would  pass  undis- 
covered. We  must,  therefore,  first  find  a  limit  less  than  the  least. difference 
of  the  roots ;  this  may  bo  done  by  transforming  the  equation  into  one  whose 
roots  are  the  squares  of  the  difTerences  of  the  roots  of  the  proposed  equation. 
Then,  if  we  find  a  limit  Tx  less  than  the  least  positive  root  of  the  transformed 
equation,  V^*  "^^ill  be  less  than  the  least  difference  of  the  roots  of  the  proposed 
equation;  and  if  we  substitute  successively  for  x  the  numbers  5,  s — V^'i 
s — 2  V^'i  <^^c.  («  being  a  superior  limit  of  the  roots  of  the  proposed),  till  we 
come  to  a  superior  limit  of  iho  negative  roots,  we  are  sure  that  no  two  real 
roots  lying  between  the  numbers  substituted  have  escaped  us,  and  that  every 
change  of  signs  in  the  results  of  tlio  substitutions  indicates  only  one  real  root. 
Hence  the  mmiber  of  real  roots  will  bo  known  (for  it  will  exactly  equal  the 
number  of  changes),  os  well  as  the  intoi-val  in  which  each  of  them  is  contained. 

Observation. — This  method  of  determining  the  number  and  situation  of 
the  real  roots  of  an  equation  was  first  proposed  by  Waring ;  it  is,  however,  of 
no  practical  use  for  equations  of  a  degree  exceeding  the  fourth,  on  account  of 
the  great  labor  of  forming  the  equation  of  differances  for  equations  of  a  higher 
order. 

EXAMPLE. 

r»— 7x+7=:0. 

The  numbers  1  and  2  give  each  a  positive  result,  but  yet  two  roots  lie  be- 
tween them.  The  equation  whose  roots  are  the  squares  of  the  differences  is 
(Art.  279)  y^ — 42t/'-|-44l2/— 49=0,  an  inferior  limit  of  the  positive  roots  of 

which  is  -  (Art.  287) ;  therefore,  -  is  less  than  the  least  difference  of  the 

5   4 
roots  of  r*— 72-|-7=0,  and,  substituting  2,  -,  r,  the  results  are  -f-,  — ,  -|-; 
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5  5  4 

hoQCo,  ouo  value  of  x  lies  between  2  and  -,  and  one  between  -  and  - ;  and, 

similarly,  we  find  the  negative  root,  which  necessarily  exists,  to  lie  between  — 3 

1 
and  — 3;;. 

METHOD  OF  DIVISORS. 

291.  The  commensurable  roots  of /(j*)=0,  which  are  necessarily  whole 
numbers,  may  be  always  found  by  the  following  process,  caUed  the  method  of 
divisors,  proposed  by  Newton. 

Suppose  a  to  be  an  integral  root ;  then,  substituting  a  for  or,  and  reversing 
the  order  of  the  terms,  we  have 

Vn 

Hence,  —  is  an  integer  which  we  may  denote  by  ^i ;  substituting  and  di- 
vidiDg  again  by  a,  we  get 

^ hi^o-aH |-iJia°-3+a"-«=0. 

Similarly, ^  is  an  integer  =7^  suppose  ;  and  proceeding  in  this  man* 

ner,  we  shall  at  last  arrive  at 

a        ' 

Hence,  that  a  may  be  a  root  of  the  equation,  the  Inst  term,  j^q,  must  be  di- 
visible by  it,  so  must  the  sum  of  the  quotient  and  next  coefficient,  ^i-h/'n-i  1 
and  continuing  the  uniform  operation,  the  sum  of  each  coefTicient  and  the  pre- 
ceding quotient  must  be  divisible  by  a,  the  final  result  being  always  — 1. 

If,  therefore,  we  take  the  quotients  of  the  division  of  the  last  term  by  each 
of  the  divisors  of  the  Inst  term  which  are  comprised  within  the  limits  of  the 
roots,  and  add  those  quotients  to  the  coefficient  of  the  last  term  but  one ;  di- 
vide these  sums,  some  of  which  iiiny  l)e  equnl  to  zero,  by  the  respective 
divisora,  add  the  new  quotients  which  are  integers  or  zero  (neglecting  the 
others)  to  the  next  coefficient  and  divide  by  the  respective  divisors,  and  so  on 
through  all  tlie  coeflicients  (dropping  every  divisor  as  soon  ns  it  gives  a  frac- 
tionnl  quotient),  those  divisors  of  the  last  term  which  give  — I  for  a  final  re- 
sult are  the  integnil  roots  of  the  equation ;  and  we  shall  thus  obtain  all  the  in- 
tegral roots,  unless  the  equation  have  equal  roots,  the  test  of  which  will  be  that 
some  of  the  roots  already  found  satisfy /'(j*)=0,  and  the  number  of  times  tha( 
any  one  is  repeated  will  be  expressed  by  the  degree  of  derivntiou  of  the  first 
of  the  derived  functions  which  that  root  does  not  reduce  to  zero,  when  written 
in  it  for  x  (Art.  253).  It  is  best  to  ascertain  by  direct  substitution  whether 
-{-1  and  — I  are  roots,  and  so  to  exclude  them  from  the  divisors  to  be  tried. 

EXAMPLE  I. 

ar»4-32:3— ar+10=0. 

8 
Here  the  roots  lie  between  j-|-^  ^"^  ~~^^  (Arts.  285,  288),  and  the  divi- 
sors of  the  last  term  are  db  { 2*  5,  10 1, 
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.-.  a  =       2—2—5     —10 
^x=       5     —  5     —  2     —  1 
^j  +  (— 8)=   —3     —13     —10     —  9 
9i=  2 

5'i+3=  5 

5^3=  —  1- 

Therefore  — 5,  being  the  only  one  of  the  divisors  which  leads  to  a  hist  quo* 
tienc  — 1,  is  the  only  commensurable  root,  and  it  is  not  repeated,  since  it  does 
not  satisfy  the  equation /'(2-)= Sir* +6x — 8=0. 

EXAMPLE  II. 

Here  limits  of  the  roots  are  6  and  — 4  ;  and  the  commensurable  roots  are 

EXAMPLE  III. 

x*-^5jr^^2x^—6x+20z=:0;  r=— 2,  or  —5. 

292.  The  number  of  divisors  to  be  tried  may  be  lessened  by  observing,  that 
if  the  roots  of/(x)=0  were  diminished  by  any  whole  number,  m,  the  last 
term  of  the  transformed  equation, /(i/-|-''*)=0»  would  be/(wi);  if,  therefore, 
a  were  an  integral  value  of  x,  a — m  would  be  an  integral  value  of  y,  and  would 
be,  therefore,  a  divisor  of /(m).     Hence,  any  divisor,  a,  of  the  last  term  of 

f(x)  is  lo  be  rejected  which  does  not  satisfy  the  condition r=  an  integer, 

when  for  m  any  integer,  such  as  il,  ilO,  &c.,  is  substituted. 

EXAMPLE  I. 

r»— 5^'— 18j-+72=0. 
Changing  the  signs  of  the  alternate  terms,  we  have 

r^+Si--  — 18r— 72=0,  or  a-'— 72+5j:(j:— 7-)  =0-, 

therefore  the  roots  lie  between  11)  and  — 5. 

But  /(l)=50,/(-l)=84,/(-3)=54; 

and  the  only  admissible  divisors  of  72,  which,  when  diminished  by  1,  divide 
50,  are 

6,  3,  2,  —4  ; 

also,  all  those  divisors,  when  increased  by  1,  divide  84 ;  but  only  6,  3,  — 4, 
when  increased  by  3,  divide  54  ; 

.-.  G,  3,  —4, 

afe  the  only  divisors  which  need  to  be  tried  ;  and  they  will  all  be  found  to  be 
roots. 

EXAMPLE  II. 

r^_6u^+lG9J:— (42)-=0.     ^=9. 

293.  If  a  proposed  equation  have  fractional  coefBcients,  or  if  its  first  term 
be  affected  with  a  coefficient,  since  (275,  Cor.  2)  it  can  be  transformed  into  an- 
other equation  with  first  term  unity  and  every  coefficient  a  whole  number, 
this  method  will  enable  us  to  find  the  commensurable  roots  of  every  equation 
under  a  rational  form.  If  the  coefficients  be  whole  numbers  and  the  first  term 
hepox^,  and  we  only  wish  to  find  the  roots  which  are  integers,  no  traDsforma* 
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tion  will  bo  necessary,  only  every  divisor  of  the  last  term  which  is  a  root  will 
lead  to  a  result  — po  instead  of  — 1. 

EXAMPLE. 

Cx*-.252^+2Ci:°+4r— 8=0. 
It  is  the  same  as 

(x— 2)-(3a:— 2)(2a:+l)=0. 

kewto.n's  method  of  apfroximation. 

294.  When  we  know  an  approximate  value  of  a  root,  we  may  easily  obtain 
other  values  of  it,  more  and  more  exact,  by  a  method  hivented  by  Newton, 
which  rapidly  attains  its  object.  We  shall  give  this  method,  first  in  the  form 
in  which  it  was  proposed  by  its  author,  and  afterward  with  the  conditions 
which  Fourier  has  shown  to  be  necessary  for  its  complete  success. 

Let/(T)=0  be  nn  equation  having  a  root  c  between  a  and  6,  the  difference 
of  these  limits,  h — a,  biding  a  small  fraction  whose  square  may  be  neglected  in 
the  process  of  approximation. 

Let  Ci,  a  quantity  i)ctween  a  and  by  be  assumed  os  the  first  approximation 
to  c,  then  r==Ci-|-/i,  where  h  is  very  small ; 

.'.  f{c,+h)=0, 
or 

•  f(ci)+r(c.)h+f"(c,)^+ . . .  +//"=o. 

Now,  since  h  is  very  small,  /^^  /i^  «S:c.,  are  very  small  compared  with  /* ; 
also,  none  of  the  quantities/"(c,),/"'(r,),  &:c.,  can  become  very  gi-eat.  since  they 
result  from  substituting  a  finite  value  in  integral  functions  of  x;  therefore,  pro- 
vided/'(ci)  be  not  very  small  (that  is,  provided /'(j)=:0  have  no  root  nearly 
equal  to  Ci  or  to  c,  and,  consequently,  /(j)  =  0  no  other  root  nearly  equal  to  c 
besides  the  one  we  ar(^  a])pro\inmting  tu),  all  the  tenns  in  the  scries  after  the 
first  two  may  bo  neglected  in  comparison  with  them ;  and  we  have,  to  deter- 
mine //,  the  resulting  approximate  value  of//,  the  equation 

and  the  second  approximation  is 

Similarly,  starting  from  d  instead  of  Ci,  the  third  approximate  value  will  be 


5  /(•<•)  I 


and  so  on ;  and  if  we  can  be  certain  that  each  new  value  is  nearer  to  the  truth 
than  the  preceding,  there  is  no  limit  to  the  accuracy  which  may  be  obtained. 

EXAMPLE  I. 

r»— 2J-— 5=0. 
Here  one  root  lies  between  2  and  3,  and  the  equation  can  have  only  one 


*  Tliin  notation  signifies,  that  after  tho  division  indicated  ia  performed,  the  particular 
Ttliie,  ci,  is  Bubstitated  for  x, 

A  A 
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positiv.e  root;  also,  upon  narrowing  the  limits,  we  find  that  j:=*2  gives  a  nega- 
tive,  and  x=2'2  a  positive  result;  therefore,  2*1  dilTers  from  the  root  by  a 
quantity  less  than  0*1,  and  we  may  assume  Ci=2*l.     Hence 

/z^— 2r— 6\        _^         0-061 


or 

03=2-1— 0-0054=:2-0946. 
Similarly, 

C3=2-09455149. 

EXAMPLE  II. 
23— 72  — 7  =  0. 

There  is  only  one  positive  root  lying  between  3  and  3'1,  and  it  equab 
3*048917339. 

Obsxrvation. — To  guard  against  over  correction,  that  is,  against  applying 
such  a  eorrectioa  to  an  approximate  value  as  shall  make  the  new  value  differ 
more  from  the  root  by  excess  than  the  original  approximate  value  did  by  de- 
fect, or  vice  versdy  we  must  be  certain  that  each  new  value  is  nearer  to  the 
trul  h  than  the  preceding ;  this  gives  rise  to  the  following  conditions,  first  no- 
ticed by  Fourier. 

295.  For  the  complete  success  of  Newton's  method  of  approximation,  the 
following  conditions  are  necessary. 

1.  The  limits  between  which  the  required  root  is  known  to  lie  must  be  so 
ck)se  that  no  other  root  of/(j)=0,  and  no  root  of/'(r)=0,  or/"(.r)=:0,  lies 
between  them. 

2.  The  approximation  must  be  begun  and  continued  from  tliat  limit  which 
makes /(j*)  aud/"(2:)  have  the  same  sign. 

Lot  c  be  a  root  of/(T)=0  which  lies  between  a  and  J,  a-^h,  Ci  the  first  ap- 
proximate value,  and  k  the  whole  correction,  so  that  c=Ci-{-^  ;  then 

/(r,  +  A)=0,  or/(rO-fV'(A)=0, 

A  being  some  quantity  between  rj  and  c  (Art.  239,  Note). 

Therefore,  supposing  A=r,,  which  ninounts  to  nefjlecting  nil  powers  of  h 
above  the  first,  and  requires  tlmt/(.7)  =  0  have  no  root  besides  r  in  that  interval, 
and  calling  the  resulting  approximnte  value  of  A,  /ti,  w^e  have 

f(c,)+hj'(r,)=0. 

Now  the  true  value  is  c=ri-|-/i ; 
The  first  approximate  value  is  r,  with  error  h  ; 

The  second  approximate  value  is  r>=(i-f-/ii  with  eiTor  h — hi,  which  (neg- 
lecting signs)  nuLst  bo  less  than  /^ 

i,  c.,  //3_(;t_^j)2  must  be  positive,  or  2//Ai—/ii •  =  -!-, 

or^-l  =  +  ,or^^^-i=+; 

which  condition  (since  X  is  an  indeterminate  quantity  between  Ci  and  c,  or  be- 
tween a  and  b)  can  not  in  all  cases  be  secured  unless  /'(r)  be  incapable  of 
changing  its  sign  between  a  and  5,  i.  «.,  unless /'(.r)=0  have  no  root  between 
a  and  b. 

Aforeover,  we  must  have  ^^jri-  >-,  or  >1,  the  latter  insuring  the  former. 
Now,  \if'\x)  preserve  an  invariable  sign  between  a  and  6,  t.  c,  if/"(x)^0 
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have  DO  root  in  that  interval,  then/'(r)  will  increase  or  diminish  continually 
from  atob;  theroforo  Ci  must  be  taken  equal  to  that  limit  which  gives  J''(x) 
its  greatest  numerical  value  without  regard  to  sign. 

First,  let/'(:r),/"{x),  have  the  same  sign  from  a  to  ft  ;  then/'(T)  increases 
continually  in  that  interval;  therefore  wo  must  have  Ci=&,  or  we  must  begin 
from  the  greater  limit.  But  f{b)  has  the  same  sign  as/(r+A)==/'(c)+/i/'(c) 
=zhf'(c),  or  a»f'(c.) ;  therefore  we  must  have  c^  equal  to  that  limit  which  makes 
f(x)  and/"(x)  have  the  same  sign. 

Secondly,  let /'(a:),/"(3r),  have  contrary  signs  from  a  to  b ;  then/'(jr)  di- 
minishes continually  in  that  interval;  therefore  we  must  have  C|^a«  or  we 
roust  begin  from  the  lesser  limit.  But /(a)  has  the  same  sign  ai/(r— A) 
=:/(c) — hf*{c)s=i — hf'{c)t  or  as  —f'(c) ;  therefore,  in  this  case,  eqaafly  at  in 
the  former,  we  must  have  Cx  equal  to  that  limit  which  makes  f(x)  waAJ*'{x) 
have  the  snmo  sign. 

These  conditions  being  fulfilled,  we  have 

c — r« 

or  =  +; 

therefore  c.  lies  between  c  and  Cx ;  hence,  the  new  limit,  Cj  fulfills  the  requi- 
site conditions,  and  wo  may  with  certainty  from  it  continue  the  approxima- 
tion. 

296.  To  estimate  the  rapidity  of  the  approximation,  wo  have 

error  in     first    approximate  value  Ci,  =//, 
error  in  second  approximate  value  Ts,  =^h — hi ; 
But  /(q)+///'(rO  +  4/i^-/"(")=0, 

/(ci)+/'i/'(^i)=0; 

orU^Hx^^lk^-P^. 

Let  the  greatest  value  which /"(t)  can  assume  betwoen  a  and  b  (which 
will  be  either /"(«)  or/"(6),  if /'"(x)=0  have  no  root  in  the  intonal)  be  di- 
vided by  the  least  value  of  2/*'(j:)  in  that  interval  which  will  be  either  *2f'(a)  or 
?/*'(&),  and  let  the  quotient  be  denoted  by  C  ;  then,  neglecting  signs, 

h^hx<h^C\ 

hence,  if  the  first  error  h  in  c^  be  a  small  decimal,  the  error  h — ^1  with  which 
Cj  is  affected  (since  C  will  not,  except  in  particular  eases,  be  very  large)  will 
be  very  small  compared  with  h ;  and  if  the  quantity  C  be  less  than  unity,  the 
number  of  exact  decimals  in  the  result  will  be  doubled  by  each  successive 
operation.  The  quantity  C,  when  thus  computed  for  a  given  interval,  pre- 
serves the  same  value  throughout  the  operations  which  it  may  bo  necessary  to 
make  in  order  to  approximate  to  the  vahie  of  the  root  lying  in  that  intervtU ; 
and  as  we  thus  know  a  limit  to  the  difference  between  the  approVumato  value 
already  found  and  the  true  value,  we  may  always  avoid  calculating  decimals 
\^ich  are  inexact,  and  only  obtain  those  which  are  necessarily  correct. 

ElAMFLE. 

ejc^— 141x+263bs0. 
This  equation  has  two  positive  roots,  one  between  2-7  and  2-8,  and  the 
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other  between  2-8  and  2-9.     Now /'{:r) =180^^  —  141=0  Las  a  root  =\l-7r 

=2*798,  between  2*7  and  2*8,  therefore  these  limits  are  not  sufficiently  close ; 
but  this  root  is  greater  than  2*79  ;  also,  2-7  and  2*79,  substituted  in/{j:),  give 
results  with  different  signs ;  and  2-7,  substituted  in  f{x)  and  /"(j).  gives  re- 
sults with  the  same  sign  ;  therefore,  Ci=2'7. 

With  regard  to  the  other  interval,  2-8,  2-9,/'(j:)=0,/"{x)=0  have  no  roota 
between  these  limits,  and  2*9  makes /(x)  and /"(x)  have  the  same  sign; 
therefore,  ri=:2*9;  and  starting  from  these  values,  we  are  certain  in  each 
case  to  get  a  value  nearer  to  the  trutli. 

Again,  the  greatest  value  which  ^,,.^  can  assume  in  the  interval  2-7, 
2*79,  is  nearly  equal  to  10 ;  hence,  if  ^i,  /^j,  be  consecutive  errors,  we  have 

The  same  formula  will  be  found  to  be  true  for  consecutive  errors  in  the  in 
terval  2  8,  2-9. 

liAGRANGE^S  METHOD  OF  APPROXIMATION  BY  CONTINUED  FRACTIONS. 

297.  To  approximate  to  the  roots  of  an  equation  by  the  method  of  continued 
fractions. 

Let  the  equation  f{x)=0  have  only  one  root  between  the  integers  a  and 

a-|-l  ;*  then,  writing  a-^--  for  x,  the  first  transformed  equation  will  be 

/(«)+/'(«)J+/"(«)ni;i+  •  •  •  +^=0  (1) ; 

and,  since  only  one  value  of-  lies  between  0  and  1,  y  has  only  one  value  greater 

than  1 ;  if,  therefore,  we  substitute  successively  2,  3,  4,  &c.,  for  y,  stopping 
at  the  fii*st  which  gives  a  positive  result,  the  integer  preceding  that  is  the  in 

tcgral  part  of  the  value  of  y.     Let  this  bo  6,  and  in  (1)  write  6-{-~  for  y  ;  then 

the  second  transfonned  equation  will  have  only  one  root  greater  than  unity, 
the  inte;;ral  part  of  wliicli,  as  before,  will  be  the  whole  number  next  less  than 
the  one  in  the  series  2,  3,  4,  Aic,  which  first  gives  a  positive  result  when 
written  for  z  ;  lot  this  bo  f,  and  in  tho  second  transformed  equation  writo 

c+"  for  ^t  ihen  tlie  tliird  transformed  equation  will  have  only  one  root  gi*eater 

than  unity,  the  integral  part  of  which  may  be  found  as  before,  and  so  on. 
We  thus  obtain  successively  tlie  terms  of  a  continued  fraction 

"+F+L-  1 

C  +  -1    &c. 

w^hich  expresses  the  required  value  of  x.  The  method  of  reducing  such  a 
fraction,  called  a  continued  fraction,  will  be  hereafter  given.  « 


*  The  roots  of  the  equation  may  be  made  to  differ  by  at  least  unity,  if  we  find  by  means 
of  the  equation  of  the  gquaros  of  tiio  differences  tiie  least  limit  to  the  differences  of  the 
roots  of  tho  proi>o8ed  eciuatiun,  and  then  find  a  transformed  equation  whose  roots  shall  be 
that  multiple  of  those  of  the  proposed,  which  is  expressed  by  Uio  deoominator  of  the  least 
limit  of  tlie  differences. 
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If  aoy  of  the  numbers  6,  c,  d,  &c.,  is  an  exact  root  of  the  con'csponding 
transformed  equation,  the  process  terminates,  and  we  find  tlio  exact  value  uf  x. 
Also,  if  one  of  the  transformed  equations  be  identical  with  a  preceding  one, 
the  continued  fraction  expressing  the  root  is  periodical ;  for,  after  tliat,  the 
same  quotients  will  recur  in  the  same  oi'der ;  in  tliis  case  a  finite  value,  in  the 
form  of  a  surd,  may  be  obtained  for  the  root  (see  Continued  Fractions)  by  solv- 
ing a  quadratic  whose  cocificients  are  rational,  both  of  whose  roots  will  be  roots 
of  tlie  proposed,  since  the  coefficients  of  the  latter  are  supposed  rational ;  con- 
sequently, the  first  member  of  this  quadratic  will  be  a  factor  of  the  first  iriem- 
ber  of  the  proposed  equation,  which  may,  therefore,  be  depressed  two  di- 
mensions. 

EXAMPLE. 

To  find  the  positive  root  of  xr^ — 2x — 5=0  under  the  form  of  a  continued 
fraction. 

Comparing  this  with  r* — ^r-f-rr=0,  wo  find  that 

7^      o3      25      8 

-— — = y— —  is  a  positive  quantity ; 

therefore  (Art.  258)  the  equation  has  two  impossible  roots ;  and  since  its  last 
term  is  negative,  its  third  root  is  positive.     Substituting  2  and  3,  the  results  are 

— 1  and  +16;  therefore  the  root  lies  between  2  and  3.     Assume  j:=24--« 

y 

and  the  transformed  equation  is 

in  which  10  and  11  being  substituted,  give  — Gl,  -|-54.     Assume  ^=-.10-| — • 

and  we  obtain 

6l2»— 942«— 202  — 1=0, 

whose  root  lies  between  1  and  2.     Proceeding  in  this  manner,  we  find 

'^-^+ 10+1 +1+2  ••• 

the  value  of  the  root  in  a  continued  fraction ;  the  method  of  reducing  which 
to  a  common  fraction  will  be  hereafVor  given. 

This  method  may  be  combined  with  Sturm*s  theorem. 

Here  finishes  our  recapitulation  of  the  older  methods.  What  follows  be- 
longs to  the  present  more  improved  state  of  algebraic  science.* 

*  Wc  shall  hero  point  out  a  method  of  finding  the  eqaal  roots  of  an  eciuation,  which 
avcndfl  the  loborioas  procesii  of  seeking  the  common  divisor,  and  which  may  bo  employed 
when  any  other  tlian  Sturm's  process  for  discovering  the  roots  of  an  equation  is  used. 

1.  If  an  equation  whose  coefficients  are  commensurable  have  a  pair  of  equal  roots  and  do 
greater  number,  these  roots  must  be  commensurable  ;  for  the  conunon  measure  of  the  first 
member  of  th\a  equation,  and  the  function  derived  from  it,  will  be  a  binomial  ezpredsion  of 
the  first  degree  with  finite  cocfiicicnts,  and  which,  when  equated  to  zero,  will  furuish  ono 
of  the  equal  roots  ;  these  roots,  therefore,  must  be  commensurable,  that  is,  citlicr  integers 
or  fractions. 

2.  If  the  leading  coefficient  iu  tlio  supposed  equation  be  unity,  and  the  others  integral, 
the  equal  roots  must  be  integral,  because  no  froctionul  root  can  exist  under  these  coudi- 
tious  (Art.  246). 

3.  If  an  equation  with  commensurable  coefficients  have  tliree  equal  roots,  and  no  more, 
these  also  must  be  commensurable ;  for,  in  this  case,  the  common  measure  will  be  of  the 
second  degree,  and,  when  eijuated  to  zen),  will  give  tteo  of  the  e({ual  rorts  :  th(*8c  roots,  ns 
just  remarked,  must  be  commensurable  ;  hence  all  the  throe  roots  must  be  commensurable. 
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BINOMIAL  EaUATIONS. 
298.  Biuominl  equations  are  those  which  can  be  redaced  to  the  form 

x"=A  or  J"— A=0 (1) 

A  being  any  known  quantity  whatsoever. 


And,  as  before,  if  tbo  leading  coeflBcient  be  anity,  and  the  otfaera  integral,  the  equal  rooM 
will  be  integral. 

4.  By  the  same  reasoning,  if  an  equation  with  conunensurablc  coefficients  have  m  eqnal 
roots,  and  no  other  groups  uf  ctiual  roots,  these  m  roots  must  bo  commensurable  ;  and  thej 
will  be  integral  if  the  leadiui^  coefficient  be  unity  and  the  other  coefficients  integers. 

5.  When  the  leading  coefficient  is  unity,  and  the  Qther  coefficients  whole  numbers,  and 
m  equal  integral  rootn  enter,  we  may  infer,  from  the  formation  of  the  coefficients  (245),  that 
the  absolute  number,  and  the  coefficient  of  the  immediately  preceding  term,  that  is,  the 
coefficient  of  x,  will  admit  of  a  conmion  measure  involving  m — 1  of  these  roots  ;  that  die 
coefficients  of  x  and  x^  will  have  a  common  measure  involving  m — 2  of  them ;  and  so  on 
till  we  come  to  the  coefficients  of  x™— -  and  x™— ',  which  will  have  a  common  measure  in- 
volving tlie  multiple  root  once.  For,  if  the  depressed  equation  containing  only  the  unequal 
roots  be  considered,  it  will  involve  none  but  integral  coefficients,  since  its  last  term  is  form- 
ed from  the  penult  coefficient  of  the  proposed  divided  by  one  root;  so  that  if  the  equal  roots 
be  now  introduced,  they  can  combine  with  none  but  integral  factors.  Hence,  if  the  root  occur 
twice,  it  will  bo  found  among  the  integral  factors  of  the  common  measure  of  the  coefficients 
An  (the  final  coefficient)  and  Ao-i ;  if  it  occur  three  times,  it  will  be  found  among  tbe  fac- 
tors of  the  common  measure  of  An.  An— i,  and  An--2,  and  so  on.  And,  therefore,  by  trying 
■OTeral  factors  of  the  common  measure  in  question,  by  actually  substituting  them  for  x  in  the 
proposed  equation,  when  from  any  circuiustauco  multiple  roots  are  suspected  to  exist,  we 
may  remove  all  doubt  on  the  subject.  In  analyzing  an  equation,  the  doubts  that  may  arise 
as  to  the  entrance  of  equal  roots  are  coufincd  to  certain  definite  intervals,  or  within  deter- 
minate numerical  limits  ;  so  that,  of  the  factors  ailverted  to  above,  only  those  falling  within 
these  limits  need  be  regarded. 

And  further,  if  the  repeated  root  occur  but  twice,  the  sqliaro  of  it  must  be  a  factcnr  of  «• 
or  An ;  if  it  occur  three  times,  tlie  cube  of  it  must  be  a  factor  of  Au,  and  the  square  of  it  a 
factor  of  An— 1  ;  if  it  occur  four  times,  the  fourth  power  of  it  must  be  a  factor  of  An,  the  cube 
of  it  a  factor  of  An— i,  and  the  square  of  it  a  factor  of  An— c,  and  so  on.  And  thus,  of  the 
factors  of  An  to  be  tested,  those  only  need  be  used  whose  powers  also  arc  factors,  entering, 
as  here  described,  accordini?  to  the  multiplicity  of  the  n)Ots. 

G.  These  inferences  may  be  easily  generalized :  tliey  apply,  whatever  be  the  integral 

value  of  the  leading  coefficient,  and  whether  the  repeated  root  be  integral  or  fractional. 

a 
Tims,  let  the  repeated  root  be  x^-,  a  and  b  having  no  common  factor ;  then,  if  the  root  en- 

o 

tcr  m  times,  the  ori.nnal  fKslynomial  will  bo  divisible  by  {bx — fl)"',  giving  a  quotient  in- 
volving the  remaining  roots,  and  into  which  none  but  intetrral  coefficients  enter  (2o3).  Let 
us  now  return  to  the  original  polynomial  by  multiplying  this  qaotiont  by  bx — a  m  times : 
the  first  multiplication  by  bx — a  will  evidently  give  a  product,  into  the  first  tenn  of  which 
b  must  enter  as  a  factor,  and  into  the  hist  of  whicrh  a  nmst  enter ;  the  next  multiplication 
must,  therefore,  give  a  product,  into  the  first  term  of  which  b-  must  enter,  into  the  second 
b,  into  the  last  a-,  and  into  the  last  but  one  a ;  the  third  multiplication,  therefore,  must 
give  a  product  whoso  first  three  terms  involve  P,  b-,  b  respectively,  and  last  three  «r^,  rfi, 
a,  rcckonint;  these  Inst  in  reverse  order,  and  so  on.  Hence  tbe  coefficients  Ai,  Ao,  A3,  ikc, 
will  be  divisible  by  i'",  />»'"--'.  b"*—"^,  &.c..,  respectively,  <lown  to  6;  and  the  coefficients  An, 
An-i,  An- v,  &,c..  by  o"",  a'"  ',  a"'--,  Jte  ,  down  to  o.  In  other  words,  the  coefficients,  taken 
in  order,  reckoning  fmm  the  beginning,  will  bo  divisible  by  the  corresponding  decreasing 
powers  (;f  Uie  (Icnuminator  of  the  repeated  i*oot ;  and  the  coefficients,  reckoning  fix>m  the 
end,  will  be  divisible  by  the  like  iwwers  of  the  numerator. 

7.  The  inferences  still  have  place,  whatever  be  the  degree  of  the  multiple  factor  enter- 
ing the  proi'osed  polynomial,  so  long  as  this  factor,  as  well  as  the  original  polynomial,  have 
none  but  integral  coefficients.  This  is  i>lain,  from  the  rcasouhig  in  the  preceding  case, 
wliich  remains  the  same,  as  respects  the  entrance  of  the  factors  b,  a,  whether  the  repeated 
multiplier  be  bx — a  or  bx"*-^ ....  -|-a. 
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Wti  perceive  immediately  that  the  m  roots  of  this  equation  are  different 
from  one  another;  for  the  first  member  x" — A  has  no  common  factor  with  its 
derived  function  J«x°*~^  and  hence  the  proposed  equation  (Art.  253,  Schol.) 
can  nut  have  equal  roots.  The  roots,  if  we  raise  them  to  the  i)ower  7;i,  ought 
each  to  produce  A,  since  they  are  the  same  as  the  values  eml)raced  in  the  ex- 
pression T=  ^y/\.  We  know,  then,  that  this  radical  has  Jti  different  values  ; 
but  we  shall  recur  to  this  subject  agaki,  and  more  at  lengtli. 

!299.  When  jn  is  any  composite  number,  the  solution  of  equation  (1)  re- 
duces itself  to  the  solution  of  several  binomial  equations,  tlio  degrees  of  which 
are  the  factors  of  7/2. 

Suppose  mzzzpqr^  instead  of  the  equation  ti^'I'sO,  we  can  take  the  equations 

a:P=x',  ar'i=x",  x'"=A, 

in  which  :r',  x"  are  new  unknowns. 

It  is  evident  that,  nftor  we  have  solved  the  equation  x'^'isA,  the  preceding 
equation  j-''>=i.'"  will  make  known  the  values  of  x\  and  that  then  the  equa* 
tion  2f  :=r'  will  give  all  the  roots  of  the  proposed  equation.  This  agrees  witli 
the  formula  demonstrated  in  the  theory  of  radicals  (Art.  63),  viz., 


V\/VA===PVA. 


300.  Designate  by  a  a  quantity  whose  m}^  power  is  A,  and  take  z=ay. 
The  equation  j"=A  becomes  a^y^ssa"  ;  dividing  by  a", 

hence  y=:  VI*  *"<^»  consequently,  x=a  Vi* 

We  conclude,  therefore,  that  the  roots  of  the  equation  x^=:X  can  be  ob- 
tained by  multiplying  one  of  them  by  the  roots  of  the  equation  y":=l  ;  or,  in 
general,  that  the  different  m"'  roots  of  a  quantity  can  be  obtained  by  multiply- 
ing one  of  them  by  the  m}^  roots  of  unity. 

301.  Let  us  consider  more  particularly  the  case  in  which  A  is  a  real  quan- 
tity ;  and,  to  distinguish  the  hypothesis  of  A  being  i>ositive  or  negative,  write 
the  binomial  equation  in  this  form  : 

2"'=±A (2) 


These  ctmclusious  will  greatly  siinplifv  the  research  alter  cqnal  roots,  and  will  cither 
enable  us  wholly  to  dlKpcnse  with  the  laborious  process  for  the  cominou  measure,  or  will, 
at  least,  render  the  more  tedious  steps  of  it  unnecessary 

EXAMPLES. 

oxi^l-2jri-\-VJjfl^CKt-^9=0 (1) 

ar7_f_5x«-f6a:6^6-r«— 15j<»— ar-+8.t-|-4=0    .  .  .  (2) 

The  first  of  these  can  have  no  fractional  repeated  niots,  bccauso  the  leadiu.ur  coefficient 
9  has  no  factor  a  perfect  jKiwcr;  the  equal  rot>ts,  if  any,  niuNt,  therefore,  bo  integral. 
Unity,  which  always  has  claims  to  be  tried,  does  not  succeed ;  and  from  the  factors  of  9 
End  0,  it  is  plain  that  -\-3  anil  — 3  are  the  only  otlier  numbers  to  be  tested :  and  as  no 
higher  [Miwer  of  3  than  the  square  enters  9,  we  infer  that  more  than  two  equal  nmts  can 
not  have  place  in  the  equation.  By  testing  3,  w6  find  this  to  be  one  of  a  pair  of  equal 
roots.  P2r|ual  quadratic  factors  could  not  (lossihly  enter  the  equation,  since,  as  tlic  first  co- 
efficient sliows,  Uic  polynomial  is  not  a  complete  square.  In  the  second  of  tlio  above  efjnar 
tions  no  fractional  roots  can  enter.  A[»plying,  tlierefore,  -f"^  "^"'l  — ^*  ^®  discover  that 
-|-1  is  iwice  a  nwt,  and  — 1  three  times.  The  remaining  equal  roots  — 8  and  — 2  are 
foond  from  the  resulting  quadratic  obtained  by  suppressing  from  the  given  equation  the 
five  factors  of  the  first  degree. 


376  ALGEBRA. 

We  can  determine,  at  least  by  approximation,  a  positive  quantity  a  such 
that  we  have  a"=A.     Take,  again,  x=ay,  equation  (2)  will  become 

This  is  the  equation  to  which  I  shall  confine  myself  exclusively. 

302.  The  following  remarks  may  be  mado  with  regard  to  this  equation  : 

1.  When  m  is  an  odd  number,  and  tJie  equation  is  ^'"=1  ory™— 1=0,  il 
evidently  has  the  root  y=l  ;  arid  it  has  no  other  real  root^  for  every  other 
positive  value  o(  y  will  give  y">l  or  y"^K.l'hnd  a  negative  value  will  render 
y"  negative.     To  obtain  the  equation  on  which  the  ?« —  1  imaginary  roots  de 
pend,  we  shall  divide  y™ — 1  by  y — 1,  and  thus  obtain  the  equation 

which  belongs  to  the  class  of  equations  called  reciprocaL 

2.  When  in  is  an  odd  number,  and  the  equation  is  y"*=: — 1,  it  has  evi 
dently  for  a  root  y=z — 1.  By  a  reasoning  analogous  to  the  preceding, 
it  may  be  proved  that  the  other  roots  are  imaginary ;  and  we  obtain  the 
equation  on  which  they  depend  by  dividing  ^"+1=0  ^y  .V+l«  But  to 
obtain  all  the  roots  of  the  equation  y'"=  —  1,  it  is  well  to  remark  that  this 
equation  can  be  derived  from  y*"  =  —  1  by  changing  y  into  — y.  It  will  suffice, 
then,  to  take  all  the  roots  of  y'"=l  with  contrary  signs. 

3.  Suppose  m  is  an  even  number,  and  let  m^2n,  the  equation  y^^l,  oi 
y*" — 1=0,  has  for  its  roots  y:=-|-l  and  yz=. — 1.  The  other  roots  are  imagin- 
ary, and  the  equation  which  contains  them  can  be  obtained  by  dividing  y^" — 1 
=0  ^y  (y — 1)(2/+1)»  o'*  y^ — ^  ?  ^"t  it  will  be  well  to  observe  that  t/^ — ] 
r=(y" — l)(y"+l),  and  tliat,  consequently,  the  equation  y*» — 1=0  can  be  re- 
placed by  two  otliers  more  simple, 

y»— 1=0,  y+i=o. 

4.  Finally,  when  the  equation  is  y'-"=  —  1,  or  y^"4"l  =0'  we  know  that  the 
even  powers  of  real  quantities  will  always  give  positive  results;  we  hence 
conclude  that  all  the  roots  are  imngiiinry.  Taking  ^=iz,  the  equation  reduces 
to  the  degree  n,  and  becomes  simply  2"= — 1. 

303.  I  now  proceed  to  determine  the  solutions  of  the  equations  y"" — 1=0, 
y"-|-l=0,  in  some  particular  cases. 

Let  m=2;  the  equations  to  be  resolved  are 

y-  — 1=0,  whence  y=:il ; 

y'-\-lz=0^  whence  y:=i  V — 1. 

Let  m=3  ;  to  resolve  the  equation  y^ — 1=0,  observe  that  it  has  for  a  root 
y=l;  we  d'vido  it  by  y — 1,  and  it  becomes 

1  J.  -/ 3 

y"-+y+l=0»  whence  y= . 

Hence,  the  three  roots  are 


-1+ V~3          _l-.-/_3 
y=l,  y= :5- ,  y= . 

If  we  take  the  equation  7/»4-l=0,  we  sliall  observe  that  its  roots  are  the 
same,  except  as  regards  sign,  with  those  of  y''— 1=0;  consequently,  they 
will  be 

y=-l,  y=  -^^ ,  y=^— . 
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Let  m=4  ;  the  equation  y* — 1=0  may  be  decomposed  into  two  others, 
^ — 1=0,  ^+1=0 ;  and  from  these  equations  we  derive  the  four  roots 

yrfcl,  yiV"^- 
The  equation  y*+l  will  be  resolved  differently;  by  adding  2^"  to  both 
members  of  the  equation,  we  can  write  it  thus : 

we  can  then  decompose  it  into  two  others, 

y'+l=y  V2,  y«+l  =  -y  V2; 
and,  finally,  from  these  we  derive  the  four  values  of  y, 

y=|V"5±lV^i.y=-J'/2±W"^- 
We  could  have  treated  the  equation  y*+lr=0  as  a  reciprocal  equation. 

We  might  have  observed,  also,  that  it  gives  y^=±  y/ — 1,  and  that,  taking 

successively  +\/ — 1,  —  V — 1,  we  have 

We  have  then  only  to  reduce  these  values  to  the  form  a+/3-v/ — 1  hy  the 
process  in  Art.  104. 

By  raising  the  equation  i/<"=pl=0  successively  to  the  10°  degree,  we 
shall  find  that  its  resolution  depends  on  that  of  the  preceding  cases,  or  on  the 
resolution  of  reciprocal  equations,  which  reduce  it  to  a  degree  less  than  the  5°. 

Let  us  examine,  first  the  odd  degrees.  If  we  have  the  equation  y^ — 1=0, 
having  observed  that  it  has  the  root  y:=l,  we  divide  it  by  y — 1 ;  it  then  be- 
comes 

a  reciprocal  equation,  which  we  shall  reduce  to  the  2°  degree.  To  do  this, 
we  first  write  it  under  the  form 

(y'+^)+(y+J)+i=o. 

Then  take  y+~=2:,  which  gives  ^+— :=2« — 2;  and,  consequently,  the 
equation  in  y  will  be  changed  to  the  following : 

2«+z — 1=0,  whence  2= . 

lb 

These  values  being  known,  those  of  y  will  be  by  the  relation  y-{--^z,  for 
this  relation  gives 


r±  \/2«— 4 

y= — 2 — ' 

and  we  have  only  to  substitute  instead  of  z  successively  each  of  its  two  values, 
in  order  to  find  the  four  imaginary  values  of  y.     We  have  then  the  five  values 

ofy, 

y=l. 


^1+^5  ,VlO+2V5    -_ 

y= — 4 — ^       4       v-h 

-1-V5     V  10^2^5    _- 

y= — T — ± — 2 V-1. 
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The  equation  y^— 1=0  will  lead  to  the  equation  2'+2«— 2z— 1=0,  and 
the  equation  if — 1=0  to  tho  equation  2^+2^ — 32* — 22+l=:0. 

The  equations  y^^- 1  =0,  1/'+ 1  =0,  y»+ 1  =0  have,  except  as  regards  the 
signs,  tho  same  roots  as  if  their  second  terms  had  been  — 1. 

Let  us  examine  the  even  degrees.     The  equations  jf* — 1=0,  y* — 1=eOi 
y® — 1:=0  do  not  offer  any  difTiculty,  because  each  of  them  can  be  decom 
posed  into  two  others  whose  roots  are  known. 

Taking  -|-1  iiistond  of — 1,  the  analogous  equations  are 

y  «+l=0,  whence  y=\/ V — li 
y"+l=0,  whence  y=v  V — li 

yo+l=0,  whence  2/=V  V— 1- 

But  we  know  the  values  of  ^J — 1,  V — 1»  V — 1  »  we  have,  then,  only  to 
extract  the  square  roots  by  the  processes  in  Art.  104.  But  it  will  be  simpler 
to  treat  these  equations  as  reciprocal ;  for  the  transformed  equations  in  2,  on 
which  they  depend,  have  roots  which  are  real,  and  are  very  easy  to  resolve. 

We  add  some  propositions  upon  binomial  equations,  preparatory  to  giving  a 
general  method  for  solving  those  of  all  degrees. 

PROPOSITION  I. 

304.  If  a  be  one  of  the  imaginary  roots  of  the  equation  £* — 1:=0,  then  any 
power  of  a  will  be  also  a  root. 

For,  since  a  is  one  root  of  the  equation  ar" — 1^0,  therefore  a"=l,  and,  con- 
sequently, 

a2"  =  l,  a3°=l,  a^"=l,  &c.,  also  o-"  =  l,  a-««=l,  ar-*»=l,  &c., 
the  values 

a,  a*,  a'  . . , .,  a~*,  a~*,  o— "*,  . . . ., 
thus  satisfying  the  conditions  of  the  equation,  are  roots  of  it 

Corollary  1. — It  hence  appears  that  the  roots  of  the  equation  3f* — 1  =0  may 
be  represented  under  an  infinite  variety  of  forms,  each  term  in  the  following 
series  being  a  root,  viz. : 

a-\  a-",  a-\  1,  a,  a'^,  (t^, a»-»,  a",  a"+', a«",  a«"+^ 

in  which  series,  however,  there  can  not  bo  more  than  n  quantities  essentially 
different,  otherwise  the  equation  would  have  more  than  n  roots. 

PROPOSITION  11. 

305.  If  a  be  one  of  tlio  imaginary  roots  of  the  equation  z^+lssrO,  then  any 
odd  power  of  a  will  he  also  a  root. 

For,  since  a  is  one  root  of  tho  equation  x"^ — 1,  therefore  a"=:  —  1  ;  and. 
since  every  odd  power,  whether  positive  or  negative,  of  — 1  is  also  — 1, 

therefore, 

a"-''=  — 1,  0^"=  — 1,  a7"=— 1,  &-C., 

also 

a-3''=  — 1,  a-*"=  — 1,  a-7n=-_l,  &c. ; 

SO  that  the  quantities 

a,  n^  a^^ . . .  .,  a"*,  a~^  a~*, . .  . ., 

are  roots  of  the  equation.     These  roots,  therefore,  assume  an  infinite  variety 

of  forms,  although  there  can  not  be  more  than  n  essentially  different. 
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PROPOSITION    III. 

30G.  To  determine  the  roots  of  the  equation  x° — 1=0,  when  n  is  the  square 
of  a  prime  number  j;. 

Put  ai»=z,  then  x? — 2=0,  and  z^ — 1=:0,  and  let  the  roots  of  this  last  equa- 
tion be  1,  /?,  /?^,  /?*,  ....  /3>— *  ;  then,  by  substitution, 


V— 1  =0, 


JP— 2=  < 


2^>-/3  =0, 
xP— /?==0, 
xP— /33=0, 

6cc.    dec. 

Hence  the  pj)  values  of  x,  in  these  p  equations,  will  evidentlj  be  all  different, 
and  will  be  the  root«  of  the  equation  x^p — 1=0. 

To  determine  these  roots,  it  will  be  sufficient  to  advert  to  Art.  300,  which 
proves  that  the  roots  of  xp — /?=0  are  equal  to  the  roots  of  x^ — 1=0  multi- 
plied by  ^ ;  and,  in  a  similar  nmnucr,  the  roots  of  xi* — /?^=0  are  equal  to  the 
roots  o(  x^ — 1=0,  multiplied  by  V/^*i  tVcc. ;  therefore,  wo  immediately  con- 
clude that  the  roots  of 

xP-1  =0  are  1, /?,/?=, /3» (i^^  j 

xp-/j=o     ya.PV^.i^'y^ ^'^'V^i    T'\T^ 

xP-/5«=0         V/^^/iV^^^  ^V/3-..../^*V>i')      a- -1-0, 
&c.  dec.  &c. 

For  example,  let  it  1)0  required  to  find  tlie  roots  of  y* — 1=0. 
The  roots  of  r* — 1=0  are 


-.l+V-3    ~l-V-3 
hence  the  roots  of  x' — 1  =0  aro 


—  1-L^— 3    — 1— V— 3 
1,  —  ^  ^ 


o  »  o 


_1+ V-3   -l+V-3,,-l+V-3 


-l-^_3      -l+V-3        -l-V-3 
o  V  o  »   V  o  » 


~l+V-3^^-l-V-3    -1-V-3,^-l-V-3 

o  V  o  »  O  V  o  • 

*•  <W  <W  A^ 

The  foregoing  propositions  have  been  devoted  chiefly  to  an  examination  of 
the  properties  and  relations  of  these  roots,  and  not  to  the  actual  exhibition  of 
their  values,  although,  as  in  the  proposition  al)ovo,  one  or  two  exnmples  of  the 
solution  have  been  given  to  illustrate  the  reasoning.  To  obtain  the  imaginary 
roots,  however,  in  their  simplest  form,  that  is,  in  the  form  a-^-h^/ — 1,  and 
for  all  values  of  the  exponent,  requires  the  aid  of  a  theorem,  borrowed  from 
the  science  of  Trigonometry. 

307.  Tlio  theorem  to  which  we  refer  is  the  well-known  formula  of  De 
Moivre,  given  in  most  books  on  Analytical  Trigonometry. 

(cos  a  rfc  sin  a  .  V  —  1 )"  =  cos  na  i  sin  na  .  V  —  1 ; 
wliich,  if  the  arc  ^krc  (v  being  a  semi-circumforenco,  and  k  any  integer)  be 
substituted  for  na,  becomes 
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2^7r  2A*7r       -^^— 

(cos  ^^ — ±  siu •  V  — 1)*=  cos  UArn-i  sin  2ihr .  V  — 1 5 

that  is,  since 

cos  2A'T=1,  and  sin  3A:7r:=0, 

2A:7r  .  2A-;r 


(cos ±  sin .  V  — 1)'*:=1 ; 


so  that  the  expression 


2A-7r  .  2A-7r 


cos i  sin ^^J  — 1, 

n  n 


comprehends  in  it  qU  the  n  roots  of  unity,  or  all  the  particular  values  of  r, 
which  satisfy  the  equation  x" — 1=0. 

Although,  in  this  general  expression,  the  value  of  X:  is  quite  arbitrary,  yet, 
assume  it  what  wo  will,  the  expression  can  never  furnish  more  than  n  differ- 
ent values.     These  difforout  values  will  arise  from  the  several  substitutiona  of 

U|    Xy     i^     O  •   •   •  • 

up  to  the  number  — - — ,  inclusively,  if  n  is  odd,  and  up  to  -,  if  i»  is  even  ;  and 

for  substitutions  beyond  these  limits  the  preceding  results  will  recur.  To 
prove  this,  let  us  actually  substitute  as  proposed ;  we  shall  thus  have  the  fol- 
lowing series  of  results,  viz. : 

for  A:t=0  ....  x=:  cos  0   ±  sin  0    .  V — 1^1 

2ff  ,      .    27r       ^ 

«=!  ....  0:=  cos  — ±  sm  —  .  v — 1 

47r         .     47r        ^ 

a:=:2  ....  J=  cos  — ±  sm  —  .  v  — 1 

6rr  ,  C»r 


A:=3  ....  x=  cos  — ±  sin  —  .  V  —  I 

a  . 

n-1  (^-IK,      .    (n-l)T        _- 

A'=-— r-  .  .  x=  COS ±  sm .  V — 1. 

2  n  n  ^ 

Each  of  these  expressions,  except  the  first,  involves  two  distinct  >'alucs ;  so 
that,  omitting  the  value  given  by  A*=:0,  there  are  n  —  1  values,  and,  consequent- 
ly, altogether,  there  are  n  values ;  and  that  they  are  all  different  is  plain,  be- 
cause the  arcs 

2t   4Tr   6t  (»  — l)7r 

"t  "~"«  """«  ~~~»  •  •  •  «  ,  ■ 

n     n     n  n 

being  all  different,  and  less  than  n-,  have  all  different  cosines.     The  arcs  which 
would  arise  from  continuing  the  substitutions  are 

(n-f  1)t    (7i4-.3)t    (;i+5)t 

-,  &c. ; 


n      '         n      '         n 


or,  which  are  the  same, 

and  the  sines  and  cosines  of  these  are  respectively  the  same  as  the  sines  and 
cosines  of  the  arcs 
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(n— l)7r   (n— Sjfl-   (n--5)7r 

f  t  t  OCC«| 

n  n  »  • 

which  have  already  occurred.* 

am 

If  n  is  an  even  number,  the  final  substitution  for  k  must  be  -  instead  of 
^    ,  as  above ;  and,  therefore,  the  final  pair  of  conjugate  values  for  x  will  be 


a::=  cos  TT  J:  sin  it  ,  y/  — 1:= — 1, 

which  values  of  x  differ  from  all  the  other  values,  because  in  them  no  arc  oc- 
curs BO  great  as  n-. 

The  arcs  which  would   arise  from  continuing  the   substitutions  beyond 


A::=-  are 


(n+2)7r   (n+4)ir   (n+6)ff    , 

-,  flee. ; 


n  n  n 
or,  which  are  the  same, 

(n— 2)?r  (n— 4)7r            (n— 6)7r    . 

n  71                       fi 

and  the  sines  and  cosines  of  these  are  respectively  the  same  as  the  sines  and 
cosines  ot  tiie  arcs 

(n— 2)7r   (n— 4)ff  (n— 6)7r 

,  ,  ,  %xC., 

n  n  n 

which  have  already  occurred.* 

It  is  easy  to  see  that  in  every  pair  of  conjugate  roots,  each  is  the  reciprocal 

of  the  other.     In  fact,  whatever  be  Ar, 

2kir  2kir      , 2kir  2kir 

(cos 4-  sm .  V — 1)  (cos —  sm .  v — 1)= 

2kiT             2kn 
cos^ 4-  sm* =1, 

which  shows  that  the  two  factors  in  the  first  member  are  of  the  form  a,  -. 

a 

m 

We  have  proved  (Art.  304)  that  evei-y  power  of  an  imaginary  root  of  the 

binomial  equation  is  also  a  root ;  but,  unless  n  be  a  prime  number,  wo  could 

not  infer  that  all  the  roots  would  ever  be  produced  by  involving  any  one  of 

them.     Such  would  not,  indeed,  be  the  case.     There  is  always,  however, 

one  among  the  imaginary  roots  of  which  the  involution  will  furnish  all  the 

others;  it  is  the  first  imaginary  root,  or  that  due  to  the  substitution  A:=il,  in 

the  foregoing  series  of  values ;  for,  by  De  Moivre^s  formula,  the  powers  of  this 

produce  all  the  others,  thus  : 

27r         .    27r       ; An        .     4tr       . . 

(cos  — 4-  sm  —  .V  — 1)':=  cos  — 4-  sm  —  .  v  — 1 

2n        .    2ir        , ..  6t         .    6ff 


(cos  — 4-  sin  —  .  V  —  1)'^  cos  — 4-  sin  —  .  V — 1 


^        2n        .    2Tr       ^ ^1^  n— 1  .    n— 1  , 

(cos  — 4-  sm  —  •  V  — 1)      =  cos n-4-  sm "^  •  v — i« 

*  Tbe  »ign*  of  the  tinea  will,  however,  be  different;  bat  the  only  effect  of  this  difference 
is  evidently  to  funifh  each  pair  of  coo^jagate  roota  iit  an  inverse  order. 
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These  powers  of  the  first  imaginary  root,  which  wo  may  call  a,  thus  fur- 
nish one  half  of  the  entire  number  of  imaginary  roots,  and  the  reciprocals  of 
these  being  the  other  half,  all  of  them  are  determined  from  the  first;  the 
imaginary  roots  are,  therefore, 

B—I 

a,  o^,  o', .  .  .  .  o' 
^    1    i  J- 


a« 


When  n  is  even,  the  last  power  will  be 


2iT  2ir 


(cos  — +  sin  —  .  y/  — 1)'=C08  7r-|-  sin  ir  .  -/  —1 ; 
and  the  imaginary  roots  are,  therefore, 


B 

a,  o',  c?i  •  •  •  •  a' 
1    i    i  i 

308.  By  the  genera]  formula  (Art.  307),  we  are  enabled  to  determine  all  the 
roots  of  the  equation 

a*+l=0; 
for,  since 

cos  (2A:+l)7r=— 1,  and  sin  (2Jfc+l)»r=0, 
that  formula  gives 

2Zr+l     ,     .    2k-\-l 


(cos TrdL  sin tt  .  i/  —  !)•= 


cos  (2it+l)rrdL  sin  (2A:+l)7r  .  V— 1  =  — 1 ; 

hence  the  n  values  of  x  are  all  comprised  in  the  general  expression 

2k-\-l     ,     .    2k+l        , — - 

x=  cos ■ — ;r±  sm — tt  .  y  — 1 ; 

n  n 

which,  by  putting  for  k  the  values  0,  1,  2,  3,  &c.,  in  succession,  furnishes  the 
following  series  of  separate  values,  viz. : 


TT    .  TT 


for  k:=0  ....  xz=  cos  -zL  sin  -  .  i/  — 1 

n  n    ^ 

3t  ,  3n-      , 

kz=l  ....  arr=  cos  — db  sin  —  .  / — 1 

n  n 

5rr 


/:^2  ....  ar=  cos — i  sin  —  .a/ — 1 

n  n 


w  — 1 


Z:= — - —  .  .  T=  cos  ^dL  sin  ^  .  V  — 1  =  — 1 ; 
or,  when  n  is  even, 

A:=:  .  .  .  .r=  cos  Irr — ~ )  ±  sin  (^— -  .  v — !)• 

Now  that  the  foregoing  system  of  n  roots  are  ^  different  is  obvious,  suice 


IT   37r   St  nir  ir 

IT'  ^  »  ~Z"  •  •  •  •  ~~~",  or  ff— "■$ 
n    n     n  n  n 

are  all  different  arcs,  of  which  the  greatest  does  not  exceed  a  semi-circum- 
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fercnce.     If  the  preceding  series  be  extended,  it  will  be  easy  to  prove,  Bflor 

what  has  been  done  in  Art.  307,  that  the  values  formerly  obtained  will  recur. 

As  in  the  former  case  of  the  general  problem,  so  here,  eacli  root  may  be 

derived  from  the  Hrst  pair  of  tlie  series ;  tlius,  denoting  the  first  root,  cos 

IT  IT 1 

*-±  sin  -  .  V — 1,  by  a  or  -,  according  as  the  upper  or  lower  sign  is  taken, 
we  evidently  have,  for  the  preceding  series,  the  following  equivalent  expres- 


sions,  viz. : 

a,  a*,  a*,  .  .  . 

.  o»  J 

1    1     1 

— -  — ^-     1 ... 

1  >  when  n  is  odd, 
'  a") 

and 

flt  o',  a*, 

.  o'»-»% 

1     1     1 

1    \  when  71  is  even. 

For  further  researches  on  the  theory  of  binomial  equations,  the  student  may 
consult  Lagrange's  Trait6  de  la  Resolution  des  Equations  Numeriques,  Note 
14  ;  Legendre*s  Thoorie  dos  Nonibres,  Part  V. ;   tho  DisquiHitioues  Arith- 
metics of  Gauss ;  Barlow's  Theory  of  Niunbers ;  and  Ivory's  article  on  Equa 
tions,  in  the  Encyclopaedia  Britannica. 

309.  We  have  already  frequently  had  occasion  to  notice  multiple  values  of 
radicals,  without  fixing  the  precise  number  which  might  exist,  except  for  rad- 
icals of  the  second  degree.     It  is  time  to  introduce  the  following  proposition  : 

Every  radical  has  as  many  values  as  there  are  units  in  its  index,  and  has 
no  more  ;  in  other  ivords,  every  quantity  has  as  many  roots  of  a  given  degree 
as  there  are  units  in  the  index  of  that  degree. 

If  the  given  radical  be  represented  by  the  general  form  VA,  this  radical 
designates  evidently  all  the  quantities,  real  or  imaginary,  which,  raised  to  the 
power  m,  reproduce  A  ;  consequently  they  are  merely  the  values  of  x  in  the 
equation  x"=A.  But  we  know,  from  the  general  theory  of  equations,  that 
every  equation  of  tho  m^  de^ee  has  m  values  of  the  unknown  quantity,  which 
will  each  satisfy  it ;  hence  the  proposition  is  proved. 

This  will  servo  to  explain  some  ])aradoxes.     Let  there  be  the  expression 
(/tf  \/  —  1-     By  reducing  the   second  radical   to   the   index  4,  it  becomes 
{/( —  1)^  and  the  j^iven  expression  reduces  to  ^/a,  n  result  which  might  be 
8up]>osed  absurd,  because,  a  being  positive,  the  result  represents  a  real  quan- 
tity, wliile  the  proposed  expression  appears  to  be  imaginary. 

There  is  here  a  confusion  of  ideas.  If  in  the  expression  ^a^J — 1  the 
radical  is  an  arithmetical  determination,  it  is  true  that  this  expression  is 
imaginary  ;  but  if  V^^  ^^  taken  in  all  its  generality,  and  we  represent  it  by  a* 
multiplied  by  the  four  roots  of  u^ity,  or 

a',  — a',  a' V  —  1,  — a' y  — 1, 


we  perceive  that  some  of  those  values  of  V^»  multiplied  by  \/  —  1,  cause  thia 
imaginary  factor  to  disappear,  and  the  proposed  expression  becomes  real. 

I  shall  terminate  this  article  by  the  explanation  of  a  paradox  which  presents 
itself  in  the  employment  of  fractional  exponents.     Let  there  bo  tlie  expres- 

3  3  1 

sion  a^.     If  the  fraction  \  be  simplified,  the  expression  a^  becomes  a^.    Then, 
io  repassing  to  the  radicals,  we  have  ^a^zsi  Va.    This  equality,  however,  w 
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not  wholly  true,  because  the  first  member  has  four  valaes,  and  the  second 
but  two. 

The  difficulty  may  be  presented  in  a  general  manner  by  placing 

and  in  concluding  from  thonce  that 

To  discover  the  cause  of  this  error,  we  must  remember  that  the  fractional 
exponent  is  but  a  convention,  by  means  of  which  we  express  in  another  way 
that  the  root  of  a  certain  power  is  to  be  extracted,  and,  therefore,  this  expo- 
nent must  not  be  regarded  in  the  light  of  an  ordinary  fraction. 

THE  DETERMINATION  OF  THE  IMAGINARY  ROOTS  OP  EaUATIONS. 

310.  In  what  relates  to  the  limits  of  roots  at  Art.  283  and  following,  real  roots 
only  were  in  view.  We  shall  show  hero  how  the  limits  may  be  obtained 
for  the  moduli  of  all  roots,  whether  real  or  imaginary.  Let  us  consider  the 
equation 

a:»+P2:»-i  +  QT°-«...==0 (1) 

in  which  P,  Q . . .  may  bo  real  or  imaginary.  In  order  that  a  value  of  t  may 
be  K  root,  il  is  necessary  that,  after  having  substituted  it  in  the  result,  the 
modulus  should  be  zero. 

Call  V  the  modulus  of  x,  and  p,  q^ ,, .  those  of  the  coefficients  P,  Q, . . .  Ac- 
cording  to  Art.  239,  those  of  the  terms  of  the  equation  will  be  r",  /n7**~S 
qv"*-^t . . .,  and  that  of  the  part  Px"'-*  +  Qi:'"-2+  ^  ^  ^  ^j^j  qq^  surpass  the  sum 
pi;m-i_|_^j.ra-3  ^ , ,     Then,  if  wo  choose  for  v  a  value  A  such  that  we  have 

t:m_ppm-i_^ym-2 —.Q,  or  >0  .  .  .  .  (2) 

wo  are  sure,  by  virtue  of  the  articlr  just  cited,  that  the  modulus  of  the  first 
member  of  the  equation  (1)  will  not  be  less  than  the  above  diflTerence  ;  and  that 
from  this  point  the  modulus  will  not  bo  zcm-o,  or,  what  is  the  same  thing,  the 
value  substituted  in  place  of  x  will  not  be  a  root  of  the  equation.  Ever}'  value 
of  V  above  X  will  render  this  diflerence  greater;  then  A  is  a  superior  limit  of 
the  moduli. 

The  quantity  A  will  be  always  easy  to  determine,  because  it  will  be  sufficient 
to  sul)Stitute  in  the  difference  (2)  in  place  of  r,  increasing  positive  values  until 
this  dilTerenco  becomes  positive.  If  the  coefficients  P,  Q...  are  real,  the 
moduli  p,  7, . . .  will  be  these  coefficients  themselves,  but  taken  positively  ;  and 
if  we  designate  the  greatest  of  those  values  by  N,  we  can  take  at  once  for  the 
superior  limit  Az=N+l. 

To  have  an  inferior  limit,  we  make  .t=-,  determine  in  the  transformed  in  v 

the  superior  limit  of  the  moduli  of  tho  roots,  and  finally  divide  unity  by  this 
limit. 

311.  It  has  already  been  proved  that  imaginary  roots  always  enter  into 
equations  in  conjugate  pairs  of  the  form  ndL/5\/ — 1.  And  this  previous 
knowledge  of  the  form  which  every  root  must  take  suggests  a  method  for  the 
actual  determination  of  the  proper  numerical  values  for  a  and  (3  in  any  proposed 
case.     The  method  is  as  follows  : 

Let  r"+A„-ix"->+ Aa:+N=0 
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be  an  equation  containing  imaginary  roots;  tlien,  by  aubstitutiiig  04-/? V  —  1 
lor  r,  we  have 


(a4./V-l)"+A„_i(a4./?V-ir-^+--A(a+/3V-l)  +  N=0; 

or,  by  dovoloping  tlie  terms  by  tho  binonoial  theorem,  and  collecting  the  real 
and  imaginary  quantities  separately,  we  have  the  form 

M+NV^rT=:0, 

an  equation  which  can  not  exist  except  under  the  conditions 

M=0,  N=0 (1) 

From  these  two  equations,  therefore,  in  which  M,  N  contain  only  tho  quan- 
tities a,  fij  combined  with  tho  given  cuonicients,  all  the  systems  of  values  of  a 
and  fS  may  be  determined ;  and  those,  substituted  in  the  expression  a-|-/J  -^  — I, 
will  make  known  all  tho  imaginary  roots  of  the  proposed  equation ;  those  that 
are  real  corresponding  to  )3=0. 

It  is  obvious  from  the  theory  of  elimination  as  developed  at  page  157,  and 
from  the  mediod  of  numerical  solution  explained  in  Art.  t255,  that  the  labor  of 
deducing  from  this  pair  of  equations  the  final  equation  involving  only  one  of  the 
unknowns  a,  /3,  and  of  afterward  solving  the  equation  for  tliat  unknown,  will 
in  general  be  very  laborious  for  e<]uations  above  tho  tliird  degree.  Lagrange, 
by  combining  with  the  principle  of  this  solution  the  method  of  the  squares  of 
the  diileronces  explained  at  Art.  'i7d,  avoids  both  tho  elimination  and  subse- 
quent solution  here  spoken  of.  It  Ls  easily  to  see  how  this  may  be  brought 
about  if  we  have  any  independent  nieuns  of  determining  one  of  tho  unknowns 
i3:  for  the  adoption  of  these  menus  would  enable  us  to  dispense  with  the  elimi- 
nation; and  as  the  substitution  of  the  value  of  /i  in  both  of  the  equations  (1) 
would  conveit  those  equations  into  two  simultaneous  equations  involving  but 
one  unknown  quantity,  their  lirst  mc'ml)ers  would  necessarily  have  a  common 
factor  of  the  first  degree  in  a,  which,  equated  to  zero,  would  furnish  for  a  tho 
proper  value  to  accompany  /i;'and  thus,  instead  of  solving  the  final  equation 
referred  to,  we  should  only  have  to  find  the  common  measure  between 'the 
two  polynomials  M,  N  containiii;;  the  unknown  quantity  a. 

Now  corresponding  to  every  pairof  inuiginary  roots  a-|-.'?  -^Z  — 1,  a — fi  V  — 1, 
there  necessarily  exists,  in  tlu^  equation  of  the  square's  of  the  differences,  a 
real  negative  root  — l.i*;  so  that  if  all  the  negative  roots  of  the  latter  equation 
be  found,  the  quaniity  — I,J-  must  api)ear  among  them  ;  from  which  the  value 
of /J  would  be  immediately  obtained,  and  thence,  by  aid  of  the  common  meas- 
ure as  just  explained,  the  corresponding  value  of  a. 

Jjut  tho  equation  of  the  squares  of  the  differences  may  have  a  greater  num- 
ber of  negative  roots  than  there  are  pairs  of  imaginary  roots  in  tho  proposed ; 
which,  however,  can  not  happen  except  two  non-conjugiite  imaginary  roots  have 
equal  real  parts,  or  except  a  real  root  be  equal  to  the  real  part  of  an  imaginaiy 
root.  Lagrange  discusses  these  peculiarities,  and  establishes  the  exactness 
and  generality  of  the  principle  in  question,  as  follows: 

When  the  real  parts,  a,  >-,  &c.,  of  the  imnginnrics 

y+j  V— i»y— ^y— 1 

&c.  &c. 

are  unequal,  as  well  when  compared  with  one  another  as  when  compared  with 
the  real  roots  a,  &,  c,  &c.«  it  is  evident  that  the  equation  of  the  squares  of  the 

Bb 
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differences  can  not  have  any  other  negative  roots  than  those  furnished  by  the 
several  pairs  of  conjugate  imaginary  roots,  and  which  are 

— 4/3«,  — 4(J«,  &c. 
All  the  other  roots,  not  arising  from  the  differences  furnished  by  the  real 
roots,  a,  hj  c,  &;c.,  will  evidently  be  imaginary;  those  between  the  real  and 
imaginary  roots  supplying  the  forms 

(a-a+/3V^)S  (a— a— )3/3i)» 

&c.  &c. 

and  those  between  the  non-conjugnte  roots  the  forms 


{(a-y)  +  (/3-(5)\/-l}^  Ka-y)-(3-c?)  V~l ;« 

|(a-}')  +  (/?+^)^-l}^  |la-}')-(^+<5)V-l}» 
so  that  in  this  case  every  negative  root  in  the  auxiliary  equation  will  indicate  a 
pair  of  imaginary  roots  in  the  proposed,  and  will,  moreover,  supply  the  value 
of  the  imaginary  part.  But  if  it  happen  that  among  the  quantities  a,  7,  &c., 
there  be  found  any  equal  among  themselves,  or  equal  to  any  of  the  quantities 
a,  h,  c,  &c.,  then  the  auxiliary  equation  will  necessarily  have  negative  roots, 
corresponding  to  which  there  can  be  no  imaginary  pair  in  the  proposed  equa- 
tion. 

For  let  a^^a,  then  the  two  imaginary  roots  (a — a-|-j3'/ — 1)«,  (a — a — /? 
V — 1)*  will  become  — p^  and  — .(^^  and,  consequently,  real  and  negative  ;  so 
that  if  the  proposed  equation  contain  only  two  imaginary  roots,  o+/3  \/  — 1  and 
a — fi  </  —  1,  then,  in  the  case  of  a=n,  the  equation  of  the  squares  of  the  differ- 
ences will  contain,  besides  the  real  negative  root  — 4/?*,  the  two  — /?*,  — ,3*, 
both  negative  and  equal. 

Wo  thus  see  that  when  the  equation  of  the  squares  of  the  differences  has 
three  negative  roots,  of  which  two  are  equal  to  one  another,  the  proposed  may 
have  either  throe  pairs  of  imaginary  roots,  or  but  a  single  pair. 

If  the  proposed  contains  four  imaginary  roots,  a-|-/3-^ — 1,  a  —  5-/  —  1, 
y-j-'^'/  —  A,  y — 6^/ — 1,  then  tlio  equation  of  the  squares  of  the  differences 
must  contain  the  two  ncgntivo  roots  — 4  ?"2  and  — 4(5-;  if  a=flr,  it  must  also 
contain  the  two  equal  negative  roots  — 3^,  — }V ;  and  if,  moreover,  y=6,  it 
must  contain,  in  addition  to  these,  the  negative  pair  — (J^,  — ^\  and  lastly,  if 
a=zyj  the  four  imaginary  roots 

j{<>-y)+(/3-«5)V3Ip,  j(o-,.)-(/J-<))v''^{' 

{(«-y)  +  (/3+<5)V-lp,  |(a-y)-(J+<5)V-l{» 
will  be  converted  into  the  two  negative  pairs 

^(fS-^Y,  _-(/3_^y2;  ^{fS+sy,  -(/3+d)^ 

Hence  we  may  deduce  tlie  following  conclusions,  viz. : 

(1)  When  all  the  real  negative  roots  of  the  equation  of  the  squares  of  the 
differences  are  unequal,  then  tlie  proj)oscd  will  necessarily  have  so  many  pairs 
of  imaginary  roots. 

If  in  this  case  we  call  any  one  of  tlieso  negative  roots  — w,  we  shall  have 

8z=—^  ;  and  if  this  value  be  substituted  for/?  in  the  two  equations  (1),  and  the 

operation  for  the  common  measure  of  their  fii-st  members  be  carried  on  till  we 
arrive  at  a  remainder  of  the  first  degree  in  a,  the  proper  value  of  a  will  be  ob- 
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ruined  by  cquntiiig  this  reinaindor  to  zero.  Thus,  each  negative  root^  — ic, 
will  furuisli  two  conjiigiite  imaginary  roots,  a4-/3\/ — 1,  and  a — (i-^ — 1. 

(12)  Ifamong  the  negative  roots  of  the  equation  of  the  squares  of  the  differences 
equal  roots  are  found,  then  each  unequal  root,  if  any  such  occur,  will,  as  in 
the  preceding  case,  always  furnish  a  pair  of  imaginary  roots.  Each  pair  of 
equal  roots  umy,  however,  give  either  two  pairs  of  imaginary  roots  or  no  im- 
aginary roots,  so  that  two  equal  roots  will  give  either  four  imaginary  roots  or, 
none  ;  three  equal  roots  will  give  either  six  imaginary  root^  or  two ;  four  equal 
roots  will  give  either  eight  imaginary  roots,  or  four,  or  none  ;  and  so  on. 

Suppose  two  of  the  negative  roots,  — ?r,  — tr,  are  equal;  then  putting,  as 

above,  /3=— ^,  we  shall  substitute  this  value  of /?  in  the  tAVO  polynomials  (1), 

and  shall  carry  on  the  process  for  the  common  measure  between  these  poly- 
nomials till  we  arrive  at  a  remainder  of  the  second  degree  in  a ;  since  the  poly- 
nomials must  have  a  common  divisor  of  the  second  degree  in  a,  seeing  that  the 
equations  (1)  must  have  two  roots  in  commoii,  on  account  of  the  double  value 
of  (3. 

Equating,  then,  this  quadratic  remainder  to  zero,  we  shall  be  furnished  with 
two  values  for  a :  these  may  bo  either  both  real  or  both  imaginary.  In  the 
former  case  call  the  two  values  a'  and  a" ;  wo  shall  then  have  the  four  imagin- 
ary roots 


a'+i3  -v/  — 1,  a'— /3  V  — 1»  «"+.5  V  —  1,  o"— /3  V  — 1- 

In  the  second  case,  the  values  of  a  being  imaginary,  contrary  to  the  condi- 
tions by  which  the  fuudumentul  equations  (1)  are  governed,  we  infer  that  to 
the  equal  negative  roots  — »r,  — ?/;,  there  can  not  correspond  any  imaginaiy 
roots  in  the  proposed  equation. 

If  the  equation  of  the  squares  of  the  differences  have  three  equal  negative 

roots,  — w?,  — tr,  — w,  then,  putting,  as  before,  5=—-p,  we  should  operate  on 

the  polynomials  (1),  for  the  conunon  measure,  till  wo  reach  a  remainder  of 
the  third  degree  in  a ;  this  remainder,  equated  to  zero,  will  furnish  three  values 
of  a,  which  will  cither  be  all  real,  or  one  real  and  two  in)aginnr}^  In  the  first 
case  six  imaginary  roots  will  be  implied  :  in  the  second  only  two ;  the  imagin- 
ary values  of  a  being  always  rejected,  as  not  coming  within  the  conditions  im- 
plied in  (1). 

It  follows  from  the  above,  and  from  what  has  been  established  in  Art.  259, 
that  there  are  at  least  as  many  variations  of  sign  in  the  equation  of  the  squares 
of  differences  as  there  are  combinations  of  two  real  roots  in  the  proposed 
equation.  Also,  it  must  have  at  least  as  many  permanences  of  sign  as  there 
are  pairs  of  conjugate  imaginary  roots  in  the  proposed  equation ;  or,  in  other 
words,  it  can  not  have  a  less  number  of  permanences  of  sign  than  half  the  num- 
ber of  imaginary  roots  in  the  proposed  equation. 

Hence  we  may  infer,  that  if  the  equation  of  the  squares  of  the  differences 
have  its  terms  alternotely  positive  and  negative,  there  can  be  no  imaginaiy 
root  in  the  proposed  equation. 

The  foregoing  principles  are  theoretically  correct ;  but  the  practical  appli- 
cation of  them,  beyond  equations  of  the  tliird  and  fourth  degrees,  is  too  labo- 
rious for  them  to  become  available  in  actual  computation.  We  give  the  follow- 
ing illustration  of  them  from  Lagrange. 
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312.  To  determine  the  imaginary  roots  of  the  equation 

ar»— 2x— 5=0. 

Computing  the  equation  of  the  squares  of  the  differences  from  the  general 
formula  for  the  third  degree  at  Art.  279,  viz., 

2*4- 6p2« + 9;?»z + 4p»+ 277«=0. 
in  which  J?  = — 2  and  </= — 5,  we  have 

23—1222+362+643=0. 
In  order  to  determine  the  negative  roots  of  this  equation,  change  the  alternate 
fiigns,  or  put  z= — w,  and  then  change  all  the  signs,  converting  the  equation 
into 

ur»+ 12w;»+36tt;— 643=0, 

and  seek  the  positive  root,  which  is  found  by  trial  to  lie  between  5  and  6. 
Adopting  Lagrange's  development.  Art.  297,  thb  root  proves  to  be 

«,=5+l     1 

5+- 

6+,  &c., 

from  which  we  get  the  converging  fractions  (see  Continued  Fractions) 

31    160   991 
^'  "6 '  "sT'  192'  ^' 

Knowing  thus  an  approximate  value  ofw^  we  know  pz=——-. 


In  order  now  to  get  the  equations  (1),  p.  385,  substitute  a+z^V— '^  ^or  xin 
the  proposed  equation,  and  form  two  equations,  one  with  the  real  terms  of 
the  result,  the  other  with  the  imaginary  terms  ;  we  shall  thus  have  the  equa- 
tions (1)  referred  to,  viz., 

a3— (3/?2+2)a— 5=0 
3a2— /32_2=0, 
in  which  /?  is  known. 

Seeking  now  the  greatest  common  measure  of  the  first  members  of  these 
equations,  stopping  the  operation  at  tho  remainder  of  the  first  degree  in  a,  and 
equating  that  remainder  to  zero,  we  have 

—     _J5^ 

°— ~aF+4* 

and  thus  both  a  and  ft  are  determined  in  approximate  numbers. 

313.  There  is  another  method  of  proceeding  for  the  determination  of  im- 
aginary roots,  somewhat  different  from  the  preceding,  being  independent  of 
the  equation  of  the  squares  of  the  differences.  It  is  suggested  from  the  fol- 
lowing considerations : 

Since  tho  quadratic,  involving  a  pair  of  imaginary  conjugate  roots,  is  always 
of  the  form 

every  equation  into  which  such  roots  enter  must  always  be  accurately  divisible 
by  a  quadratic  divisor  of  this  form ;  that  is.  the  proper  values  of  a  and  ^  are 
such  that  the  remainder  of  the  first  dejp'ee  in  t,  resulting  from  the  division, 
must  be  zero.  This  furnishes  a  condition  from  which  those  proper  values  of 
a  and  ft  may  be  determined ;  the  condition,  namely,  that  the  remainder  spoken 
of,  Ax — 6,  must  be  equal  to  zero,  independent  of  particular  vahies  of  x ;  and 
this  implies  the  twofold  condition 


IMAGINAEY  ROOTS  OP  EaUATIONS.  389 

A=:0,  B=0, 

from  which  a  and  j9,  of  which  A  and  B  are  functions,  may  be  determined. 
As  an  example,  let  the  equation  proposed  be 

Dividing  the  first  member  by 

we  have  for  quotient 

2a+(4  +  2a)x+6+8a+3a«— /?», 
and  for  the  remainder  of  the  first  degree  in  x 

(4  +  12a+12aa+4a3— 4a/3«— 4/9«)x— 

which,  being  equal  to  zero  whatever  be  the  value  of  or,  fumiahet  the  two  equa- 
tions 

4+12a+12a«+4a3— 4a^— 4^=0 

(a9-[.^)(6+8a+3a2— /?3)-j.6=:0. 

From  the  first  of  these  we  get 

/3?=(l+a)« 

and  this,  substituted  in  the  second,  gives 

4o<+16a3+24o«+16a=0, 

two  roots  of  which  are  0  and  —2 ;  the  other  two  are  imaginary,  and  must, 
consequently,  be  rejected  as  contrary  to  the  hypothesis  as  to  the  form  of  the 
indeterminate  quadratic  divisor. 

The  two  real  values  of  a,  substituted  in  the  expression  above  for  p*,  give 

fora=      0,  )8«=1»  .-.  i3=  +  l 

and,  consequently,  the  component  factors  of  the  original  quadratic  divisor,  viz.i 
the  factors 

furnish  these  two  pairs  of  imaginary  roots,  viz., 

Xz=  V — 1,  Xr= —  y/ — 1, 

and 


a:=— 2^  V— l»a:=z=— 2+  y/ ^1, 

This  method,  like  that  before  given,  is  impracticable  beyond  very  narrow 
limits,  because  of  the  high  degree  to  which  the  final  equation  in  a  usuaDy 
rises.  And  it  is  further  to  be  observed  of  both,  and,  indeed,  of  all  methods 
for  determining  imaginary  roots  by  aid  of  the  real  roots  of  certain  numerical 
equations,  that  whenever,  as  is  usual,  these  real  roots  are  obtained  only  ap- 
proximately, our  results  may,  under  peculiar  circumstances,  be  erroneous. 
For  instance,  in  the  two  methods  just  explained  we  have  two  equations, 
/(a)=0,  F(j[?)=0,  where  the  coefficients  of  a  in  the  first  are  functions  of  /?, 
and  the  coefficients  of  (i  in  the  second  functions  of  a ;  hence,  whichever  of 
these  symbols  be  computed  approximately,  in  order  to  furnish  determinate 
values  for  the  coeflficients  of  the  other,  these  coefficients  must  vary  slightly 
from  the  ti'ue  coefficients ;  and,  consequently,  under  this  slight  variation  of  the 
coefficients,  real  roots  may  become  converted  into  imaginary,  and  imaginary 
into  real. 


390  ALGEBBA. 

The  terms  imaginary  and  impossible  have  been  tliought  objectionable  when 
applied  to  the  roots  of  equations,  inasmuch  as  definite  algebraic  expressions 
ai'e  always  possible  for  these  roots. 

A  specimen  of  a  strictly  impossible  equation  would  be  the  following : 

2x^5+  V-^'— 7=0, 


when  plus  before  the  sign  V  implies  the  positive  root  y/j^ — 7.  No  ex- 
pression, either  real  or  imaginary,  can  satisfy  the  condition  or  represent  a  root 
of  this  irrational  equation. 

The  terms  imaginary  and  impossible,  when  used,  should  be  understood 
rather  as  applying  to  the  solutions  of  the  problem  from  which  the  equation  is 
derived  than  to  the  expressions  for  the  roots.  The  number  of  solutions  which 
the  problem  admits  will  ordinarily  be  expressed  by  the  degree  of  the  equa- 
tion, but  certain  suppositions  affecting  the  values  or  signs  of  the  coefficieots 
may  cause  some  of  these  solutions  to  become  absurd  or  impossible,  and  these 
will  be  indicated  by  the  form  a-f-6  V — 1  for  the  roots,  in  which  b  is  not  zero. 

THEORY  OF  VANISHING  FBACTIONS.      • 

314.  From  the  principles  established  in  (Art.  253),  we  readily  derive  the 
following  consequences,  viz. : 
Since 

/(x)=(a:— ai)(a:— ai)(a:— a3)(x— 04) 

and 

/j(x)a=(j:— a  )(x — a2)(x — a^) ....  +(z — ai){x — a.2)(x — a^) . . .  +>  ^m 

it  follows  that 

/i(j)  1  1  1  1 

~77     \  — -    •    •    •    •  T~  T"  "t"  •    •    •    •    (I) 

f{x)  X — a^  '  X — 03  '  X — tfs  '  X — Ci  ^  ' 

In  like  manner,  for  any  other  equation  F(i')=:0,  wo  have 

F,(.r)  1  1  1  1 

■F(x)-  •  •  •  •  r-6,+x-63+x-6,+a:-6i  ••••(-) 

Supi)ose  the  two  equations 

/(x)=0,  F(r)=0, 

have  a  root  in  common,  viz.,  fli  =  6i,  then,  dividing  (1)  by  (2),  we  have 

1111 


fi(x)     Fix)        •  •  •  •   ^ — rt^  '  r — atiX — a:X — Ui 


+1— r+T-T-+ 


X — 64 'x — 63  "t — h^x — 61 

Hence,  multiplying  numerator  and  denominator  of  the  second  member  by 
x — Oi,  and  then  substituting  for  x  its  value  x=a],  wo  have 

JM    F(fl.) 

Viiai)  '  /(«!)"• 

•'•F,K)"~F(rtO' 
from  which  we  learn,  that  if  any  two  equations  have  a  common  root  a,  and 
their  derived  equations  be  taken,  the  ratio  of  the  original  polynomials,  when  a 
is  put  for  T,  will  be  equal  to  the  ratio  of  the  derived  polynomials  when  a  is  put 
for  .T. 

This  property  furnishes  us  with  a  ready  method  of  determining  the  value 
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f{x) 
of  a  fraction,  such  as  rr;— :«  when  both  numerator  and  denominator  vanish  for 

a  particular  value  of  x,  as,  for  instance,  for  x:=a.  For  we  shall  merely  have 
to  replace  the  polynomials  in  numerator  and  denominator  by  their  derived 
polynomials,  and  then  make  the  substitution  of  a  for  x.  If,  however,  the 
terms  of  the  new  fraction  should  also  vanish  for  this  value  of  z,  we  must  treat 
it  as  we  did  the  original,  and  so  on,  till  we  arrive  at  a  fraction  of  which  the 
tenns  do  not  vanish  for  the  proposed  value  of  x.  The  following  examples  wiP 
sufficiently  illustrate  this  method : 

(1)  Required  the  value  of 


X — a 
when  x=:a» 


Here  =^7— :=-;r^2a,  the  required  value 

(2)  Required  the  value  of 

nx^+^'~(n+l)x^+l  ^ 
(1— ar)»  '* 

when  r=l. 

fi(x)      n(n+l)j°--n(;i+l)r°-^ 
F^)=  -2(1 -z)  • 

0 
This  still  becomes  -  for  x=l, 

/a(x)      n«(n+l)j°-^~n(n+l)(n--l)x'>-* 


the  value  sought. 

i 

■  •  F,(l)- 

2 
n(n+l) 
"       2       • 

(3)  Required  the  value  of 

1- 

-a:» 

1- 

-x' 

when  zs=:l. 

/i(l) 

— n 
. — «_ 

F,(l)--1 
(4)  Required  the  value  of 

b{a —  Vor) 

a — X      ' 
for  x^a. 

We  may  here  put  Vx^y,  and  thus  change  the  fraction  into 

t 

6(a— g^y) 

a— y«  ' 


*  This  is  the  ezpressioo  lor  the  ram  of  n  terms  of  the  series 

l+to-|-3a^+4j:»+,  Ac. 
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(5)  Required  the  value  of 

f{y)    (a+^)°-(fl+2/) 


m  m 

n 


F(2/)  x—y 

when  x^y. 

Put  a-l-^^z",  then  the  fraction  is  changed  into 


m 

m 


{a+xy — z 

X  —  2°4*^ 

fi{z)      — mz"-*     m    z'^     m    (a+y) 
Fi(2)"'  — fiz"-'  ""n  '  z°'~n'     a+y 
and,  therefore,  the  value,  when  x=zy,  is 


m 

n 


m     (a-^-x) 


m 
n 


n  '    a-{-x 


ELIMINATION. 

RESOLUTION  OF  EaUATIONS  CONTAINING  TWO  OR  MORE  UNKNOWN 
aUANTITIES  OP  ANY  DEGREE  WHATEVER. 

315.  We  have  already  indicated,  at  p.  157,  the  possibility  of  eliminating  one 
of  two  unknown  quantities  from  two  equations  by  the  method  of  the  conunon 
divisor.  The  general  theory  of  equations  which  has  since  been  unfolded  will 
afford  the  means  of  giving  a  more  full  development  to  this  subject. 

The  two  given  equations  may  be  thus  expressed : 

F(i.  y)=0./(x,  y)=0 (1)  • 

They  are  said  to  be  compatible  if  they  have  common  values  of  x  and  y.  This 
is  the  case  with  two  equations  derived  from  the  same  problem,  the  conditions 
of  which,  for  the  determination  of  the  required  quantities,  are  expressed  by 
the  two  given  equations. 

Suppose  now  that  one  of  the  common  values  of  y  were  known,  and  substi- 
tuted for  y  in  the  two  equations  (1),  the  first  members  of  both  would  become 
functions  of  j-,  and  known  quantities  ;  the  common  value  of  t,  corresponding  to 
this  value  of  y,  must  have  the  property  of  every  root  of  an  equation  pointed 
out  at  Prop.  II.  of  Art.  238 ;  that  is  to  say,  if  a  denote  this  value  of  Xy  each 
of  the  equations  (1)  must  be  divisible  by  (x — a);  in  other  words,  they  must 
have  a  common  divisor  containing  x.  If,  therefore,  without  knowing  and  sub- 
stituting; the  value  of?/,  we  proceed  with  the  two  given  equations  (1),  accord* 
ing  to  the  method  for  finding  the  greatest  common  divisor,  until  we  arrive  at  a 
divisor  of  the  first  degree  with  respect  to  x,  and  to  a  remainder  independent 
of  x,  or  containing  only  ?/,  as  this  remainder  would  have  been  zero  if  the  value 
of  2/  had  occupied  its  place  during  the  process,  the  value  of  y  ought  to  be  such 
as  to  reduce  this  remainder  to  zero.  The  values  of  y  which  will  do  this  are 
found  by  putting  this  last  remainder  equal  to  zero,  and  thus  forming  what  is 
called  the  final  equation  in  y  only.  The  values  of  y  which  satisfy  the  final 
equation  are  the  only  compatible  values  of  this  unknown  in  the  two  given  equa- 
tions (1).  The  corresponding  values  of  x  are  found  by  substitnttng  those 
values  of  y  successively  in  the  last  divisor,  which  will  ordinarily  be  of  the  first 
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degree  with  respect  to  x,  and  setting  this  equal  to  zero ;  each  value  of  y  gires, 
by  means  of  this  divisor,  the  corresponding  value  of  z,  which,  substituted  with 
it  in  the  given  equations,  will  satisfy  them.  Should  this  divisor  reduce  to  zero 
by  the  substitution  of  the  value  of  y,  we  must  go  back  to  the  previous  ona  of 
tlie  second  degree,  which,  put  equal  to  zero,  will  furnish  two  values  of  x  for 
each  of  ^ ;  if  this  reduce  to  0,  we  must  go  to  that  of  the  3^  degree,  and  so  on. 

316.  This  conclusion  may  be  arrived  at  in  another  manner.  Denoting  by 
A^O,  for  simplicity,  the  first  of  the  two  given  equations  F(7,  y)=0,  and  by 
B=0  the  second /(a:,  y)=0,  by  Q  the  quotient  of  A  by  B,  and  by  R  the  re- 
mainder, we  have 

A=BQ+R (2) 

It  follows  from  this  equality  that  all  the  values  of  the  unknown  quantities  x 
and  y,  which  give  A=0  and  B=0,  must  also  give  K=0,  since  the  quotient 
Q  can  not  become  infinite  for  finite  values  of  x  and  y,  the  given  equations  be- 
ing supposed  to  be  entire  functions,  or  capable  of  being  rendered  such  with 
respect  to  x  and  y.     (See  Art.  275,  Cor.  2.) 

For  the  same  reason,  iiU  the  values  which  will  give  B=0  and  K=0,  will 
also  give  A=:0.  The  system  of  equations  A=0,  Bs=0  may,  therefore,  be 
replaced  by  the  more  simple  system  B=0,  K=0. 

If  new  B  be  divided  by  K,  and  a  new  remainder,  R',  be  reached,  it  may  be 
shown  in  a  similar  manner  that  the  system  B^O,  K=0  can  be  replaced  by 
the  system  R^O,  R'=0,  R'  boing  of  a  lower  degree  with  respect  to  x  than 
R,  and  so  on,  till  we  arrive  at  a  remainder  independent  of  x.  Let  R''  be  this 
remainder.  Then  the  original  equations  are  replaced  by  the  system  R'=0» 
R"=0,  in  which  R"=:0  is  the  final  equation  in  y  only,  and  R'  generally  of 
the  1°  degree  with  respect  to  x. 

317.  The  same  conclusion  could  not  have  been  arrived  at  had  y  been  sup- 
posed to  enter  into  any  of  the  denominators  in  the  above  process.  Suppose, 
for  instance,  that  Q  in  equation  (2)  contained  denominators  functions  of  y, 
then  Q  might  possibly  become  infinite  by  the  values  of  y  reducing  these  de- 
nominators to  zero,  and  BQ  thus  might  be  finite  (see  Art.  156,  3°),  though  B 
were  zero. 

318.  If,  in  order  to  prevent  the  occurrence  of  y  in  the  denominator  of  the 
quotient  when  afifecting  the  division  of  A  by  B,  it  had  been  necessary  to  mul- 
tiply the  polynomial  A  by  some  function  of  y,  foreign  roots  might  thus  be  in- 
troduced, not  betonging  to  the  proposed  equation.  For,  call  c  this  function, 
and  represent  by  Q  still  the  quotient  obtained  after  this  preparation,  and  by  R 
the  remainder,  we  shall  have 

cA=BQ+R. 

This  equality  proves  that  the  solutions  of  the  equations  Bs=0,  R:=0  are  the 
same  ns  those  of  the  equations  cA:=0,  B=0.  But  this  last  system  divides 
itself  into  two  others,  A=0,  B=0,  and  0=0,  Br=0,  consequently  the  equa- 
tions B=0,  R=0  will  admit  alt  the  solutions  of  the  proposed  equations;  but 
they  will  admits  also,  all  those  of  the  equations  c=rO,  B=:0,  which  can  not  be- 
long to  the  equatk>n  A=0.  The  same  may  be  shown  for  any  foreign  factor 
necrs^nry  to  be  introduced  to  effect  any  subsequent  division. 

On  tlio  other  hand,  factors  are  sometimes  suppressed  for  convenience  in  the 
process  fen*  finding  the  common  divisor.  If  these  factors  were  such  as  would 
reduce  to  zero  on  attributing  to  y  its  proper  values,  the  process  ought  to  ter- 
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minate,  since  the  whole  remainder  becomes  zero  with  one  of  its  factors,  and 
the  preceding  divisor  would  be  a  common  measm'e  of  the  two  polynomials ; 
and  yet  these  values  of  y  ^which  produce  this  common  measure  would  not 
have  been  presented  by  tlie  final  equation  arrived  at  had  the  factor  in  question 
been  suppressed  without  notice. 

From  the  foregoing  considerations  we  see  that,  to  obtain  the  values  of  y 
which  belong  to  the  proposed  -equations,  we  must  equate  to  zero  the  remain- 
der which  is  independent  of  j*,  as  also  each  of  die  factors  in  y  which  have 
been  suppressed  in  the  course  of  the  operation,  and  resolve  each  equation 
separately  ;  secondly,  that  among  the  values  thus  obtained  there  may  be  some 
which,  on  trial  in  the  proposed  equations,  prove  extraneous,  and  which  must, 
therefore,  be  rejected. 

319.  Simplifications  may  sometimes  be  employed,  the  nature  of  which  is 
explained  conveniently  by  the  aid  of  symbols,  as  follows  :  Let  the  polynomials 
A  and  B,  the  first  members  of  the  given  equations,  be  put  under  the  form 

K=idd'd"uu'u"y  B=dd'd"vD'v'\ 
in  which  d  represents  a  common  divisor  of  A  and  B,  containing  x  only  ;  d' 
another,  containing  y  ouly ;  and  d'^  a  third,  containing  both  x  and  y.  The 
other  factors,  u,  u',  u'\  r,  v",  v'\  have  a  similtir  meaning,  except  that  they  are 
not  common  to  the  two  polynomials  A  and  B.  The  proposed  equations  may 
be  satisfied  by  placing  dz=zO  ;  this  equation  contains  only  t,  and,  when  re- 
solved, furnishes  a  limited  number  of  values  of  this  unknown  quantity,  to 
which  may  be  joined  any  value  whatever  of  y,  and  the  given  equations  A=:0 
and  B=0  will  be  satisfied.  Again,  d'=Q  will  satisfy  them,  which  gives  simi- 
larly limited  values  for  y,  unlimited  for  x.  Finally,  suppose  (£"=0 ;  as  d" 
contains  both  x  and  y,  an  arbitrary  value  may  be  given  to  one  of  the  unknown 
quantities,  and  this  equation  will  make  known  a  corresponding  one  for  the 
other. 

The  other  modes  of  satisfying  the  given  equations  consist  in  equating  to 
zero  simultaneously  one  of  the  factors  w,  w',  u"  of  the  firet,  and  one  r,  v\  or 
i?",  of  the  other.  But  v  and  u  can  not  be  simultaneously  equal  to  zero,  since 
they  each  contain  only  x,  and  are  supposed  to  have  no  common  divisor,  d  having 
been  understeod  to  comprise  all  the  common  factors  depending  on  x  alone. 
For  a  similar  reason,  u'  and  v'  functions  of  y  alone  can  not  at  the  same  time  be 
equal  to  zero.  But  u"  and  v",  being  put  equal  to  zero,  are  to  be  proceeded 
with  by  the  method  of  the  common  divisor,  os  already  explained,  and  wiU  fur- 
nish a  limited  number  of  values  for  y,  and  corresponding  values  limited  also 
for  X. 

320.  Should  tho  remainder,  in  seeking  for  a  common  divisor,  not  contain  y, 
but  only  known  quantities,  it  could  not  be  put  equal  to  zero.  In  this  case  the 
given  equations  would  bo  incompatible. 

EXAMPLES. 

(1)  Lot  the  equations  be 

(_Oi5^2)7/'4-(.r«— Sr'— 22«4-2.r4-l)?/^-f-(a:«— 2r»+ar)y=0, 
( -x-t-  l)y'+  ( -x'-f.r)y-f.  (r^-.x^)f].  {x*-T^)f=.0. 
There  are  numerous  simplifications  of  those,  for  they  can  be  decomposed  into 
factors  like  the  following : 

y(x-l)(x+y)  X  (x-f.  l)(z-— 2y-l)=0, 
y(T-l)(r+y)  xy(j:«-.y«)=0. 
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Equating  to  zero  first  the  common  factors,  each  in  its  turn,  we  obtain 

<  y=:0,  ^y  indet,  ^  y  indet., 

I  X  indet.,  \  j:=l,  \  ar=  — y ; 

next  equating  to  zero  the  other  factors,  we  have  four  systems  of  equations,  viz., 

First  system  <  ^Ti n    C  whence   ^^^_l 

Second  system  ^^c^y^^^^  \  whence  j?=?J^=!.i. 
Third  system  \  f  "f =g  \  whence  \  ^Zj^^  \  ^ZlJ. 

Fourth  system  5  ^-y'  =<^        \  whence  \  3^=^+  ^^  ,-  \  y=^+  ^^  ,- 

In  the  first  three  systems,  all  the  solutions,  except  x= — 1,  y  =  — 1,  have 
already  been  found;  in  the  fourth,  those  in  which  we  have  x= — y  are  also 
already  known ;  hence,  in  reality,  we  have  only  determined  three  new  solu- 
tions, viz., 

cy=-l       cy=l+V2       (y=l-V2 

(2)  To  resolve  the  two  equations 

ar»— 2;yar  +y«— y=0. 
These  equations  can  not  be  decomposed  into  factors ;  hence  we  pass  imme- 
diately to  successive  divisions.    This  remark  will  apply  also  to  equations  3  and  4. 

First  Division. 


a:8-3yx8+(3y«-y+l)r-3r'+y»-2y 
+^'-2t/-a:«(-V'+?/)^ 


2«— 2y2r+y«— y 


r— y 


-  y^+(2y^+i)-^-y'+y--2y 

x— 2y 

Second  Division. 


x^2y 


2^^2yx+f—y 
_[-a^— 2y.r 

y*— y- 

Hence,  the  final  equations  are  x — 2y:=0,  y^ — y^O.     We  deduce  from 
these 


<y=0  ^y=l 

ij-=0  car=2; 


and  as  we  have  neither  introduced  nor  suppressed  any  factor,  these  two  solu- 
tions are  those  of  the  proposed  equations  themselves. 

(3)  To  resolve  the  two  equations, 

{y-l)a:«+2r-5y+3=0, 
ya:«+9r— 10y=rO. 

First  Division. 
(y— 1)  xl^+2x  — 5y  +3  |y^+9x— lOy 
(y— l)ya*+2yr— 5i/«+3y|y— 1 
+(y-l)y3^-(-9y+9)x-10y«+10y 
(-7y+9)x+  5y«-  7y. 
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As  we  have  multiplied  by  y,  it  is  necessary  to  resolve  the  equations  ^=0, 
ya:<»+ Ox— 10^=0,  which  give  x=0,  y=0,  and  to  examine  whether  these 
values  make  die  dividend  equal  to  zero.  As  this  is  not  the  case,  it  follows  that 
they  form  a  foreign  solution,  which  it  will  be  necessary  to  suppress. 


Second  Division. 


(-7y+9)^+5y»-7y 


yj^  +  (-5y'+7y*-63y+81) 


yx3+9x— lOy 
(-7y+%^+(-63y+81)j:+70y«-90y 

(-7y+9)yx«-(~5y3+7yrr 

(_5y3+7y«— 63y+81)j:+70y«— 90y 
(— 5y»+7y*— 63y+81)(— 7y+9).r— 490y»+1260y«— BlOy 
(^5y3+7y^— 63y-f  81)(>-7y+9)3r— 25y^+70y— 364y»-f  846y«— 567y 
'  25y*— 70y*— 126y»+414y«— 243y. 

The  equations  which  it  is  necessary  to  resolve  are 

(-7y+9)'+5y«-7y=0, 
O5y5_70y4_l26y»+414y«— 243y=0. 

The  second  gives  the  results,  which  may  be  readily  verified, 

— 3±3V10 
y=0,  y=l,  y=3,  y= ^ . 

By  substituting  these  values  in  the  first  of  the  given  equations,  we  obtain  for 
X  the  corresponding  values  xr=0,  j=:l,  t=2,  r= — 5=p  VlO. 

In  the  second  division  we  have  been  compelled  to  multiply  by  ^7^4"  ^»  ^^ 
no  foreign  solution  has  been  introduced. 

We  have,  then,  only  to  suppress,  in  the  five  solutions  above,  that  which  has 
been  introduced  by  tlio  first  division.  There  remain,  then,  for  the  given  equa- 
tions the  four  following  solutions : 

52/=!       53/=3       Vy= 1 jy= 1 

(4)  Let  the  equations  be 

a:«+(8y-13)x+y^-7y+12=0, 
^-(4y+   l)r+y«+5y=0. 

First  Division. 


^+(8y— 13):r+y2— 7y+12 
+^-(4y+   l)x+if+dy 


^'— (4y+l)3:+.V«+5y 


(12j/  — 12)x— 12y  +  12 

This  remainder  can  be  decomposed  into  the  factors  12(y— l)(i— 1);  the 
calculations  will  be  simplified,  and  we  shall  have  these  two  systems  of  equa- 
tions : 

<y— 1=0  (x— 1=0 

I  2^^(4y+l)x+f+5ij=0.   }  a:«-(4y+l).r+y«+5y=0. 
Each  of  those  can  bo  at  once  resolved,  and  we  find 

(y  =  l   <y=l   <y=0  U=— 1 
}  x=3,  I  a:=2,  }  j:=l,  (  x=sl. 
(5)  x'+2y3^+2y{y—2)x+f^4=:0. 

^z=— 4,  ^x=— 5. 
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'First  system      j  ^=M  ^=M  2^=^ 
Ans.  i  Second  system  ^  2^=^  J  ^ =^       \  2/=2  J  ^=2 
Third  system    J  y=^  5  y=— ^ 

i  2=:0.  }  X=zO. 

(7)  a<»+ya:«-.(y«+l)x+y-y»=0, 

The  first  division  gives  the  remalDdor 

y^+('3i/+4)x-(i^+3y+4y). 

To  bo  able  to  perform  the  second  division,  we  multiply  the  dividend  by  y ; 
in  the  same  way  we  prepare  the  first  remainder  to  be  divided.  We  thus  ar- 
rive at  a  remainder  of  the  fii-st  degree  in  x,  which  can  be  put  under  the  form 

32(y»+3y+2)(x-y). 

Dividing,  then,  the  remainder  of  the  second  degree  by  x — y,  we  obtain  the 
quotient 

yx+y^+3y+4=0, 
and  there  is  no  remainder. 

From  these  calculations  we  conclude  that  the  first  members  of  the  proposed 
equations  are  divisible  by  x — y,  so  that  they  can  be  verified  by  all  the  solutions 
of  the  indeterminate  equation  x — y=0.  The  other  solutions  are  furnished 
by  the  system  of  two  equations, 

2/'+3i/+2=0,  yx+y^+3y+4=0; 
hence  we  obtain  tl  e  solutions 

2/=  — 1,  x=  +  2;  1/=— 2,  r=  +  l. 

METHOD  OF  LABATIE. 

321 .  Having  thus  stated  the  principles  on  which  the  ordinary  method  of 
elimination  depends,  wo  shall  now  proceed  to  show  how  this  method  has 
lately  boon  perfected  by  Labatie  and  SniTus.  By  the  aid  of  the  theory  which 
thoy  have  introduced,  we  shall  be  able  to  perform  the  required  eliminations 
without  introducing  any  foreign  solutions.      ^ 

Suppose  that  A  and  B  represent  the  quotients  which  we  obtain  by  dividing 
the  first  members  of  the  given  equations  by  all  of  their  factors  which  depend 
only  on  y. 

Let  c  be  the  factor  by  which  it  is  necessary  to  multiply  A,  in  order  that  we 
may  be  able  to  divide  it  by  B  ;  represent  by  q  the  quotient  that  we  obtain  in 
this  division,  and  by  Kr  the  remainder,  r  designating  those  factors  of  this  re- 
mainder that  are  not  dependent  on  x.  Let  Ci  be  the  factor  by  which  we 
must  multiply  B  to  render  it  divisible  by  R  ;  represent  by  ^i  the  quotient,  and 
by  RiTi  the  quotient  that  we  obtain  in  this  second  division,  T]  designating  the 
product  of  those  factors  of  this  remainder  which  do  not  depend  on  x,  and  so 
on.  Finally,  suppose,  for  the  sake  of  simplicity,  that  at  the  fourth  division 
we  obtain  a  remainder  independent  of  x,  and  designate  this  remainder  by  r^. 
We  have  the  equalities 
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fc  A  =B  q  4-Rr 

J  ciB  =R^i+Rir, ,  ,  ,  .  (1) 

j  CjR  =Ri93-f-R,r3 
(^C3Ri=R2^3+»'a 
Let  d  be  the  greatest  common  divisor  of  c  and  r,  di  the  greatest  common 

CCi  CC1C2  CCiC^C^ 

divisor  of  -r  and  r,,  rfj  that  of  -jt"  and  rji  tij  that  of  , ,  .  and  r*.    We  shall 
a  aai  ddiOt 

proceed  to  prove  that  we  can  obtain  all  the  solutions  of  the  system  A=0, 

n=0,  without  any  foreign  solution,  by  resolving  the  following  systems  : 

5=^     k=^     U='     J5=^ (2) 

B=0,         (R=0,         (Ri=0,         (Rj=0 

To  establish  this  proposition,  wo  shnll  first  prove  that  the  solutions  of  the 
systems  (2)  all  agreo  with  those  of  the  system  A=0,  B=0;  we  shall  after- 
ward show  that  the  solutions  of  the  system  A=0,  B=0|  are  all  comprised  in 
those  of  the  systems  (2). 

[a]  Dividing  by  d  the  two  members  of  the  first  equation  of  system  (1),  it 
becomes 

S-^^^+S'^ • (3) 

"j  is  entire,  for  c  and  r,  by  hypothesis,  are  divisible  by  d  ;  hence,  ^B  is  divisible 

by  d ;  but  B,  by  hypothesis,  is  prime  with  respect  to  d  ;  therefore,  d  divides  q. 

Equation  (3)  shows  that  the  values  of  x  and  y,  which  satisfy  the  equations 

r  c  c  r 

B=0,  ^=0,  desti-oy  also  ^A ;  but  ^  and  -^  are  prime  with  respect  to  each 

r 
other.    Consequently,  1°,  all  Oie  solutions  of  the  system  B=:0,  ^=0,  agree  with 

those  of  the  system  A:=0,  B=0. 

[6]  To  obtain  a  relation  between  A,  R,  and  y,  we  multiply  equation  (3)  by 

ri,  and  in  the  resulting  equations  place,  instead  of  r,B,  its  value  as  found  in  llu» 
second  member  of  the  second  equation  of  system  (1);  we  thus  obtain 

5.=(-+fi)B+|„K,. 

The  quantity  -\ —  is  entire,  because  r  and  q  are  divisible  by  d ;  mort*- 

CCi 

over,  this  quantity  is  divisible  by  di ;  for  di  divides  -j  and  rj,  and  it  is  prime 

with  respect  to  R.     Dividing  the  two  members  of  the  above  equation  by  du 

q  Cir-\-qqi 

and  taking,  to  abridge,  -^=M,  — j-z — =Mi,  it  becomes 

gA=M.R+MR,J (4) 

To  obttuu  a  relation  between  B,  R,  and  j,  we  first  multiply  the  second 

c  cC|        cqi         c  eCi 

equation  of  system  (1)  by  ^,  which  gives  ■tS  =  ~tR+;jRi^i*    Since  --r  and 
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4 

Ti  are,  by  hypothesis,,  divisible  by  d^  it  follows  that  di  divides  also  -tR  ;  but 

di  is  prime  with  respect  to  R ;  hence,  di  divides  -j*    Dividing  all  the  terms  of 

c  cq\ 

the  equation  by  di^  and  taking,  to  abridge,  ^=N,  -7^  =Ni,  it  becomes 

gB=N.R+NR,J (5) 

Equations  (4)  and  (5)  prove  tliut  all  the  values  of  x  and  ^,  which  reduce  the 

7*1  CC\  CCi  CCi  Ti 

polynomials  R  and  -r-  to  zero,  destroy  also  -rjA.  and  t-tB  ;  but  -rj  and  -7- 
ure  pi-ime  with  respect  to  each  other ;  consequently,  2°,  all  tfie  solutions  of 
tke  system  R=0,  j-=0,  agree  with  those  of  the  given  system^  A=:0,  B=0. 

[r]  We  obtain  n  relation  l)etween  A,  Ri,  and  -7,  by  multiplying  equation  (4) 

"a 

by  r>,  nnd  placing,  instead  of  c^jR,  its  value  found  in  the  second  member  of  tlie 
third  equation  of  system  (1);  wo  thus  find 

cc.\C.i        _  /  rA 

■^A=R,^M,7,+  Mf,~j  +MiR,r,. 

By  hypothesis,  d^  divides  tho  first  member  of  this  equation,  it  also  divides  r^X 

itought,  then,  to  divide  RJ  M, 72+ ^^^j"/)«  but  Ri  and  d^  are  prime  with  re- 
spect to  each  other;  d^  then  divides  the  term  by  which  Ri  in  the  above  equa- 
tion is  multiplied.     Designating  tho  quotient  by  M3  the  equation  becomes 

^A=MA+M.R.J (6) 

Multiplying  equation  (5)  by  c^,  and  then  placing,  instead  of  c^R,  its  value 
found  in  the  second  member  of  the  third  equation  of  system  (1),  it  becomes 

^'B=R.(N,7.+.Nc:J)-fN,R,r,. 

We  can  demonstrate  as  before  that  tho  multiplier  of  Ri  is  divisible  by  e^, 
and,  representing  the  quotient  by  N2,  we  find 

2|b=N..R.+N.R,J (7) 

Equations  (G)  and  (7)  show  that  all  the  values  of  or  and  y,  which  reduce  the 
polynomials  Ri  and  -r  to  zero,  destroy  also  the  first  membera  of  these  two 

equations ;  but  -tj-j  and  -7-  are  prime  with  respect  to  each  other ;  conso- 
ls 
quontly.  3°,  all  the  solutions  of  the  system  Ri:=0,  ^=0,  suit  those  of  the  pro- 
posed system^  A=0,  B=0. 

[d]  The  equation  which  gives  a  relation  between  A,  R3,  and  -r%  can  be  ob- 
tained by  multiplying  equation  (6)  by  C3,  and  placing,  instead  of  C3R1,  its  value 
as  given  in  tho  second  member  of  the  fourth  equation  of  system  (1) ;  we  thus 
find 


400  ALQEBRA. 


^A=Ri(  Ms^a+^sM,  jj  4.Msr3. 


ddi 

Dividing  the  two  members  of  this  equation  by  d^,  and  designating  by  Ms  the  quo- 
tient obtained  by  dividing  the  entire  polynomial  Mj^a-f-CaMi-j-  oy  r^,  there 
results 

£;^A=M.R.+m4'  (8, 

To  obtain  a  relation  between  B,  R^i  and  nr,  we  multiply  equatioii  (7)  by  c,, 

and  put  in  the  place  of  c^Ri  the  second  member  of  the  fourth  equation  of  the 
system  (1),  which  gives 


^^B=R,(Na^3+C3N,  Jj  +^,r,. 


ddi 
Dividing  both  members  by  d^^  and  designating  by  Nj  the  quotient  obtaiued 

by  dividing  the  entire  polynomial  Ng^a+CaNi-r-  by  dz,  it  becomes 

5g-B=NA+N,g (9) 

Equations  (8)  and  (9)  show  that  all  the  values  of  x  and  y,  which  reduce  the 
polynomials  R^  and  -r-  to  zero,  destroy  also  the  first  members  of  those  equa- 

"3 

tions  ;  but   ,  .  .   .  and  y  are  prime  with  respect  to  each  other ;  consequent- 

ly,  4^,  all  the  solutions  of  the  system  R3=0,  -r^O  concur  with  those  of  the 

proposed  system^  A=0,  B=0. 

(11.)  It  remains  still  to  be  proved  that  any  system  whatsoever  of  values 
which  satisfy  the  equations  A=:0,  B=0,  is  a  part  of  the  systems  of  values 
which  furnish  equations  (2). 

To  form  the  equations  which  demonstrate  this  second  part  of  the  theorem, 

c  q 

let  us  first  place  in  equation  (3)  N  instead  of  ^,  and  M  instead  of  ^;  it  will 

become,  ti-ansposing  the  term  MB, 

NA— MB=:R^ (10) 

Eliminate  now  R  between  equations  (4)  and  (5).  We  can  effect  this  elim- 
ination by  subtracting  one  of  tlieso  equations  from  the  other,  after  we  have 
multiplied  the  first  by  Ni,  the  second  by  M|,  remembering  the  values  previ 
ously  given  to  Ni  and  M,  ;  but  the  calculations  will  be  simpler  if  we  multiply 
equation  (4)  by  B  and  equation  (5)  by  A.  Subtracting  the  two  resulting  equa- 
tions the  one  from  tlie  other,  we  find 

(M,B  — N,A)R+(MB— NA)Ri5-=0. 

di 

Placing  instead  of  MB — NA  its  value  previously  determined,  — R^«  ud 
suppressing  the  factor  Ri,  this  equation  becomes 

N,A— MiB  =  — Ri^^  ....  (11) 
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Finally,  we  eliminate  Ri  between  equations  (G)  and  (7).  To  do  this,  mul< 
tiply  equation  (6)  by  B  and  equation  (7)  by  A ;  then  subtract  the  one  of  the 
resulting  equations  from  the  otlier,  we  thus  obtain 

(M,B-N2A)Ri+(MiB-NiA)R,~0. 
Placing  in  this  equation,  instead  of  MiB — NiA,  its  value,  determined  in  (11), 

Rj^,  and  suppressing  the  factor  Ri,  it  becomes 

NaA-M,B=R,^~ (12) 

In  the  same  manner  we  obtain  the  equation 

N,A-M,B=-^. 

daid^az 

Equation  13  shows  that  every  system  of  values  of  x  and  y  which  gives 
A=0,  B=0,  ought  also  to  satisfy  the  equation 

d  ill  ^3  c^a"" 
an  equation  which  requires  that  one  of  its  factors  equal  zero,  whence  it  fol- 
lows that  the  equations 

f         Ti  Tj  r^ 

^=0,  ^=0,  ~=0,  ;f  =  0, 
a  a-i  (12  a-s 

■ 

give  all  the  correct  values  of  y. 

This  being  established,  let  x=a,  ^=/3  be  a  system  of  correct  values  of  the 

equations  A=0,  6=0. 

r 
If  the  value  y=^  is  a  root  of  the  equation  j^O,  it  is  clear  that  the  system 

r 
x=a,  y=^i3  will  be  a  solution  of  the  system  B^O,  -3=0. 

r 
If  the  value  y=i3  does  not  verify  the  equation  ^=0,  and  if  it  is  a  root  of 

the  equation  -r=0,  we  perceive,  by  equation  (10),  that  the  system  z=a, 
ys^fi  will  give  R=0  ;  consequently,  it  will  be  a  solution  of  the  system  R=0, 

ai 

If  the  value  y=z(3  verifies  neither  the  equation  7=0  nor  the  equation  -r^O, 

fa 
and  is  a  root  of  the  equation  -r=:0,  we  see,  by  equation  (11),  that  the  system 

.T=:a,  y^3  will  give  Ri=0  ;  consequently,  it  will  be  a  solution  of  the  system 

R.=0.  J=0. 

r         Ti 
If  the  value  y=0  does  not  verify  any  one  of  the  equations  ^=0,  7=0, 

rt  r, 

7=0.  and  is  a  root  of  the  equation  2r=0t  we  see  by  equation  (12)  that  the 

system  2r=:a,  ^=:^,  will  give  Rs=0 ;  consequently,  it  will  be  a  solution  of  the 

system  Rj^O,  T=0. 

Cc 


t 
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Hence,  all  the  systems  of  values  which  satisfy  the  equations  A=:0,  B=0, 
farm  pari  of  the  values  which  furnish  equations  (2). 

The'  eqastion  "i*^  '~t  *  T  =^>  which  gives  all  the  correct  values  of  y,  is 
called  the/fuil  equation  in  y. 

REMARKS   ON  THE  FRECEDINO  METHOD. 

It  may  chance  that  in  one  of  the  equations  of  system  (2),  for  example,  -r- 

:=0,  R^O,  a  value  of  y,  derived  from  the  first  equation,  destroys  some  of  the 
coefficients  of  the  powers  of  x  in  the  second  equation,  after  the  highest  power 
of  X ;  in  this  case  we  only  obtain  a  number  of  values  of  x  inferior  to  the  de- 
gree of  the  equation  R=0 ;  and  if  the  substitution  of  the  value  of  y  should 
destroy  all  the  multipliers  of  the  powers  of  x  in  R,  the  equation  R=0  would 
not  give  an/  value  of  x.  In  fact,  it  can  be  proved,  by  a  method  similar  to  that 
which  wo  have  employed  with  reference  to  the  general  equation  of  the  second 
degree  (Art.  191),  that  if  in  an  equation  of  the  form  Sj:"+Hx°~*4"Kj:"~^ 
-{-••.  =0,  we  suppose  that  the  quantities  which  enter  into  the  coefficients 
S,  H,  K,  &c.,  are  of  such  a  nature  that  wo  have  8=0,  H=0,  &c.,  the  equation 
has  infinite  roots  equal  in  number  to  the  consecutive  coefficients  which  are  re- 
duced to  zero.  But  it  should  be  remarked  that  the  theory  by  which  we  have 
proved  that  the  solutions  of  systems  (2)  are  the  same  with  those  of  the  system 
A=:0,  B=0,  only  applies  to  solutions  expressed  by  finite  values  of  j:  and  y. 

To  prove  that  the  solutions  of  systems  (2),  in  which  the  value  of  x  is  in- 
finity, also  suit  the  proposed  equations  A:=U,  B=:0,  suppose  that  y=i^,  veri- 

fying  the  equation  -7=0,  causes  one  or  more  of  the  multipliers  of  the  higher 

tti 

powers  of  T  in  R  to  vanish.     If,  in  the  two  members  of  the  equality  (4)  we 

make  2/=/^»  the  term  MRj-r  will  be  reduced  to  zero,  and  the  degree  of  the 

a  I 

term  MiR  will  be  lowered  with  respect  to  x  one  or  more  units. 

Again,  we  can  not  suppose  tliat  the  terms  of  MiR,  which  are  reduced  to 

zero,  have  been  destroyed,  until  we  have  made  y=/3  in  llie  terms  of  MRj-r-, 

'n 

because  the  decrees  of  A,  B,  R,  Ri,  &c.,  are  decreasing,  and  we  see  without 
difficulty,  from  the  relations  which  exist  between  M,  Mj,  M^,  &:c.,  that  the 
degrees  of  these  quantities  with  respect  to  .r  go  on  increasing.     It  will  be 

necessary,  then,  in  oi*der  that  y  may  have  the  value  /?,  that  the  degree  of -yv-A 

with  respect  to  x  be  lowered  as  many  units  as  the  degree  of  R  is  lowered. 
We  can  prove,  in  the  same  manner,  tlint  the  value  y=;^  ought  also  to  cause 
one  or  more  of  the  coefficients  of  the  higher  powers  of  j-  in  B  to  vanish.  The 
equations  A  =  0,  B  =  0  will  give  then  fur  ?y=/^  one  or  more  infinite  values  of  or. 
As  te  tile  reciprocal  proposition,  that  tlie  solutions  of  the  equations  A=0, 
B:=0,  in  which  x  is  infinite,  ought  to  be  found  among  the  solutions  of  systems 
(2),  it  is  not  the  fact,  as  will  be  seen  in  the  second  example  following. 

EXAMPLE  I. 

(2/-l)^+?/(y+lK^+('V+y-2)ar+2y=0. 
{y-l)j^+rAy+l)x+3f-^l=0. 
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The  first  division  gives  at  once  the  remainder  {y — l)x-^2y ;  taking  this  re- 
mainder for  a  divisor,  we  obtain,  without  any  preparation,  the  remainder  y*— >!• 
We  shall  obtain  then  all  the  solutions  of  the  proposed  system  by  rMolving  the 
equations 

3^'»-l=0,  (y—l)x+2y=0: 

The  first  equation  gives  yz=:^l.  For  the  value  y^  —  1  we  fiod  xss— 1, 
and  this  system  will  satisfy  the  proposed  equations.  For  the  value  yses^I 
we  find  x=rac.  This  system,  also,  will  satisfy  the  proposed  equations;  for 
dividing  each  of  these  equations  by  the  highest  power  of  x,  and  taking  z=go, 
the  two  equations  will  be  reduced  to  ^  — 1=0. 

EXAMPLE  II. 

(y-l)^'+.V^+2/'-2i/=0, 
(y— l)T+3(=0.     ' 

The  division  gives  the  remainder  y'^ — 2y=:0  ;  the  solutions,  therefore,  of  the 
proposed  equations  depend  on  the  systoin 

2/«-Q»/=0,  (7/-l)2r+y=0. 

These  equations  give  the  two  systems 

2/=0,  2:=0  ;  y=z2,  x=:  —2. 

But  the  proposed  equations  possess,  besides,  another  solution,  y=:I,  T=aD, 
since  the  value  2/=l  causes  tlie  multiplier  of  the  highest  power  of  x  in  each 
of  these  equations  to  vanish. 

3*22.  The  following  method  of  elimination  avoids  the  introduction  of  foreign 
roots,  and  enables  us  to  determine  the  degree  of  the  final  equation  : 

Let  equation  A  or  2r™+P.r'"~'4"Q^~^ 4"^^-*'+  ^^  ^^  supposed  equid  to 

(2-— n)(j-"-»+Aa:"'-34.Ba-"-34.,  (kc.)    .  .  .  .  C; 
and  equation  B  or  ar"+P'j"-^+Q'.r»-2  . . .  +T'x+V'  to 

(j:— a)(j:'-^  +  A'.r''-^+BV'-^+,  &c.)  .  .  .  .  D; 
also,  let  equation  A  bo  multiplied  by  jr''~^4"-^'-'*"~'4"l^'^~'»  ^c.,  and  equation 
B  be  multiplied  by  a:•"~*-|-'^•^'"~^+I^•^''"~^  ^^-y  ^^  ^^  evident  that  the  products 
must  be  equal ;  therefore, 

(j:°»4.Pj"^-»4-Q.i-™--+,  cV:c.)(.r"  '  +  A'^«  -+B'x"-34.,  &c.)  =  (a"  +  P'x"-^  + 
QV-^4-,  ^cjlj^-^  +  Ax^'-^+B^'"  3+,  6cc.) E. 

Performing  tlie  multiplicJitions  and  making  equal  to  each  other,  the  coefid- 
cients  of  the  same  powers  of  x  (Art.  '200),  m-{-n  —  1  equations  ai*e  obtained 

between  the  indeterminate  quantities  A,  B,  C, . . . .  A',  B',  C, Now, 

the  number  of  indeterminate  quantities  in  equation  C  is  m — 1,  and  in  equation 
D,  n — 1  ;  therefore,  ihe  number  in  equation  E  is  m-{-n — 2.  Of  the  tn-\-n — 1 
equations  7n-{-Ji — 2  suHice  to  determine  A,  B,  C, . .  .A',  B',  C, . . . . ;  and  one 
equation  remains  between  P,  Q,  R  . . . .  P',  Q',  R' . . . .,  which  it  is  necessary 
to  satisfy  in  such  a  manner  that  the  equations  C\  D  may  have  a  common  di- 
visor, X — a;  this  equation  of  condition  is  the  final  equation  required. 

Since  none  of  tlie  iudetenninate  quantities  A,  B,  C. . .  A',  B',  C  . . . .  is 
multiplied  by  itself,  tho  equations  by  means  of  which  these  quantities  are  de- 
termined are  of  the  first  degree. 

The  final  equation  being  resolved,  and  the  values  of  y  successively  substituted 
in  A,  B,  C, . . . .  A',  B',  C, . . .,  the  results  are  obtained  from  the  division  of  the 
polynomials  C,  D  by  the  common  divisor  x — a. 
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If  the  equations  A,  6  ore  incomplete,  the  two  products  £  can  not  be  com- 
plete polynomials  of  the  degree  tn-^-n — 1 ;  but  the  terms  which  are  de6cient 
in  the  one  are  found  in  the  other.     For,  taking  the  least  favorable  case,  viz., 

ar»+P=0;  x»4-P'=0; 

the  identity  which  results  from  the  equality  of  the  two  products  is 

(a-+P)(a-->+A'x»-«+,  &c.)=(x'»+P')(a«-»+Aj:«-«+,  &c.) 

EXAMPLE. 

Let  a:«+Px+Q=0; 

a:a4.P'x4.Q'=0. 

Denoting  by  x — a  the  factor  which  is  to  be  rendered  common  to  these  equa- 
tions by  the  suitable  determination  of  y,  the  first  equation  may  be  considered 
the  product  of  x — a  by  a  factor,  r-f- A,  of  the  first  degree ;  and  the  second  the 
product  of  :r — a  by  a  factor,  x-f-A',  also  of  the  first  degree. 

.-.  2«+P  T+Q  =:(x— a)(x+A), 
x3+P'x+Q'=:(x— o)(r+A'j, 
and  (x«+Px+Q)(x+A')=(^+P'^+Q')(f+A), 


or  r»4-P 

+  A' 


+  PA' 


+AP' 


x+AQ'. 


x+QA'=x34-P' 

Making  the  coefficients  of  the  same  powers  of  x  equal  to  each  other, 

P+A'=P'+A      or        A— A'=:P— P' (1) 

Q+PA'=Q'+AP'or  AP'  — PA'=Q— Q' (2) 

QA'=AQ'         or  AQ'— QA'=0 (3) 

By  mean  of  these  three  equations  of  the  first  degree  the  two  indeterminate 
quantities  A,  A'  can  be  eliminated,  and  a  single  equation  obtained  in  terms  of 
the  quantities  P,  Q,  P',  Q'. 

For,  if  from  equation  (1),  multiplied  by  P,  or  AP  — PA'=(P— P')P,  equa- 
tion (2)  be  subtracted,  or  AP'  —  PA'=Q — Q',  the  remainder  is 

AP— AP'  =  (P— P')P— (Q— Q'). 

(P-P')P-(Q-Q') 


Whence  A  =: 


P  — 1 


if 


Similarly,  A'= vZTP'  * 

If  these  values  of  A,  A'  are  substituted  in  equation  (3), 
(P_F)P-rQ-Q')  (I>_P')P'_(Q_Q>) 

p p/  X  Vc  —  p p^  X  Vc=v, 

or  (P-P')PQ'-(Q-Q')Q'-(P-P')QP'+(Q_Q')Q=0, 

or  (P-P')(PQ'_QP')  +  (Q_Q')(Q-.Q')=0, 

or  (P-P')(PQ'-QP')  +  (Q-Q')'^=0. 

The  quantities  P,  P',  Q,  Q',  containing  only  y  and  known  quantities,  this  is 
the  final  equation  in  y. 

It  has  been  already  noticed  that,  if  this  equation  is  identical,  the  proposed 
equations  have  at  least  one  common  factor  of  the  form  x — a,  whatever  be  the 
value  of  y  ;  and  that,  if  it  contuios  only  known  quantities,  these  equations  are 
contradictory. 

When  the  final  equation  has  the  proper  form,  the  factor  x — a  is  obtained  by 
dividing  the  first  of  the  proposed  equations  by  x-f-A ;  thus, 
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X+A)  3^+Vx+q^  (x+P— A 

(P— A)j:+(P— A)A 


(4-(P— A)PA. 

The  quotient  is  x-f-P — A,  and  the  remainder  is  considered  equal  to  zero, 
because  it  is  reduced  to  zero  by  the  substitution,  for  y,  of  a  value  deduced 
from  the  final  equation. 

Making  the  quotient  r-f-P  —  A  equal  to  zero,  the  value  of  x  is  x=sA — P, 
and  by  substituting  the  value  of  A, 

(P-P')P-(Q-Q')    p 

•"' —  p p/  -^^1 

Q-Q' 

or  x=  — p— p7. 

This  example  is  given  as  an  illustration  of  the  general  method.     From  its 
particular  form  it  admits  of  resolution  by  another  and  a  much  shorter  process. 
For  if  from  a:«+Px+Q=0 

a:«+P'x+Q'=0  is  subtracted, 
the  remainder  is 

(P-P')x+Q— Q'=o; 

Q-Q' 


P-P'* 


OF  THE  DEGREE  OF  THE  FINAL  EaUATION. 
323.  The  degree  of  the  final  equation  can  not  bo  depressed  by  the  reduction 
of  each  of  the  coefficients  P,  Q,  R  . . .  P',  Q',  R' . . .  in  the  equations 

x»+Px»-i+Qx™-«  ....  +Tx+V=0, 
j:°+P'j:— »-fQ'x— «   ....  +T'j:+V'  =  0, 

to  the  term  of  the  highest  exponent  in  y  which  it  contains  ;  for  the  degree  of 
each  of  the  equations  is  not  changed  by  the  reduction.  Therefore,  the  reason- 
ing may  be  applied  to  the  equations 

xn+ayr^-^+i/jr^-^ +<^™-»r+ry'°=0  ....  (1) 

a*+a'yx»-i-f6yx"-« +t'y'^^x+vY=zO  ....  (2) 

which  are  of  the  same  degree  respectively  as  the  preceding  equations.  The 
latter  are  reducible  to 

(x\"        /r\™~*        /x\"*~*  X 

+  *'(-)        +<'-+«^=0     (4) 


©■+«•© 


in  which  the  unknown  quantity  is  -,  and  a,  &,.../,  v;  a',  &',...  t\  if,  are 

numbers. 

Denoting  by  a,  /?,  y . . .  the  numerical  roots  of  equation  (3) 
and  by  a',  /?',/...  the  numerical  roots  of  equation  (4) 
these  equations  may  be  decomposed  into 
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Whence     (r— ay  )(x— %  )(^— 7^  )»  &c.  =0 (5) 

(z-cy')(x-/3'y)(x-/3/),  &c.  =0 (6) 

SubstitutiDg  ia  equatiou  (5)   the  roots  of  x  from  equation  (6),  viz.,  a'y, 

/9'y,  &c.,  ^ 

(a'y-'ay){a'y^fiy)(a'y-'yy),  &c.  =0, 

(jry-<^yWy-^yWy-yy),  &c.  =o, 

(/y— oy)(/y— '^K/y— ry)»  *^c.  =o. 

Or,  since  the  number  of  factors  in  equation  (5)  is  m,  and  the  number  of 
roots  in  equation  (6)  is  n, 

^"(a'— c)(a'— /3)(a'  — )),  &c.  =0, 
y«(/3'-a)(^-/?)(/3'-y),  &c.  =0, 
2/"(/-c)(/-/3)(/-y),  &c.  =0. 

Consequently,  there  are  n  equations,  each  of  the  degree  m ;  these  give  all 
the  solutions  in  y.  The  product  of  these  roots  (or  solutions)  of  y  is  the  final 
equation,  since  it  becomes  zero  for  all  the  values  of  y  which  render  its  factors 
zero,  and  only  for  these  values.  Now,  this  product  is  evidently  of  the  degree 
mn.  Consequently,  the  degree  of  the  final  equation  (unless  roots  not  belong- 
ing to  the  proposed  equations  are  introduced  by  the  process  of  elimination) 
can  not  exceed  the  product  of  the  degrees  of  the  proposed  equations. 

It  ought  to  be  observed  that  the  numerical  values  of  the  roots  of  y  are 
changed  by  this  process,  but  that  their  number  remains  undisturbed  by  it. 

IRRATIONAL  EaUATIONS. 

324.  All  the  direct  methods  employed  for  the  solution  of  equations  suppose 
that  the  unknown  quantities  in  them  are  not  affected  with  any  radical  sign ; 
when,  therefore,  the  unknown  is  found  under  a  radical  sign,  it  will  be  neces- 
sary, before  applying  the  process  of  solution,  to  employ  some  preparatory 
method  of  rendering  the  equation  rational.  Such  a  method  is  at  once  sug- 
gested by  the  theory  of  elimination.  For,  if  we  equate  each  of  the  irrational 
teims  with  an  unknown  quantity,  and  remove  the  radical  from  each  of  these 
Dew  equations  by  involution,  we  shall  have  a  series  of  equations  (including  the 
original  one,  with  its  irrational  terms  replaced  by  the  new  symbols)  without 
radicals,  from  which  the  quantities,  temporarily  introduced,  may  be  eliminated, 
and  thence  a  rational  equation  obtained,  involving  only  the  original  unknown 
quantities. 

The  following  examples  will  fully  illustrate  the  mode  of  proceedings : 

(1)  Let  the  equation  be 
Put 


y=  V-c— 1,  2=  V-^+i ; 

and  we  then  have  the  three  following  rational  equations,  from  which  we  may 
eliminate  y  and  z,  viz., 

?/3=T  — 1,  z^=zx+l,  X— y4-2  =  0. 

From  the  last  equation  we  get  y  =:j:-f-r,  and,  by  substituting  this  value  in  the 
first,  y  becomes  eliminated,  and  we  have  these  two  equations  in  x  and  z,  viz., 

2«+2x2+x*— ar+l=0 ; 
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and,  to  elimiDate  r  from  these,  wo  apply  iho  process  expluinod  in  the  preceding 
articles,  and  thus  get  the  final  equation 

(2)  Let  the  equation  be 

VTr+7+2  Vx— 4s=l. 
Putting 

y=  V4j:+7,  2=  \/j^— 4, 

we  have  the  system  of  equations 

y^=4x+7,  22=r— 4, 
y+22  =  l. 

EXPONENTIAL  EaUATIONS. 

325.  An  expcnential  equation  is  an  equation  in  which  the  unknown  appears 
in  the  form  of  an  exponent  or  index ;  Uius,  the  following  are  exponential  equa- 
tions : 

a*=6,  r*=a,  a^  :=c,  z*  =«,  &c.* 

To  resolve  the  equation 

10^=2 

put  xz=z—^  then 

10*'=2  .-.  10=2^'. 

The  value  of  x'  lies  evidently  between  ',\  and  4 ;  place  it,  therefore,  equal 
to  3  plus  au  unknown  fractioUf  and  wo  shall  have 

I  1 

10=2'"'"«'',  or  10=23X2'^' 

10        »          /5\*"' 
. 01*     .    I- 1    o 

"8 •  •  \4/ 

The  value  of  x"  lies  evidently  between  3  and  4,  .*.  place 

and  proceed  as  before.     The  value  of  x  is  thus  obtained  in  a  continued  fraction* 

1       1  1 

X =-     1   =-     1 

x'     3+i      3+i 

^x"        ^3+a:'",  &c., 

which  mny  be  carried  to  any  extent  at  pleasure,  and  the  value  found  by  the 
method  explained  hereafter.     (See  Continued  Fractions.) 

When  the  equation  is  of  the  form  a*=:fo,  or  a^^  =.c^  the  value  of  x  is  readily 
obtained  by  logarithms,  as  we  have  already  seen  in  Art.  220.  But  if  the  equa- 
tion be  of  the  form  a:*=a,  the  value  of  x  may  bo  obtained  by  the  rule  of  double 
^position,  as  in  the  following 

EXAMPLE. 

Given  x'=100,  to  find  an  approximate  value  of  x. 

*  Exponential  eqaationa,  and  thnso  in  which  logarithms  of  unknown  quantities  enter, 
belong  to  a  class  called  transcendental. 
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The  value  of  z  is  evidently  between  3  and  4,  since  S'sST  and  4^=256 ; 
hence,  taking  the  logarithms  of  both  sides  of  the  equation,  we  have 

X  log.  1=  log.  100=2.* 


First,  let  ri=  3*6 ;  then 

3-5  log.  3-5=    1-9042380 

true  no.  =   2-0000000 

error  =—-0957620 


Second,  let  X4=   3*6  ;  then 

3-6  log.  3-6=   2-0026890 

true  no.=    2-0000000 

error  =  +  -0020890 


Then,  as  the  difference  of  the  results  is  to  the  difference  of  the  assumed 
numbers,  so  is  the  least  error  to  a  correction  of  the  assumed  number  corre- 
sponding to  the  least  error ;  that  is, 

•098451  :  -1  : :  -002689  :  -00273 ; 

hence  ar=3-6— -00273=3-59727,  nearly. 

Again,  by  forming  the  value  of  x^  for  r= 3-5972,  we  find  the  error  to  be 
—0000841,  and  for  x=3-5973,  the  error  is  + -0000149 ; 

hence,  as  -000099  :  -0001  : :  -0000149  :  -0000151 ; 

therefore,  x=3-5973  — -0000151=3-5972849,  the  value  nearly. 

EXAMPLES  FOR  PRACTICE. 

(1)  Find  X  fi-om  the  equation  x'=5.  Ans.  2*129372*. 

(2)  Solve  the  equation  x'  =  123456789.  Ans.  8-6400268. 

(3)  Find  x  from  the  equation  z'=2000.  Ans.  4-8278226. 

DEMONSTRATION  OP  THE  BINOMIAL  THEOEEM. 

CASE  I. 

326.  If,  at  Prop.  V.,  Art.  245,  we  suppose  the  second  terms  a^,  Og,  as,  ^.,  of 
the  binomials  to  be  all  positive  instead  of  negative,  and  all  equal  to  a,  then  the 
products  two  and  two  will  aU  become  a^ ;  those  three  and  three,  a',  and  so 
on ;  and,  by  recurring  to  Art.  203,  wo  perceive  that  the  number  of  combina- 
tions or  products  two  and  two,  if  we  suppose  that  there  are  n  binomials,  will 

^^    n(n— 1)     ^            ^       ^            J    u        u    w(n— l)(n— 2)       ^ 
be  expressed  by  — ^^-~»  the  number  three  and  three  by — ~- ^,  and 

SO  on.     Hence,  where  n  is  a  whole  number, 

n(n— 1) 
(x+a)"=r°+naa:»-»4—y-r-^a^x°-2+,  &c.,  +a», 

or 

(a+T)"=a°+na'»-»x+Aa°-^a:«+Ba"-3x3+,&;c (1) 

by  reversing  tlio  order  of  the  terms,  and  disregarding  the  particular  form  of 
the  coefficients  after  the  second  term. 

CASE    II. 

If  the  exponent  be  fractional,  we  have 


m 


(a+x)''  =  V(«+^r=  V«'°+'wa'°-»x+Aa'"-*2'^+,  &c. 


*  In  equations  of  this  kind  the  foUowinjL^  method  may  be  adopted :  Let  ai'=a ;  dien 
X  log.  a:=  log.  a ;  pat  lop.  jr=y,  and  lotr.  a=b ;  then  xy^=b,  and  log.  x-f-  log.  y=  log.  b ; 
hence  y-f-  log.  y=  log.  b.    Now  y  may  be  found  by  doable  position,  as  above,  and  then  x 

becomes  known.    When  a  is  less  than  auity,  pat  x=-  and  0=7;  then  we  have  ^'srjf 

.*.  y  log.  b=:  log.  y,  and  if  log.  6=c,  and  log.  y^z  ;  then  cy=z,  and  log.  c-\-  log.  y=  log.  sr, 
or  log.  r-f-2=:  k>g.  z.  Hence  z  may  bo  found  by  the  preceding  method,  and  then  y  and  z 
become  known. 
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Applying  the  rule  at  Art  113  for  extracting  the  root  of  a  polynomial,  the 

m 

first  term  of  the  root  will  be  a  °  ;  the  divisor  of  tlio  second  term  of  the  given 

(mV        -  in—" 

a^f      zszfia     B  ;  and  the  quotient  or  second  term  of  the  root 

will  be  -  a°^    ^"  n'x:=-an    x.    When  the  two  tenns  of  the  root  thus  found 
n  n 

are  raised  to  the  n^  power,  and  subtracted  from  the  given  polynomial  accord- 
ing to  the  rule,  the  first  two  terms  of  the  lat^r  will  be  canceled,  and  the  next 

m— _  iii-~S 

highest  power  of  a  to  be  divided  by  the  constant  divisor  na     »  will  be  a 
multiplied  by  z^,  and  the  quotient,  which  is  the  third  term  of  the  root,  will 

(fn\      m 
m — —  j  = 2  with  a:^,  and  so  on,  so  that  the 

root  may  be  written  under  the  form 

m     m  -—I  -—2  "-3 

an^-^n    x+A'an    jfi-\'B'a'^    r*+i&c., 

the  same  form,  so  far  as  regards  the  exponents,  ns  when  the  exponent  is  a 
whole  number.  The  coefficients  will  be  examined  for  this  and  the  next  case 
together. 

CASE    III. 

When  the  exponent  is  negative,  either  entire  or  fractional,  as  a  consequence 
of  what  has  just  been  demonstrated,  we  have 

_^____1 1 

But  if  the  division  be  effected  according  to  tlie  ordinary  rules,  the  quotient 
will  be  indefinite,  and  of  the  furm 

a-'°— ma-»-»j:+A"a-"~*r»+,  &c. ; 

then,  whatever  be  the  exponent  of  a  binomial,  its  development,  as  to  the  co- 
efficients of  the  first  two  terms  and  the  exponents  of  all,  is  of  tlie  same  form, 
▼iz.,  that  indicated  by  equation  (1). 

Now,  to  examine  the  coefficients  of  the  other  terms,  for  the  sake  of  gen- 
erally, I  shall  consider  two  consecutive  terms  of  any  rank  whatever,  and  I 
shall  write 

(a -f.  x)" = a"* + ma™-ix . . . -t- Ma'"-"^:" + Na"-*-* j:"+* -t- ,  <kc. 
Let  us  change  throughout  x  into  x-\-y  ;  as  the  unknown  coefficients  con- 
tain neither  a  nor  r,  the  above  expression  becomes 

(a-\-x-\-y)"'^a"'-^ma'"-^{x+y) .... 
.   .+  Ma'°-»(T-t-y)°4-Na»-''-»(r+y)»+i+,  &c. 

By  changing  a  into  a-f  ^,  we  should  have  found 

(a+y+r)"=(a+.vr-t-m(a+y)'»-'x... 
^-M(a+y)'"-"J:"  +  N(a+^)'»-"-»x"+»  +  ,&:c. 

In  the  two  preceding  equalities  the  first  members  are  equal,  therefore  the 
second  members  must  be  equal  also ;  nnd  this  is  the  case  whatever  \alues  x 
and  y  may  have.  Then,  if  they  be  arranged  according  to  the  powers  of  y, 
they  must  be  identical.  It  is  true,  they  contain  binomials,  but  we  know  the 
first  two  tenns  of  each  of  those  binomials,  so  that  we  can  form  the  part  which, 
in  each  second  member,  contains  y  to  the  first  degree,  and  that  will  suffice  for 
our  purpose.  Designating  it  by  Yy  in  the  one  and  by  Y'y  in  the  other,  it 
18  easy  to  find 
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Y'=i7W»-> ^.M(m— n)a»-— »a:»+N(wi— n— l)a''-"-«a-+» 

These  two  quantities  must  be.  equal,  whatever  l)e  the  value  of  x ;  the  co- 
efficientSf  therefore,  of  the  same  powers  of  r  must  be  equal.  Conskleriiig 
only  those  which  pertain  to  a"'~°~'x'',  we  have 

N(n+1)  =  M(»»— n) .-.  N=    ^T^     « 

We  see  by  this  according  to  what  law,  in  the  development  (1),  any  coeffi- 
cient whatever  is  formed  from  the  preceding.  It  is  the  same  that  we  have 
found  for  the  case  of  a  positive  exponent  (Art.  107,  IV.) ;  and  as  we  have 
seen  that  the  first  two  terms  are  composed  in  the  same  manner,  whatever 
be  the  exponent  m,  it  will  be  so  also  with  all  the  other  terms. 

An  abbreviate  notation,  sometimes  employed  to  express  the  coefficients  of  -» 
the  binomial  formula,  is  the  initial  letter  B  of  the  word  binomial,  with  the  ex- 
ponent  of  the  power  of  the  binomial  before  it,  and  the  order  of  the  coefficient 
above.     Thus,  the  coefficient  of  the  1°  term,  if  the  exponent  be  n,  is  ex- 

pressed  by  "B  ;  of  the  2°,  »B ;  of  the  3°,  "B,  &c. ;   of  the   it***,  term 

n(n— l)...(n— Ar+l)         k 

T by  °B,  or  otherwise  simply  n^. 

JL  .<w.«3...At 
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a! 
327.  To  develop  the  expression         .    in  a  series,  place 

a' 

.=A4-Bx+Ca:«-t-,  &c.. 


and  proceeding  by  the  method  of  undetermined  coefficients,  explained  at  Art. 
209,  wo  find 

a'  h  h  h 

A=-  B  =  — A,  C  =  — B,  D  =  — C,  &c. 
a  a  a  a 

From  which  we  perceive  that  each  coefficient  is  obtained  by  multiplying  the 

h 
preceding  by .     Here  the  series  is  a  simple  geometrical  progression. 

Proceeding  in  a  similar  manner  with  the  fraction 

-^:— ^=A+Bx-t-Cj:^4.,  &c., 
a4-o-^+^  III 

we  obtain 

a'  h'  —  Ab  c        b  c        b 

A=-,  B= ,  C  = A B,  D=— B— C,  &c. 

a  a  a        a  a        a 

Here  each  coefficient  from  the  3°  is  the  sum  of  the  two  preceding,  muM- 

c  b 

plied  respectively  by  —  -  and  — -,  or  each  term  is  the  sum  of  the  two  pre- 

cjfi  b.T 

ceding  multiplied  by and  — — . 

Again,  in  the  development  of 
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each  term  will  be  composed  of  the  three  preceding,  multiplied  respectively  by 

dx^       CT«       hx 
*~  a  '       a '       a' 

Finally,  it  becomes  now  evident  that  in  general  a  fraction  of  the  form 

a' -f  h'x-^-c'T^  .  .  .  -^h'x^-^ 
a  -^hx-^cj^  ,  .  .  4-^'^" 
produces  a  series,  each  term  of  which  from  the '(m  4-1)^  is  composed  of  the 

k  h  c  h 

m  preceding,  multiplied  respectively  by  — -x",  — -i*»^^  . . .  — -i^,  — -x. 

Series  of  this  form  are  called  recurrent,  and  the  assemblage  of  quantities  by 
which  it  is  necessary  to  multiply  several  consecutive  terms  to  obtain  the  fol- 
lowing term,  is  called  the  scale  of  relation  of  the  terms. 

328.  Problem. — A  recurring  series  being  given,  to  return  to  tJie  generating 
fraction. 

In  this  enunciation  it  is  supposed  that  the  recurring  scries  is  arranged  with 
respect  to  an  indeterminate  r.     Let 

S=A-fBx+Cj-3+.  .  . 

be  such  a  series,  having  for  a  scale  of  relation  [px^,  q3^,  rx].  Since  this  scale 
contains  three  terms,  tlie  generating  fraction  is  of  the  fonn 

a'+b'x+c'jfl 
a-\-bx-\'Cj^-^dx^' 

If  this  fraction  had  been  given,  we  have  seen  that  the  scale  of  relation  would 

[d.          c  b  I 
3^, z*,  — -X  1.     But  the  generating  fraction  can  be  written  thus, 

a'     b'  d 

a  ^  a  '  rt 

"6        'c  J~' 

'  a    '  a  'a 

and  then  we  perceive  that  the  tlu*ee  terms  in  x  of  the  denominator  can  be  at 
once  obtained  by  taking  those  of  the  scale  of  relation  with  contrary  signs. 
Thus,  we  can  put  the  generating  fraction  under  the  form 

1  —  rx — qx-  — pi?^ 
and  wo  shall  only  have  to  determine  o,  /?,  7.     To  do  this,  place 

1 — rx — qx^ — ^^.r*  1  1  1  ' 

and  since,  after  clearing  it  of  fractions,  the  equation  ought  to  be  identical  in 
form,  we  derive  from  it,  having  regard  only  to  the  first  three  terms, 

a+i32:+>'j:«=A+B    i-+C 

— Ar    —Br 
-A7 

Consequently,  we  shall  have  for  the  generating  fraction 

A+(B— Ar)j--f(c— Br— A7)T^ 
1 — rx — qj?^-p3? 


i 
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For  example,  let  S=l— 2x — j:*— 5r'+4a:*-^  . . .  be  a  recurriog  series, 
whose  scale  of  relation  is  [-f-^t  +4z^,  — 2x],  Taking  the  above  formula,  we 
shall  have 

A=l,  B  =  — 2,  c=— l,jp=l,  5=4,  r=-.2, 
and  we  shall  find 

1— 9z« 

329.  Problem. — A  series  being  given,  to  determine  whether  it  he  reeurringi 
and,  in  this  case,  to  return  to  the  generating  fraction. 
Let  the  given  series  be 

S=A+Bx4.Cx«+Dr»H 

Let  us  determine  first  whether  it  bo  equal  to  a  fraction  of  the  form         ,  , 

a' 
and  place  S=    ,  ,  .    From  this  equation  we  derive 

1      a+hx     a      h 

the  quotient,  therefore,  of  (1),  divided  by  the  series,  ought  to  be  exact,  and  of 
the  form  p'^-qx.    Then  the  generating  fraction  will  be  expressed  thus : 

p+qx 

If  the  division  does  not  stop  at  the  second  term  this  series  will  not  be  recur- 
ring, or  elso  it  will  arise  from  a  more  complicated  fraction. 

a'+b'x 
Place  S= — ;-T — ; — -Si  we  shall  have 

]      a+hx+at^^  a"  3^ 

S'^    a'J^h'x    — ^+^^+a'+6'z' 

that  is  to  say,  dividing  (1)  by  the  series  S,  if  we  stop  the  division  after  we 

have  obtained  as  a  quotient  terms  of  the  form  P'\'qx,  the  series  Si2^,  which  is 

the  remainder  that  we  then  have,  and  which  is  always  divisible  by  3?,  will  be 

Si  a" 

such  that,  after  we  have  removed  thb  factor,  we  must  have  -5  :=,.,.. 

S      a'-^bx 

Hence  we  derive 

S     a'+6'i 

that  is  to  say,  the  new  division  ought  to  terminate  at  the  second  term  in  the 
quotieot ;  and  then,  to  find  the  generating  fraction,  we  shall  have  the  two 
equations 

1  S        S 

whence 

1  S,  1 


S  = 


p  +  qx+^j^      ^^  +  ^^"' 


Consequently,  the  generating  fraction  will  be 


(i'+?-f)(i'»+7i^)+a:*' 
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Suppose  that  the  quotient  of  S  by  Si  is  not  exactly /7i4-9i^  >  if  the  series 
18  recurring,  it  wiU  be  of  an  order  superior  to  the  second.     Let  us  examine  if 

we  can  have  S  =  — r-j — ; — ^  ,    .  ,» 

We  derive  from  this  equation 

1  a"+b"x 

that  is  to  say,  after  having  obtained  the  fu'st  two  terms  of  the  quotient  of  1, 
divided  by  the  series  Si,  we  shall  find  fur  a  remainder  a  series,  all  of  whose 
terms  will  contain  a^ ;  and  if  we  designate  this  remainder  by  SiZ^,  we  shall 
have 

S,         a"+b"x 


This  equality  gives 


S~a'+b'x+c'j^' 


S  a'" 

hence,  designating  by  S^j^  the  series  which  wo  fmd  for  a  remainder  after 
having  carried  the  division  of  the  serio:)  8  by  the  series  Si  to  the  terms  of  the 

quotient  j?!-!'?!^*  we  should  have 

S>         a'" 
W~a"  +  b''x 

From  this  last  equality  we  derive 

S.         ^ 

Here  the  operations  stop  ;  for,  returning  to  the  generating  fraction,  we  shall 
have  the  equations 

1  S       S  S       S 

and  from  these  equations  wo  derive 

g  1  Si_ 1^ S,  1 

Si       S  S.»      Si     PiA-Q^ 

p+q^+-^^'        Pi-hqiT+^^j^        ^'^^*^ 

We  have,  then,  only  a  few  substitutions  to  make  in  order  to  obtain  a  frac- 
tion equal  to  S. 

Without  proceeding  further,  tlie  reader  will  doubtless  perceive  that  the 
successive  operations  for  finding  the  quotients  2'-\'q^*  Pi-\-qiJ^i  &c.,  and  for 
returning  to  the  generating  fraction,  bear  a  striking  analogy  to  those  which  are 
necessary  in  reducing  an  ordinary  fraction  to  u  contirued  fraction,  and  in  re- 
turning to  the  ordinary  fraction.  This  observation  will  take  the  place  of  a 
general  rule.  If  we  arrive  at  a  division  which  gives  an  exact  quotient  of  the 
form  p-\'qXj  we  know  that  the  series  is  recurring.    (See  Contin.  Fractions.) 

EXAMPLE. 

Suppose  we  wish  to  determine  whether  the  series  of  numbers  1,  2,  3,  &c., 
be  recurring.  It  is  not  this  numerical  series  which  we  must  consider,  but  the 
equation 

S=:l  +  2j:4-3j«+4r'+  . . . 

We  perceive  that  the  operations  will  be  performed  as  follows : 
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Division  of  I  by  S 
1  i4.2j+3j:*+4a:»+ 

1  +  2x4- 3x2+ 4r»+ 1  ^2x 


— 2x— ar"'— 42r>— 5x* 

x»+2r»+3r<4 = SiX«. 

'  Division  of  S  by  Si. 

l  +  2a:+3x3+4r»+  . 
1+oj+3j:2+4^+  . 


l+o,.+  .'5.r7+4£+ 


0 

1  S,       S 

Hence,  the  series  S  is  recurring,  and  we  have  ^=1— 2x+ g"^*  s*~^* 

1            S  1 

We  derive  from  this  S= n «-^l ;  consequently,  S=   ox-^x^ 


-(l-x)»- 

Remark. — In  finding  a  rule  to  determine  whether  a  scries  is  recurring,  we 
have  considered  the  series  as  derived  from  a  fraction  whose  numerator  is  of  a 
degree  inferior  to  the  dcnouiinutor.  But  even  if  this  lost  condition  does  not 
have  place,  it  is  easy  to  perceive  that  tlie  same  explications,  and,  consequently, 
the  same  rule,  will  always  subsist. 

329.  Problkm. — To  find  the  frencral  term  of  a  recurring  series. 
Suppose  that  the  series  has  for  a  generating  fraction 

fl+Ax  + I-^j:"     ' 

We  can  write  this  fraction  thus : 

F={a'+b'x . . .  +///j:'"-»)(fl+6xH \-kx")-K 

It  is  evident,  then,  that  by  dov(»loping  Uio  power  — 1,  obtaining  the  product 
of  the  two  factors  in  this  equation,  and  taking  in  this  product  the  part  which 
contains  x  to  any  power  wliatsoever,  we  shall  have  the  general  term  of  the  re- 
curring series.  But  tlie  problem  is  resolved  ordinarily  by  another  process, 
which  I  proceed  to  exhibit. 

We  divide  first  all  the  terms  of  the  fraction  F  by  A*,  and  write  it  under  the 
form 

XT_    a'x'"-^  +  3'x'^-^J{ 

V~x'"+ax"-  '+.'^x  "  «4 * 

The  fraction  is  supposed  in  all  cjises  to  b(»  reduced  to  its  most  simple  form, 
so  that  U  has  no  common  factor  with  V. 

We  decompose,  then,  the  denominator  into  binomial  factors,  such  as  T+a, 
whether  it  bo  by  equating  tliis  denominator  to  zero,  or  by  some  other  method, 
and  then  the  fraction  is  regarded  as  resulting  from  the  addition  of  many  others, 
which  have  for  denominators  these  different  factors.  We  determine  aD  these 
paitial  fractions,  and  then  form  the  general  term  of  the  development  of  each ; 
then,  taking  the  sum  of  these  general  terms,  we  shall  have  the  genera]  term 
of  the  recurring  series. 

In  this  decomposition  into  partial  fractions  it  is  necessary  carefully  to  dis- 
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thigaish  in  V  the  simple  factors  from  those  which  are  raised  to  powers  iTor 
each  simple  factor  x-f-a  we  shall  take  a  fraction  of  the  form  ' 

M 
For  each  factor,  such  as  (2*4-^)"^  ^^  might  take  one  of  the  form 

but  it  is  more  convenient  to  liavo  only  fractions  with  monomial  numerators ; 
instead,  therefore,  of  a  fraction  like  the  preceding,  we  take  n^  like  the  fol- 
lowing : 

(j-|-6)n"r(a.-|-6)»-^"^(j:+6)-*'  • "  +x+6' 
M,  N,  Ni...  representing  quantities  independent  of  r. 

Consequently,  if  we  suppose  tlmt  V=:(r-|-a)(j*+^)°"M  we  can  place 

and  the  question  will  be  reduced,  for  the  present,  to  the  determination  of  the 
numerators  M,  N,  N|,  dec.     But  these  have  been  determined  in  Art.  209,  (3). 

The  preceding  decomposition  being  effected,  the  determination  of  the  gen- 
eral term  of  the  recurring  series  does  not  offer  any  difficulty. 

Each  partial  fraction  can  be  put  under  the  form  V(2)-\-x)~\  designating  by 
X  an  entire  positive  number,  whicli  can  be  equal  to  1.  If  we  develop  this 
power,  we  readily  find  that  the  term  affected  with  x°  is 


X.<w.«}...7v 

It  is  the  sum  of  like  expressions,  all  containing  r",  and  resulting  from  the 
different  partial  fractions  which  compose  the  general  term  required. 

When  the  denominator  of  the  gcMiorating  fraction  contains  imaginary  fac- 
tors, these  factors  introduce  imnginnry  quantities  into  the  general  term.  If 
we  suppose,  however,  that  tlie  coefficients  of  the  numerator  and  denominator 
of  the  proposed  fraction  are  all  real  (and  they  are  always  taken  so),  it  is  evi- 
dent, a  priori,  that,  as  we  find  the  deveIo[)nient  of  this  fraction  by  division,  the 
general  term  can  not  enibrnco  any  iinaginniy  factors ;  consequently,  we  are 
sure  that  all  the  imaginary  quantities  which  arise  from  the  factors  of  the  de- 
nominator will  disappear. 

SUMMATION  OF  SERIES. 

The  summation  of  series  is  the  finding  of  a  finite  expression  equal  to  the 
proposed  series,  even  when  the  series  is  infinite,  and  in  many  cases  this  finite 
expression  is  found  by  subtraction. 

KXAMPLES. 

(1)  Required  the  sum  of  the  series  — -|-;r-;;+;r-T-|-  •  •  •  •  to  infinity. 

X.iw        ib.tj       W.4 

Let  S=j+o+3+4+5+(j+ ad  infinitum. 

.".  S — 1=^4-o4-t4-c  +  77+;:;4- ad  infinitum. 

2o4od7 


I 
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HeDce,  by  subtracting  the  latter  from  the  former,  we  have  the  required  Bum  : 

(2)  Required  the  sum  of  the  series  --— -|-— ■4-— --|- to  n  terms. 

X*«5       <b*4       0*0 

^  r,         1         1         1         1  5 

Let  S=j+-+3+-+ -     («) 

„           1        1           1        1     1     1     1                       1 
•••  «-^-2+M^+M^=3+4+5+6+ M^ <*) 

Subtractiug  (b)  from  (a),  wo  have 

^"^2~n+l'"ii4-2~r3^"2l+33"^"4^'^ n(n+2) 

— -I.— J-— J-— J-  1  1  J         1      /    1  1    \  > 

'**  1.3"*"2.4"'"3.5"'"4.6^"  ••n(n+2)~"2  (  ^■'"2'"\n+l'^n+2/  S 

"•2  i  ^""n  +  1  "^" 2  "■  n+li  $ 

n  n 

~2n+2'*"4n+8* 
When  n  is  infinitely  greats  then  we  have 

1.1        1        1  ....  1/1\113 

1:5+2:1+3:5+4:6+  •  •  •  ^^  ^^^^^^"^  =2(^  +  2) -^-i  =4- 

,      «         ,  .       1        1        1         1 

(3)  Sum  the  senes  —-——-+— —-—4- ad  infinitum. 

XmO      4»>4       %j»0      4.0 

Ans.  J 

(4)  Sum  the  series  ^+^+^+ ad  infinitum. 


Ans.  1. 


5           6            7 
(6)  Sum  the  series  i;o^+2^+3a^'^ ^®  **  terms. 


3        2  1 

^"*"  2"";r+i+i+2* 

(6)  Sum  the  series  a-\-2ar-\-3ar^-\-iar^-\-  ....  to  n  terms. 

SI  — r»        nr"   > 

(7)  Sum  the  series  l-^-Sx-^Sx'-^-Jx^-^-Ox* ....  ad  infinitum. 

A         1+J^ 

DIFFERENCE  SERIES. 

330.  Let  there  be  the  arithmetical  progression 

a,  a4"*'»  fl+2^»  a+3^5  •  •  •  • 
If  wo  begin  with  a  new  term,  hj  and  add  to  it  successively  each  term  of  the 
above,  we  obtain 

ft,  h+a,  b+2a+S,  h+3a+3d,  h+Aa+6d  . . ., 

which  is  called  a  difference  series  of  the  2^  order,  and  so  on,  as  in  the  follow- 
ing scheme : 
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*J2JJ^'^  !•  tern.  «•  term.  y  term  nth  tana. 

I.        a,      a+cJ,       a+2(J,       .  .  .  a+(«— l)d. 

n.        b,       i+o,        6+2aH-<J . .  .  iH-(n^l)a+i^^=:?^^^^(J. 
UL       c,        c+*,       c+2i+a  .  .  .  c+(«— l)i+' -'- ia+' iJs ^' 

EXAMPLE. 

I.  order,  2,  6,  8,   11,  ]4  .  . 

II.  order,  4,  6,  11,  19,  30  .  . 

III.  order,  5,  9,  15,  26,  45  .  . 

331.  From  the  manner  in  which  these  difference  series  ore  formed,  it  is 
evident  that  .if  we  subtract  from  one  another  the  successive  terms  of  any  or- 
der, wo  obtain  the  terms  of  the  preceding,  and  continuing  in  this  way  till  wo 
subtract  the  successive  terms  of  the  first  from  one  another,  we  obtain  between 
them  the  constant  difference  6. 

332.  If  the  order  of  a  series  be  unknown,  its  order  may  be  found  from  what 
has  been  said  above.    Thus  the  series 

5,  9,  15,  26,  45 ; 
taking  the  difference  of  the  consecutive  terms. 

4,  6,   11,  19 
2,    5,    S 
•  3,    3,    3, 
after  three  subtractions  of  consecutive  terms  presents  a  constant  difference, 
and  is,  therefore,  a  series  of  the  3°  order. 

333.  To  separate  the  roots  of  an  equation  by  means  of  difference  series. 
The  X***  term  of  a  series  of  the  order  m  would  bo  expressed  by 

which,  arranged  according  to  the  powers  of  r,  would  be  of  the  form 

Mx^+AT^i-fB.r^-3 |-Ga:-fK; 

that  is,  of  the  form  of  the  first  member  of  an  equation  of  the  iri^  degree,  X=0. 
If,  now,  we  give  to  :r  tlio  values  . .  .  — 4,  — 3,  — 2,  — 1,  — 0,  1,  2,  3,  4, ... . 
representing  the  values  which  the  polynomial  X  assumes  by 

X._4,   X_3,   X_2,   X_i,    Xo,    Xi,   X.2,    <aC. (1) 

these  quantities  will  form  a  difference  series,  since  x  denotes  the  order  of  the 
term  in  a  series  of  which  X  is  the  general  term.  There  is  no  objection  to  x  being 
negative,  as  a  series  may  be  continued  below  as  well  as  above  the  first  term, 
observing  the  same  law  in  a  contrary  sense. 

Taking  a  sufficient  number  of  terms  of  the  series  (1)  to  obtain^  by  subtrac- 
tion of  its  successive  terms,  the  series  of  next  lower  order,  and  from  tliis,  in 
the  same  manner,  that  of  the  next  lower  order  still,  till  we  arrive  at  constant 
differences,  the  terms  of  the  series  (1)  may  be  extended  indefmitely  to  the 
right  and  left  by  forming  them  according  to  (Art.  330),  without  the  trouble  of 
substituting  numerical  values  for  x,  and  calculating  the  corresponding  values 
of  X.  Those  values  of  X  which  have  contrary  signs  will  (Art  252,  Cor.  1) 
have  one  or  an  odd  number  of  roots  between  them. 

Take,  for  example,  the  equation 

9x*— 3x»— 130z«»— 17x+260=:0. 

D  D 
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Giving  X  the  values  — 2,  —  1,  0,  1,  2,  we  have  the  following  results  inclosed 
in  the  parentheses  : 

JL_4     xL_3       J\. A       yv I         Jko  ^\  <^3  -A.)        JL4 

+  744—  49(—  68  +159  +260  +119  —174)  — 313+224, 

forming  a  series  of  the  fourth  order.     The  series  of  the  third  order  is 

—793  —     9(  +  217  +101  —141  —293)— 139+537 ; 
of  the  second,  +784  +226(— 116  —242  —152) +154 +  676  ; 

of  tlie  first,  —558  — 342(— 126  +   90)  +  306+522; 

equal  difTeronces,  +216  +216(+216)+216+216. 

By  substituting  other  values,  as  —3,  — 4,  — 5,  — 6,  and  +3,  +4,  +5,  +6, 
&c.,  we  may  extend  the  top  series  to  any  length. 

To  save  the  time  and  trouble  of  substituting  consecutive  numbers  and  calcu- 
lating the  result,  the  method  of  difference  series  is  employed,  thus : 

Substitute  a  number  of  consecutive  values  one  more  than  the  degree  of  the 
equation ;  the  smallest  numbers,  being  more  easily  substituted,  are  preferred. 
In  the  present  example,  substituting  — 2,  — 1,  0,  1,  2,  we  obtain  that  portion 
of  tlio  first  series  which  is  of  tlie  3°  order,  included  in  brackets ;  from  this, 
by  subtracting  its  consecutive  terms,  the  corresponding  portions  of  the  series 
of  the  2°  order,  and  so  on  ;  and,  finally,  the  difference,  216.  Using  this  dif- 
ference, we  may  extend  the  top  series  at  pleasure,  according  to  tiie  method 
in  Art.  330. 

The  roots  of  the  equation  lie  between  those  numbers  the  substitutions  of 
which  produce  unlike  signs  in  the  result ;  thus,  in  the  above  there  is  one  root 
between  — 3  and  — 4,  one  between  — 1  and  — 2,  one  between  1  and  2,  and 
one  between  3  and  4. 

'  334.  There  exists  between  the  coefficients  of  two  consecutive  powers  of 
z+a  relations  from  which  many  useful  consequences  may  be  deduced. 

Suppose  the  m^  power  of  x+a  to  bo 

a:"+Aaa:^-i  +  Ba«jr"'-=+Ca='j:™-3+,  <Scc. 
Multiplying  the  polynomial  by  .r+a,  there  results 

jm+i  +  p^fijfn + Ba^i:™-^  +  Civ^x""-^  +  •  •  • 
+    a.r"'+ Art  x^-^  +  Ba  .r™-2+  .  .  . 

From  which  we  conclude  that,  to  obtain  the  coefficient  of  any  term  of  the 
(m+1)**  power  o/'x+a,  it  is  only  necessary  to  add  to  the  coefficient  of  the  term 
of  the  same  rank  in  the  m'*  power  that  of  the  preceding  term. 

335.  According  to  this  rule,  we  can  form  the  coefTicionts  of  the  successive 
powers  of  r-j-a,  as  may  be  seen  in  the  following  table  : 

1,  1,  1,  1,  1,    1,     1,     1,  1    ... 

1,  2,  3,  4,    5,     6,     7,  8   .  .  . 

1,  3,  6,  10,  15,  21,  28  .  .  . 

1,  4,  10,  20,  35,  56  .  .  . 

1,    5,    15,  35,  70  .  .  . 

1,     6,    21,  56.  .  .» 

1,     7,  28  .  .  . 

1,  8   *  .  . 

1    .  .. 

Tho  first  vertical  column  of  this  table  is  formed  of  the  single  number  1.  The 
second  column  is  formed  of  the  number  1  written  twice.     We  form  the  third 
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column  by  placing  Ht  Uie  side  of  ench  term  in  the  second  column  the  number 
obtained  by  adding  it  to  the  term  above  it ;  wo  find  thus,  for  the  first  terra  of 
the  thii-d  column  l-f-^  ^^  1  i  ^^^  second  term  is  1  +  1^  o^  2*  ^^^  ^^^  third 
0-{-l  or  1.  The  fourth  column  is  deduced  from  the  third  in  the  same  manner 
that  that  is  from  the  second,  and  so  on.  The  two  terms  of  the  second  column 
may  be  considered  as  the  coefficients  of  the  first  power  of  x-j-fl*  It  results 
from*^  the  above  rule  that  the  terms  of  the  third  column  are  the  coefficients  of 
the  development  of  (x-^ay,  those  of  the  fouith  column  of  (x-\-ay,  &c. 

This  table,  which  may  be  indefinitely  extended,  is  called  the  Arithmetical- 
Triangle  of  Pascal, 

336.  It  is  easy  to  see  from  the  composition  of  the  arithmetical  triangle  that 
the  p^  term  of  any  horizontal  line  is  the  sum  of  the  p  first  terms  of  the  pre- 
ceding horizontal  line.  Because  if  wo  consider,  for  example,  the  term  56, 
which  is  the  sixth  of  the  fourth  line,  this  term  is  formed  by  adding  the  two 
numbers  21  and  35,  which  are  placed  at  its  left  in  the  third  and  fourth  lines : 
but  the  second  of  these  (wo  numbers,  35,  is  tlie  sum  of  15  and  20 ;  the  last 
number,  20,  is  tlie  sum  of  10  and  10,  and  the  last  number,  10,  the  sum  of  6 
and  4 ;  finally,  4  is  the  sum  of  the  two  numbers  3  and  1 ;  we  have,  thefefore, 
66=21  +  15+10+6+3+1. 

THE  DIFFERENTIAL  METHOD  OF  SUMMING  SERIES. 

337.  Let  a,  6,  c,  </,  tf, . . . .  be  a  series  of  terms,  in  which  each  tenn  is  less 
than  the  succeeding  one  ;  and,  taking  the  successive  differences,  wo  have 

a  h               c  d  c,  6cc, 

{di)  b — a          c — b  d — c  t — d^  &c. 

\di)  c— 26+a  (£— 2c+i  e— .2J+c,  &c. 

(t/a)  fl?— 3c+36--a  e— 3c/+3c— 6,  &c. 

\d[)  «— 4ei+6c— 46+tf,  &c. 

Putting  dx<t  di^  t/s,  c/4, for  the  first  terms  of  the  first,  second,  third. 

fourth, ....  differences,  we  have 

b —  a  z=zdi  .'.  6^a+  di 

C — 26  +  a  =:£/3  .*.  c=:a  +  2//i+   d2 

d--3c+3b—a  =(4  .-.  </=a  +  3c/i  +  3</a+  dn 

e — 4^/+ 6c  — 46  +  0=^4  .".  c=rt  +  4eii  +  6ei3+4(^+ef4, 
&c.  &:c. 

Hence  the  (n+1)"'  term  of  the  proposed  series  is  evidently 

(w— 1)         n(n— l)(n— 2) 
a+nrfi+n--— ^rfi+ ^^    ^    „ 03+  .... 

and,  therefore,  the  n^  term  is  (by  writing  n — 1  forn) 

./        .^.    .  (n~l)(^~2),    .  (n-l)(n-2)(n-3),   . 

338.   To  find  (S)  the  sum  ofn  terms  of  a  series. 
Let     a,  bj  c,  d,  e,  &c. 

and         0,  a,  a+^i        fl+6+c,  a+6+c+<£,  &c., 

be  two  series,  of  which  the  (n+1)^  term  of  the  latter  is  obviously  the  sura  of 
n  terms  of  the  forraer ;  but  the  first  terras  of  the  first,  second,  thii-d,  foiirtli. 
differences  in  the  latter,  are 
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a,  6— a=<fi,*  c— 26+a=rfi,  rf— 3c+S6— a,  =«?»,  &c. ; 
hence  the  (n+1)*  term  of  the  latter  series,  or  the  sum  of  n  terms  of  the 
former,  is,  by  (1)  in  the  last  article, 

n(n-l)      .  n(n-l)(T>-.2)^    .  n(w-l)(n-2)(n-3)^ 

^+^^+"T:ir^»+    1.2.3 — ^+ — 1.2.3.4 — *+  •  •  •' 

or 

q     „,  ,*(''-l).   .n(n-l)(n-2)^      n(n-l)(n-2)(n-3) 

^='•''+-1:2-'^'+ — TTsTs — ^•+ 172-7374 *+  *  *  •  <^> 

EXAMPLES. 

(1)  To  what  is  1.2+2.3+3.4+4.5H n(f^+l)  equal? 

2,  6,  12,  20,  30,  is  the  given  series ; 

4,  6,    8,   10,  differences  of  the  consecutive  terms; 
2,    2,    2,  differences  of  these  again,  d^ ; 
0,    0. 

Hence,  a=2, 6^1=4,  i^=2,  and  tizt  d^^  &c.  =0;  therefore 

Q     „     .^Kn~l)         n(n-])(n-2) 

=2n+2n(n  — l)+in(n— l)(n— 2) 

Proceed  always  in  this  way  till  the  differences  become  the  same.f 

(2)  Find  the  sum  of  n  terms  of  the  series  1,  2^,  3',  4^,  5',  &c. 

(3)  Find  the  sum  of  n  terms  of  the  series  1,  4,  10,  20,  35,  &c, 

(4)  To  what  b  1.2.3+2.3.4+3.4.5+ n(n+l)(/i+2)  equal? 

(5)  Sum  n  terms  of  the  series  1,  3,  5,  7,  9,  11,  &c.  ... 

(6)  Find  the  sum  of  15  terms  of  the  series  1,  4,  8,  13,  19,  &c. 

(7)  Sum  8  terms  of  the  series  1,  2^  3*,  4*,  5^  6\  &c. 


ANSWERS. 

(2)  "-!<^. 

n(f,  +  l)(w  +  -2)(«  +  3) 


(4)  in(fi  +  l)(/i+2)(n+3). 


(5)  nK 

(6)  in(n2+6n  — 1)=785. 

n*     n*     r?'      n 
<^)-5+2+3-30=«"2. 


POWEllS  OF  THfe  TERMS  OP  PROGRESSIONS. 

339.  If  all  the  terms  of  a  geometrical  progression 

are  raised  to  the  same  power  m,  the  result  is  the  series 

a™,  «'n^«,  a™(y-™,  a"'y»'" amymcn-i), 

which  is  a  geometrical  progression,  of  which  tlie  first  term  is  a",  the  ratio  ^"j 
and  the  number  of  terms  n. 

340.  If  the  terms  of  a  progression  by  differences,  whose  first  term  is  a  and 
common  difference  rf,  be  each  raised  to  the  m    power,  we  have 

*  This  is  the  d{  of  tlio  former  serios,  but  the  di  of  the  latter. 

t  The  terms  of  tlie  formula  (t2),  contaiiiiii^  tliose  orders  of  differences  which  become  xeto, 
like  d^,  d4,  &c.,  in  example  1,  will  all  vanish,  and  the  expression  for  S  will  be  composed 
only  of  tlie  preceding  terms. 
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(a+  (Jj'-ssa^+ma"-*  6+    \         'oT-*  (5»4-,  &c. 

(a— 2(J)»=a™+ma»->2cJ-| — ~j-^^      ^**+'  **• 

m(m — 1) 
(a— 3d)"=a»+ma'»-^3(J+— Y"r— ^a°-«9cP+,  &c. 

Taking  the  differences  of  the  consecutive  terms, 

mim — 1) 
(a+  (J)"—  a"  =ma— M+— y-— -'a"-«cJa  +,  &c. 

(a+2<J)™— (a+  d)"'=mfl'°-M+  a'»-^3(P+,  &c. 

(a + 3d)» — (a + 2(5)™ = ma»-M+ ^^^^^^a™-35c5a +,  &c. 

These  differences  being  not  the  same,  the  same  powers  of  the  terms  of  an 
arithmetical  progression  do  not  form  an  arithmetical  progression. 

341.  To  find  the  sum  of  the  m^  powers  of  an  arithmetical  progression.    Let 

-~a  ,b  .  c  ,d .  *  »k  .1 
be  any  arithmetical  progression,  of  which  the  common  difference  is  <).     Then 

b=za-{-d,  c=6+d, lr=zk-{-d. 

Raising  these  equalities  to  the  power  m-^-lf 

c»+*==6»+*+(m+l)6«(J+^--7^-r^6"-»<P+,  &c. 

^«+i-,;t»+»+(m+l)A:»cJ+^^^-^;f»-><5«+,  &c. 

Adding  all  these  equalities,  suppressing  the  common  terms  in  the  two  eqoa 
sums,  viz.,  6°*+*,  c"+\  &c.,  and  transposing  a'^+S  we  have 

V^^^a"'+^=(m+l)6{a'^+h'° j-Zt"). 

^(m+l)m^^^^_^_^^^_^  ^ .  .+A:»-»), 

+  ,  &c. 
J  o  abridge,  let 

a«+6» : +A:a+i«=Sa, 

a'»4.6ni+ +i-™+i»=S„. 

Then  the  last  expression  becomes 

I-f._a".+.=:!^(S„-n+^'t^<)«(S_,-J-')+.&c. 

The  value  of  Sm  deduced  from  this  is 

s,=t°+^'^~;°J-^(s„_.-i°-')-^?^^^^s^-<-«)-.  &c.  (1) 

The  law  of  the  unwritten  terms  is  sufficiently  apparent,  and  the  series  must 
evidently  end  with  the  term  preceding  that  which  contains  the  factor  m — m 
orO. 
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By  formula  (1)  the  sum  Sm  can  be  found,  when  the  sums  of  the  inferior 
powers  are  known ;  for  this  purpose,  make  m=0,  the  formula  gives  So ; 
making  m=l,  it  gives  Si,  and  so  on  to  the  sum  of  the  powers  required. 

If  the  progression  •4-a.a+cJ.a+2<J....  is  replaced  by  -i-1 .2.3....N  (or 
the  series  of  natural  numbers  from  1  to  N),  i.  e.,  a=l,  (5=1,  /=:N,  then  for- 
mula (1)  becomes 

S„=N-+^^^^-|(S_.-N-')-!!^|5^(S^-N-^)-.  &c.      (2) 

If  m^O,  (2)  becomes 

N<H-i  — 1            N-1      ^, 
So=No+-rrr-=l+— ^=N (3) 


Ifm=l, 


Ifm=2, 


0+1 
S.=^^ (4) 

S,=N«+^^-(S,-N)-i(So-N»), 

^,      N»     1     N«     N     ^,     N  .1 

=N«+y--3-T-2+N-3+3' 

_r^     N«     N     2N»+3N«+N 
""y^'2  "*"6""  6 

N(N+1)(2N  +  1) 

^»=  6 (5) 

Formula  (3)  expresses  the  sum  of  1° -4- 2^-4- 3^....  to  N  terms,  or  of  l  +  l 
+  1...  to  N. 

EXAMPLES. 

(1)  If  m=0  and  N=10,  So=N  =  10. 

Formula  (4)  expresses  the  sum  of  1  +2+3 . . .  .+N. 

«       10(10+1)     110 
.  (2)  If  m=l  and  N  =10,  Si=— ^-7^— ^=—  =55. 

Formula  (5)  expresses  the  sum  of  12+2^+3- +  N*. 

10  X  11  X  '^i 
(3)  If  m=2  and  N=10,  82= ^=385. 

PILING  OF  BALLS  AND  SHELLS. 

342.  Balls  and  shells  are  usually  piled  in  three  different  forms,  called  trian- 
gular, square,  or  rectangular,  according  as  the  figure  on  which  the  pile  rests 
is  triangular,  square,  or  rectangular. 

(1)  A  triangular  pile  is  formed  by  continued  horizontal  courses  of  balls  or 
shells  laid  one  above  another,  and  these  courses  or  rows  are  usually  equilateral 
triangles  whose  sides  decrease  by  unity  from  the  bottom  to  the  top  row,  which 
IS  composed  simply  of  one  shot. 

Denoting  by  N  the  number  of  balls  contained  in  one  side  of  the  equilateral 
triangle  which  forms  the.  base  of  the  triangular  pile,  it  is  evident  that  the  num- 
ber of  balls  in  the  base  will  be  expressed  by  1  +  2+3  ...  +N  or  Si,  which 

by  (4)  is  equal  to 

'  N'+N 
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If  in  this  expression  N  is  successively  replaced  by  the  nuuibors  1,  2,  3 . . . ., 
the  number  of  balls  in  the  successive  layers,  beginning  at  tiie  top,  will  be  ob- 
tained.    These  are, 

in  the  first,  — - — =:! 

2*4-2 
in  the  second,  — 5~"=3 

m  the  third,  — o    =^ 

4'+ 4 
in  the  fourth,  — j- —  =  10. 

Whence  the  sum  of  the  whole  number  of  balls  contained  in  the  pile  is 

1»+1     2«+2     3^+3  N^+N 

2     +     2     +""2~  •  •  •  +~"2~"* 

which  is  sometimes  used.     A  better  form  may  be  obtained  from  this  by  writing 
it  first 

l«+2«-f3« hN«     1+2+3 l-N 

o  H  o  » 


or 


S,+  S|     1/2N3+3N«+N     N«+N\     N»+3N«+2N 


1/2N'»+3N»+N     N»+N\ 
"■2\  6  +"~2      /~ 


or 


N(N+l)(N+2) 


6 
the  most  convenient  expression  for  the  number  of  balls  in  a  triangular  pile. 

EXAMPLE. 

How  many  balls  in  a  triangular  pile,  the  side  of  whose  base  contains  35  ? 

Ans.  25(H±»+H)=„70. 

(2)  A  sqnare  pile  is  formed  by  continued  horizontal  courses  of  shot  laid  one 
above  another,  and  these  courses  are  squares  whose  sides  decrease  liy  unity 
from  the  bottom  to  the  top  row,  which  is  also  composed  simply  of  ont  shot ; 
and  hence  the  series  of  balls  composing  a  square  pile  is 

1+4  +  9+16+25H f-N«=Sa='  ^ ^, 

where  N  denotes  the  number  of  courses  in  a  pile. 

EXAMPLE. 

If  a  side  of  the  base  of  a  quadrangular  pile  contains  35  balls,  how  many  in 
the  pile  ? 

35X36X71 

Ans.  —     n     — =14910. 
6 

(3)  A  rectangular  pile  is  one  in  which  the  layers,  except  the  uppermost,  are 
arranged  in  rectangles.  Representing  by  /n  +  l  the  number  of  balls  in  the 
top  row,  the  layer  below  it  must  contain  2  rows  of  m+2  balls,  the  next  layer 
3  rows  of  m+3  balls,  and  so  on,  to  the  N'*,  which  contains  N  rows  of  m+N 
balls  each  ;  and  the  number  in  this  pile  is 
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(m4.1)+2(m+2)4.3(m+3)+4(m4.4)+ N(m+N) 

=rm+2m+3m+4m4- Nm+ia4-2«+3*+4«4. N» 

=:m(l +  2+34-4+  .  .  .  .N)+  square  pile 

N(N+1) 
= .  m+  square  pile. 

(4)  The  number  of  balls  in  a  complete  triangular  or  square  pile  must  evi- 
dently.depend  on  the  number  of  courses  or  rows ;  and  the  number  of  balls  in 
a  complete  rectaitgular  pile  depends  on  the  number  of  courses,  and  also  on  the 
number  of  shot  in  the  top  row,  or  the  amount  of  shot  in  the  latter  pile  doj^ends 
on  the  length  and  breadth  of  the  bottom  row ;  for  the  number  of  courses  is 
equal  to  the  number  of  shot  in  the  breadth  of  the  bottom  row  of  the  pile. 
Therefore,  the  number  of  shot  in  a  triangular  or  square  pile  is  a  function  of  N, 
and  the  number  of  shot  in  a  rectangular  pile  is  a  function  of  N  and  m. 

The  expression  for  a  rectangular  pile, 

N(N+1)        N(N+1)(2N+1) 

—2 '^+ 6 • 

may  be  written 

N(N+l)(3m+2N+l)     1^,,^,         ^  .        ^t 

6  ^=gN(N+l)[2(m+N)+m+l]. 

But  m+ 1  is  the  number  of  balls  in  the  top  row,  N  is  the  number  in  the  smaUer 

side  of  the  base,  and  /n+N  the  number  in  the  greater  side,  2(m+N)  the 

N(N+1) 
number  m  the  two  paraUel  greater  sides ;  moreover, is  the  number 

of  ball9  in  the  triangular  face  of  each  pile;  hence  we  have  also  this  general 
rule  for  rectangular  or  square  piles. 

RULE. 

Add  to  the  number  of  balls  or  shells  in  the  top  row  the  numbers  in  its  two 
parallels  at  bottom,  and  the  sum  multiplied  by  one  third  of  the  slant  end  or 
face  gives  the  number  of  balls  in  the  pile. 

EXAMPLES. 

(1)  How  many  balls  are  in  a  triangular  pile  of  15  courses  ?         Ans.  680. 

(2)  A  complete  square  pile  has  14  courses :  how  many  balls  are  in  the  pile, 
and  how  many  remain  aft^r  the  removal  of  5  courses  ?     Ans.  609  and  654. 

(3)  In  an  incomplete  rectangular  pile,  the  length  and  breadth  at  bottom  are 
respectively  46  and  20,  and  the  length  and  breadth  at  top  are  35  and  9 :  how 
many  balls  does  it  contain  ?  Ans.  7190. 

(4)  The  number  of  balls  in  an  incomplete  square  pile  is  equal  to  6  times 
the  number  removed,  and  the  number  of  courses  left  is  equal  to  the  number 
of  courses  taken  away :  how  many  balls  wore  in  the  complete  pile  ? 

Ans.  385. 

(5)  Let  i  and  k  denote  the  length  and  breadth  at  top  of  a  rectangular 
truncated  pile,  and  N  the  number  of  balls  in  each  of  the  slanting  edges ;  then, 
if  6  be  the  number  of  balls  in  the  truncated  pile,  prove  that 

B==^  I  2N«+3N(/i+A:)+6U-— 3rA+A:+N)+l  ^  . 
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VARIATION. 

343.  Let  a  denote  a  constant  quantity,  or  one  which  does  not  change  its 
value,  and  x  a  variable  which  is  supposed  to  increase  or  diminish. 

The  product  of  the  quantities  a  and  x  being  denoted  by  X,  if  z  is  increased 
or  diminished,  X  will  be  increased  or  diminished  in  the  same  proportion. 
Thus,  Mx  become  x',  and,  consequently,  X  become  X',  we  shall  have 

/»•   •    z***    •   •     jT    •    ^t  / 

for 

ax      X      H. 

axznX  and  ar'=X'  .*.  — 3=— =:tf7,  or  x  :  a/  ; :  X  :  X'. 

ax'     x'     X.' 

Under  these  circumstances  X  is  said  to  vary  directly  as  x. 

The  symbol  of  variation  is  oc ;  and  the  expression  X  varies  directly  as  x,  i« 
indicated  by  the  combination  of  symbols  X  k  x. 

344.  If  the  product  of  x  and  y  be  constant,  and  7,  y  both  varUible,  since 

1     1 
X  I  x'  M  y'  \  y  i:  -  '.  —i 

^     ^     y   y 

In  this  case  as  x  varies  as  the  reciprocal  of  y^  x  is  said  to  vaiy  inversely  as  y, 
and  the  symboUcal  expression  is 

1 

y 

If  ary^X  and  zy=X',  then  X  :  X'  : :  xy  :  x'y'. 

The  variation  of  X  in  this  case  depends  on  the  vai'iation  of  two  quantities 
r  and  y,  which  is  expressed  thus, 

Xoc  ry. 

345.  If  rv=X  and  x'y'=X',  then,  r= —  and  x'=— r  .•.  x  :  x'  : :  —  :  —7. 

^  ^  y  y  y    y' 

In  this  case  x  is  said  to  vary  as  X  directly,  and  as  y  inversely.     The  symbol  Ls 

X 

xoc  — . 

y 

X      y  y      z 

346.  Let  XGcy,  i.  e.,x : x' : :  y :  y'  or  -7='—.  and  let  yet  z,  i.  e., y : y' :  2 : :  z'  or  *— =-7 

X      2 
.•.  —,=-7  or  X :  x' : :  2  :  2',  1.  e.,  xoc  2  ; 

tnat  is,  if  one  quantity  vary  as  a  second  and  the  second  as  a  third,  the  first 
varies  as  the  third. 

347.  In  like  manner,  if  xa  y  and  y  a  -,  x  oc  -. 

2  Or 

Again,  let  x  oc  y  and  2  oc  y  .•.  x  x  2,  or  x :  x' : :  2 : 2',  or  x :  2 : :  x' :  2' ; 
••.  Xzt2  12  ::x'i2'  :z\  or  xi2:x'it2'  ::z  :z\ 

But  2:2'::y  :y',  .•.xi2:x'db2'i:y:y't  i.  e.,  yx  xi2. 

Again,  since  x  x  y,  x :  x' : :  y  :  y',  and  since  2  x  y,  2  : 2' : :  y  :  y',  .•.  xr  :  x'z' 
, . y» : y'*,  and  y/xz  :  y/x'z'  ''y'y\  or  y  <x  y/xz  ;  that  is.  if  two  quantities  vary 
respectively  as  a  thii-d,  their  sum,  difference,  or  square  root  of  their  product, 
varies  as  this  third  quantity. 

348.  If  X  X  y  and  m  be  a  constant  quantity,  integer  or  fractional,  since  x :  y : : 
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ar' :  y', .'.  T :  y : :  wur' :  my'  (Art.  127),  i.  e.,  x  <x:my\  that  is,  if  one  quantity  vary 
as  another,  it  varies  as  any  multiple  or  part  of  this  other. 

When  x X  y,  and,  consequently,  r x  my^  so  that  xix'  ii my : my"  or  x : my 
z:x' :my\  then,  if  x^=:my^  x'  will  be  equal  to  my'  in  all  cases;  whence,  if  x 
vary  as  y,  a:  is  equal  to  y  multiplied  by  some  constant  quantity. 

349.  If  X  and  Y  are  two  corresponding  values  of  r,  y, 

X 

X=mY,  .'.  m=^ ; 

from  which  it  follows  that,  when  two  corresponding  values  of  r,  y  are  known, 
the  constant  m  may  be  found. 

360.  Let    xac  y  .•.  X :  x' : :  y :  y'  .•.  x"* :  x""  : :  y" :  y'™  .•.  x"x  y» ; 

m  being  any  exponent  integer  or  fractional.  Whence,  if  one  quantity  vary  as 
another,  any  power  or  root  of  the  first  quantity  will  vary  as  the  same  power 
or  root  of  the  second  quantity. 

351.  Let  xxy,  and  let  t  be  another  quantity,  either  variable  or  constant,  and 
of  which  ^,  /'  are  either  equal  or  different  values.     Then,  since 

xxy,  X :  x' : :  y  :  y',  and  iiV  iitiV ; 
.  .'.  xl :  x'V :  lyt:  y't'.,  or  xt  ccyl ; 
X  x!      y   y'        x    y 
t'  t'"  I'  t"^^  t'^t' 

that  is,  if  one  quantity  vary  as  another,  and  if  each  of  them  be  multiplied  or 

divided  by  any  quantity,  variable  or  constant,  the  products  or  quotients  will 

vary  as  each  other. 

X     y       X 
Consequently,  if  x  x  y,  -  x  -,  or  -  x  1. 

X 

Whence,  if  x  x  Vt  -  is  constant. 


352.  Let 
by  alternation. 

xyx 

X,  i.  e.,  xy  :  x'y' : :  X  :  X' ; 
xy  :  X  : :  x'y' :  X' ; 
X          X'          X 

-y-  x'-'-y'-x'-'-y'^x' 

and  similarly. 

X 

XX—  ; 

y 

that  is,  if  tlie  product  of  two  quantities  vary  as  a  third  quantity,  each  of  the 
two  quantities  varies  as  the  third  directly,  and  as  the  other  inversely. 

353.  If  X=:X'=  constant,  xy :  1 : :  x'y' :  1 ; 

I  1  1 

.'.  X :  -  : :  x' :  -  ,  or  X  X  - ; 

y       y         y 

that  is,  if  the  product  of  two  variable  quantities  bo  constant,  these  quantities 
vary  inversely  as  each  other. 

354.  Let  a  be  a  constant,  and  x,  y,  z  variables,  and  let 

a  :  X : :  y :  z,  a  :  x' : :  y' :  2',  6cc. ; 

.•.  azs^xy^  az'z=zr'y'j  dec. ; 

.•.  aziaz'  ::xy:  x'y',  or  z:z'  ::xy:  x'y' 

.'.  2xxy  ,* 

that  is,  if  four  quantities  are  always  proportional,  and  one  or  two  of  them  are 
constant,  the  others  being  variable,  it  can  bo  found  how  the  latter  vary. 

355.  Let  X,  y,  z  be  three  quantities,  of  which,  xxy  when  z  is  constant,  and 
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xocz  when  y  is  constant;  it  is  required  to  determine  tlie  variation  of  x  when 
y^  z  are  both  variable. 

Suppose,  first,  that  x  is  made  to  vary  as  y^  and  that  when  y  becomes  y\  x 
becomes  x'. 

Next,  that  x'  (varied  from  x  by  the  variation  of  y)  is  made  further  to  vary 
as  z,  and  that  when  z  becomes  z',  x'  becomes  x".     Then,  since 

xix*  ::y:y\  and  jr' : x" : z  : z' 
,\  xx* :  x'x"  iiyz:  y'z\ 
or  x:x"  ::yz:  y'z' ; 

i.  e.,  xcnyz. 

Therefore,  if  x  vary  as  y  when  :  is  constant,  and  as  z  when  y  is  constant^ 
when  y,  z  are  both  variable,  x  varies  as  the  product  yz. 

Similarly,  it  can  be  proved,  that  if  t  vary  as  v,  x,  y,  z  separately,  the  others 
being  constant  when  v,  x,  y,  z  are  all  variable,  t  varies  as  the  product  vxyz. 
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356.  There  are  certain  functions  of  the  roots  of  an  equation  which  may  be 
expressed,  in  a  general  manner,  by  means  of  the  coefficients  of  that  equation, 
without  the  equation  itself  being  resolved. 

These  functions,  which  form  a  very  extensive  class,  are  termed  rational 
and  symmetric  functions,  or  simply  symmetric  functions. 

They  are  called  rationaly  because  the  roots  do  not  enter  into  them  under 
the  radical  sign,  nor  witfa  fractional  exponents ;  the  roots  are  combined  only 
by  addition,  subtraction,  multiplication,  and  division.  These  functions  are 
called  symmetric,  because  the  roots  are  combined  in  such  a  way  that  any  two 
of  them  may  be  interchanged  without  altering  the  value  of  the  function. 

For  example,  the  expressions 

ab      ac       he 
ac+bc+ab,  a^+6'^+ca,  s^+gjS+gi^^-Saic 

are  rational  and  symmetric  functions  of  a,  b,  c. 

All  the  coefficients  of  an  equation  are  symmetric  functions  of  its  roots,  as 
may  be  seen  in  the  expressions  for  the  coefficients  in  Art.  245 ;  for,  in  these 
expressions,  if  fli  were  written  in  every  place  where  a^  occurs,  instead  of  a^, 
and  aj  in  every  place  where  ai  occurs,  instead  of  a^,  or  if  any  other  two  of 
the  roots  were  interchanged,  the  values  of  the  expressions  woDld  not  be 
altered. 

Several  quantities,  a,  6,  c,  &c.,  being  given,  if  we  arrange  them  two  and 
two,  in  every  possible  way,  and  if  in  each  arrangement,  e.  g.,  ab^  we  give  the 
exponent  a  to  the  first  factor  and  the  exponent  (S  to  the  second,  we  have  a  se- 
ries of  products  such  as  a''h0,  whose  sum  is  evidently  a  symmetric  function 
of  the  quantities  a,  b,  c,  dec.  This  function  is  called  a  double  function,  be- 
cause each  term  contains  two  of  the  given  quantities ;  it  is  represented, 
abridged,  by  S(a"6'^),  the  letter  S  being  here  employed  to  denote  the  word 
sum*  In  like  manner,  trijde,  quadruple,  &c.,  symmetric  functions  are  repre- 
sented by  S(a"6V),  S(a%l^c^d%  &c. 

In  accoixlance  with  this  notation,  simple  symmetric  functions,  as  a'4'^' 
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4-c'4"***t  ^^  ^^  represeuted  by  S(a'^)^  which,  for  the  sake  of  abridgmeiit» 
is  ordinarily  written  Sa-     In  like  manner,  we  have 

Si=a  -|-fc  -4"^  -J-**. 

The  notation  of  which  we  have  been  speaking  applies  to  entire  symmetric 
functions ;  but  when  the  terms  of  a  symmetric  function  are  fractional,  we 
can,  by  reduciqg  them  to  a  common  denominator,  express  the  function  by  a 
single  fraction,  whose  numerator  and  denominator  are  integral  symmetric 
functions.     Thus : 

ah      ac      he 

which  is  a  fractional  symmetric  function  of  a,  6,  c,  becomes,  by  reduction, 

357.  An  equation  heing  given^  to  find  the  sums  Si,  Ss,  &c.,  of  the  Wee  and 
entire  powers  of  its  roots. 
Let  the  equation  be  X=0, 

or  x^+Px—i+Qx-'-^+Rj:"-' |-Tar4.U=0  ....  (1) 

and  call  the  m  roots  a,  6,  c,  d. 

We  can  find  by  Art.  238  the  quotients  obtained  by  dividing  X  by  each  of  its 
factors,  X — a,  x — 6,  x — c,  &c. ;  and  we  know  (Art.  253)  that  by  adding  these 
m  qi|otients  together,  the  sum  must  be  equal  to  the  derived  po^nomial  X%  or 

ma*»-»+(m— l)Px™-3+(>/i— 2)Qr"-3+(m— 3)Rr"-^ J-T. 

The  coefficients,  therefore,  of  the  powers  of  t,  in  this  sum,  must  be  equal  to 
the  coefficients  of  the  same  powers  of  x  in  the  derived  polynomial  X',  each  to 
each.     In  this  manner  the  required  sums  can  be  determined. 
Let  us  take,  then,  the  quotient  of  X  divided  by  x — a, 
X 


x — a 


+  Pa 
+  Q 


.r°»-3+a» 

x°-<. 

.  .  +a»-i 

+  Pa« 

+  Pa"-« 

+  Qa 

+  Qa"-« 

+  R 

H-Ra—^ 

+T. 
In  order  to  have  the  other  quotients,  it  will  be  sufficient  simply  to  substitute 
for  <i,  in  this  expression,  successively  6,  c,  </,  &;c.     If  we  add  these  quotients, 
and  put  Si,  Sa,  S3,  &c.,  instead  of  the  sums  a+6+c4-  . . .,  a^-|-6«-|-c»+  . . 
a^^ip^c^^  . . .,  we  shall  have 

»fM*-^+S, 
+mP 


z"-«+S., 

i»-»+S,    '!"-•.. 

•  •  +  Sa,_i 

+  PS, 

+psj 

+PS,»-. 

+mQ 

+QS,' 

+QS-^ 

+mR. 

+RS^ 

+mT. 
Hence,  equating  the  coefficients  of  corresponding  terms  in  these  identical 
expressions,  we  get 
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Si  +  mP  =  (m— 1)P, 
S,+P{Si+mQ  =  (w-2)Q, 
S3+PS,+  QSi+»iR=(?»— 3)R, 


or,  simplify 'mg, 


Sm-i  +  PSm-a+QSm-S  •  •  •  •  4-mT  =  T, 

S,  +  P=0, 

S,+PS.  +  2Q=0, 

S3+ PS»+  QS, + 3R=0,  (2) 


S„_,  +  PS.„_j+QS„_3 f-('»-l)T=0. 

By  uieBDS  of  these  equHtioos  it  will  be  easy  to  calculate  successively  Si,  Sj, 
S3,  ^Cm  and,  finally,  S„,_],  t.  €.,  the  sums  of  all  the  similar  powers  of  the  roots 
whose  index  is  less  than  the  degree  of  the  equation.  In  order  to  dctermino 
the  sums  of  the  higher  powers,  expressed  by  S^,  S^+i,  Sn,+j,  «5cc.,  we  substi- 
tute successively  a,  2>,  c,  .  .  .  in  equation  (1),  and  thus  obtain 

a'"+Prt'"-»  +  Q«'"-^ 4-Ta+U=0 

Arc. 
We  multiply  these  m  equalities  respectively  by  d",  6",  &c.,  and  then  add 
them;  we  thus  obtain 

Sui+o4'^  ^m+n— l  +  QSm+o— 2  •   •  •  •    +TSn4.l4-USn  =  0. 

We  can  make  successively  wr=0,  1,  2,  dec,  and  thus  determine  So,,  Sbh-h 

Sn,+2t ;  we  find 

S™    +PS„_,  +  QS,,_o .  .  .  +TS»  +  US  =0 
S„+i+PS„,     +QS„..,  ...+TS,+  USi=0  (3) 

S„4^+PS^j  +QS™     .  .  .  +TS3+US,=0 

In  the  first  of  those  equations  we  can  put  in  place  of  USo,  wiU,  for  So 
=:a<*+i°+c°4-  .  .  .  =7H  ;  we  shall  thus  find  that  these  formulas  follow  the 
same  law  with  those  in  ('2).  By  means  of  the  first  of  those  we  caii  determine 
Sm,  and,  passing  successively  to  each  of  the  succeeding  formulas,  we  shall  be 
able  to  detennine  each  new  sum  by  means  of  the  sums  already  calculated. 

It  may  be  well  to  observe  that  all  the  sums,  S|,  S.^,  S^,  A:c.,  may  be  ex- 
pressed without  any  denominator  in  functions  of  P,  Q,  R,  tVc.  This  results 
from  the  fact  that  the  first  term  in  each  of  the  relations  (2)  and  (3)  has  unity 
for  its  coefficient. 

KXAMPLES. 

(1)  For  a  numerical  application  take  the  equation  x^ — 7j:-|-7=0.  Here 
P=z=0,  Q=— 7,  R=7.  Since  P=0,  the  relation  S,  +  P=0  gives  Si=0. 
The  relations,  then,  which  determine  the  sums  Si,  S^, . . .  Sq,  reduce  them- 
selves to 

S,=0,  S:+2Q=0,  S,-|-3R=0, 
S4+QS,=0,  S.-|-QS.,+RS,=0,  So+Q'S4+RS3=0; 
and,  by  substituting  the  values  of  Q  and  R,  we  readily  find 

S,=0,  S,=  14,  83=— 21,  S,=9B,  S,=  — 245,  So=833. 

(2)  Calculate  the  sums  of  the  similar  and  entire  powers  of  the  roots  of  the 
equation  r* — r'— 19x2+49^—30=0. 

Ans.  S,=l,  S,=39,  S3=— 89,  S4=723,  S6=— 2849,  86=16419,  &c. 
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(3)  x*+rx+s=0, 

Ans.  Si=0,  Sa=sO,  89=:— 3r,  84=— 4«,  85=0,  S6=3r«. 

358.  In  tho  equation  S,n+»+PS,i4^i+QSaH.B-«.. '• +TSo+i+US„=0, 
n  can  be  a  negative  number,  and  thus  the  sums  of  the  negative  powers  of  the 

roots  can  be  determined.    But  it  will  be  more  tiinple  to  change  r  into  -  in 

the  proposed  equation,  and  to  find  succesuvely,  by  metns  of  formulas  (2)  and 
(3),  the  sums  of  tho  positive  powers  of  the  roots  of  the  transfonned  equation. 
It  is  evident  that  these  powers  are  the  negBtive  powers  of  a,  6,  c, ... . 

359.  To  determine  double^  triple^  ^.,  JtmeHons,  represented  by  S(a"fc^), 
S(a%^cy),  &c. 

In  order  to  find  S(a"fr  )  we  multiply  together  tlie  two  sums 

a  '\-h  -J-c  -f- . . .  =Sat 
we  have 

This  product  contains  two  series  of  terms.  The  first  series  is  the  sum  of  all 
the  powers  a+/3  of  the  roots,  and  may  be  expressed  by  Sa+/? ;  the  second 
series  is  tho  sum  of  all  the  products  which  are  formed  by  multiplying  the 
power  a  of  any  root  whatsoever  by  the  power  /?  of  any  other  root,  and  may 
be  expressed  by  S(a*'6/^).     We  have,  then, 

Sa+/3+S(a«6^)=:SaS^; 
and  from  this  equation  we  derive,  for  double  functions,  the  formula 

To  find  the  triple  function  S(a%^c^')y  multiply  together  the  three  sums 

The  product  is  a  symmetric  function,  which  evidently  comprises  all  the 
terms  contained  in  each  of  the  fivo  fonns 

^«+/J+y^  ^«+/i^y^  ^a+>V^,  ^/J+rja^  a^^c^ ; 

Hence  we  have 

S„+,3+,  +S(a"+''6^)+S(«"+>i'')  > 

But  the  formula  for  double  functions  gives 

By  substituting  these  values  in  the  preceding  equality,  and  then  deriving 

from  this  equality  the  value  of 'S(a°t^c^),  we  obtain  for  triple  functions  the 
formula 

In  the  same  manner  might  the  quadruple  function  S(a''Irc^d  ),  or  the  sum 
of  any  succeeding  combinations,  be  expressed  by  the  sums  of  the  powers. 
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360.  Every  rational  and  symmetric  algebraic  function  of  the  roots  of  an 
equation  can  be  erjrressed  rationally  by  the  corfficients  of  that  equation. 

Since  S],  8:,  S3,  &c.,  cud  be  expressed  without  denominators  (Art.  357)  in 
functions  of  the  coefYicients  of  the  proposed  equation,  and  the  double,  triple, 
quadruple,  &c.,  functions  can  be  expressed  by  ^e  sums  of  the  powers,  it  fol- 
lows that  all  these  symmetrical  fanctioiii  can  be  expressed  by  integral  func- 
tions of  the  coefficients.  And  aa  ef ery  symmetrical  polynomial  in  a,  6,  c . . . 
must  be  composed  of  the  assemblage,  by  addition  or  subtraction,  of  several 
sym  metric  ^functions  of  the  form  S(a'"fc^c*'cr  . . .),  it  follows  that  tlie  value  of 
ever}'  rational  symmetric  function  whatever  of  the  roots  of  an  equation  (with- 
out the  roots  being  known)  can  be  expressed  by  the  coefficients  of  the  equa- 
tion. 

'USE  OF  SYMMETRIC  FUNCTIONS  IN  THE  THu\NSFORMATION  OF  EQUA- 

TIONS. 

d61.  Symmetric  functions  present  themselves  in  the  transformation  of 
equations,  whenever  the  roots  of  the  transformed  equation  must  be  rational 
functions  of  the  roots  of  the  given  equation. 

Let  a,  6,  c  ...  be  the  roots  of  the  giv(?ii  equation ;  for  the  sake  of  definite- 
ness,  I  suppose  that  two  of  its  roots  enter  into  the  composition  of  each  root 
of  the  transformed  equation,  and  I  represent  by  F(a,  b)  the  rational  function 
which  expresses  the  law  of  this  composition. 

Suppose  tliat,  aft(»r  we  have  made  nil  these  combinations,  two  and  two,  of 
a,bjC..,  we  put  successively  in  F(a,  h)  instead  of  a  and  6,  the  two  routs  of 
each  arrangement,  it  is  clear  that  we  shall  tlius  have  all  the  roots  of  tlie  trans- 
formed equation,  to  wit : 

F(a,  6),  F(fl,  c), ,  F(6,  a),  F(6,  c) 6cc. 

Consequently,  this  equation,  decomposed  into  factors,  will  be 

[z—F(a,  b)]  [:— F(a,  c)] =0. 

This  product  does  not  vary  in  making  between  a,  6,  r  . . . .  the  proposed  ex- 
change^ for,  if  we  make  the  change,  the  factors  can  only  place  themselves  in 
some  other  order.  Wo  are  sure,  then,  that,  after  the  multiplication,  the  co- 
efficients of  the  different  powers  of  z  will  be  symmetric  and  rational  functions 
of  a,  6,  e  .  .  . 

Thus,  by  following  the  method  of  procedure  hitherto  explained,  we  can 
express  those  coefficients  by  means  of  those  of  the  proposed  equation. 

36*2.  But  there  exists  another  method,  often  preferable,  of  employing  sym- 
metric functions. 

It  is  founded  on  the  observation  that  the  relations  [2]  and  [3]  in  Art.  357, 
existing  between  the  coefficients  of  an  equation  and  the  sums  of  the  similar 
powers  of  its  roots,  can  be  used  to  discover  the  coefficients  of  the  equation 
when  they  are  unknown,  provid(;d  we  know  these  sums  as  far  as  that  sum  of 
the  powers  whose  order  is  equal  to  the  number  of  unknown  coefficients,  i,  e., 
to  the  degree  of  the  equation. 

Hence,  to  arrive  at  the  transformed  equation,  we  determine,  first,  of  what 
degree  this  equation  is  to  be.  We  next  find  the  sums  of  the  first,  second.  Arc, 
powers  of  its  roots,  as  far  as  the  sum  of  the  powers  whose  order  is  equal  to 
the  degree  of  this  transformed  ecjuation ;  then,  by  means  of  these  sums,  we 
calculate  the  unknown  coefficients.     It  is  clear  that  these  dififerent  sun^s  are 
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symmetric  functions  of  the  roots  of  tlie  proposed  equation,  and  that  they  can 
be  expressed  by  the  coefficients  of  this  equation.  Hence  they  can  readily  be 
determined. 

363.  As  an  illustration  of  die  preceding  method,  I  will  resume  hero  the 
question  of  the  equation  of  the  squares  of  the  differences,  already  treated  of 
in  Art.  278.  Symmetric  functioiis  give  the  ojiost  simple  and  elegant  solution 
of  which  it  is  susceptible.     The  question  is  this : 

To  find  the  equation  whose  roots  are  the  squares  of  the  differences  of  the 
roots  of  a  given  equation, 

a:»+Px»-^+Qx°*-«H =0 [A] 

Represent  the  transformed  equation  by 

2°4.^2"-i  +  92'»-^4.rz'»-3+ [•tz+u=0  .  .  .  [B] 

The  m  roots  of  [A]  being  a,  6,  c  .  .  .  those  of  [B]  will  be 

(a— /;)2,  (a— c)S  (a-^dy,  .  .  .  (6— c)',  .  .  .  (6— </)«,  (c— (£)«,  . .  .  &c.       ' 

The  number  of  these  squares  is  evidently  that  of  the  combinations,  two  and 
two,  that  can  be  made  witli  the  m  quantities,  a,  6,  c  .  .  .  ;  hence  the  degree  of 
the  required  transformed  equation  will  be  n=z}^m(7n — 1). 

The  coefficients  p,  q^  r  ,  ,  .  may  easily  be  found  when  we  know  the  sums 
of  the  similar  and  entire  powers  of  the  roots  of  equation  [B] ;  since  the  sum 
of  the  first  powers  is  equal  to  that  of  the  n^^  powers.  Let  us  designate  these 
new  sums,  then,  by/1,/,,/3,  Ace,  and  find  the  general  value  ofyi,  a  being  any 
entire  and  positive  number  whatsoever. 

The  roots  of  the  equation  [B]  are,  as  has  already  been  stated,  (a — &)S  Ace. 
Raising  these  roots,  then,  to  the  power  a,  we  have 

/a=(a— 6)'»^+(a— c)2«+(a— </)»' |-(i_c)*«+,  &c. 

In  order  to  find  this  sum,  consider  the  expression 

0(x)=(x— a)*»+(x— 6)2'+(r— c)^+ 

which  contains  the  m  binomials  x — a,  x — 6,  x — c If  we  make  in  this 

expression  successively  x=r^,  6,  c,  .  .  .,  and  add  the  tn  results,  we  evidentiy 
obtain  • 

2/„=0(«)  +  (i(6)  +  0(c)+  .  .  . 

If  we  develop  the  powers  which  compose  ^(r),  we  find 


On('Ja  — 1) 

6lx)=i  2a(2a  — 1) 

^  +»  &c., 

or,  more  simply,  by  using  the  notation  Si,  S.>,  &c., 

oa(-3a— 1) 
^(.r)=mT=''— 2aSix2«-^+— Y-T^S^r'*^ J-S^a- 

Substituting  cr,  /;,  c  .  .  .  in  this  expression  instead  of  r,  and  adding  the  re- 
sults, we  obtain 

2«('2a  —  l) 
2/i=7?jS,.a— 2«S,S.„,_i+ — ^ — S.>S.„_2  .  .  .  +mSw 

In  this  second  member  it  will  bo  perceived  that  the  terms  at  an  equal  dis- 
tance from  the  extremes  are  equal ;  consequently,  stopping  at  the  middle  term 
of  the  expression,  and  taking  only  the  half  of  that  term,  we  have  the  general 
vo^u*e  of/a»  to  wit, 
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ya^mSja  — 2aSiSia— iH :j — T" — S^Sj(|-4  .... 

,2a(2a-l)(2a-2)...(a+l).. 

As  the  signs  are  alternately  +  and  — ,  there  will  never  be  any  uncertainty 
lis  regards  this  last  term.  Let  us  view,  then,  the  operations  which  must  bo 
performed. 

1°.  We  calculate  the  sums  S,,  S.,  S3.,  up  to  S^a  by  means  of  the  known 
relations  Si+P=0,  S2+PSi  +  2Q=0,  &c. 

2°.  In  the  formula  which  expresses^  wo  make  successively  a=l,  2,  3^ 
...n,  and  we  thus  have,  to  determine  the  n  sums/i./^^y^,  .../b, 

/,=7/iS.j— S,S„/,=mS4— 4SiS3+3SaS,,  &c. 

3°.  Finally,  the  relations  existing  between  these  n  sums  and  the  n  coeffi- 
cients jp,  ^,  r,  ...  will  give  the  values  of  these  coefficients,  viz., 

364.  A  method  entirely  analogous  to  that  which  has  been  employed  in  find 
iDg  the  equation  of  the  squares  of  the  dilforences  can  be  employed  in  a  great 
number  of  cases,  and  particularly  in  those  where  the  roots  of  the  transformed 
equation  are  similar,  and  entive  powers  of  the  difference,  of  the  sum,  of  the 
product,  or  of  the  quotient  of  any  two  roots  whatsoever  of  the  given  equation. 

For  example,  suppose  that  each  new  root  is  to  be  the  power  k  of  the  sum 
a+6  of  two  roots  of  equation  [A].  Taking  n=:^m{m  —  1),  the  transformed 
equation  ought  to  have  the  form 

2"+;?2»-i  +  52''-«+... +/z4-t/=0 [CJ 

and  if  we  make 

f^=(a+h)^-+(a+cY-+  . . .  +(/,+cy«+,  &c., 
the  calculation  will  reduce  itself  to  expressing^^  by  a  general  fbrmula.     To 
do  this,  we  take  the  function 

the  development  of  which  is 

ka{ka—\) 

But  if,  before  the  development,  we  substitute  in  ^(.r)  successively  a,  6,  c, 
. .  .,  instead  of  j:,  the  sum  of  the  resultants  will  be  equal  to  2/i,  +  2''"Ska ; 
hence  it  is  easy  to  perceive  that  by  making  the  saino  substitutions  in  the 
development,  we  shall  have 

Finally,  we  derive  from  this  equation  the  required  formula. 

When  Jca  is  even,  wo  stop  at  the  term  which  contains  S  with  two  equal  in- 
dices, and  we  take  only  the  half  of  it ;  but  when  ka  is  uneven,  we  stop  at  the 
term  in  which  the  two  indices  are  J(Aa  —  1)  and  ^(A:a+1),  and  we  take  the 
entire  term. 

aUADRATIC  FACTORS  OF  EaUATIONS. 

365.  Every  equation  of  an  even  degree  has  at  least  one  real  quadratic  factor* 
Let  the  proposed  equation  bo 

£  E 
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z"4-^,2*-^+^>,ia:»-3+  . . .  +po=0,  having  roots  a,  b,  c,  &c.,  and  let  n=-3//,  ft 

being  an  odd  number.     Let  it  be  transformed  (Art.  362)  into  an  equation 

whose  roots  are  the  combinations  of  every  two  of  its  roots,  of  the  form  y=.a 

'{-h'\~mah^  m  being  any   number;    also,  let  the   transformed   equation   be 

0m(3/)=O;  then  its  coefficients  will  be  symmetrical  functions  of  a,  h,  c,  d:c., 

and,  therefore,  rational  and  known  functions  of  jpi,  p^^  6cc, ;  and  its  degree  will 

^    2^2/*— 1)      ,     , 

be ,  which  is  odd ;  therefore,  ^^(i/) =0  will  have  at  least  one  reol  root, 

whatever  be  the  value  of  m.  Hence,  making  i?i=l,  2,  3,  . . .  {/*(2// — 1)4-1 1, 
successively,  each  of  the  equations  ^1(3/) =0,  ^2(3/)  =0,  &c.,  will  have  at  least 
one  real  root;  that  is,  we  shall  have  /x{2fi — l)-4-l  real  values  for  combinations 
of  two  roots  of  the  proposed  equation,  of  the  form  a-^b-^-mah  ;  but  there  are 
only  iJi{2fi — 1)  such  combinations  which  are  differently  composed  of  the  roots 
a,  by  c,  6cc. ;  therefore,  two  of  these  combinations,  for  which  we  have  obtain- 
ed real  values,  must  involve  the  same  pair  of  the  quantities  a,  6,  c,  &c. ;  let 
this  pair  of  roots  be  a,  6,  and  a,  a\  the  real  roots  of  the  corresponding  equa- 
tions ^„(y)=0,  ^„»(y)=0,'8o  that 

a'{-b'{-fnab=zay  a-{-b-\-m^ab=a'  \ 
therefore,  a-\-b  and  ab  are  real,  and  the  proposed  equation  has  at  least  one 
real  quadratic  factor,  and  two  roots,  either  real,  or  of  tlie  form  a±/?-/ — 1. 
Hence  every  equation  whose  degree  is  only  once  divisible  by  2  has  at  least 
one  real  quadratic  factor. 

We  shall  now  prove  that  if  it  be  true  that  every  equation  has  at  least  one 
real  quadratic  factor  when  its  degree  is  r  times  divisible  by  2,  or  when  n=2'^i 
where  fi  is  odd,  the  same  is  true  when  the  degree  of  the  equation  is  r-f- 1 
times  divisible  by  2.  For,  let  n=2'+'/t;  then  the  degree  of  the  transformed 
equation  will  be  2y(2'+V — 1),  which  is  only  r  times  divisible  by  2 ;  therefore, 
by  supposition,  the  transformed  equation,  <l>„,{y)=0,  will  have  two  roots,  either 
i^al  or  imaginary.  If  they  are  real,  then,  exactly  in  the  same  way  as  for  the 
preceding  case  of  the  index  being  only  once  divisible  by  2,  it  may  be  shown 
that  the  proposed  equation  has  at  least  one  real  quadratic  factor.  If  they  are 
imaginary,  we  shall  have  7/=a4:i?\/ — 1,  each  of  which  expresses  the  value 
of  some  one  of  the  combinations  a -^-h-^- in  ah,  a-^-c-\-7naCj  6cc.  Suppose, 
therefore,  that  we  have  a-]-h-]-mnhz=n^i3  yj  — 1 ;  then,  as  shown  above,  wo 
can  give  m  such  a  value  m',  that  0^,(7/)  =  0  shall  have  a  root  corresponding  to 
the  combination  of  the  same  letters,  so  that  a-\'h -^-m' ahziza! ^\V  -/  —  1 ;  from 
which  equations  wo  con  obtain  values  of  </?->  and  a-\-b  under  the  forms 


...  a:^— (y+d  V  — l)j+/+dV--l  is  a  factor  of/(j')  ; 
but  if  any  real  expression  have  a  factor  of  the  form  M-j-N  ■/ — 1,  it  nmst  ako 
have  one  of  the  form  M — N  -/  —  1 ; 


...  r'-.(y-_c5-y/— i).r+/— (JV—l  is  n  factor  of/(.r) ; 
if,  therefore,  these  two  expressions  have  no  simple  factor  in  common,  their 
product  will  be  a  biquadratic  factor  of/(j:), 

(r«->T-|-/)2-|-(<Jj-d')S 

which  can  always  be  resolved  into  two  real  quadratic  factors,     (.^ee  solution 
of  Biquadratics.)    If  they  have  a  factor  in  common,  since  they  may  be  written 
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r=-j.r+/-  V-I(At-cJ'),  j^-yx+/+  V-1(^3:-(J')» 
it  cau  ouly  bo  uf  tho  form  x — e;  arid  the  factors  themselves  become 

and,  tliorefore,  the  proposed  equation  admits  tho  real  qaadratic  factor 

Hence  an  equation  whose  degree  2=2'+^  will  have  a  real  quadratic  factor, 
provided  an  equation  whose  degree  :=2^fi  has  one ;  but  we  have  proved  this 
to  be  the  case  when  r^l  ;  therefore  it  is  universally  true  that  every  equa- 
tion of  on  even  degree  has  at  least  one  real  quadratic  factor.  If  now  this  fac- 
tor be  expelled,  tho  depressed  equation  will  have  its  coefficients  real  and  its 
degree  even,  niul  will,  therefore,  as  before,  have  one  real  quadratic  factor. 
Hence  the  first  member  of  every  equation  of  an  even  degree  may  be  resolved 
into  real  quadratic  factors. 

366.  Hence  if  we  divide  the  first  member  of  any  equation 

by  z^-j-^^Hb^*  admitting  no  terms  into  tho  quotient  that  have  x  in  the  de- 
nominator, we  shall  at  last  obtain  a  remainder  of  the  form  Ar-I-B,  A  and  B 
being  rational  functions  of  a  and  b;  and  in  order  that  x'^-{-ax-{-h  may  be  a 
quadratic  factor  of  the  proposed  equation,  it  is  necessary  and  sufficient  that 
this  remainder  should  equal  zero  for  all  values  of  r,  which  requires  that  wo 
separately  have  A  ^0,  B  ^0.  The  different  pairs  of  values,  real  or  inmginary, 
of  a  and  b  which  satisfy  these  equations  will  give  all  the  quadratic  factors  of 
the  proposed;  and  as  the  number  of  these  factors  is  ln{n — 1)  (Art.  244,  Cor. 
2),  the  final  equation  for  detenniuiug  one  of  the  quantities  a,  6,  obtained  by 
eliminating  the  other  between  the  tNvo  preceding  equations,  will  be  of  tho 
degree  in{n  —  1),  which  exceeds  n,  if  7i>3  ;  therefore,  the  determination  of 
the  quadratic  factors  of  an  equation  will  generally  present  greater  difBcultics 
than  the  solution  of  the  equation. 

As  tho  proposed  equation  has  necessarily  },n  or  -J(n  —  1)  real  quadratic  fac- 
tors, according  as  n  is  even  or  odd,  there  will  always  exist  the  same  number 
of  pail's  of  real  values  of  a  and  i,  satisfying  tho  equations  A=0,  B=0  ;  and 
if  any  of  these  pairs  of  real  values  be  commensurable,  they  may  bo  easily 
found;  and  the  commensurable  quadratic  factors  being  known,  tho  equation 
may  be  depressed. 

EXAMPLES. 

(1)  To  resolve  r*— Gr--^-nx— 3=0  into  its  factors.    Dividing  by  x^-^-ox+i, 

we  find  a  remainder, 

(n-f  2rtfe4-6a— a3)j._(rt2j_t«_65^3) . 

therefore,  to  determine  a  and  ft,  we  have 

n4-2ai4-6a— a'=0, 
a26— 62— G6+3=0. 

Solving  the  former  with  respect  to  6,  and  substituting  in  the  latter,  wo  find 

(a9_-4)3=n-— 64,  or  a  =  v4-f  V^*'— 64 ;   from  whence  6,  and  the  other 

quadratic  factor, 

x2— ar+a^— 6— 6, 

may  be  determined. 
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(2)  The  resolutioD  of  x*-{-pj^-{-qj^-{-rx-{-i  into  its  two  quadratic  factors, 
2^-{'inx-\-n,  a;*+i/i'j:+n,  may  be  eflbcted  by  the  following  formulas : 

r — 7  w + pffi''^ — w'  f — ?"* '  +7?m'^ — m'' 

n^ ;; 1  n'^ — ; , 

J) — '2in  p — iiwi 

where  :  is  a  root  of  the  equation, 

23_(3^2— 87)2«+(3/>*  — lC/>«7+165«+16/>r— C4«)z— (8r— 4;)g+p')-=0, 

which  has  necessarily  a  real  root. 

ELIMINATION  BY  SYMMETRIC  FUNCTIONS. 

367.  Symmetric  functions  furnish  a  method  of  elimination  which  has  the 
advantage  of  making  known  the  degree  of  tlio  final  equation. 
Let  the  two  equations  be 

z"+Pj'»-^+Qj:°-«+Rx'»^...=:0 (1) 

x»4-P'^~'+Q'-r"~-+R'-«^"~'---=o (2) 

m  which  P,  Q...,  P',  Q'. ..  are  functions  of  y.  If  we  could  resolve  (1)  with 
respect  to  x,  we  would  derive  from  it  m  values,  a,  6,  c . . .,  of  x,  which  wouki 
be  functions  of  ^;  and,  by  substituting  these  values  of  x  in  equation  (2),  we 
would  have,  fur  deteriiiiuing  the  values  ot  y^  in  equations  free  from  x,  viz., 

a"-f  PV-'  +  Q'«"-2+  R'«"-\ .  .=0  \ 

&c.  &c. 

But,  in  general,  the  resolution  of  equation  (1)  is  impossible,  and  the  prob- 
lem is  to  obtain  a  final  equation  which  embraces  all  the  values  of  y  without 
distinction. 

We  shall  have  an  equation  which  will  fulfill  this  condition  by  multiplying 
toeether  the  m  equations  (3),  for  the  resulting  equiition  will  be  satisfied  by 
each  value  of  ?/  derived  from  any  one  of  them,  and  it  can  not  be  satisfied  in 
any  other  way.  But  the  factors  of  this  resultant  can  only  change  places, 
whatever  permutations  we  may  make  hetwer^n  the  quantities  «,  /;,  c  . . . ;  tlie 
pmduct,  then,  will  only  rontnin  entire  and  rational  symmetric  functions  of 
tliese  quantities :  hence  we  shull  he  able  to  express  these  fiictors  by  means 
of  the  coefTicients  of  equation  (1),  and  in  this  way  we  shall  have  the  final  equa- 
tion in  1), 

This  method  of  eliminntion  leails,  in  geiienil,  to  very  tedious  calculations  ; 
but  it  has  the  advantage  of  giving  a  final  equation  containing  all  the  roots  that 
it  ought  to  embnice,  without  any  ccnnplieation  of  foreign  roots. 

.308.  This  methwl  has  also  the  a'lvantnge  of  leading  to  a  general  theorem 
with  respect  to  the  dt^^rce  of  the  final  equation.  In  the  preceding  article  the 
first  equation  is  of  the  degree  m,  tlio  second  of  the  deji;ree  «,  and  P,  Q...,  P', 
Q'...  are  any  functions  whatsoever  of  ?/ ;  but,  for  the  theorem  in  question, 
these  functions  must  evidently  be  polynomes,  such  that  the  sum  of  the  ex- 
ponents of  X  and  y  shall  be,  at  most,  equal  to  in  in  each  term  of  equation  (1), 
and,  at  most,  equal  to  n  in  each  term  of  equation  (2).  We  have,  then,  to  de- 
termine to  what  degree  y  can  be  raised  in  the  symmetric  functions  which 
compase  the  product  of  equations  (3). 

Each  term  of  tliis  product  is  the  product  of  m  terms  taken  respectively  from 
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the  m  equations  (3) ;  hence,  designating  these  terras  by  Ya*,  Y'6^,  Y"c^,  the 
term  of  the  product  will  bo  Y  Y' Y". . .  a^'b^c^ . . ,  But  the  product  of  these  m 
equations  being  symmetric  with  respect  to  the  quantities  a,  6,  c...,  all  the 
terms  should  have  the  same  form  with  the  one  that  wo  have  given  above  ; 
consequently,  we  know  that  the  jiroduct  embraces  all  the  terms  represent- 
ed by 

YY'Y-...xS(a«6^c>'...) (4) 

We  have  now  to  detennine  the  degree  of  y  in  this  expression.  Observing 
that  the  degree  o{  y  in  Y  is,  at  most,  equal  to  n—a,  in  Y'  to  n— /?,  in  Y"  to 
n — y,  &c.,  we  shall  readily  see  that  in  YY'Y"...  its  degree  will  be,  at  most, 
equal  to  tnn — a — 13 — y....  On  the  other  hand,  if  we  refer  back  to  the  rela- 
tions (Art.  356)  from  which  the  sums  Si,  S^,  Sa,  <kc.,  are  derived,  we  shall 
see  that,  P  being,  at  most,  of  the  fii-st  degree  in  y,  Q  of  the  second,  R  of  the 
tliird,  and  so  on,  the  degree  of  ^  in  these  sums  can  not  surpass  the  subscript 
number  of  S;  and,  in  like  manner,  if  we  refer  (Art.  359)  to  the  formulas 
which    express   double,    triple,    dec,   functions,    we    shall    perceive    that   in 

S(a''6V...)  the  degree  of?/  can  not  surpass  a+.J+y...  Hence  in  expres- 
sion (4)  the  degree  of  y  will  be,  at  most,  equal  to  mn. 

The  same  remark  will  apply  to  all  the  symmetric  functions  whose  sum 
composes  the  product  of  the  m  equations  (3) ;  therefore,  lastly,  the  final  equa- 
tion can  not  be  of  a  degree  superior  to  mn. 

The  demonstration  seems  to  require  that  equation (1) contain  m.  But  we 
can  suppose  that  at  first  x*"  had  a  coefficient,  A,  independent  of  y,  and  that  we 
have  divided  the  whole  equation  by  A.  The  fmal  equation  ought  to  subsist, 
whatever  may  be  the  value  of  A ;  we  can  make  A=0,  and  it  is  evident  that 
this  supposition  will  not  raise  the  degree  of  the  final  equation.  Finally,  the 
theorem  is  to  be  tlius  understood :  that  the  elimination  between  two  general 
equations,  the  one  of  the  degree  7n,  the  other  of  the  degree  n,  ought  to  give  a 
final  equation  of  the  degree  mn  ;  but  that,  in  particular  cases,  the  degree  of 
the  final  equation  can  be  less  than  mn, 

EXAMPLES. 

The  two  equations,  x — y^^O,  j*"-|-«?/"4-^2/+^=^»  although  very  simple, 
will  give  a  final  equation  fully  of  the  degree  mn ;  for,  by  substituting  in  the 
second  the  value  of  x  derived  from  the  first,  it  becomes  y""'-|-ay"-|-6y-J-c:=0. 

On  the  other  hand,  in  eliminating  x  between  the  equations  3* — y"=0, 
x*-{-ay°-{-by-{-c^O^  we  obtain  a  final  equation  of  a  degree  less  than  wn,  viz., 
y'^+ay''+by+c=0. 

369.  For  extending  the  theorem  to  any  number  whatsoever  of  equations, 
we  have  the  general  theorem  given  by  Bezout,  viz.,  tliat  Jf,  between  equations 
equal  in  nurnber  to  that  of  the  unknmvnsj  we  eliminate  all  the  unknowns^  except 
one^  the  degree  of  the  final  equation  will  6e,  at  most,  equal  to  the  product  of  the 
degrees  of  these  equations. 

Before  Bezout,  the  theorem  had  been  known  for  the  case  of  two  equations ; 
and  Cramer,  in  the  appendix  to  his  Inti'oduction  to  the  Analysis  of  Right 
Lines,  has  given  a  very  simple  demonstration,  which,  in  reality,  does  not  dififer 
from  that  which  we  have  stated.  It  hns  been  a  desideratum  that  the  same 
demonstration  should  ho  capable  of  being  applied  to  all  other  cases ;  this  has 
been  accomplished  by  Poisson,  in  a  memoir  which  appeared  in  the  eleventh 
Tolume  of  the  Journal  de  Vtlcole  Poly  technique. 
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METHOD  OF  TSCHIRNHAUSEN  FOR  SOLVING  EaUATIONS. 

370.  As  another  application  of  the  theory  of  elimination,  we  shall  briefly 
illustrate  the  principle  upon  which  Tschimhausen  proposed  to  accomplish  the 
general  solution  of  equationSf  but  which,  as  observed  at  Art.  277,  was  soon 
found  to  be  of  but  very  limited  application,  not  extending  beyond  equations  of 
the  fourth  degree  ;  and,  even  within  this  extent,  too  laborious  for  general  use. 
The  principle  consists  in  connecting  with  the  proposed  an  auxiliary  equation 
of  inferior  degree  with  undetermined  coefficients,  and  of  as  simple  a  form  as 
possible  consistently  with  the  office  it  is  to  perform,  but  involving,  besides  the 
unknown  quantity  x,  a  second  unknown  y.  The  unknown,  common  to  both 
equations,  is  then  eliminated  according  to  the  method  at  Art.  315,  and  a  final 
equation  in  y  thus  obtained,  of  which  the  coefficients  are  functions  of  the* un- 
determined coefficients  in  the  auxiliary  equation.  The  arbitrary  quantities, 
thus  entering  the  coefficients  of  the  final  equation  in  y,  are  then  determined 
80  as  to  cause  certain  of  those  coefficients  to  vanish ;  by  which  means  the 
equation  is  ultimately  reduced  to  a  prescribed  form,  supposed  to  be  solvable  by 
known  methods. 

371.  As  an  example,  let  it  be  required  to  reduce  the  cubic  equation 

r»-f  a2:»+6z+c=0     (1) 

to  the  binomial  form 

Assume  an  auxiliary  equation 

a:«4.a'x+6'+y=0 (2) 

and  eliminate  x  from  (1)  and  (2)  in  the  usual  way.     The  remainder  arising 
from  dividing  the  first  member  of  (1)  by  the  first  member  of  (2)  is 

(a'«-aa'+6-6'-y)a:+(a'-a)(6'+y)+c, 

which,  equated  to  zero,  gives 

^—a'i^aa'+b^b'^y' 

and  this  value  of  x,  substituted  in  the  proposed  equation,  transforms  it,  after 
reduction,  into  the  form 

f+hy^+iy+k^O (3) 

where 

;i=36'— aa'+a'— 2ft 

t=36"^— 26'(cza'— a^+2&)+fl'26 

+  (3c^ah)a'+¥^2ac 

(3C'^ab)a'b'+aca''+(b^—2ac)b'  —  bra'+cK 

Hence,  in  order  to  reduce  (3)  to  the  prescribed  form,  we  must  determine 
the  arbitrary  quantities  a\  b'  conformably  to  the  conditions  ^=0,  t=:0  ;  that 
is,  these  quantities  must  satisfy  the  equations 

36'»— 26'(aa'— a2+26)+a'«6+ 

(3c— a6)a'4-i3_Oflrc=0, 

of  which  the  first  is  of  the  first  degree  with  respect  to  a'  and  6',  and  the  other 

of  the  second  degree,  so  that  their  values  may  be  determined  by  a  quadratic 

equation.     And  these  values,  or,  rather,  the  expression  for  them  in  tonus  of 
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the  given  coefficients,  being  substituted  in  the  preceding  expression  for  k,  ren 
der  that  symbol  known  ;  and  thus  the  required  form 

is  obtained. 

372.  In  a  similar  manner  may  the  general  equation  of  the  fourth  degree 

ai+ax^+bjP+cx+d^O 
be  transformed  into  one  of  the  form 

which  is  virtually  a  quadratic,  by  eliminating  x  from  the  pair  of  equations 

x^^a'x-[-h'  +2/=0, 
which  elimination  will  conduct  to  a  final  equation  in  y  of  the  form 

from  which  the  second  and  fourth  terms  will  vanish  by  the  equations  of  con- 
dition 

g=0, 1=0, 

the  first  of  which  will  be  of  the  first  degree  as  regards  the  arbitrary  quantities 
a\  b\  and  the  second  of  the  third ;  both  quantities  are,  therefore,  determina- 
ble by  means  of  an  equation  of  the  third  degree,  and  thence  the  quantities 
^,  A:,  which  are  known  functions  of  them. 

All  this  is  very  laborious,  but  it  really  does  effect  the  object  proposed  thus 
far ;  that  is,  it  reduces  the  solution  of  equations  of  the  third  and  fourth  de 
grees  to  those  of  inferior  degrees ;  but  beyond  this  point  the  method  fails,  as 
the  conditional  equations  resolve  themselves  ultimately  into  a  final  equation 
that  exceeds  in  degree  that  which  they  are  intended  to  simplify. 

On  this  subject  we  may  add  that  Mr.  Jerrard  has  greatly  extended  the  prin- 
ciple of  Tschirnhausen,  and  has  succeeded  in  reducing  the  gdneral  equation 
of  the  fifUi  degree 

a*+A4X«+A3r»+A,2«-f  Ax+N=0 
to  the  remarkably  simple  forms 

3*+ax*+b=0 

x^+ar^+bz=0 

3^+a3r'+b=0 

x^^ax  +b=0; 

80  that  the  solution  of  the  general  equation  of  the  fifth  degree  might  be  con- 
sidered as  accomplished  if  either  of  the  above  forms  could  be  solved  in  general 
terms. 

For  a  very  masterly  analysis  of  Mr.  Jerrard's  researches,  the  reader  is  re- 
ferred to  the  paper  of  Sir  W.  R.  Hamilton  in  the  Report  of  the  sixth  meet- 
ing of  the  British  Association. 

METHOD  OF  LAGRANGE  FOR  SOLVING  EaUATIONS. 

373.  A  remarkable  application  of  the  theory  of  symmetrical  functions  is  that 
made  by  Lagrange  to  the  general  solution  of  equations ;  by  that  means  he 
solves  the  general  equations  of  the  first  four  degrees  by  a  uniform  process, 
and  one  which  includes  all  others  that  have  been  proposed  for  that  purpose, 
the  common  relation  of  which  to  one  another  is  thus  made  apparent. 

It  consists  in  employing  an  auxiliai*y  equation,  called  a  reducing  equation, 
whose  root  is  of  the  form 
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denoting  by  Xi,  x^,  . .  ?„  the  n  roots  of  the  proposed  equation,  and  by  a  one  of 
the  n^  roots  of  unity ;  and  the  principle  on  which  it  is  based  is  as  foUo¥ra : 
Let  y  be  the  unknown  quantity  in  the  reducing  equation,  and  let 

y=«i-Ti  +  «*rj+  •  •  •  +°n3:o» 
oi,  09, . . .  Oa  denoting  certain  constant  quantities  ;  then,  if  n — 1  values  of  y, 
and  suitable  values  of  the  constants  a^,  02, . . .  On*  can  be  found,  so  that  we  may 
have  n — 1  simple  equations,  these,  together  with  the  equation 

—Pi  =^i+^i+  •  •  •  +^B» 
will  enable  us  to  determine  the  n  roots. 

Now,  supposing  the  constants  in  the  value  of  y  to  preserve  an  invariable 
order,  oi,  a>,  dec.,  since  the  number  of  ways  in  which  the  n  roots  may  be  com- 
bined with  them  to  form  the  expression  aiXi-f-o^a+f  ^^*f  i^  ^^®  same  as  the, 
number  of  permutations  of  n  tilings  taken  all  together ;  therefore,  the  expres- 
sion for  y  will  have  n(n — 1) . . .  3.2.1  values,  and  the  equation  for  determining 
y  will  rise  to  the  same  number  of  dimensions,  or  will  be  of  a  degree  higher 
than  that  of  the  proposed  equation  ;  hence  the  method  will  be  of  no  use,  un- 
less such  values  can  be  assumed  for  the  constants  a,,'a.>, . . .  a,  aa  shall  make 
the  solution  of  the  equation  in  y  depend  upon  that  of  an  equation,  at  most,  of 
n — 1  dimensions.  Now  this  may  be  done  (at  least  when  n  does  not  exceed 
4)  by  taking  the  n^  roots  of  unity  a^  a,  a^  (r*, . . .  a"-^  for  Oi,  Oa, . . .  Og,  so  that 

y=z(fixi-{-aX2-\-  . . .  4-a'-^x,4-o'Xr+i4-  •  •  •  +<'''~*^n' 

For,  in  the  first  f)lace,  with  this  assumption,  the  reducing  equation  will 
contain  only  powers  of  y  which  are  multiples  of  n;  for,  since  a*=l, 

which  is  the  same  result  as  if  we  had  interchanged  x^  and  Xr^^,  Xg  and  Xr^^ 
&c.,  so  that  if  1/  be  a  root  of  the  reducing  equation,  a^-'y  is  also  a  root ;  there- 
fore, the  reducing  equation,  since  it  remains  unaltered  when  0**"'^  is  written 
for  y,  contains  only  powers  of  y  which  are  multiples  of  n ;  if,  tlierefore,  we 
make  y^'^z^  wo  shall  have  a  reducing  equation  in  2  of  only  1.2.3 . . .  (n — 1) 
dimensions,  whoso  roots  will  be  the  diflerent  values  of  z  which  result  from 
the  permutations  of  the  n  —  1  roots  x.^,  X3, . . .  Xn  among  themselves.  We  shall 
now  have,  expanding  and  reducing, 

in  which  Wo*  Wi»  ?/.>,  .  .  •  Wn-i  nre  determinate  functions  of  the  roots,  which  will 
be  invariable  for  the  simultaneous  changes  of  Xi  into  x^i,  x^  into  Xr^.:,  &:c., 
since  2=(rt^/)"  ;  and  when  their  values  are  known  in  terms  of  the  coefficients 
of  the  proposed  equation,  wo  shall  iiniiiodiately  know  the  values  of  the  roots. 
For  let  2o»  -i»  2;.j,  .  .  .  2n-i  bo  the  diflforent  values  of  z,  when  1,  a,  /?,  y,  . .  .  X, 
the  roots  of  y°  — 1=0,  are  substituted  for  a;  then,  since  y=  Vz*  we  have 

^1+^2+  '  •  •  +-^0=  Vzo 


Xi  +  Xx,+  ...  +?."-ix„=  Vzo_, ; 

therefore,  adding,  and  tnkino;  nccount  of  the  properties  of  the  sums  of  the 
powers  of  1,  a,  8,  y,  &c.,  (Art.  357,  [2]),  we  get 
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nr,=  V^+  VT+ h  V^i- 

Again,  multiplying  tho  ubovo  system  of  equations  respectively  by  1,  a"~S 
/S**"*,  . . .  X»-»,  we  get 

and  80  on  for  the  rest.  Hence,  since  — j)i=z^Zoi  and  .*.  ( — ^^i)°=:Zjs=:iio 
-|-ui4-  •  •  •  4-M„_i,  the  problem  is  reduced  to  finding  tho  values  of  Ui,  Up . .  .lin-^. 
374.  When  n  is  a  composite  number,  the  ai)ove  goneral  method  admits  of 
simplifications.  For  let  n  have  a  divisor  m,  so  that  n^mp^  and  let  a  be  a  root 
of  yn  — 1=0;  then,  since  0™=!,  a"+'=a,  a'"•♦'•=a^  <kc.,  rt^"=l,  a""'+^=a, 
&c.,  we  have 

where  Xr=a-r+^m+r+-'*jrn+r+  •  •  ••+^o_iih4^»  uud  consists  of^  roots; 

where  i/o,  iii,  &c.,  are  known  functions  of  Xi,  Xj,  (Sec. ;  and  when  they  are 
found  in  terms  of  the  coefficients  of  the  proposed  equation,  we  shall  be  able  to 
determine  immediately  the  values  of  Xi,  X^,  &c.,  as  before.  To  deduce  the 
values  of  the  primitive  roots  Zj,  t,>,  j*;„  . . .  Xn,  we  must  regard  separately  those 
which  compose  each  of  the  quantities  Xi,  X:,  (Sec,  as  the  roots  of  an  equa- 
tion of  p  dimensions.  Thus,  let  the  roots  whose  sum  is  X^  be  those  of  the 
equation 

af — XixP-»+L.rP-'— Mj^»-»+  . . .  =0,* 

where  L,  M,  &c.,  are  unknown ;  then  the  first  member  of  this  equation  is  a 
divisor  of  the  first  member  of  the  proposed,  since  all  its  roots  belong  to  the 
latter.  Hence,  effecting  the  division  and  eqnatmg  to  zero  the  coefficients  of 
xP~S  jP"*,  dec,  in  the  remainder,  we  shall  have  j)  equations  in  Xi,  L,  M,  &c., 
of  which  the  first  p — 1  will  give  the  values  of  L,  M,  A:c.,  in  terms  of  Xi  by 
linear  equations.  It  will  then  remain  to  solve  the  equation  so  formed  of  p 
dimensions.  Similarly,  substituting  the  value  of  X.^  in  place  of  that  of  Xi,  we 
shall  have  an  equation  giving  the  next  group  of  roots  r^,  Xm-f-Z)  dec. ;  and  so  on. 

KXAMFLE  I. 

r* — px-'\'qx — r=0. 
Let  the  roots  be  a,  6,  r,  and  let 

y^a'\-n.})'\-a'^c ; 
.-.  2=y»=a'+6^+r'4.6tf6c+3(fl-6+6V+c2a)a+3(a«c+6«tf-|-c»6)a«, 

But  Ki,  Ui  are  roots  of  the  quadratic 

and  «i4-t/;=32(fl2/>)=3/77— 9r  (Arts.  357, 359), 
UiU.iZ=9\abcS:^+l{tt'b'')+3a^b'C'\ 

=:97«4.9(;>— 6777)r+81r«. 
Hence  u^,  u^  are  known, 

and  .•.  Vo=p^ — (mi  +  WvO»  ^*  known. 
Hence,  denoting  by  z,,  r..,  the  values  of  z  when  a  and  a*  are  respectively 
written  for  a,  we  have 
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from  which  we  obtain  the  values  of  a,  6,  and  c,  viz., 

a=i(i'+VM:V^2)__ 

EXAMPLE  II. 

a:*  — pjr*+ ^^ — ^^+ 5=0. 
Since  4=2.2,  let  a  be  a  root  of  y^ — 1=0,  so  that  a*r=l ; 
then  y=zXi-\-ax2+X2-{-ax^s=Xi-{-aX2n 

if  Xi±bXi4-X3,  Xt^Xi+x^; 

where  Uo=Xj+Xg,  Ui=2XiX3,  and  tto+Mi=Zo=rj»'. 

Hence  Ui=2(xi-^r3)(j*j-^X4),  by  interchanging  the  roots  among  themselves, 

will  admit  the  two  other  values  2(ti4-J"2)(j^3+^4)»  ^^^  ^^i-{'^4){^2+^z)t  and 
will,  therefore,  be  a  root  of  an  equation  of  the  form 

w^— Mtt'+Nw,— P=0; 

the  coefficients  being  symmetrical  functions  of  Xi,  Xg,  rs,  Z4,  and,  conseqaentiy, 
assignable  in  terms  of  ^,  q,  r,  s.  It  is  easily  seen  that  if  we  make  Ui:=z2q — 2iif 
we  shall  have  on  equation  in  u  whoso  roots  are 

XiXti+XiXi,  TiX^i+x^x^,  XiX^+x^X;^; 

and  the  transformed  equation  is  (Art.  362) 

w3— .^M«4-(pr— 45)u  — (p^— 4y)5— r«=0. 

Let  u'  be  a  root  of  this  equation,  then  Ui^2q — 2u' ;  hence,  making 

a=— 1,  Zi=Uo^Ui=p'—2ui=zj)'^Ag-{-Au' ; 
.-.  Xi  +  X,.=/?^Xi  — X.2=  V-i ; 
•    .-.  X,  =  l(jj+  V:i),  X.=  J(p-  V^). 
Hence  Xp  x^  may  bo  regarded  as  roots  of  a  quadratic  x^ — X^x-l-L^O; 
dividing  the  proposed  by  this,  and  putting  the  first  term  of  the  remainder  equal 
to  zero,  we  find 

X'— y^X'-fvXi— r 

^= ^^x^~7, ' 

therefore,  a-j,  x^  are  known;  and  x^,  x^  will  result  from  the  same  formulae 
by  interchanging  X,  and  X3,  or  by  changing  the  sign  of  the  radical  -v/TJ". 

EXAMPLE  III. 

a^— 1  ^  . 

r=0,  n  being  a  prime  number. 

If  r  be  one  of  the  roots,  and  a  be  a  priinitivo  root  of  the  prime  number  n 
(that  is,  a  number  whoso  several  powei*s  from  I  to  » —  1,  when  divided  by  n, 
leave  differeut  remainders),  it  will  bo  proved  hereafter  tliat  all  the  roots  of 
this  equation  may  be  represented  by 

r,  r",  ra-,  rl^  . . .  ra""^.  i 

Let  y = r 4- ar« + aV»' -|. . . .  _j-  a»-*r«"--«, 
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a  beiug  a  root  of  the  equation  y°~* — 1=0.  Therefore,  observing  that  a"-*=:l 
and  /"  =  1, 

tfot  Up  &c.,  being  rational  and  integral  functions  of  r  which  do  not  change  by 
the  substitution  of  ro,  ra^  r<>^  6cc.y  in  the  place  of  r;  for  these  quantities,  re- 
garded as  functions  of  2*1,  x^,  X3,  &c.,  do  not  alter  by  tlio  simultaneous  changes 
of  X,  into  Xj,  X2  into  X3,  &c.,  nor  by  the  simultaneous  changes  of  x^  into  Xg, 
Xj,  into  X4,  &:c.,  to  which  correspond  the  changes  of  r  into  ra,  into  r«*,  &c. 

Now  every  rational  and  integral  function  of  r,  in  which  r"=l  may  be  re- 
duced to  the  form 

A+Br+Cr--fDr'+ ^-Nr"-^ 

the  coeflicietits  A,  B,  C, . . .  N  being  given  quantities  independent  of  r ;  or, 
since  in  this  case  the  powers  r,  r^,  r^, . . .  r"*"*  may  be  represented,  although 
in  a  different  order,  by  r,  ra,  r»»-, . . .  ra"~-,  we  may  reduce  every  rational 
function  of  r  to  the  form 

A+Br+Cra  +  Dr«2H f-Nra--^. 

Therefore,  if  tliis  function  is  such  tliat  it  remains  unaltered  when  r  is 
changed  inlo  r^,  it  follows  that  the  new  form 

A+Br«+Cra2+Dr«=»H h^r, 

coincides  with  the  preceding ; 

.-.  B=C,  C=D,  D=E,  &:c.,  N=B, 
and  therefore  the  function  is  reduced  to  the  form 

A4-B(r+ra+rfl2^ f-ra"-^),  or  A— B, 

since  the  sum  of  the  roots  := — 1;  hence  each  of  the  quantities  Uq,  u^  1^, 
&c.,  will  be  of  the  form  A — B,  and  its  value  will  be  found  by  tJie  actual  de- 
velopment of  z=3/"~* ;  so  that  wo  liave  the  case  where  the  values  of  Mq,  W|,  ««, 
&c.,  are  known  immediately,  without  depending  upon  the  solution  of  any 
equation.  Hence,  if  w^e  denote  by  1,  a,  /3,  7,  &c.,  the  n  —  1  roots  of  the  equa- 
tion X"-* — 1=0,  and  by  Zo,  -i»  Zi,  A:c.,  the  value  of  z  answering  to  the  substi- 
tution of  these  roots  in  the  place  of  a  in  equation  (1),  we  shall  have,  as  in  the 
former  cases, 


'•= n^ ' 

an  expression  for  one  of  the  roots  of  the  equation  x" — 1=0 ;  and  the  other 
roots  are  r*,  r^,  6lc. 

Thus,  the  solution  of  x° — 1^0  is  reduced  to  that  of  the  inferior  equation 
y"~*  — 1=0,  of  which  1,  a,  /:?,  y,  &c.,  are  the  roots  ;  also,  since  n — 1  is  a  com- 
posite number,  the  determination  of  o,  /?,  y,  ^.,  will  not  require  the  solution 
of  an  equation  of  a  higher  degree  than  the  greatest  prime  number  in  n  —  1 ; 
that  is,  the  solution  of  x" — 1=0  (n  prime)  may  be  made  to  depend  upon  the 
Bolution  of  equations  whose  degrees  do  not  exceed  the  greatest  prime  number, 
which  is  a  divisor  of  » — 1. 

•      EXAMPLE  IV. 
2*-.l=0. 

The  least  primitive  root  of  5  is  2 ;  for  the  powers  of  2  from  1  to  4,  when 
divided  by  5,  leave  remainders  2,  4,  3,  1 ; 


444  AXGEBBA. 

also  a^=l,  r*=l,  and  r+r«+r*+r5=— 1; 

.-.  2=y^=  — 1  +  40+1402— 16o». 

But  the  four  roots  of  y*— 1=0  are 

1,  -1,  V-Ti,  -  V^l ; 


.-.  Zo=l,  Zi=25,  23=— 46+20  V  —  l» 
23= —  15— 20  V— 1; 


.-.  x=}{—l+\/5+V  — 15+20  7— 1+V— 15— 20  V—l}. 

375.  For  the  proof  that,  in  the  general  equation  of  the  n^  degree,  the 
formation  of  the  reducing  equation  will  require  the  solution  of  an  equation  of 

1.2.3...  (n — 2)  dimensions,  when  n  is  prime  ;  and  of  7 r; — ,.   ^  » r^ 

^         '  *  (wi — l)m(1.2.3.  ..J?)" 

dimensions,  when  n  is  a  composite  number,  and  =mp,  where  m  is  prime ; 

and  that,  consequently,  the  method  fails  when  n  exceeds   4,    the   reader  is 

referred  to  Lagrange's  Traite  de  la  resolution  des  iqtuitions  numeriques,  note 

xiii.,  from  which  the  matter  of  this  section  is  taken. 


EESOLUTION    OF   THE    GENERAL    EaUATIONS    OF    THE    THIRD    AND 

FOURTH  DEGREES. 

RESOLUTION    OF    THE   EQUATION    OF    THE    THIRD    DEGREE. 

376.  I  shall  suppose  that  we  have  made  the  second  term  of  the  equation  of 
the  third  degree  disappear,  and,  to  avoid  fractions,  I  will  write  this  equation 
under  the  form 

x^+3px+2q=0 (1) 

Among  the  different  modes  of  resolving  it,  the  most  simple  consists  in  form- 
ing a  priori  an  equation  of  the  third  degree,  without  a  second  term,  which  ad- 
mits of  one  known  root,  but  expressed  with  indeterminates,  and  to  make  use 
afterward  of  these  indeterminates  to  render  the  equation  identical  with  the 
proposed  equation  (1).  To  establish  this  identity,  it  will  bo  necessary  to 
write  two  equalities,  and  for  this  reason  we  onjploy  two  indeterminates. 

Let  there  be  made  x=a+6;  the  cube  will  be  a:'=a'+6^+3a6(a+6) ; 
then,  replacing  a+6  by  x,  and  transposing,  we  shall  have 

r^- 3afex— a^- 63=0 (2) 

an  equation  which  admits  the  root  :r=a+2),  and  which  it  is  necessary  to  ren- 
der identical  with  equation  (1).     Therefore  we  place 

ab=:—p,  a3+63=— 27  ....  (3) 

The  first  of  these  equalities  gives  a^b^=: — p^.  Thus  we  know  the  sum 
a'+6^  and  the  product  a^b^.  Then  the  values  of  a^  and  b^  are  roots  of  an 
equation  of  the  second  degree,  in  which  the  coefficient  of  the  second  term  is 
equal  to  +2^,  and  the  last  term  equal  to  — j)^  (see  Art.  191) ;  so  that  this 
equation  wUl  be,  calling  z  the  unknown, 

2^*+ 292—^3=0. 

This  is  called  the  reduced  equation.  • 

Its  two  roots  represent  the  values  of  a'  and  Zr* ;  moreover,  we  can  take 
either  of  them  indifferently  for  the  value  of  a^,  because  this  amounts  to  chang- 
ing a  into  6,  and  b  into  a,  in  the  value  r=a+5.     I  will  take 
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a'=-7+  V7'+i^»        6=»=-9^  Vq'+F"' 

.-.  fl=V— 94-  VV+py  ^  =  V  — 9—  V~qH^' 

Each  rndical  of  the  second  degree  hero  lias  but  one  vahie»  but  each  one  of 
the  thii-d  degree  has  three.  If  we  could  satisfy  equation  (3)  without  making 
any  choice  betwecu  these  vahies,  we  could  also,  by  the  same  values,  render 
equation  (1)  identical  witli  equation  (*J) ;  and  since  a+6  is  a  root  of  the  sec- 
ond, the  first  ought  to  be  satisfied  by  taking 


■=V -9+  y/q'+i^^+V-q- 


x=V-9+ V9''+iA+V-?-Vy^+F*  .  .  (4) 
which  is  the  formula  of  Cardan. 

But  an  important  remark  presents  itself:  it  is,  that  since  each  radical  of  the 
third  degree  has  three  values,  the  above  expression  must  have  nine,  while 
the  equation  (1)  ought  to  have  but  three  roots.  It  is  necessary  to  explain, 
then,  whence  comes  this  multiplicity  of  values,  and  to  discern  among  them 
which  ought  to  be  true  roots  of  the  equation  (1). 

For  this  purpose,  let  us  observe  that,  properly  speaking,  it  is  not  the  reso- 
hition  of  equations  (3)  which  has  given  a  and  6,  but  rather  the  equations 

fl3i3___^i^  a=»+^'=— 2^  .  •  .  (5) 

Now  if  wo  designate  by  a  and  o^  the  two  imaginary  cubic  roots  of  unity, 
which,  as  we  know,  are  the  one  the  square  of  the  other,  it  will  be  readily 
seen  that  the  equation  a^b^^  — p^  may  result  indiflfereutly,  from  raising  to  tlio 
cube  these  following : 

Hence  it  follows  that  the  nine  values  contained  in  formula  (-1)  ought  to  give 
the  roots  of  the  three  equations, 

3^+3])x+2q=0,  r'^+3npx+2fj  =  0,  2^+3a'^px+2q=z0  ....  (6) 

We  can,  moreover,  consider  these  nine  values  as  the  roots  of  the  equation 
of  the  0^  degree,  which  would  be  obtained  by  multiplying  together  the  three 
equations  (6).  But  it  will  be  more  simple,  and  will  amount  to  the  same  thing, 
to  raise  to  the  cube  either  one  of  th(*se  equations,  after  transposing  to  the 
second  member  the  term  which  contains  p.     In  this  manner  we  find  at  once 

(r'+2ry)''=— 27;r»2-3. 

As  to  the  roots  which  belong  esp(»cially  to  each  of  the  three  equations,  what 
precedes  furnishes  the  means  of  distinguishing  them ;  because,  according  as 
the  coefficient  of  x  shall  be  3;>,  3ap,  or  3  rp^  it  is  clear  that  we  ought  to  add 
only  the  values  of  a  and  6,  for  which  we  have  ah= — p^  or  ai= — a/?, 
or  ab^ — a-p. 

By  this  rule  it  will  be  easy  to  form  the  roots  of  the  proposed  equation 
:^-{'3px-{~2q=z0^  the  only  one  with  which  we  have  to  do.  Designate  by  A 
one  of  the  values  of  the  first  cubic  radical,  and  by  B  one  of  the  values  of  the 
second ;  the  values  of  a  and  b  will  be 

a= A,  a  A,  a*  A  ;  6=B,  oB,  a^B. 

Moreover,  suppose,  for  this  is  admissible,  that  A  and  B  represent  the  values, 
the  product  of  which  is  — p.  From  what  has  just  been  said  we  ought  to  add 
only  the  values,  the  product  of  which  is  AB ;  then,  recollecting  that  a^=z\^ 
we  must  take 
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r=A+B,  a-=aA+a2B,  x=:a^k+aB; 
and,  besides,  we  know  (303)  that  we  have 

a= T ,  a5=- r . 


If  we  replace  A  and  B  by  the  two  cubic  radicals,  and  a  and  ft*  by  their 
values,  we  shall  have 


■=V -9+  Vf+p'+V'-q- 


These  are  the  roots  of  the  proposed  equation,  but  we  must  take  care  to  at- 
tach to  the  two  cubic  radicals  the  same  restricted  sense  as  to  A  and  B,  with- 
out which  we  should  find  false  roots. 

377.  To  discuss  these  values,  it  will  be  more  convenient  to  leave  A  and  B 
substituted  for  the  cubic  radicals,  and  to  isolate  the  one  which  is  multiplied  by 
V  — 3.     By  this  means  we  have 

x=A+B, 

A+B     A— B    ,- 

A+B     A-B 

I  shall  suppose,  also,  as  is  done  ordinarily,  that  the  coefficients  3p  and  2q 
represent  real  quantities.  Then  equation  (1),  being  of  an  uneven  degree,  has 
always  one  real  root,  and  it  is  admissible  to  suppose  that  A  and  B  are  the 
values  of  a  and  by  which  give  this  root;  so  that  A+B  will  be  a  real  quantity. 
This  being  premised,  let  us  return  to  the  two  radicals 


a=V-^+  Vq'+p\  6=V-(/- 


y/q'+F"' 

If  ^^+^>0,  each  of  them  has  one  real  value  ;  then  we  can  suppose  A  and 
B  real.  Consequently,  A  +  B  and  A  — B  will  bo  so  also ;  then  the  first  root 
T=A+B  is  real,  and  the  other  two  are  imaginary. 

If  <7-+p''^0,  we  have  A=B,  and  then  the  three  roots  will  be  x=z2Ay 
x= — A,  x= — A.  They  are  all  three  real,  and  the  last  two  are  equal  with 
one  onother. 

Finally,  let  q^+p^K.Oi  which  requires  p  to  be  negative.  Then  a  and  b 
have  no  longer  any  real  determination,  and,  consequently,  the  three  values  of 
X  are  found  complicated  with  imaginary  quantities.  However,  we  know  that 
one  of  them  must  be  reol,  and,  indeed,  it  is  evident  that  the  cases  in  which 
the  three  roots  of  equation  (1)  are  real  and  unequal  can  only  be  found  on  tlie 
hypothesis  in  question,  that  q'-\-p^K,0,  as  may  be  seen  by  referring  to  the 
supposition  just  above  of  ^'+^>0.  It  would  be  wrong,  then,  to  affirm  that 
the  values  of  x  are  imaginary.  I  will  prove,  in  fact,  that  neither  of  them  are 
so ;  and  as  we  can  always  suppose  that  A  and  B  are  determinations  such  that 
the  sum  A+B  represents  the  real  root,  the  existence  of  which  is  demon- 
strated, the  whole  is  reduced  to  showing  that  the  part  -^(A  — B)  V— 3,  which 
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is  found  in  the  othor  two  values  of  Xj  must  be  real.     By  the  rules  of  algebra 
alone  we  have  (A— B)(A3+AB  +  B«)r=A3— B^;  then 

A=— B=»  A»— B» 


A-B  = 


A-»+AB+B^"~(A+B)^— AB* 


But,  because  of  the  values  of  a'  and  oft",  we  have  A' — B'=2  V^f-^l^i  and, 
by  the  manner  in  which  A  and  B  have  been  chosen,  we  have  AB  =  — p ; 

„      2  y/q'+p^ 
then,  making  A+B=x',  there  results  A — B=— — j— — ;  consequently 


A-B    — •      V-3(v^+//») 
2      ^         ~        x'^+p 

But  by  hypotliPsis  we  have  7^+i'^^O  »  ^^^^  ^^^  quantity  above  is  real ;  then 
the  three  values  of  x  are  also. 

It  is  thus  demonstrated  thut^  upon  the  hypotliesis  of  q'-{'P^K.^i  the  imag- 
inary quantities  which  affect  the  three  values  of  x  must  destroy  one  another. 
It  would  seem,  tliorefore,  that  analysis  ought  to  furnish  the  means  of  making 
them  disappear,  but  as  yet  it  has  not  been  found  capable  of  effecting  this  re- 
duction. For  tliis  reason,  the  case  under  examination  has  been  called  the  tf- 
reducible  case.  Whenever  the  equation  falls  under  this  case,  the  general  ex- 
pressions of  the  roots  will  be  of  no  use  in  calculating  their  numerical  vtdues, 
and  then  we  can  recur  to  the  methods  of  Arts.  290-297. 

EXAMPLES. 

(1)  t3— 6x— 9=0.  * 

9  7 

We  have^= — 2,  7=—-  .-.  'v/7'+i'^=:7»  which  gives 

l6 


^- 


o » 


1+  V'i'+p'= 

Thus  the  three  roots  are 
x=3, 

x=--i-f  yly^i  4,1(^1  _v^ivTiT)=»(-,3+vlvrzi), 

(2)  r»— 2lj+20=0. 

Here  ;;=— 7,  7=10; 

.-.  x=V  — 10+9  /Il3+y  — 10—9  v"^. 

This  example  is  one  of  the  irreducible  case.  The  general  value  of  x  ap- 
pears in  an  imaginary  form,  and  yet  the  roots  are  real,  being  the  numbers  1, 
4,  and  — 5,  which,  by  substitution,  will  be  found  to  verify  the  given  equation. 
378.  The  solution  of  the  irreducible  case  may  be  obtained,  also,  by  the  help 
of  a  table  of  sines  and  cosines.  We  subjoin  the  method,  for  the  benefit  of  the 
student  acquainted  w^ith  trigonometry. 

SolutioQ  of  the  irreducible  case  by  trigonometry. 

cos  25=2  cos-  /?— 1 
cos  35=2  cos  26  cos  5—  cos  $ 
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Substituting  the  first  expression  in  the  second, 

cos  3Bs=:4  cos^  9—3  cos  e. 

Whence 

3              1 
cos'  ^— r  cos  ^— -  cos  3^=0 (1) 

In  the  proposed  cubic  equation,  which  we  may  write  under  the  farm 
3:84. 3^2:+ 2^=0 (2) 

pi^  the  unknown  V  cos  B  for  x ;  or,  which  is  the  same  thing,  put  -  for  cos  0, 

and  (1)  becomes 

r»— 7f*x— -rr*  cos  35=0. 
4  4 

Comparing  this  with  (2),  we  have 

1 

-r«cos  35=— 2^, 

«nd 

3  

r-7*:=  — 3/7  .'.  r=2  V  — p,  which  is  real,  p  being  negative ; 

.-.  cos  35=—  = 


Consequently,  the  trigonometrical  solution  of  the  proposed  cubic  equation, 
that  is,  the  determination  of  5,  and  thence  ofr  cos  5,  depends  upon  the  trisec' 
lion  of  an  arc,  or  the  determination  of  cos  6  from  cos  35. 

The  modb  of  proceeding  by  aid  of  trigonometrical  tables  is  obvious ;  we  are 

to  seek  in  the  table  of  cosines  for  the  angle  whose  cosine  is  qyj — -3;  this  will 

be  the  angle  35,  and,  consequently,  one  third  of  it  will  be  5 ;  and  the  cosine  of 
this,  multiplied  by  r,  or  2  -/  — p^  will  give  r  cos  5=x  for  one  of  the  real  roots 

of  equation  (2).     As  the  given  cosine,  q^J -,  belongs  equally  to  Oiree  arcs, 

V  —p 

viz.,  35,  27r-|-35,  and  27r — 35,  by  taking  the  cosine  of  one  third  of  each  of  the 

latter  two,  we  shall  have  the  values  of  tlie  remaining  roots.     Thus  all  the 

three  roots  will  be  expressed  as  follows : 


0  ^  ^p  cos  5,  2  V  —p  cos  ;;(2;r+  35),  2  ■/  ^p  cos  -(27r— 35). 

Or,  using  the  supplements  of  the  two  latter  arcs  instead  of  the  arcs  themselves, 
and  remembering  that  the  cosine  of  an  arc  is  equal  to  minus  the  cosine  of  its 
supplement,  we  have  somewhat  more  simply  the  three  values  of  x  in  the  fol- 
lowing form : 

2y/ ^p  cos  5,  —2-/^  cos  (60^—5),  — 2 -/—^  cos  (60° +  5). 

This  method,  with  a  single  exception,  applies  to  the  irreducible  case ;  for, 
as  the  trigonometi-ical  cosine  of  an  arc  is  always  less  than  unity,  except  when 
that  arc  is  a  multiple  of  180°,  we  must  have 

or  *  9'+i''<0. 

When  35  is  a  multiple  of  180°,  two  roots  must  be  equal. 
The  reducible  case  may  also  employ  the  aid  of  trigonometry. 
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379.  If  in  the  oxprcssion 

we  put  cot  <>=ii\-)  \  it  becomes  y|(—  cot  ^±  comc  ^)i. 
Hence,  reducing,  the  roiil  root  of  2'^+qx-\-r=sO  is 

which,  by  putting  tnn  -=  tan»  0,  uiny  bo  furtlicr  transformed  into 


— 2^/|  cot  20. 


Similarly,  the  real  root  of  ar*— 7.r+r=0,  ^<T»  becomes  (by  putting  cosec 
^=2y  '  tan  -=  tan'  0). 

/y 

— 2y^  cosec  20. 


380.  The  following  method  of  arriving  at  a  now  nnd  valuiible  fonimla  for  the 
solution  of  cubic  equutions  will  be  found  an  excellent  exercise  fur  the  student  :* 
Lot  the  given  equation  bo 

^'+i'-r+y=o (1) 

Placing 

j:=;«+y (2) 

we  obtain 

y'+3/»»/«+(3m'+;))2/+m'+;7m+9=0 (3) 

Taking 

y=j (4) 

we  obtwn 

which  gives 

3m«4-«  3w  1 

2'+  3 ,      1— >'+-n r~^-\—T-i ;— =0 (5) 


Placing 


3m«4-w 
2=u;— --— — ^--— - (6) 

we  find 

,,,  ,  3/;m^+9ym-y^         -077m^+18/>v»^+'J7;>ym  +  277"+l>;>'     ^ 

*  It  ifl  tlic  production  of  an  old  pnpil  of  the  autlior'a,  Mr.  James  S.  WooUcy,  wliom  ill 
health,  and  oUicr  diACourat^nc^  circuinBtaiiro**,  have  not  prevented  frxim  making;  Konic  im- 
portant discoveries  in  algebra,  which  it  would  bo  premature  at  present  to  publish  to  the 
world. 

Ff 
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The  value  of  m,  which  renders  the  coefficient  of  w  zero,  may  be  found  thus 

3/?ffi«+9gwi— j?^=0. 
Then 

■P'+J (8) 


w^ ,^. ^—. .     .  (9) 

>3 


2p     p      \27 

0 

The  value  ofw  in  (7),  substituting  the  value  of  m,  found  in  (8),  is  expressed 
in  the  following  four  equations,  (9),  (9,  a),  (9,  b),  (9,  c),  the  last  three  being 
obtained  by  decomposing  (9)  into  factors. 

w= 15 ,  .  .  .  (9,6) 

_Z}(:i^l!:ii!^!5^ ^^^^^ 

Substituting  in  (6)  the  values  of  m  and  wj,  found  in  (8)  and  (9,  c),  we  shall 
have 


r 

^'.(10) 


Substituting  in  (4)  the  values  of  z,  given  in  (10),  and  decomposing  one  more 
of  its  terms  into  factors,  we  shall  have 


^?N/5^(-iW^-'H^i^(\/-iW^,^+fi7^ 


Hence 


(continuing  the  numerator)  (^^^^^^  (-|±\/^+f  ) (12) 
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But  the  first  term  in  the  numerator  of  (12)  may  be  transformed  thus : 

And  the  last  term  in  the  numerator  of  equation  (12)  is 
Therefore  the  sum  of  the  first  and  last  terms  of  the  numerator  of  (12)  is 
Therefore, 


jr= 


Dividing  both  numerator  and  denominator  by  Tl^v  07!''+ 4»  ^®  ^^® 


(-i±Ni^+f(-i±xi?^' 

The  numerator  of  this  value  of  x  is  equal  to 

[{-l±^i^^a  •  [(-i±xi^'-g 

The  denominator  is  equal  to 

Dividing  numerator  and  denominator  by  the  common  factor,  we  have 

This  formula  may  be  reduced  to  that  of  Cardan  by  dividing  the  numerator  * 
by  the  denominator,  and  observing  that 

we  thus  obtain 

'=(-f±Ni^*+(-iwi^*- 

Bat  the  first  form  is  preferable,  as  it  gives  only  the  three  values  which  satisfy 
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equation  (1),  whereas  Cardan's  formula  gives  nine  Yalues,  six  of  which  have 
to  be  rejected. 

A  partial  division  gives 


1 
x=  I      •/  I     irt'L\ 


which  is  an  advantageous  form,  inasmuch  as  but  one  third  root  has  to  be  ex- 
tracted, both  radicals  having  the  same  form. 

A  shorter  solution  of  the  above  might  be  given,  but  we  have  already  extend- 
ed our  article  on  cubics  sufficiently  far. 

IRRATIONAL   EXPRESSIONS    ANALOGOUS   TO  THOSE    OBTAINED    IN    THE    RESO- 
'  LUTION  OF  EQUATIONS   OF  THE  THIRD  DEGREE. 


is  V^ 


381.  One  of  these  expressions  isYAJb  VB  ;  but  it  frequently  happens 
that  A  and  B  are  rational  numbers,  and  then  it  may  be  possible  to  reduce 
these  radicals  to  simpler  expressions,  in  which  there  are  no  longer  radicals 
over  radicals.  This  pix>blem  has  already  been  resolved  for  radicals  of  the 
second  degree,  and  it  is  now  proposed  to  resolve  it  with  reference  to  radicals 
of  the  higher  degrees. 


VA+ -v/B. 


I  shall  commence  with  the  cubic  radical  v  ^'^  -h  V  B.  We  can  not  suppose 
for  this  root  a  quantity  of  the  form  \/tf-|-  \//>,  for  wo  have 

(  y/^^  y/l)Y—a  -v/a-f-3rty6+36  y/a  +  by/b 
=z{a+3b)  '/i+(3a  +  b)  y/l, 

a  result  which  contains  the  radicals  \/a  and  \/6.  But  the  preceding  calcula- 
tion shows  that  wo  should  have  a  result  of  the  form  A  -|-  \/  B,  by  raising  to 
the  third  power  the  expression  a-\-  y/ b  and  {a-\-  y/ b)  '(/c.  I  will  choose  this 
last  expression  as  the  more  general ;  we  shall  then  have 

VA+  VB  =  (a+  Vb)V~c ._^  (l) 

Raising  both  members  to  the  third  power,  it  becomes  A-|-  \/B=c(a'-|-3a6) 
+r(3a*-|-ft)  y/b ;  equating  tlie  rational  parts  together,  and  the  irrational  parts 
by  theirselves, 

A=c{a'+'3ab) (2) 

y/B=:r(3a'+b)  y/b (3) 

The  poblem,  then,  is,  to  find  for  a,  6,  c  rational  values  which  satisfy  these 
two  equjuions.  But  squaring  these  equations,  and  then  subtracting  the  one 
from  the  other,  we  have 

A^— B=c2(a«— 3a^6-|-3a-6^— 6^)=c2(a2— 6)3; 

hence  a' — 6= . 

f 

Since  a  and  b  ought  to  be  rational,  it  will  bo  necessary  to  take  c  such  that 
(A^— B)c  be  an  entire  or  fractional  cube,  whicli  is  always  possible.  Calling 
the  second  member  of  the  above  equation  M,  we  shall  have  a- — 6=M, 
whence  6=a^ — M.  By  suhstitutmg  this  value  of  b  in  equation  (2),  it  will 
become 


« 
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4ca'— 3Mca  — A=0 (4) 

This  equation  must  give  for  a  ut  least  a  commensurable  value,  without 
which  the  transformation  (1)  will  be  impossible. 

,/ — z  ./ — I 

If,  instead  of  \/A-|-  \/Ji,  we  should  have  to  reduce  \/ A —  -/B,  it  would 
suffice  to  change  throughout  in  the  preceding  method  the  sign  of  -Jh. 

For  example,  let  the  expression  be  \'14i  \/*JUO.  We  shall  have  A=14, 
B=200,  A2— B  =  — 4;  hence  (A-— B)f=:— 4c ;  wo  shall  then  have  the 
perfect  cube  — H,  by  tnkiiig  r='J.  Consequently,  M  =  — 1,  6^a^-|-],  and 
equation  (4)  becomes  8rt'*-|-nrt  — 14=0.  It  can  be  satisfied  by  the  commen- 
surable  value  a  =  l,  which  gives  6=2.  Again,  we  have  already  obtained 
c=r2 ;  hence,  finally. 


x/ 


14  ±  V200  =  (l±  \/2)  V^. 


'f- 


Again,  let  the  expression  be\/  — lli^-/  — 1.  We  will  pass  2  under  the 
radical  of  the  second  degree  ;  we  sliall  then  have  A  =  — 11,  B= — 4,  A" — B 
=  125.  As  125  is  already  the  cube  of  5,  it  will  suffice  to  make  c=l.  Con- 
sequently, we  have  M=5,  6=a^ — 5,  and  equation  (4)  becomes  4a' — 15a 
-|-I1=0.  But  this  equation  is  satisfied  by  the  value  a=l  ;  hence  &:= — 4, 
and,  consequently, 


^/:;; 


±2V-l=(l±V-4)Vl. 

./ 

382.  Let  us  consider  the  more  general  expression  V  A^b  \/B,  and  take 

VA±  VB=(ai  yn>)^~c (5) 

The  problem,  again,  is  to  determine  rational  numbers  for  a,  6,  c,  if  it  be 

possible. 

Raising  (5)  to  the  power  w,  and  equating  separately  the  rational  parts,  we 

obtain 

n(/i--l)        .      n(n— l)(n— 2)(t?— 3) 
A=c[a''+-^j-^a»-^6+  /. 0,3/4 ^a-^6^+,&c.]  (6) 

VB=f  [7ia'-^  +  -^^Y^'!^^  &c.]  V"6  .  .  .  (7) 

We  can,  as  in  the  case  of  the  cubic  radical,  square  these  two  equalities,  and 
subtract  the  one  from  the  other;  but  the  reductions  will  be  immediately  per- 
ceived by  observing  that  we  ought  to  have,  at  the  same  time,' 

A+  VB=c(rt-^-  y/h)\  A—  VB=f («—  /S)" ; 

and  tliat,  consequently, 

A3— B=c-(«4.  -JbY^a^  '/by=c-(a^—h)^; 

,       V(A-— B)f"-"^ 

whence  a'^ — h=z . 

c 

We  see  from  tliis  that  it  will  be  necessary  to  take  c  of  such  a  value  that  the 
second  member  of  this  last  equation  shall  bo  nitional.  Calling  this  second 
member  M,  we  shall  have  a- — i=M,  whence  i=a-— M;  substituting  this 
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▼aluo  of  b  in  (6),  the  resulting  eqnation  in  a  will  have  a  commensurable  root 
every  time  that  the  transformation  (5)  is  possible. 

383.  In  the  resolution  of  equations  of  the  third  degree,  what  renders  the  ir- 
reducible case  so  remarkable  is,  that  although  we  are  assured  that  the  three 
roots  are  real,  it  is,  nevertheless,  impossible  to  make  the  imaginary  quantities 
disappear  otherwise  than  by  means  of  series.  This  difficulty  is  not  confined 
to  the  equation  of  the  third  degree ;  it  will  be  encountered  equally  in  the  gen- 
eral formula 


Va+BV  — l+VA—BV— 1 


(8) 

which  formula  I  shall  stop  to  consider  for  a  moment. 

To  consider  this  expression  in  its  most  general  sense,  we  ought  to  combine 
the  n  determinations  of  the  first  part  with  the  n  determinations  of  the  second, 
so  that  we  shall  have,  in  all,  n^  values.  But  the  expression  is  rarely  taken  in 
so  general  a  sense,  and  I  proceed  to  define  that  which  we  ordinarily  attach 
to  it. 

As  the  two  radicals  which  have  the  index  n  represent  the  roots  of  the  bi- 
nomial equation,  their  determinations  are  equal  in  number  to  the  quantities 
which  have  the  form  /-\-g  V  — !•  Moreover,  it  is  manifest  that  to  each  de- 
termination of  the  first  radical  there  corresponds  ooe  of  the  second,  which 
only  dififers  by  the  sign  of  V — 1*  ^^t  we  suppose  that  these  corresponding 
values  are  those  which  ought  to  be  added  in  formula  (8) ;  and,  with  these  re- 
strictions, the  values  of  x  are  all  real,  and  only  n  in  number. 

The  product  of  these  two  radical  values,  thus  taken  in  a  same  pair,  is  real 
and  positive  ;  but  for  the  product  of  the  two  radicals  we  have,  in  general, 


V  A-^-B  V  —1  X  V  A— B  V  — 1  =  V  A^ 


+  BS 

and  the  radical  which  expresses  this  product  can  only  have  a  single  real  and 
positive  value ;  hence,  if  we  represent  it  by  K',  we  ought  to  be  able  to  charac- 
terize the  conjugate  values,  which  must  be  added  in  formula  (8),  by  the  con- 
dition that  their  product  be  equal  to  K^. 

Formula  (8)  can  be  regarded  as  a  general  expression  of  the  roots  of  an  equa- 
tion whose  degree  is  marked  by  the  number  of  values  of  which  the  equation 
is  susceptible ;  hence,  provided  that  it  be  taken  in  its  greatest  extension,  or 
with  tlie  restriction  which  wo  have  just  meutioned,  the  degree  of  the  equa- 
tion must  be  either  n'  or  n. 

This  last  remark  leads  us  to  explain  how  we  form  an  equation,  when  we 
know  the  expression  for  its  root ;  that  is  to  say,  that  an  equation  being  given, 
susceptible  of  taking  different  values,  by  reason  of  the  multiple  values  of  the 
radicals  which  it  contains,  it  is  required  to  find  an  equation  free  from  radicals 
which  has  these  values  for  roots.  I  will  take,  for  example,  the  same  expres- 
sion (8). 

To  abridge,  let  us  make 

the  problem  reduces  itself  to  eliminating  y  and  z  between  the  three  equations 

y-|-2=x,  y^=za,  z°=h. 
But  here  the  elimination  can  be  conducted  according  to  a  very  simpr    ;iro> 
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cess,  analogous  to  that  which  has  beea  employed  for  reciprocal  equations.'  By 

the  rules  of  multiplication  we  have 

But  y-|-zr=x  and  yz=^ab;  hence,  making  y/ab:=c,  the  equation  will 
become 

yo4-i -f  2™+i  =.r(i/"+2'") — c(y"-^ +2™-»). 

By  means  of  this  formula  we  express,  in  function  of  x  and  c,  successively  all 
the  quantities  y^'+z',  y*+2^  &^c.  When  we  have  airived  at  ^"+2",  we  re- 
place ^"-1-2°  by  a-\-b,  and  then  we  shall  have  the  required  equation,  whiph 
will  be  of  the  degree^  n  in  x. 

This  equation  contains  c  ;  hut  we  have  c=  ^/ab=z  y/A^-\-B*;  hence,  c  is, 
in  general,  susceptible  of  n  different  values.  By  putting  in  the  equation  each 
of  these  n  values  in  its  turn,  we  shall  have  n  equations,  and,  consequently, 
n  X  »,  or  n*  values  of  x.  Xhis,  in  fact,  ought  to  be  the  case,  from  what  has 
been  said  at  the  close  of  the  preceding  article.  If  we  should  wish  to  have  ^ 
single  equation  which  has  all  these  values  for  roots,  it  would  be  still  necessary 
to  eUminate  c  between  the  equation  of  the  degree  n  in  a:  and  the  equation 
c'^ab. 

But  if  in  formula  (8)  we  only  wish  to  associate  the  radical  values  whose 
product  is  real,  it  is  this  real  value  solely  which  we  must  choose  for  c,  and  we 
shall  only  have  a  single  equation  of  the  degree  n  for  determining  all  the  values 
of  X. 

RESOLUTION  OF  THE  EqUATION  OF  THE  FOURTH    DEGREE. 

384.  After  having  made  the  second  term  disappear,  the  general  equation  of 
the  4°  degree  is 

x*+px'^-\-qx+r=0 (1) 

If  we  make  x=a-]-b-\-Cj  squaring,  there  results 

*  jfiz=a^+¥+c^+2(ab+ac+bc), 
or,  transposing, 

x'— (a«-f6«+c2)=2(a6+ac+6c) ; 
raising  anew  to  the  square,  we  have 

a^— 2(a«+6«+c«)a:«+(a24-fe'+c2)«=2(rt-63+aV-f6V)-f8a6c(a+6+c); 
then,  replacing  a-\-b-\-c  by  x,  and  transposing,  we  obtain 

x*^2(a^+b^+c^*)x^—Qabcx+{a''+¥+c^Y 
'~A{a^¥+a'C^-\-¥c^)=0,       ' 

This  equation  is  without  a  second  term,  and  by  the  manner  in  whi^h  it  has 
been  formed,  we  know  that  it  admits  of  the  root  x^a-\-b-\-c.  Thus,  we  re- 
solve equation  (1)  in  determining  a,  6,  c,  by  the  condition  that  it  shall  be  iden- 
tical with  the  preceding,  which  gives 

—  2(a2-f  68+c')=jp 
— Qabc^q 

These  equalities  show  that,  by  taking  a^,  6',  c^  for  unknowns,  these  three 
quantities  are  the  roots  of  an  equation  of  the  3°  degree,  the  coefficients  of 
which  are  (see  Art.  245) 
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a86fl+a«c«+63c8= 


2 

y8— 4r 
16 


<7' 
d4 

Consequently,  this  equation  of  the  3°  degree  is 

Svch  is  the  reduced  equation  upon  which  the  solution  of  equation  (1)  depends. 
Suppose  that  the  three  values  of  z  have  been  determined,  which  designate 
by  2',  z'\  z"\  we  shall  have 

If  the  signs  be  combined  in  all  possible  ways,  there  will  result  eight  values 
for  a-^-h-i^c  or  x.    But  as  the  last  term  of  the  reduced  equation  (2)  was 

formed  by  squaring  the  equation  ahc^sz  —  -q^  it  follows  that  the  values  contain 

o 

not  only  the  roots  of  the  proix)sed  equation,  but  also  those  of  an  equation 
which  would  differ  from  it  in  the  sign  of  q. 

At  the  same  time  it  may  be  perceived  that,  to  have  only  the  roots  of  the 

proposed,  it  is  necessary  to  add  only  the  values  of  a,  6,  c,  for  which  ahc=i — -^, 

o 

and  the  product  of  which  has,  consequently,  the  contrary  sign  to  q>  In  each 
particular  case  it  will  be  easy  to  determine  for  the  radicals  three  values.  A,  B, 
C,  which  shall  fulfill  this  condition;  and  afterward,  with  these  values,  we 
form  the  four  roots  of  the  proposed,  to  wit, 

x=+A+B  +  C,  2:=  +  A— B— C, 
a:=— A+B— C,  x=— A— B+C. 

Generally,  instead  of  A,  B,  C,  the  three  radicals  are  placed,  and  tlie  values 
of  X  ure  written  thus  : 


a:=4.  y/z'-\-  y/z"^  ^z"\  x=+  y/z'—  y/z"+  ^Jz 


fit 


.T=  —  y/z'-\^  y/z"+  y/z'",  X  =  -~  V^'—  Vz"—  V^' 

But  it  is  necessary  to  understand  that  in  applying  these  formulas  to  particu- 
lar cases  there  must  be  taken  for  -^ z\  y/z'y  -^ z'"  three  determinations,  the 
product  of  which  shall  be  of  the  same  sign  as  q.  This  observation  is  im- 
portant ;  failing  to  liave  regard  to  it,  wo  might  find  false  roots. 

385.  The  nature  of  the  roots  of  the  reduced  equation  will  make  known  the 
nature  pf  the  roots  of  the  pmposed.  But  the  reduced  having  its  last  term 
negative,  has  always  one  positive  root  (see  Art.  248,  Prop.  VIII.,  Cor.  4),  and 
the  product  of  the  other  two  roots  should  be  positive  ;  then,  if  these  last  are 
not  imaginary,  they  wiU  be  both  |)ositive  or  both  neojative.  I  pass  over  the 
case  in  which  ^=0,  because  then  the  proposed  would  be  solved  by  the  rules  for 
the  second  degree.    Consequently,  there  are  three  cases  only  to  be  examined.* 

1°.  Cast  where  the  tJiree  root^  of  the  reduced  equation  are  posit  ire.  There 
|he  four  values  of  r  are  evidently  real,  and  if  the  radicals  V^',  y/^"t  y/ z'"  be 
regarded  as  representing  positive  determinations,  their  product  will  be  positive; 

*  Thia  explaiius  an  operation  iu  Art.  363. 


DIOPHANTINE  ANALYSIS.  457 

then  the  preceding  formulas  wUl  bo  specially  applicable  to  the  case  of  ^>0. 
For  q<C.O  it  would  be  necessary  to  change  the  sign  of  one  of  the  radicals. 

2°.  Case  where  the  reduced  has  one  root  z'  positive j  and  two  z",  z'"  negative. 
The  radical  V^'  will  be  real,  but  the  radicals  y/l^'  and  y/z^'  will  be  imagi- 
nary ;  consequently,  the  four  values  of  x  will  be  imnginary  also,  unless  2" =2'". 
When  2"=2'",one  of  the  two  quantities  y/V'+  V^  and  v^'P—  -/z^'  wUI 
become  zero,  and  supposing  it  to  be  tlie  latter,  the  values  of  x  will  be  simply 

X=  y/?,  X=  V^.  X=—  V^+^V^,  •r=—  -v/"?— 2  ^"2^. 

The  first  two  are  real,  since  z'  is  positive,  and  the  other  two  are  imagi- 

PMy*  since  z"  is  negative.     Besides,  as  in  the  reduction,  we  have  supposed 

y/z"=y/z"%  wo  ought  to  have  hore  ^jl!  yJV'  y/lF' -^z''  yfz' \  so  that  this 

product  can  only  have  the  sign  of  q  by  choosing  for  y/ z'  ^  sign  contrary  to 

that  of  ^,  since,  by  hypothesis,  z"  is  negative. 

3°.  Ca^e  in  which  the  reduced  has  one  root  7/  positive^  and  tico  roots  z",  z'" 
imaginary.  The  positive  root  2'  being  known,  we  can  divide  the  reduced  by 
X — 2',  and  we  shall  have  an  equation  of  the  second  degree,  which  will  give  for 
2"  and  2'"  imaginary  values  of  the  form 

Consequently,  two  of  the  values  of  .r  will  contain  the  sum 

yf+g  V^-^ylf-g  V^ ; 

and  the  other  two  will  contain  the  diflferouce 

yjf+g  V^^-yJf-g  y/^i- 
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386.  This  branch  of  analysis  derives  its  name  from  its  inventor,  Dlophan- 
tos,  of  Alexandria,  in  Eg^pt,  who  flourished  about  the  year  360,  A.D.  It 
relates  chiefly  to  the  finding  of  square  and  cube  numbers. 

The  solutions  of  the  questions  must  frequently  be  left,  notwithstanding  the 
▼arious  rules  that  have  been  given  for  this  purpose,  to  the  talents  and  ingenui- 
ty of  the  learner,  who,  in  pursuing  these  inquiries,  will  soon  perceive  that 
nothing  less  than  tlie  most  refined  algebra,  applied  with  great  skill  and  judg- 
ment, can  surmount  the  various  difliculties  which  attend  them  ;  and,  in  this 
respect,  no  one,  perhaps,  has  ever  excelled  ViophantuSt  or  discovered  a  greater 
knowledge  of  the  extent  and  resources  of  the  analytic  art. 

When  we  consider  his  work  with  attention,  we  arn  at  a  loss  which  to  ad- 
mire most,  his  singular  sagacity,  and  the  peculiar  artifices  he  employs  in  form- 
ing such  positions  as  the  nature  of  the  problems  requires,  or  the  more  than 
ordinary  subtilty  of  his  reasoning  upon  tliem. 

'  Every  particular  question  puts  us  upon  a  new  way  of  thinking,  and  fur- 
nishes a  fresh  vein  of  analytical  treasure,  which  can  not  but  prove  highly  use- 
ful to  the  mind  in  conducting  it  through  other  difliculties  of  this  kind  when- 
ever they  occur,  and  also  in  enabling  it  to  encounter  more  readily  those  that 
may  arise  in  subjects  of  a  diftbrent  nature. 

The  following  directions  for  resolving  questions  in  the  Diophantine  analysis 
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win  be/ound  useful;  but  no  general  rule  can  be  given,  and,  therefore,  the 
student  must  often  bo  left  to  depend  solely  upon  his  own  ingenuity  and  skill. 

RULE. 

Substitute  for  the  root  of  the  square  or  cube  required,  one  or  more  letters, 
such,  that,  when  they  are  involved,  either  the  given  number  or  the  highest 
power  of  the  unknown  quantity  may  vanish  from  the  equation ;  and  then,  if 
the  unknown  quantity  be  of  the  first  degree,  the  problem  will  be  solved  by 
reducing  the  equation.  But  if  the  unknown  quantity  be  still  a  square  or  a 
higher  power,  some  other  now  letters  must  be  assumed  to  denote  the  root, 
with  which  proceed  as  before,  and  so  on  till  the  unknown  quantity  is  but  of  the 
first  degree,  and  from  this  all  the  rest  will  be  determined. 

EXAMPLES.*  ' 

(1)  To  find  two  square  numbers  w^hose  sum  is  a  square. 
Let  a:^  and  y'^  be  the  two  squares  ;  let  3z  and  4z  be  the  roots. 


Then  252^:=  Dt=n--52  2=:n«— 10/i2+252«; 


n» 


.-.2=—;  ifn=10,  2=1,  then  2X3=3  and  2  X  4=4  j 

and  the  two  squares  are  9  and  16,  whose  sum  is  25,  a  square,  if  n:=20,  z:=2; 
and  from  this  wo  get  another  value  of  r  and  ^,  and  so  on. 

(2)  To  find  two  square  numbers  whose  difierence  is  a  square. 
Let  x"  and  y'^  be  the  two  squares. 

Assume  3? — y*=(-r — ny)'^3^ — 2njry-|-n'^. 

Then  — y»=— 2nz2/+nV, 

or  2nr=i(n'-|-l).y  ; 

w'+l 

Suppose  y^2w,  then  x=zn^-\-l.  If  n=2,  ?/=4,  and  x=:5 ;  also  j^ — ^ 
=25  — 16=9,  a  square  number.  If  w=3,  y=6.  and  t=10;  also  2*—^ 
sssioo — 36^64,  a  square  number. 

(3)  To  change  the  sum  of  two  squares  into  the  sum  of  two  others  any  num- 
ber of  ways  at  pleasure ;  for  example,  in  three  diflerent  ways. 

Let  a-  and  b-  be  the  given  squares,  and  let  a — or  and  ex — b  be  the  roots  of 
the  required  squares ;  then,  by  the  question,  wo  get 


a— .r|*+rr— 6r*=rt24.fc2. 
by  involution,  a«— 2a.r+a'-+cV-— 26c.r+6^=a-+62 . 

by  transposing  and  dividing, 

—  o^  ^  .|._|.  e?.r  —  2r i = 0, 

2bc+2a 
or  c"'x4-x=2bc4-2a  and  x=z    ,  .'       , 

'  -        1  -(-  c^ 

where  c  may  be  taken  at  pleasure  ;  for  example, 

c=r2,  3,  and  4; 

46+2rt    6b  +  2a  8h-\-2a 

then,  x=:- — ^ — ,  — -- — ,  and  — -- — . 


*  Many  of  these  problems  arc  selected  frrmi  the  Arithmetical  Uuestious  of  Diophantiu, 
of  which  six  out  of  thirteen  Ixwks  now  remain.  The  best  edition  is  that  published  at 
Paris,  by  Bachet.  in  the  year  1070,  with  notes  by  Fcrmat. 

t  This  sign  D  denotes  that  the  number  placed  equal  to  it  is  a  perfect  aqaare. 


DIOPHANTINB  ANALYSIS.  469 

(4)  To  divide  a  number  which  is  the  product  of  the  sum  of  two  squares  by 
the  sum  of  two  others,  into  two  squares  two  difTerent  ways. 

Let  a^-^-b^  be  the  sum  of  two  squares,  and  (^-\-(£^  the  sum  of  two  others, 
whose  product  (a^+b^).(c'^+d^)  =  (ac+hdY+(bc—ad)^={ac^bdY+(bc 
~\-adYy  as  required. 

(5)  To  find  a  number, r, such, that  x-\-l  and  x — 1  shall  be  squares. 

Let  x+l=aS 

and  x—l=zb^ 

.'.  2= a* — 6'  by  subtraction; 

.'.  2Xl  =  (a+b)(a-~b), 

3 
or  3=2a,  and  (iz=z-, 

9 
and  ^^^=4* 

9       ^        5 

.*.  r4-l=7,  and  x=-, 
4  4 

Or  thus: 

X      =y^—l 

r— 1=2/«— 2=  D  =«— y|2=«-— 25y+y« 
.-.  s^-^2sy  =  ''2 

253/=5'+2,  andy=-^; 

9  5 

take  5=1  .*.  y=|,  and  a:=y^— 1=- — 1=t»  as  before. 

(6)  Required  to  find  four  square  numbers  whose  sum  shall  be  a  Q . 

Let  1,  4,  9,  and  x^  be  the  required  squares ;  then,  by  the  question,  we  get 


14+r«=  D   =n— xi'=n2— 2nx+a:«, 

n^— 14. 

and  ^=-2;r' 

5  25 

where  n  may  be  any  number  at  pleasure,  if  n=3,  x=z  — -,  3^=:—,  or  if  n:=4, 

1  11        225    "l5 ' 

x=-,  and  the  numbers  are  1,  4,  9,  and  —  ;  then  1+4+9+-— r=-^=-r 
4  lb  '       '  10        lb       4 

aa  required. 

(7)  Divide  2  into  three  rational  squares. 

Let  X,  2x — 1,  and  3x — 1  be  the  roots  of  the  three  squares  respectively; 
then  a:«+4a:«— 4r+l+9j:«»— 6x+l=2; 

by  transposing  and  dividing, 

5  3  8 

x=-y  2x— 1=-,  3z— 1=^,  the  roots; 


25  ,       9         , ,       64 

25      9      64     98 
the  sum  of  which  i8jT  +  — +— =  7^=2,  the  proof. 


Or  tlius : 

Let  1,  jf^y  and  ^  be  the  squares ;  then 
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l+2«+y«=2  and  3*+f=zl, 
or  ar«=l--y"=  D  =1— nyl«=l— 2ny+n«y« 

2/1 

4 
where  n  may  be  taken  any  number  greater  than  1 ;  if  ns=2,  then  ^==7  ^^^ 

:-;thenwiUa-=-, 

1 
2 

2' 2' 


16  9 

^^^ ;  then  will  z*=— ,  and  the  sum  of  the^e  plus  1  is  evidently  2. 

(8)  Divide  ^  into  three  rational  squares. 

Let  X,  2x — -f  and  3x— -,  be  the  roots  of  the  rational  squares,  and  their 


squares  are 

z8,  43^—2x+-,  9a:«— 3x+-, 

1  11 

and  a:«+42«--22:+j+9a:«--3x+-=2, 

5  25 

and  X  will  be  found  to  be  rr,  from  which  we  get  the  three  squares,  viz.,  r^, 

9      64  1 

Tofi'  Tofi*  *°^  their  sum  is  evidently  -,  as  required. 

(9)  To  divide  a  given  square  number,  100,  into  two  such  parts,  that  each 
of  them  may  be  a  square  number. 

Let  3^  be  one  of  the  parts,  then  100 — :r^,  the  other  part,  will  be  a  square 
number. 

Assume  100--a:«=(2z— 10)«=4j:»— 40x+100. 

.*.  x=8,  and  2r — 10^6 ;  hence  64  and  36  are  the  parts  required. 

The  same  problem  may  bo  resolved  generally  in  the  following  manner : 

Let  a'  be  the  given  square,  x^=z  one  of  its  parts,  and  a' — 2^  the  other. 

Assume  a* — Ji^=(nx — aY=n'^x^ — 2anx-{-a'^; 

Then  —  x^ =712^2  ^o^nx; 

2na  an'^ — a 

.'.  x^-— — -,  and  nx — a=- 


U'+V  n«+l  ' 

/  2na  Y         (an^-^ay 


'-hi/  \n^-|- 

are  the  two  squares  required ;  in  which  expressions  a  and  n  may  be  any  whole 
numbers  whatever,  provided  n  be  greater  than  unity. 

(10)  To  find  a  number,x,such,that  x+lSS  and  x4-192  shall  be  both  square 
numbers. 

Assume  x-|-128=:2  .•.  x^=.z^ — 128,  wliich  is  one  condition  answered;  then 
23_x28+192=224.64=  D  =a-  .*.  2'=a-— 64  ;  then  wo  have  only  to  assume 
such  a  value  for  a  ns  will  make  a^ — 64  a  square ;  but  it  is  plain  that  if  a  be 
taken  =10,  then  a^— 64=36=  D  ,  and  2''=36 ;  but  this  would  make  the  value 
of  X  negative ;  then,  in  order  to  find  values  for  z  that  will  make  x  positive,  take 
a  =  17,  and  then  a«=289,  and  .-.  a«— -64=225=  D  .-.  2«=225  and  .-.  x=225 
— 128=97,  the  value  required. 

(11)  To  divide  a  given  number,  13,  consisting  of  two  known  squares,  9  and 
4,  into  two  other  squai'e  numbers.* 

*  In  the  solution  given  of  the  above  problenif  n  and  m  may  be  taken  oqaal  to  any  nam- 
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Let  nx — 3  be  the  root  of  the  first  square  sought,  and  mx — 2  the  root  of 
the  other  square. 

Thea  no:— 3|«+wu:— 2|2=13, 

or  (n^+TO^)  .  a:^=(4m+6n)  .  x; 

6n-\-4m 


.'.  X  = 


n^+ni 


s   ' 


3n2-(-4mn— 3m« 
whence  nx — 3= 7— — =  the  root  of  tlie  first  square, 

and  mx — 2= —. — =:  the  root  of  the  second, 

xr        o      J  ,  u        3«24-4wn— 3m3     17 

It  n=2  and  m=l,  we  have — — =-r=  the  root  of  one  square, 

6wn— 2n2+2w2     6 
and — ; — 5 =7=  the  root  of  the  other  square. 

(12)  Let  14  be  divided  into  three  rational  squares.     It  is  web  known  that 

the  least  three  squares  iu  whole  numbers  are  1,  4,  and  9,  which  will  answer 

the  question;  but  to  give  a  general  solution, 

Let  1,  3a: — 2,  2x — 3,  be  the  roots  of  the  required  squares; 

04 
then  14-(3.r— 2)^ 4.(2x— 3)^^=14,  orx=^; 

24  72 

then  vi  ^  *^~r?*  ^^^^  which  subtract  2 ; 

/4GY     2116     24  48   ^ 

then  y—)  =  "169  »  13  ^  ^==13'  ^^°™  which  subtract  3 ; 

/9\«      81  2116      81 

^^°  ^13^  =169  •••  ^+"16^+I6?=^^- 

(13)  To  find  two  square  numbers  whose  difference  shall  be  o(|aal  to  any 
given  number. 

Let  X  be  the  root  of  the  lesser  square  sought;  and  let  d^  the  given  difference 
of  the  squares,  be  resolved  into  any  two  unequal  factors  a  and  6,  of  which  a  is 
the  greater. 

Let  x-^-  b  be  the  root  of  tlie  greatc  r  square ; 
then  (:r+b)'^r'=d=ab, 

i.  «.,  2x+6=rt. 

Whence  x=:—— — =:  tlie  root  of  tlie  lesser  Dt 

tit 

a  +  fe 
and  ar-|-6=— - — =  the  root  of  the  greater. 

If  {/=60,  and  a  X  ^=30  X  2,  we  have 

30—2  ,  30+2 

— ;^  =  14,  and— ^=16; 

whence  16^  and  14^  are  the  squares  required  whose  diflference  =60. 


ben  whatever,  provided  tlieir  ratio  be  not  that  of  3  :  2.    For  if  «  were  to  tn  as  3  to  2,  the 
xtx>ts  of  the  sqaaros  sought  would  be  found  Uie  same  as  tlie  roots  of  the  known  iqaarei. 
If  it  were  reqtdred  to  divide  a  given  square,  X',  into  two  other  iqaaresi 

Since  (w«+/i-')2=(m«— ;j2):4-(2win)3, 

whore  m  and  n  may  be  aasiuncd  at  pleasure,  m  bemg  greater  than  n. 
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t 

(14)  To  find  two  numbers,  such,  that  if  either  of  them  be  added  to  the 
square  of  the  other,  the  sum  shall  be  a  square  number. 

Let  3^'-\-2xy  and  y  be  the  required  numbers ; 
then  a«+2ry+y  =  D  =T+yl« ; 

hence  it  only  remains  to  mak^ 

1-},  43:3— 2/13:° 

•••  y-      n«-4x8      • 

3  19 

If  n=2j,  and  ar=l,  then  y=r;;  and  a:«+2ry=-rr,  which  are  two  numbers 

lo  Iv 

that  will  answer  the  conditions ;  for 


13 
Or  thus : 


2     19     256     16 


■^13'"169'"13 


«         19 
and- 


»      3      400     20 
+  i3"~169""13 


1  1  /I       \* 

Put  - — X  and  x  for  the  numbers;  then  j — ar+^c^^l- — r)  ,  a  square,  and 


— — r 
4 


=  Q ,  where  x  may  be  taken 


la:  1      a:  1 

+^=16-2+^+^=16+2+^=4+' 

at  pleasure,  provided  it  be  less  than  -. 

(15)  To  find  two  numbers  whose  sum  and  difference  shall  be  both  square 

numbers. 

Let  X  and  y  be  the  two  numbers ;  then,  by  the  question, 

x-]-y=:  D  ^=a^  and  x — y=  D  =6' ; 

add  both  squares,  and  we  get 

2x=za^+h^\ 


hence  x= 

Again,  by  subtraction, 


a«--6» 


2y=za?-¥  and  y=— g     » 

where  a  and  h  may  be  taken  at  pleasure,  provided  a  be  greater  than  h ;  if 

9+1  ,9  —  1 

a =3  and  6  =  1,  then  — r7~=5  and  — ^—=4,  whoso  sum  and  difference  are 

botli  squares.     Or  thus  : 

Let  X  and  or* — x  be  the  numbers. 

It  is  evident  that  their  sum  is  a  square ;  and,  in  order  to  satisfy  the  other 
condition  in  the  question, 


Assume  x — nYz=zx^ — 2x,  the  difference  of  the  numbers  ; 

whence  x=- 


271—2' 


Hence  the  two  numbers  are  ^  j^    and  <  ,^  _^  >   —  ^ ^,  in  which  n  may 

9 
be  taken  at  pleasure,  provided  it  be  greater  than  1.    If  n=3,  a:=:r,  and 

45 
^-'=16- 
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(16)  Find  two  numbers  whose  sum  is  a  square,  the  sum  of  their  squares  a 
squarot  and  either  added  to  the  squai'e  of  the  other  a  square. 

Let  2 — ^  s^d  ^  be  the  numbers ;  then  their  sum  t  is  a  square,  and  j — x 


+a*=  D  =2-:r 


la:  1        » 

a  square,  and  —  — -+a:+2«=  D  =T+a:    a  square ;  and, 

in  order  to  satisfy  the  other  condition,  we  assume 


16-2+^='"-4 


I      .       nx      1 


which,  solved,   gives  x= 


n—l 


2n«— 4 


,  if  n=:4,  a:: 


:-,  and  4-^=28.  «>  that  -^ 


and  ~  are  numbers  that  answer  the  conditions  as  follows : 


28 


+  28 


also. 


25 

'28l«' 

28 


_6 

'28 


and- 


+  28-28l»+^«-^»-28 


28" 


28 


(17)  Find  two  such  numbers,  that  if  their  product  bo  added  to  the  sum  of 
their  squares,  the  sum  shall  be  a  square. 

Let  2x  be  their  sum  and  2y  be  their  difference ;  then  the  greater  will  be 

ar+y  and  the  less  x — y;  hence  3^ — y'=  their  product,  and  2a:'4-2y==:  the 

sum  of  their  squares ;  then,  by  the  question,  3jfi-\-^z=  n  =:nx — y\*  and 

2ny 
g=  ,  \  :  if  n=:2  and  v=2,  . .  r=8,  which  wiD  answer  the  conditions. 

(18)  To  find  two  square  numbers,  such,  that  the  difference  of  their  cube 
roots  shall  be  a  square  number. 

Let  3fi  and  y®  be  the  required  numbers.     Then  x* — y'ss  D ;  consequently,  x 
and  y  may  be  any  two  numbers  which  are  the  hypotenuse  and  one  leg  of  a  . 
right-angled  triangle,  and  the  least  numbers  of  this  description  are  5  and  3,  and 
the  numbers  themselves  15625 =125«  and  729=27^. 

(19)  Find  three  numbers,  such,  that  not  only  the  sum  of  all  three  of  them, 
but  also  the  sum  of  every  two,  shall  be  a  D . 

Put  4t,  3^ — Ax,  and  2x-4-l  for  the  three  numbers ;  then  it  only  remains  to 
render  6x4- 1  =  D .  * 

Assume  its  root  n — 1 ; 

then  6x-f  l=n— ll«=»«— 2n+l ; 

n»— 2n 
whence  r= — - — , 

0    • 

if  fi=12,  a:=:20,  which  will  answer  the  conditions  of  the  problem. 

(20)  Find  two  numbers,  such,  that  the  sum  of  their  squares  and  the  sum  of 
their  cubes  shall  be  both  squares. 

Let  h  be  the  base,  p  the  perpendicular,  and  h  the  hypotenuse  of  a  rational 
right-angled  triangle,  x  any  multiplier  of  6,p,  and  h ;  then  (6z)*+(^r)*=(Ax)*, 
but    (6x)'+(j7r)'=    a    rational    square    =r"x^;   hence   (fc'+^).a:=r",    or 

xa=^3  ,    ,;  now  if  rssf+jr*,  .  .xs=63+|?»,  and  .•.  6a:=6(6'+p»),  px^px 
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(b^+p^);  DOW  let  h=3,p=i;  then  is  a:=91,  6j=273,  and  _/?i:=36l.  If 
b=:6  and  ^=8,  then  x=728,  6r=:4368,  and  j;zr=5824,  and  so  on  in  generaL 

(21)  Find  a  number  to  which  if  8  be  added,  the  sum  shall  be  a  cube,  and 
from  which  if  1  be  subtracted,  the  remainder  shall  be  a  cube. 

Let  X  be  the  number;  6=2,  c=l;  then  x-{-h^=z  a  cube  and  x — 0*=  a 

cube ; 

c^  3c*        c* 

hence  r+b'^=(h+^aY=b^+Zc'a+-^a^+j^a^; 

3c*        c«  , 

Assume  x — (^=:{a — cy=z  a  cube  =a^ — 3a''c+3ac' — c',  and  .•.  x:=(i^ 
— 3a^c-{-3ac^;  and,  equating  both  values  of  x,  we  get 

a»-.3(^c+3(ic«=3ac«+^»+J,a», 

63+ c3         ,         3c63 
whence  a =7^ — :^X3c63= 


6«— c«  "~6»— c»' 

and,  putting  the  right-hand  member  of  this  equation  into  Dumbers,  we  get 


3X8     24 
8  —  1 
6256 


^— 8  — 1""  7  ' 


hence  x=. 

343 

(22)  To  find  three  square  numbers,such,  that  the  sum  of  every  two  of  tfaem 
shall  be  a  square  number. 

Let  z^,  ^^  and  z*  be  the  numbers  sought. 

Then  a:*+2*,  y'+z'i  and  ±^+t/^  are  the  three  numbers;  t.  «., 

x'^  y^  x*     V' 

-+1,  ni+1'  a°cl-+^ 

are  tliree  square  numbers. 

X     m^— 1  y     n^—l 

Assume  -=  —r ,  and  -  =— - — , 

2  2w    *  2  2/1 

we  have 

2"5+^= — 4^;^^ — '  "°^  *?+i= — -^r. — ' 

which  are  evidently  two  squares ;  and  therefore  it  remains  to  make  — -^^  a 

square  number. 
Now 

2'^     ~  (      2m     ]    ^  \     2/1     )     ~"     4m'^       "^     M~   ™ 
(ffl^— l)^w^+(n"  — l)^7w'' 
4w«7i2  ' 

a  square  number. 

Henco 

(m'-l)^n«+(n«— l)«.mSor(m+l)^(m-l)^n«+(n+l)«.(n— l)».m«ss 
a  square  number. 

Let  m-|-l=n  — 1  .'.  7i=m4-2. 

Hence        (wi+l)^(m  — 1)^  (w+2)"-4.m« .  (w  +  3)'^X(w+m 


DIOPHANTINE  ANALYSIS.  465 

or  {>n  —  iy  •  (m+2)«+w= .  (m+3)-, 

or    «  2w*+8/7i'»+6m«— 4m+4, 

is  a  square  Dumber. 

Let  the  root  of  this  quantity  be  assumed  =  -j- — m+2. 

Then  l-^r m+2)  =2m*+8wi3+Cm»— 4m+4; 

whence  m=— 24,  and  n=— 22. 

X     m«— 1       575         ,v     w'— 1       483 
Also,  -=— r^ — = — T^t  and  -=-Tr — = — 77 ; 

2        2m        —48  2        2n        — 44 

5752        ,  4832 

hence  x=z  —  — >.-  ,  and  v  = -— . 

48  ^  44 

To  obtain  the  answer  in  whole  numbers,  let  2=528  ;*  then  r= — 6325,  and 

y=— 5796.     Hence  528,  —5796,  —6325  are  the  roots  of  the  squares,  and 

528*,  5796^,  6325'  are  the  squares  required. 

(23)  To  find  three  cube  numbers,  such,  that  if  from  every  one  of  them  a 
given  number  1,  be  subtracted,  tlie  sum  of  the  remainders  shall  be  a  square. 

Let  1+x,  2 — r,  and  2  represent  the  required  roots. 

Then,  per  question,  (l+x)^— 1  +  (2— r)'— 1  +  8— 1=  a  ; 

or  (l+.r)3+(2— 3:)3+8— 3=  Q  ; 

r»+3z2+3j+l+8— 12jr+6a:«— r>+8— 3=n  ; 

92^— 9x+14=a,  =(rt— 3.r)2=a2— 6ax4-92«; 

14— 9a:=a«— ear; 

a^— 14 

and  6aj— 9r=a^— 14  .-.  x=- -, 

6a — 9 

_  16  —  14      2  17  28 

Supposea=4;  then  r= — -- — =7i:»  and  l+j=— ,  and  2 — r=— ; 

4913    ,  .      /28\'     21952 

•••  (1+^) -3375'  C^-') -y  =  3375-'  »""*  « 
are  the  numbers. 

(24)  It  is  required  to  find  three  integral  square  numbers,  such,that  the  dif- 
ference of  every  two  of  them  shall  bo  a  square  number. 

Let  the  roots  of  the  required  numbers  bo  denoted  by 

5«+7/2,  s'—f,  and  r'+x\ 

Assume  r* — X'z=zs^-\-y'^; 

then  r^— j:2— s'-=y-=  Q 

and  y<=r*^2r'j^—2r^s^+x*+2x-s^+s* ; 

but  (r2+3:3)2— (s«_2/2)2=:  n 

=(ra+20)«— (««— r3+2«+s-)«=r<+2r2j2+x*— j<+2rV— 2««2«— 2«*— r« 

+  2r-.r2+2r25-— t*— 25^t3__^__  g 

=4(r2x-4-rV— 5-j-3_^)--  □  ^ 

.'.  T'^jr'+r'^$'—s-x'^s*=  D  =a», 
and  (r'^—s-)  •  x^-zzza^'—r^s^+s*, 

a2— rV4-«*        a- 

take  r=21andtf=13, 

*  The  leut  oommcm  multiple  of  the  denominaton,  48  and  44. 

Go 
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then  ^=44l^-^^^ 

a« 

Take  a =340, 

then  af^=256  and  2/'=r2—52—a:==441— 256— 169=16, 

.-.  (r«+2-2)2=(441  +  256)3=(697)«=  one  number, 
and     (r«— x2)2=:(s«-|-y^)-=(441  — 25G)2=(185)2=  the  second  number; 
and  (52— 7/2)2=:(i69— 16)2=(153)*,  which  is  the  other  number. 

(25)  To  find  three  square  numbers  such,  that  their  sum,  being  severally 
added  to  their  three  roots,  shall  make  square  numbers. 

Let  2x,  6x,  and  9x  denote  the  three  roots;  .*.  by  the  question, 

121a:3+2x=  D, 

121j«+9x=n. 

Assume  x=r^;  then  121x=y;  and  .-.  121x^=t^,  and  121x'+2x=/.„ 
121'  ^'  121  '  121 

+  121' 
Hence,  we  get 

y«+2y=n, 
2/^+6^=  D, 
3^+92^=  a. 

-^)  ;  and.-.y«+2y+l=^-2r")  +^=^~i?^       ' 
+  1= j^^ = -^, =z\-^j  ;    and,   consequently,   3/+I 

=— TT"  •••  =Z/    «,.    — 1= :;; = — — —  ;  heiico,  by  substitution  in  llio 

t^^  <^*»  /V-^  fim-i^ 

second  equation  above,  we  have 


4,i    +6x^Tr-=n=^7i^+i2rx     ,,., 

^*>  tW'te  *a.te  *ii« 


=  D. 


But  4z2  is  a  squaro  number ; 

...  (z  — l)^  +  12zx(2-ir=a 

=  (2-l)2x(j-l)^+12z.(^-l)~(z--l)=X  {(--1)^+12-=}. 
But  (2  —  1)'  is  D, 

...  (2  — 1)2+12-=  D  =:=+10r  +  l=D. 
Again,  by  substitution  in  the  third,  wo  have 

^i77-+9x-T^=a=-^p-+ ^, =n, 

...  (2  —  1)^+182  X  (2  —  1)-=  a  ,  and  .-.  {z  —  lf  .  (2  — 1)5+18^  .  (^  — 1)«=  D 

Hence  (2— l)2x  j(z  — 1)2+182}=  n, 

and  ...  (2  —  1)2+182=  a  =2^+162  +  1 ; 

hence  (z'+lGz  +  l)  — (2-+102  +  l)=62=32X2, 

1  32  +  2     32 

the  -  sum  of  which  factors  is   *"       =-^  +  1,  the  root  of  the  greater  D . 

(3-^       \  -     92' 
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.-.  z^+l6z=—+3z,  and  4z^+6Az=z9z^+l^z, 

52 

and  .-.  42r+64=9z+12,  5z=52,  and  ;s=-r  ; 

2209     2209 


/52        \»      /47\2     220 


J5         25 


52  52  52      104 


2X^         2X^       2.^ 

2209       ,  y  2209 

— and  T'——^ —    — • 

■"520  121'  "62920* 

4418     13254  19881 

...  we  see  that         ^^^,  -^-^ ,  and  ^^^  are  the  roots. 

QUESTIONS  FOR  EXERCISE. 

(1)  Required  six  numbers  whose  sum  and  product  shall  be  equal. 

Ans.  1,  2,  3,  4,  5,  and  t^q. 

(2)  Required  five  square  numbers  whose  sum  shall  be  a  squai-e. 

Ans.  1,  4,  9,  16,  and  j. 

(3)  Divide  the  number  3  into  four  rational  squares. 

.        16    1      9  49 

^°^-  25'  25'  25'  ^^  25- 

(4)  Divide  unity  into  three  rational  squares. 

Ans.  ~.  -,  and  ^. 

(5)  Find  two  numbers  whose  sum  is  a  cube,  and  difference  a  square. 

Ans.  1512  and  216. 

(6)  Find  two  numbers  whoso  product  plus  their  sum  or  difference  is  each 
a  square.  ' 

5  5 

Ans.  -  and  4-. 

(7)  To  find  two  numbers, such,  that  when  each  is  multipUed  into  the  cube 
of  the  other,the  products  will  be  squares. 

Ans.  2  and  8. 

(8)  To  find  two  square  numbers  whose  difference  is  40. 

Ans.  49  and  9. 

(9)  To  find  two  square  numbers,  such,  that  their  sum  added  to  their  prod- 
uct may  be  a  square  number. 

Ans.  -  and  -. 

(10)  It  is  required  to  find  two  whole  numbers,  such,  that  their  diflferonce, 
the  difference  of  their  squares,  and  the  difference  of  their  cubes  shall  be  squares. 

Ans.  10  and  6. 

(11)  Find  two  numbers,  such,  that  the  sum  of  their  squares  shall  be  both 

a  square  and  a  cube. 

Ans.  75  and  100. 

(12)  Find  two  numbers  whose  sum  shall  be  a  cube,  but  their  jiroduct  and 

quotient  squares. 

Ads.  25  and  100. 
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(13)  It  is  required  to  find  three  iDtegral  square  numbers  that  shall  bo  io 
arithmetical  progression. 

Ans.  1,  25,  and  49. 

(14)  To  find  three  square  integral  numbers  in  harmonical  progression. 

Ans.  1225,  49,  and  25. 

(15)  To  find  three  numbers,  such,  that  if  to  the  square  of  each  of  them  the 
sum  of  the  other  two  be  added,  the  three  sums  shall  be  all  squares. 

Ans.  1,-,  andy. 

(16)  It  is  required  to  find  three  whole  number8,6uch,  that  if  to  the  square  of 
each  of  them  the  product  of  the  other  two  be  added,  'the  sums  shall  be  squares. 

Ans.  9,  73,  and  328. 

(17)  It  is  required  to  find  three  whole  numbera  in  geometrical  progressioa, 
such,  that  the  difference  of  every  two  of  tliem  shall  be  a  square  number. 

Ans.  567,  1008,  and  1792. 

(18)  It  is  required  to  find  three  integral  square  numbers,  such,  that  the  dif- 
ference between  every  two  of  them  and  the  third  shall  be  a  square  number. 

Ans.  1492,  241«,  and  269«. 

(19)  To  find  three  square  numbers,  such,  that  the  sum  of  their  squares 

shaU  also  be  a  square  number. 

,  144 
Ans.  9,  16,  and  --77-. 

(20)  To  find  three  biquadrate  numbers  the  sum  of  which  shall  be  a  square. 

Ans.  12*,  15*,  and  20*. 

For  generalization  of  Diophantine  problems  in  certain  cases,  see  Bonny- 
castle's  Algebra.     See,  abo.  Theory  of  Numbers. 


THEORY  OF  NUiMBERS. 

387.  We  have  already  had  occasion  to  demonstrate  some  propositions  wliich 
fall  under  this  linad,  and  which  would  have  been  resoi*vod  for  this  place  had 
they  not  been  required  for  the  elucidation  of  previous  parts  of  the  work. 

We  recur  to  one  or  two  of  these  for  the  purpose  of  exhibiting  some  of  the 
other  methods  by  which  they  may  bo  established. 

I.  To  prove  that  a  X  ^  =  ^  X  (i-     Suppose  a>6  and  c  then*  difference  ; 

.-.  axh  =  (b  +  c)h=ib^+cb  ; 
i,  e.y  b  taken  b  times  and  c  taken  b  times,  and 

bxa  =  b(b+c)  =  b''+bc ; 
t.  e.,  b  taken  b  times  and  also  c  times. 

« 

We  perceive  that  the  product  axb  will  bo  the  same  as  bx^i  if  the  partial 
product  cX^  is  equal  to  bxc  But,  by  similar  reasoning,  the  equality  of  cb 
and  be  will  be  proved  by  the  equality  of  two  smaller  products,  cd  and  dc ;  and 
continuing  thus,  we  amve  necessarily  at  the  case  where  the  t>vo  factors  are 
equal,  or  at  the  case  where  one  of  them  is  equal  to  unity.  In  the  first  case, 
the  equality  is  manifest ;  in  the  second,  it  will  follow,  from  the  fact  that  A  X  1 
is  /i  as  well  as  1  X  ^»  Then  the  product  a  X  ^  is  always  equal  to  the  product 
6Xa- 
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II.  To  demonstrato  that  N  X  a  X  ^=N  X  «?;,  I  observe,  first,  that  the  prod- 
uct ah  is  nothing  else  than  a-\-a'\-a-\-,  Arc,  the  number  of  these  terms  being  6. 
ThenNxaft=Na+Na+Na+,  dec,  to  h  terms,  =Nax^.        Q.  E.  D. 

III.  Na6=N6a  ;  forNa=N+N4-N+  ...  to  a  terms;  then,  to  multiply 
Na  by  6,  it  is  necessary  to  take  each  of  the  terms  h  times, 

thus  Na6=:N6+N6+Ni  .  .  .  =N6a.  Q.  E.  D. 

Corollary  1. — If  all  the  factors  of  N  be  1,  then  1  x  ah=zlxha,  or  ah=iba, 
according  to  I. 

Corollary  2. — The  above  reasoning  applies  only  to  entire  factors.  The  prin- 
ciple is  equally  true,  however,  when  some  of  the  factors  are  fractions ;  because, 
if  the  entire  factors,  which  are  combined  with  the  fractional  ones,  be  written 
in  a  fractional  form  by  placing  unity  under  them,  all  the  factors  to  be  multi- 
plied together  will  he  fi-actions ;  the  product  of  these,  we  know,  is  obtained  by 
taking  the  ])roduct  of  the  numerators  and  denominators  separately,  which  are 
entire  numbers,  and  therefore  the  order  is  immaterial,  from  what  has  been 
proved  above. 

Corollary  3. — If  the  factors  be  incommensurable,  it  is  to  be  observed  that 
the  product  of  two  incommensumble  quantities  has  no  precise  meaning. 

But  by  regarding  the  incommensurables  as  limits  to  which  approximating 
com  mens urablcs  tend,  since  the  above  reasoning  applies  to  the  latter,  and  their 
order  is  immaterial,  we  may  infer  that  the  order  is  immaterial  also  in  a  prod- 
uct of  incommensurable  factors. 

Corollary  4. — We  have  seen  that,  from  the  above  proposition,  it  follows  that 
the  order  of  factors  in  a  product  is  immaterial;  hence  it  foUows  that  if  a 
number,  P,  contains  the  factors  a,  6,  c,  &c.,  it  is  divisible  by  their  product. 

Corollary  5. — If  a  number,  P,  is  divisible  by  another,  Q^atc,  then  is  P 
divisible  by  each  of  the  factors  a,  b,  c. 

THE  FORMS  AND  RELATIONS  OF  INTEGRAL  NUMBERS,  AND  OF  THEIR 

SUMS,  DIFFERENCES,  AND  PRODUCTS. 

388.  I.  The  sum  or  difTerenco  of  any  two  even  numbers  is  an  even  num- 
ber.    For,  let  A=2ii  and  B=2/i'  be  any  two  even  numbers  ;  then 

A±B=2n±2M'=2(n±n')=2n", 

which,  being  of  the  form  2n,  is  an  oven  number. 

II.  The  sum  or  difference  of  two  odd  numbers  is  even,  but  the  sum  of  three 
odd  numbers  is  odd. 

Let  A=2n-|-1,  Br=27i'4-1,  and  C=2n"-|-1,  be  three  odd  numbers;  then 

A  +  B=2n-|-2n'-|-2=:2n", 
and  A-|-B-f-C=2n-|-2n'-f-2n"-|-3=2n'"-|-l ; 

the  former  having  the  form  of  an  even,  and  the  latter  of  an  odd  number. 
In  a  similar  way  it  may  be  shown, 

(1)  That  the  sum  of  any  number  of  oven  numbers  is  even. 

(2)  That  any  even  number  of  odd  numbers  is  even,  but  that  any  odd  num- 
ber of  odd  numbers  is  an  odd  number. 

(3)  That  the  sura  of  an  even  and  odd  number  is  an  odd  number. 

(4)  That  the  product  of  any  number  of  factors,  one  of  which  is  even,  wiD 
be  an  even  number,  but  the  product  of  any  number  of  odd  numbers  is  odd ; 
and  hence,  again. 
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(5)  Every  power  of  an  even  number  is  even,  and  every  power  of  an  odd 
number  is  an  odd  number. 

(6)  Hence  the  sum  and  diflerence  of  any  power  and  its  root  is  an  even 
number. 

For  the  power  and  root  will  be  either  both  even  or  both  odd,  and  the  sum 
or  difference  in  either  case  is  an  even  number. 

III.  If  an  odd  number  divide  an  even  number,  it  will  also  divide  the  half 
of  it. 

Let  A=2n,  B^2n'-^l  be  any  even  and  odd  number,  such  that  B  is  a 
divisor  of  A ;  let  the  division  be  made,  and  call  the  quotient  jp ;  then  we  have 

2n=p(2n'+l); 

consequently  (4),  p  is  even,  or  of  the  form  2»"  ; 

hence  2nz=2n"(2n'+l), 

and  5;;;^:^=^"' 

that  is,  n=JA  is  divisible  by  B,  if  A  itself  be  so. 

DEFINITIONS. 

389.  (1)  A  perfect  number  is  that  which  is  equal  to  the  sum  of  all  its  ali- 
quot parts,  or  of  all  its  divisors. 

6     6     6 

Thus,  6=-+-+^.  and  is,  therefore,  a  perfect  number. 
«»      o      u 

(2)  Amicable  numbers  are  those  pairs  of  numbers  each  of  which  is  equal  to 
all  the  aliquot  parts  of  the  other.  Thus,  284  and  220  are  a  pair  of  amicable 
numbers,  for  it  will  be  found  that  ail  the  aliquot  parts  of  284  are  equal  to  220, 
and  ail  the  aliquot  parts  of  220  are  equal  to  284. 

(3)  Figurato  numbers  are  all  those  that  fall  under  the  goueral  expression 

n(/?  +  l)(n+2)(n  +  3)....(n  +  w) 
r.2T3T4"....(m  +  l)  ' 

and  they  are  said  to  be  of  the  1°,  2°,  3°,  Ace,  order,  according  as  m=l, 

At,  o,  c\>c. 

(4)  Polygonal  numbers  are  the  sums  of  different  and  independent  arith- 
metical scries,  and  are  termed  lineal  or  natural,  triangular,  quadrangular 
or  square,  pentagonal,  (Sec,  according  to  the  series  from  which  they  are 
generated. 

(5)  Natural  numbers  are  formed  from  a  series  of  units  ;  thus  : 

Units,  1,  1,  1,  1,  1,  cV:c. 

Natural  numbers,  1,  2,  3,  4,  5,  &c. 

(6)  Triangular  numbers  are  the  surcessive  sums  of  an  arithmetical  senes, 
beginning  with  unity,  the  common  dirterenco  or  which  is  1 ;  tlms  : 

Arithmetical  series,  1,  2,  3,    4,     5,   A:c. 

Triangular  numbers,  1,  3,  6,  10,  15,  <5cc. 

(7)  Quadrangular  or  square  numbers  are  tlie  sums  of  an  arithmetical  se 
rios,  beginning  witli  unity,  and  the  common  dilference  of  which  is  2  ;  thus  : 

Arithmetical  series,         1,  3,  5,    7,     9,    11,  <fcc. 

« 

Quadrangular      or 


uadmngular      or  >        .     .     n    ir    o-    -t^   a-« 
,  >         1,  4,  9,   IG,  2o,  36,  &c. 

square  numbers,  ^ 
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(8)  Pentagonal  numbers  are  the  sums  of  an  arithmetical  series,  beginning 
with  unity,  the  common  difference  of  which  is  3  ;  thus  : 

Arithmetical  series,        1,  4,    7,    10,  13,  16,  dec. 
Pentagonal  numbers,      1,  5,  12,  22,  35,  51,  6cc. 

And,  universally,  the  m — gonal  series  of  numbers  is  formed  from  the  suc- 
cessive sums  of  an  arithmetical  progression,  beginning  with  unity,  the  com- 
mon difference  of  which  is  m — 2. 

DIVTSIBILITY  OF  NUMBERS. 

390.  I.  The  product  of  two  nunibcrsy  a  and  b,  is  divisihlt  by  every  number 
which  exactly  divides  one  of  the  two  factors  n  and  b. 

For  let  0  be  a  number  which  divides  6,  so  that  6=c^,  we  have  by  the  fore- 
going ab=acXO»     Then  a&,  divided  by  d,  gives  the  exact  quotient  ac. 

Corollary. — To  divide  a  product  of  several  factors,  divide  one  of  the  factors 
and  multiply  the  quotient  by  the  others. 

On  this  subject  we  must  observe  that  a  number  may  sometimes  divide  a 
product  when  it  will  not  divide  any  factor.  Thus,  20  divides  neither  12  nor 
15,  but  does  their  product,  180.  This  is  because  20  is  composed  of  factors 
some  of  which  are  found  in  12  and  others  in  15.  But  if  the  number  20  had 
no  common  factor  with  one  of  the  factors,  it  must  divide  the  other.  (See 
Art.  84,  note.) 

II  ijT  there  be  n  numbers,  each  of  Uiem  divisible  by  k,  then  is  their  product 
divisible  by  k". 

For  a=zkq,b'=.kq\  c=zkq".  ,  ,     ,\     abc  ,  .  ,=zk"  ,w, 

w  being  equal  to  qXq'X^f'X  •  •  • 

III.  The  sum  of  several  numbers,  a+b-f-c  +  ^^i  i^  divisible  by  a  number,  k, 
ivhen  the  sum  ofUie  remainders  obtained  by  dividing  each  by  kis  divisible  by 
this  number. 

For  a=zkq-{-r,  b=kq'+r\  c=zkq"+r'\  &c. 

...  a+b  +  c+d=k(q+q'  +  q"  +  ,  6cc.)+r+r'+r"+,  &c. 
Whence  it  is  evident  that  a-f-6+^»  ^•»  *s  divisible  by  k  when  r+^'+^'» 
&c.,  is. 

IV.  The  difference  of  two  numbers,  a  and  h,  is  divisible  by  a  number,  k, 
when,  if  each  be  divided  by  k,  the  remainders  are  equal. 

For  a=zkq-{'r,  and  bz=kq''{-r 

.'.  a  —  b=k{q — q'). 

V.  Every  number  consisting  of  units,  tens,  hundreds,  ^y.,  is  divisible  by  a 
number,  k,  when  Oie  sum  of  tlie  products  of  the  number  of  units,  tens,  Sfc.,  by 
the  remainder,  after  dividing  the  units,  tens,  Sfc.,  each  by  k,  w  divisible  by  this 
number. 

For,  representing  by  A,  B,  C,  &c.,  the  quotients,  and  by  a,  p,  y,  &c.,  the 
remainders  of  the  units,  tons,  &c.,  by  k,  we  have 

10°    =A/:-f-a  .-.         a  .  10°    s=aAk+aa 

10''-»=BA:+/3  b  .  lO^-^rzi  bBk+bi3 

10°-*=C;t+y  c  .  10-  ^=  cCk+cy 


10^    =:T>k+6 

d  .  10^    =zdDk+dd 

10»     =Ek+e 

e  .  10»     zizeEk+ee 

10°    =  .  .  .  1 

/.  10°    = / 
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VI.  The  product,  P,  of  several  numbers,  a,  b,  c,  d,  .  .  .  i«  divisible  hy  a 
number,  k,  oriXy  when  the  product  of  the  remainders,  after  dividing  each  of  the 
fojctxtrs  by  k,  is  so  divisible. 

For,  let  a=kq+Q,  b=kq'-\'i3,  c=kq"-\-y,  &c.^ 

.«.  ab^kz-\-a.p. 
abc=zkz-\-ap,y,  6cc, 

VII.  Tlie  product,  P,  of  several  factors,  a,  h,  c,d,  ..  .is  divisible  by  a  prime 
number,  W,  only  when  one  of  the  factors  is  divisible  by  Oiis  prime  number. 

For,  let  a=^•'^+a,  &=A:'^'+/?,  cz=zk'q"-\-y,  &c., 

.'.  Vz=.k'z-\-a,ji,y  .  .  . 

Therefore,  if  k'  divide  P,  it  must  divide  a,  /3,  y  .  .  . 

But  k"  is  DOt  found  among  the  factors  a,  /?,  7,  .  .  .  since,  being  remainders 
to  tlie  divisor  k',  thoy  are  all  less  tlian  it.  Neither  is  k'  any  combination  of 
them,  since  it  is  supposed  to  be  a  prime  number.  Hence  a,  /?,  7,  •  •  •  and 
therefore  P  is  divisible  by  k'  only  when  one  of  the  remainders  ^0. 

VIII.  If  the  factors,  a,  b,  c,  .  .  .  q/*a  product,  P,  are  prime  to  k,  then  is  the 
product  not  divisible  by  k. 

For,  if  k  be  an  absolute  prime  number,  this  follows  from  VII.  Again,  if 
khe  a  multiple  of  a  prime  number,  as  p'v ;  then,  if  P  be  divisible  by  k,  we 
have 

P     a .  6 . c. . . . 

k  p  .V  ^ 

therefore  a.b  .c. .. .  must  be  divisible  by p',  which  by  VII.  is  impossible. 

391.  I.  Problem. — To  find  all  the  divisors  of  any  number  whatever.  The 
first  thought  which  presents  itself  is  to  try  successively  as  divisors  ^ach  of  the 
numbers  1,  2,  3,  &c.,  to  N.  But  this  groping  process  may  be  abridged.  Let 
D  be  a  divisor  of  N,  and  D'  the  quotient,  wo  Imvo  DD'=N,  or,  mider  anoth- 
er form,  DD'=  ^/Nx  VN";  then,  if  DJs  <  -/N,  D'  will  bo  >  -/N.  Then, 
after  having  found  all  the  divisors  <^  \/N,  the  quotients  which  shall  have  been 
obtained  in  dividing  N  by  these  divisors  will  be  the  divisoi-s  >  y/JS. 

For  example,  lot  N=360.  The  square  root  of  3G0  is  comprised  between 
18  and  19 ;  thus,  we  divide  360  only  by  the  numbers  1,  2,  3  ...  18.  In  this 
manner  we  find  all  the  divisors  of  360,  to  wit : 

1,       2,       3,      4,     5,     G,     8,     9,    10,   12,  15,   18. 
360,   180,   120,  90,  72,  60,  45,  40,  36,  30,  24,  20. 

392.  II.  Problem. —  To  form  a  tabic  of  prime  numbers.  When  the  above 
proceeding  produces  no  divisor,  the  number  is  a  prime  number.  To  avoid 
the  long  calculations  necessary  in  these  cases,  tables  have  been  constructed 
which  contain  the  prime  numbers  up  to  certain  limits.* 

The  most  simple  manner  of  constructing  it  is  to  write  in  succession  the 
series  of  uneven  numbera  3,  5,  7,  (fcc,  to  such  a  limit  as  we  seek,  and  to  efface 
all  the  multiples  of  3,  of  5,  of  7,  &c.  It  is  evident  that  the  prime  numbers 
are  all  that  remain.  At  tlie  head  of  those  numbers  it  must  not  be  forgotten  to 
place  1  and  2. 

Nothing  is  easier  than  to  know  what  multiples  to  efface.     Those  of  3  are 


*  Tho  student  is  referred  to  the  tables  of  Burckliardt,  in  which  the  prime  ntunbera  ex- 
tend to  3036000. 
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foimd  by  counting  the  numbers  3,  5,  7,  ice,  in  threes,  setting  out  from  5; 
those  of  5  in  counting  them  in  fives,  beginning  with  7,  and  so  on.* 

393.  Remark  I. — The  series  of  prime  numbers  is  unlimited.  For,  suppose 
it  to  be  otherwise,  and  that  n  is  the  greatest :  if  we  form  the  product 
P=:2.3.5  . . .  n,  which  contains  all  the  prime  numbers,  then  P-|-^»  which 
^n,  must  be  divisible  by  some  one  of  these  numbers  ;  hut  this  is  impossible, 
because  there  will  always  be  the  remainder  1.  Then  it  is  impossible  that  the 
series  of  prime  numbers  should  be  limited. 

II.  In  comparing  all  numbers  with  multiples  of  the  same  number,  we  are 
led  to  present  them  under  different  forms,  of  which  use  is  often  made.     For 
example,  if  we  compare  them  with  multiples  of  G,  they  may  be  represented 
first,  by  one  of  the  six  formulas, 

6x,  6x+l,  62:4-2,  6J-+3,  6j+4,  6r+5, 

in  which  x  is  any  whole  number  whatever. 

But  if  we  wish  to  consider  only  prime  numbers,  it  is  necessary  to  prosone 
only  the  two  formulas, 

6a:+I  and  Gx+S ; 

because  the  others  give  numbers  divisible  by  2  or  by  3. 

We  can  also,  in  place  of  6r+5i  wnto  6{x-\-l)  —  1  or  6.r — 1,  smce  x  is  any 
entire  number  whatever.  Thus  all  the  prime  numbers  except  2  and  3,  which 
are  divisors  of  6,  are  comprised  in  the  formula 

N=Gj:±1. 

The  reasoning  would  be  analogous  for  any  other  nuntber  than  G. 

394.  III.  Problem. — To  decompose  a  number  into  prime  factors,  and  to  find 
afterward  all  its  divisors. 

A  number  N,  if  it  be  not  a  prime  number,  can  be  represented  by  the  product 
of  several  prime  numbers  a,  b,  c,  &c.,  raised  each  to  a  certain  power,  so  that 
we  can  always  suppose  Nssa'^fe^c?  . . .  This  is  the  decomposition  which  it  is 
required  to  effect. 

Take,  for  example,  the  number  604.  Divide  it  first  by  2  as  many  times  as 
possible.;  we  find  thus, 

504  =252  X  2 =126  X  2  X  2= 63  X  2  X  2  X  2. 

Then  divide  63  as  many  times  as  possible  by  3,  which  is  the  smallest  prime 
number  greater  than  2 : 

63=21X3=7X3X3. 
The©  we  have 

504=7X3X3X2X2X2, 

or,  rather,  under  another  fonn, 

504=23X3^X7. 

The  divisions  by  3  have  led  to  the  quotient  7.  If  the  quotient  had  not  been 
a  prime  number,  we  should  have  continued  the  opei-atioos  by  trying  success- 
ively the  other  prime  numbers,  5,  7,  &c. 

We  can  now  readily  form  all  the  divisors  of  504.  They  are,  in  fact,  the 
numbers  which  we  obtain  in  taking  all  the  prime  factors  one  by  one,  two  by 

•  Conceive  a  board  pierced  with  holes  in  whicli  the  numbers  3,  5,  7,  &c.,  are  placed  in 
order.  Then,  as  we  arrive,  in  counting  them  by  threes,  fives,  &c.,  at  the  multiples  to  be 
effaced,  suppose  these  multiples  to  fall  through  the  holes,  there  will  remain  only  prime 
utimbers.    Such  was  tlic  famous  sieve  of  Eratosthenes,  of  Alexandria,  who  lived  S80  B.C. 
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two,  <5cc.     That  we  may  be  sure  not  to  omit  any  divisor,  we  adopt  the  fol- 
lowing arrangement : 


1, 

504 

2 

2, 

252 

2 

4, 

126 

2 

8, 

63 

3 

3, 

21 

3 

9, 

7 

7 

7, 

6,     12,    24, 
18,    36,    72,        # 

14,    28,    56,  21,     42, 

84,  168,  63,  126,  252,  504. 

The  first  column  on  the  \e(t  contains  the  given  number  and  the  quotient  of 
the  successive  divisions.  By  the  side  of  these  numbers,  in  a  second  column, 
are  written  the  prime  numbers,  which  we  employ  as  divisors,  and  which 
are  the  prime  factors  of  the  number  504.  Finally,  we  place  at  the  right  of 
this  colmnn  all  the  divisors  of  504 ;  and  I  now  proceed  to  state  how  we  obtain 
them. 

At  the  top  of  the  third  column,  but  on  the  line  above  that  which  contains 
504,  we  write  unity,  whicji  may  be  regarded  as  the  first  divisor  of  504.  Wo 
multiply  this  unity  by  the  first  number  of  the  second  column,  and  thus  obtain 
the  divisor  2,  which  we  write  by  the  side  of  this  first  prime  number.  We 
next  multiply  1  and  2,  the  divisoi's  already  found,  by  the  second  number  of  the 
second  column,  and,  neglecting  the  product  1  X  2,  or  2,  which  has  already  been 
found,  we  obtain  the  now  divisor  4,  which  is  written  on  a  line  with  the  last 
multiplier.  We  proceed  in  the  same  manner,  multiplying  the  number  of  the 
second  column  on  the  horizontal  line  which  we  are  forming  by  each  of  the 
numbers  above  it  in  the  third  column  successively,  until  we  multiply,  finally, 
by  the  last  number  of  the  second  column,  which  gives  a  last  series  of  divisors, 
which  series  will  always  be  terminated  by  the  given  number. 

When  we  know  the  prime  factors  of  a  number,  we  can  find  its  divisors  by 
another  process.  Suppose  that  a  number  N,  when  decomposed  into  prime 
factors,  gives 

Nr=a'"6''cP. . .; 

the  divisors  of  N  will  be  represented  by  tlie  formula  a'^'h'^'c^' . . .,  in  which  the 
exponents  m\  n\  //  . . .  can  not  surpass  ni,  n,  ^  . . . 

Hence  we  know  that  these  divisors  will  be  the  different  terms  which  we 
obtain  in  effecting  the  product 

395.  Rkmarks. — Tlie  multiplication  of  the  first  two  polynomes  gives  a 
number  of  terms  equal  to  (;?<-|-l)(rt-|-l) ;  consequently,  that  of  tho  first  three 
polynomes  gives  u  numbor  equal  to  (//?-Ll)(/j-|-l)(y>-|-l),  and  so  oft;  hence, 
the  number  of  all  tho  divisors  of  N  is  expressed  by  the  formula 

(m  +  l)(^/  +  l)(;,+  l) 

We  also  see  that  P  is  the  sum  of  all  these  divisors.  But  we  know  that  the 
polynomes  which  compose  P  are  respectively  equal  (Art.  23)  to , 

-T — :j— ,  &c. ;  hence,  the  sum  of  all  the  divisors  of  N  can  be  expressed  by  the 
formula 
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a'n+i  —  l      6'^^  —  !     cP+*  — 1 


X-T — r-X— — r-X 


"■   a— 1    ^    6—1    ^   c— 1 
For  example,  taking  N=504=23X3^X7,  we   shall  have  m=3,  n=2, 
f =1.     Hence  the  number  of  divisors  of  504  will  be  4x3x2=24,  and  the 
sum  of  all  the  divisors  will  be 

2^—1    33—1    r»—i 

396.  IV.  Problem. — How  many  times  is  a  prime  numberj  5,  factor  in  a 
series  of  natural  numbers,  from  I  to  nl  or,  in  other  words,  what  is  the  highest 
power  of  6  which  divides  the  product  1 . 2 . 3 . . .  n  ? 

Let  n'  be  the  entire  part  of  the  quotiout  of  n  by  6,  In  the  proposed  series 
of  natural  numbers  wo  find  the  n'  factors,  6,  20,  30 . . . .,  of  the  product 
6.26.30 ,.,n'6;  and  it  is  cleai*  that  they  are  the  only  numbers  of  the  series 
which  are  divisible  by  6.     This  product  cau  be  written  thus : 

1 . 2 .  3 . . .  n'  X  0"'. 
Hence  we  shall  obtain  the  roquired  power  of  6  by  multiplying  6^  by  the  high- 
est power  of  0,  contained  in  the  product  1 . 2 . 3  . . .  n'. 

The  same  reasoning  may  be  repeated  with  reference  to  this  product ; 
hence,  calling  n"  the  entire  part  of  the  quotient  of  n'  by  0,  we  readily  perceive 
that  the  highest  power  of  6  contained  in  the  last  of  tho  above  products  is  com- 
posed of  the  power  0°''  multiplied  by  the  highest  power  of  0  which  is  contain- 
ed in  the  series  1.2.3...  n'\ 

In  like  manner,  calling  n'"  the  entire  part  of  the  quotient  of  n"  by  6,  we  are 
led  to  seek  tlie  highest  power  of  6  contained  in  the  ])roduct  1.2.3  .  .  .  n'". 

We  continue  this  process  till  we  arrive  at  a  quotient  <0.  For  the  sake  of 
definiteness,  suppose  that  n'''  is  this  quotient ;  then  we  conclude  that  the 
highest  power  of  0  contained  in  the  given  product  1 . 2 . 3  . . .  n  is  ^'+n"+«»'". 

For  example,  supi)ose  we  wish  to  know  what  is  the  highest  power  of  7 
which  divides  the  product  1.2.3  .  .  .  1000. 

We  make  nr=1000,  and  taking  only  the  entire  papts  of  the  quotients,  we 

shall  have 

1000              142            20 
140 on o 

7  7  7 

The  sum  of  those  quotients  being  164,  it  follows  that  the  required  power  is  7**«. 

397.  Corollary . — I^et  ??i,  w,  ^^  q  bo  entire  numbers,  such  that  we  have 
»n=»+i'H"94"  •  •  •  ?  ^^o  expression 

1 .  2  .  3  .  4  .  m 
1 . 2  ....  7?  X  1 . 2  ....px  1.2 9  X »  <5cc. ' '' 

will  always  represent  an  entire  number.    To  prove  this,  let  0  be  a  prime  factor 

of  the  denominator  ;  wo  shall  have 

m     n     p     g 
■^=-^+-^+^+»  «c. 

Calling  these  entire  quotients  m\  n\  p',  9' . .  . .,  we  shall  have  also 

m'=  or  >n'4-|?'+^'4-,  &c. 

If  we  divide  again  by  0,  and  call  the  new  entire  quotients  m",  n"  . . . .,  we 
shall,  in  like  manner,  have 

m"=  or  >n"+;?"-f-7"+,  &c. 

We  continue  this  process  as  long  as  the  quotients  are  not  all  less  than  6, 
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Then  adding,  we  shall  have 

{m'+m''+...)=  or  Xn'+n''+.,.)  +  (p'+p"+...)  +  {q'+q'^ +...)+,  dec. 

But  these  different  sums  make  known  the  highest  powers  of  6,  by  which  we 
can  divide  the  products  which  compose  expression  (1) ;  hence  there  is  no 
prime  factor  in  the  denominator  which  does  not  exist  of  a  power  at  least  equal 
in  the  numerator  of  the  fraction.  Tliis  expression,  therefore,  represents  an 
entire  number. 

398.  Perfect  numbers  are  expressed  or  determined  as  follows  : 

Find  2° — 1,  a  prime  number,  then  will  N=2'*~*(2" — 1)  be  a  perfect  number. 

For,  from  what  has  been  demonstrated  in  the  preceding  section,  the  sum  of 

2.°— 1      (2»— 1)*— 1 
all  the  divisors  of  this  formula  will  be  represented  by  — — r-x  7:z^ — tt — r; 

because  2" — 1  is  a  prime  by  hypothesis.  But  in  this  expression  1  is  included 
as  a  divisor,  which  must  be  excluded  in  the  case  of  perfect  numbers ;  exclu- 
sive of  tliis,  therefore,  the  formula  will  bo 

V-^ *>"-« 1^2" 1^  — 

2  —  1  ^  (2°  — 1)  — 1       ••  ^  ^"" 

(2»— l)x(2'»— 1+1)— 2°-i(2°— 1)  = 

2(2°— 1)2"+»— 2'*-H2"  — 1)=2°-H2''— 1)  =  N, 

that  is,  the  sum  of  all  the  aliquot  parts  of  N,  exclusive  of  itself,  or  of  1  as  a 
divisor,  is  equal  to  N,  and  is,  therefore,  by  the  definition  a  perfect  number. 
The  only  perfect  numbers  known  are  the  following  eight : 

6,  33550336, 
28,  8589869056, 
496,  137438691328, 
8128,  2305843008139952128. 

399.  To  find  a  pair  of  amicable  numbers  N  and  M,  or  such  a  pair  that  each 
shall  be  respectively  equal  to  all  the  divisors  of  the  other. 

Make  N=a'"6"cP,  &c.,  and  M=:a^/3*'>''^;  then,  according  to  the  definition  and 
from  what  has  been  demonstrated  in  the  Inst  section,  we  must'have 

am+i_2      6"+^— .1     cP+'  — 1 

a  —  1  6  —  1  c — 1  ' 

aM+5-_l      /3V+1  — 1      y"+i— .1 

a — 1  /3  —  1  7 — 1 

Find,  therefore,  such  a  power  of  2,  as  2',  tlint 

3  .  2'— 1,  6  .  2'— 1,  and  18  .  2'— 1 

may  be  all  prime  numbers ;  then  will 

N=2'+»cf  and  M=2'+»6c 

be  the  pair  of  amicable  numbers  sought. 

The  least  three  pair  of  amicable  numbers  are 

284,  220, 

17296,  18416, 

93G3583,  9437056. 

400.  We  shall  here  introduce  the  student  to  the  nomenclature  and  notation 
of  Gauss,  given  in  his  Disquisitiones  Arithmoticae,  which  is  now  generally 
adopted  by  writers  upon  the  theory  of  numbers. 
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CONGRUOUS  NUMBERS  IN  GENERAL. 

401.  If  a  number  a  divide  the  difference  of  the  numbers  h  and  c,  h  and  c  are 
said  to  be  congruous  with  reference  to  a  ;  if  not,  incongruous.  The  quantity 
a  is  cuUed  the  modulus ;  each  of  the  numbers  h  and  c  a  residue  of  the  other  in 
the  first  case,  a  non-residue  in  the  second. 

The,  numbers  may  be  either  positive  or  negative,  but  entire.  As  to  the 
modulus,  it  ought  evidently  to  be  taken  without  regard  to  the  sign. 

Thus,  — 9  and  +1G  are  congruous  with  reference  to  the  modulus  5;  -^1 
is  a  residue  of  15  with  reference  to  the  modulus  11,  and  not  a  residue  with 
reference  to  the  modulus  3. 

Zero  being  divisible  by  all  numbers,  every  number  may  be  regarded  as  con- 
gruous with  itself  with  reference  to  any  modulus  whatever. 

All  the  residues  of  a  given  number,  a,  with  reference  to  a  given  number,  m, 
are  comprised  in  the  formula  a-\-hn^  k  being  an  entire  indeterminate  num- 
ber.    This  is  self-evident. 

The  congruence  of  two  numbers  is  expressed  by  the  sign  =,  joining  to  it 
the  modulus,  when  necessary',  in  a  parenthesis,  thus  :* 

—  16  =  9(mod.  5),  — 7  =  15(mod.  11). 

402.  Theorem. — Let  tiiere  he  m  entire  successive  numbers^  a,  a-|-l,  a-f-2, 
...a-j-m — 1,  and  another  ^  A;  one  of  the  former  will  be  cangruous  tvith  A, 
with  reference  to  the  modulus  m,  and  but  one, 

a— A  

For  if is  entire,  a  =:  A ;  if  it  is  fractional,  let  k  be  the  nearest  entire 

in 

<z  — A 
number;  above,  if be  positive;  below,  if  it  be  negative;  A-\-km  will 

fall  between  a  and  a-|-m,f  nnd  will  bo  the  number  sought;  but  it  is  evident 

a — A   a-{-l — A 
that  the  quotients  ,  ,  &c.,  are  comprised  between  k — 1  and 

k'\-l,t  therefore  one  of  them  only  can  be  entire. 

403.  It  follows  from  this  that  eveiy  number  will  have  a  residue  as  well 

in  the  series  0,  1,  2...m — 1,  ns  in  the  series  0,   — 1,   — 2... — (m  —  1). 

They  are  called  minima  residues;  and  it  is  evident  that,  unless  zero  is  the 

residue,  there  will  be  two,  the  one  positive  and  the  other  negative.     If  they 

^m  m 

are  unequal,  the  one  will  be  <— ;  if  they  are  equal,  each  of  them  =;r,  with- 

out  regard  to  the  sign ;  from  which  it  follows,  that  any  number  whatever  has 
a  residue  which  does  not  surpass  the  half  of  the  modulus ;  this  is  called  the 
absolute  minimum  residue. 

For  example  :  — 13  relative  to  the  modulus  5,  has  for  a  positive  minimum  res- 
idue 2,  which  is  at  the  same  time  its  absolute  minimum^  and  — 3  for  its  nega- 
tive minimum  residue ;    -|-5,  with  reference  to  the  modulus  7,  is  itself  its 


*  The  analogy  between  equality  and  congruence  led  Legendre  tp  employ  the  sign  of 
equality  itself.    This  modification  of  it  has  been  introduced  by  Gauss  to  avoid  ambiguity. 

t  This  may  be  seen  from  the  equality =k — n,  where  n^m. 

^  m 

I  This  may  be  seen  by  observing  that = 1 — ,  and  it  is  not  till  the   nume* 

vn  tn        tn 

ratorof—  increases  to  m  that  the  quotient  k  increases  to  k-^-l, 
m 
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positive  minimum  residue ;  — 2  is  the  negative  minimum  residue,  and,  at  the 
same  time,  the  absolute  minimum.  / 

404.  The  following  consoquences  follow  from  the  above : 

Numbers  which  are  congruous  with  reference  to  a  composite  modulus  are  so 
with  reference  to  any  of  its  divisors. 

If  several  numbers  are  congruous  wiOi  the  same  number  with  reference  to  the 
same  modulus,  they  will  be  congruous  with  each  otiier  with  reference  to  Otis 
modulus. 

The  same  modulus  must  be  supposed  in  what  follows  : 

Congruous  numbers  have  the  snme  minima  residues  ;  incongruous  have 
different. 

405.  If  the  numbers  A,  B,  C,  &c. ;  a,  6,  c,  &c.,  arc  congruous  each  to  each, 
t.  c,  A=a,  B  ^6,  &c,  we  shall  have 

A-f-B  +  C  .  .  .   —  a-\-b'{-c  .  .  . 
If  K^  a,  B ^  6,  ice  have  also  A — B ^  a — b. 

406.  If  K^  a,  we  have  also  kA  =  ha. 

If  Ic  is  positive,  this  is  but  a  particular  case  of  the  preceding  article,  in 
which  A  =  B  =  C  .  .  .  and  a=.b~c  .  .  . 

If  k  is  negative,  — k  will  be  positive;  then  — A:A~  ka  .*.  k\=.ka. 
If  A=rt,  B=6,  then  A.B'=.ab;  because  AB^AB~A6^ftfl. 

407.  If  the  numbers  A,  B,  C  .  .  ..  ^  a,  ft,  c  .  .  .,  each  to  each,  then 

ABC  .  .  .  ^  aha  ,  .  . 
for,  by  the  preceding  article,  AB  =  a6;    for  the  same  reason,  ABC  =  a7>c, 
and  so  on. 

By  taking  all  the  tenns.  A,  B,  C  .  .  .  equal,  and  a,  b,  c  .  .  .  also  equal,  if 
A=a,  A*EIErt^ 

408.  Let  X  be  a  function  of  the  indeterminate  x  of  the  form 

Aa-  +  B.r*+C2:^+,  &c., 
A,  B,  C  .  .  .  being  any  entire  nunihf  rs  icJuUcver.     If  we  give  to  x  congruous 
values  with  reference  to  a  certain  modulus,  the  resulting  values  for  X  will  be 
congruous  also. 

Let/  and  g  bo  congruous  values  of  .r  ;  by  the  preceding  articles,  y*"^^, 
and  Af'=\g' ;  in  the  same  way  wo  have  B/'''=B^'^,  dec. 

This  theorem  may  be  easily  extended  to  functions  of  several  indetermi- 
nates. 

409.  If,  then,  we  substitute  in  place  of  .?:  all  entire  consecutive  numbers, 
and  seek  tlie  minima  residues  of  the  values  of  X,  they  will  form  a  series  in 
which,  after  an  interval  of  m,  terms  (ni  being  the  modulus),  the  same  terms 
will  be  again  presented ;  that  is  to  say,  this  series  will  be  formed  of  a  period 
of  m  terms  repeated  indefinitely. 

Let  there  bo,  for  example,  X=:.r^  —  Bx-j-H,  and  m=.3;  for  x=0,  1,  2,  3, 
&:c. ;  the  values  of  X  give  for  positive  minima  residues  1,  4,  3,  4,  3,  1,  4,  Arc, 
or  the  five,  1,  4,  3,  4,  3,  are  repeated  indefinitely;  and  If  wo  continue  tho 
series  in  the  contrary  direction,  that  is,  if  we  give  to  x  negative  values,  the 
same  j^eriod  will  reappeai*  in  an  inverse  order;  whence  it  follows  that  the 
series  contains  no  other  terms  than  thoso  which  compose  the  period. 

410.  Then,  in  this  example,  X  can  not  become  r^O,  nor  rI;2(mod.  5) ;  and 
still  less  =0or  =2;  from  which  it  follows  that  the  equations  .r' — 8r-|-6  =  0 
and  r^  —  8i*-|- 1  =  0  have  not  entire  roots,  and,  consequently,  not  rational  roots. 
We  see,  in  general,  that  when  X  is  of  tlie  furiii 
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X°+Aa:»-»+B2:»-^+,  &c.,  +N, 

A,  B,  C . . .  being  entire  quantities,  and  n  entire  and  positive,  the  equation 
X=0  (a  form  to  which  every  algebraic  equation  may  be  reduced)  will  have  no 
rational  root,  if  it  happen  that,  for  a  coitain  modulus,  the  congruence  X  =  0  be 
not  satisfied. 

411.  Many  arithmetic  theorems  may  be  demonstrated  by  the  aid  of  the 
foregoing  principles,  as,  for  instance,  the  rule  for  determining  whether  a  num- 
ber is  divisible  by  9,  11,  or  any  other  number. 

With  reference  to  the  modulus  9,  nil  the  powers  of  10  are  congruous  with 
unity;  then,  if  the  number  is  of  the  form  «+10Z)-|-100c4-1000£/+,  &c.,  it 
will  have,  with  reference  to  the  modulus  0,  the  same  minimum  residue  as 
a  +  ft+^+t  ^c.  It  is  clear  from  this,  that  if  we  add  the  figures  of  the  number 
without  regarding  thoir  place  value,  the  sum  obtained  and  the  proposed  num- 
ber will  have  the  same  minimum  residue.  If,  then,  this  luvt  is  divisible  by  9, 
the  sum  of  the  figures  will  be  also,  and  only  in  this  case.  It  is  the  same  with 
the  divisor  3. 

Many  of  the  properties  of  prime  numbers,  the  divisibility  of  products  already 
given,  &c.,  may  be  demonstrated  by  the  aid  of  this  system,  but  we  shall  not 
repeat  them. 

412.  The  term  congruence  is  analogous  to  equation^  and  the  determination 
of  such  values,  for  an  indeterminate  r,  as  to  produce  congruence  in  expression, 
is  called  resolvi7i<r  them.     There  are  congmences  resolvable  and  irresolvable. 

Congruences  are  also  divided,  like  equations,  into  algebraic  and  transcend- 
ental.  Those  which  are  algebraic  are  divided,  again,  into  congruences  of  the 
firat,  second,  and  higher  degrees.  There  are  congruences,  also,  containing 
diflercnt  unknown  quantities,  of  the  elimination  of  which  Gauss  treats. 

413.  The  conjjruence  ax-\-b  =  c  may  be  solved  when  its  modulus  m  is 
prime  with  a  ;  thus,  let  e  be  the  positive  minimum  residue  of  c — 6.  We  find 
necessarily  a  value  of  J"<C'«»  such  that  the  minimum  residue  of  the  product 
<ZT,  with  reference  to  the  modulus  m,  shall  be  e.  Call  v  this  value,  and  we 
shall  have 

avll2e  =  c — b ; 
then  ai?-f-6ZZc(mod.  m). 

Here  v  is  called  the  root  of  the  congruence.  It  is  evident  tliat  all  the  num- 
bers congruous  with  i\  with  reference  to  the  modulus  of  the  congruence,  will 
also  be  roots  (Art.  408).  It  is  also  evident  that  all  Xl»e  roots  should  be  con- 
gruous with  v;  in  fact,  if  t  be  another  root,  we  have  aV'{-b=at-{-b ;  then 
at~av;  and  therefore  v=.t.  We  may  therefore  conclude  that  the  congru- 
ence a:  =r(mod.  m)  gives  the  complete  resolution  of  the  congruence  ax-^-bzEc. 

The  foregoing  exposition  will  serve  to  show  how  the  algorithm  of  Gauss 
connects  itself  with  the  indeterminate  analysis,  and  we  shall  here  quit  the 
subject. 

414.  No  algebraical  formula  can  contain  prime  numbers  only. 
Let  ^  p-^-qx-^-rx'^-^sx^^  &c., 

represent  any  general  algebraical  formula.     It  is  to  be  demonstrated  that  such 
values  may  be  given  to  r,  that  the  formula  in  question  shall  not  with  that  value 
produce  a  prime  number,  whatever  values  are  given  to  p,  q,  r,  &c. 
For  suppose,  in  the  first  place,  that  by  making  x=m,  the  formula 
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T  ==p-{-qin'\'rm^-\-8m^-\-n  &c., 
is  a  prime  Dumber. 

A.nd  if  now  we  assume  a:^m+^Pi  we  have 

P= P 

qx^ qm-\-q^F 

rj^=: rm«+2rm^P+r^P» 

S2^=z m3+35»i«^P  +  35wi^^P''+«^P» 

Or 

p-\-qx-^r3^-^83^=(p-^qm'\'rm^-^8m^-^,  &c^)  + 
P  (7^+ 2rm0+ 35w2^)  +  P^(r9^+  38mf)+8fF^ 
=P-fP(70-|-2rm0+35m20)+ 
P3(r^+  dsmf) + 5^P3. 
But  this  last  quantity  is  divisible  by  P ;  and,  consequently,  the  equal  quantity 

P'\'qx-\-rx'^-^sx\  &c., 

is  also  divisible  by  P,  and  can  not,  therefore,  be  a  prime  number. 

Hence,  then,  it  >appears,  that  in  any  algebraical  formula  such  a  value  may 
be  given  to  the  indeterminate  quantity  as  will  render  it  divisible  by  some  other 
number;  and,  therefore,  no  algebraical  formula  can  be  found  that  contains 
prime  numbers  only. 

But, although  no  algebraical  formula  can  be  found  that  contains  prime  num- 
berb  only,  there  are  several  remarkublc  ones  that  contain  a  great  many ;  thus, 
a:*+j*+41,  by  making  successively  .r=0,  1,  2,  3,  4,  &c.,  will  give  a  series 
41,  43,  47,  53,  61,  71,  &c.,  the  first  forty  terms  of  which  are  prime  numbers. 
The  above  formula  is  mentioned  by  Euler  in  the  Memoirs  of  Berlin  (1772, 
p.  36). 

To  the  above  we  may  add  the  following:  a:'^+r+17  and  2^+29;  the 
former  has  17  of  it.s  first  terms  prime,  and  the  latter  29. 

Fermat  asserted  that  the  formula  2'"+l  was  always  a  prime,  while  tn  "was 
taken  any  term  in  the  series  1,  2,  4,  8,  16,  &:c. ;  but  Euler  found  that 
2=^-2+1  =  641  X  6700417  was  not  a  prime. 

415.  If  a  and  h  be  any  two  numl)ers  prime  to  each  other,  and  each  of  the 
tonus  of  the  series 

&,  26,  36,  46,  &c.,  (rt  — 1)6 

be  divided  by  a,  they  will  each  leave  a  dilVeront  remainder.  For  if  any  two 
of  these  terms,  when  divided  by  «,  leave  the  same  remainder,  let  them  bo  rep- 
resented by  .r6,  7/6  ;  then  it  is  obvious  tliat  xh — yh  would  be  divisible  by  a,  or 
(.r — y)b  would  be  divisible  by  a.  But  this  is  impossible,  because  a  is  prime  to 
6,  and  .r — y  is  less  than  a ;  therefore  6(.r — ?/)  is  not  divisible  by  </,  but  it 
would  bo  so  divisible  if  the  terms  .r6,  yb  left  the  same  remainder;  these  do 
not,  therefore,  leave  the  same  remainder;  consequently,  every  tenn  of  the 
series 

6,  26,  36,  &:c.,  {^—1)6, 

divided  by  a,  will  leave  a  different  remainder. 

DEDUCTIONS. 

41G.  Since  the  remainders  arising  from  the  division  of  each  term  in  the  series 

6,  26,  36,  Arc,  (tf  — 1)6 
by  a  are  dififerent  from  each  other,  and  a — 1  in  number,  and  each  of  them 
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necessarily  less  than  a,  it  follows  that  these  remainders  include  all  numbers 
from  1  to  a — 1. 

417.  Hence,  again,  it  appears  that  some  one  of  the  above  terms  will  leave 
a  remainder  1 ;  and  that,  therefore,  if  6  and  a  bo  any  two  numbers  prime  to 
each  other,  a  number  x<^a  may  be  found  that  will  render  hx — 1  divisible  by 
a,  or  the  equation  hx — ayz=.\  is  always  possible  if  a  and  h  are  numbers  prime 
to  each  other. 

And  it  is  always  impossible  if  a  and  h  have  any  common  measure,  as  is  evi- 
dent, because  one  side  of  tlie  equation  hx — ay=l  would  be  divisible  by  this 
common  measure,  but  the  other  side,  1,  would  not  be  so ;  therefore,  in  this 
case  the  equation  is  impossible. 

418.  If  a  be  any  prime  number,  then  will  the  formula 

1 .  2  .  3  .  4  . 5,  <kc.,  (a  — 1)  +  1 

be  divisible  by  a ;  for  it  is  demonstrated  in  our  preceding  second  deduction, 
that  if  a  and  h  be  any  two  numbers  prime  to  each  other,  another  number  x 
may  be  found  <a,  that  renders  the  product  hx — l-rr*a,  or,  which  is  the 
same  thing,  hxz=iya-\-l ;  and  that  there  is  only  one  such  value  of  x<^a,  may 
be  shown  as  follows  : 

The  foregoing  equation  gives,  by  transposition, 

bx — ay=zl ; 

and,  if  it  be  possible,  let  also 

hx' — ay'=l; 

and  make  x'=:xizm  and  y'=ydLw,  where  m  is  necessarily  less  than  a,  be- 
cause both  X  and  x'  are  so  by  the  supposition. 
Now,  by  this  substitution,  we  have 

(bxziizbm)  —  {ay:izan)=fl ; 
but  bx — ay  =  l; 

therefore  Jb6m  =  ^an,  or  hm-^^a ;  but  this  is  impossible,  since  6  is  prime  to 
a  and  m<a,  as  in  Art.  415.     There  can  not,  therefore,  be  two  values  of  x  less 
than  a,  that  render  the  equation  bx — ay=zl  possible. 
But,  in  the  series  of  integers 

1 .2.3.4.5 a — It 

every  term  is  prime  to  a  except  the  fii-st,  a  being  itself  a  prime  ;  if,  therefore, 
we  write  successively  h=2,  6'=3,  6"=4,  A'c,  a  corresponding  term  x,  in 
the  same  series,  may  bo  found  for  each  (?istinct  value  of  by  that  renders  the 
product  xb::x:ay+lj  x'b'zxiay'+l,  x"b"^ay"+l,  &c. ;  and  it  is  evident  that 
no  one  of  these  values  of  x  can  be  equal  eitlier  to  1  or  a  — 1  ;  for,  in  the  first 
case,  wo  should  have  lxb=ay+lj  which  is  impossible,  because  i<<i ;  and 
the  second  would  give  (a  —  l)b=^ay  +  l,  or  <z(6— y)=6+l ;  that  is,  i-f  l^a, 
which  can  only  be  when  b=za  —  l,  or  when  h=x,  which  case  is  excepted,  be- 
cause we  suppose  two  different  terms  of  the  series.  In  fact,  since  (a— 1)* 
znay-^l,  there  can  be  no  other  term  in  the  same  series  that  is  of  this  form; 
for  \{  x^nzay'+l,  then  (a— 1)'^— x^  would  be  divisible  by  a,  or  (a— l+x) 
X(a 1 xy.rOy  which  is  impossible,  since  each  of  these  factors  is  prime  to 


*  To  save  the  repetition  of  the  words  "  divisible  by,"  which  frequently  occar,  the  sign 
-H-  is  used  to  express  them ;  and,  for  the  same  reason,  the  symbol  :xi  is  introduced,  to  ex< 
press  tlie  words  "  of  the  fonn  o^"  which  are  also  of  frequent  occnrTence. 

Hh 
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a,  as  is  evident,  because  xK^a^  and  a  is  a  prime  Dumber.    Hence  our  product 

1.2.3.4.5....(a— 1) 
becomes  I  .hx.b'x^  .b'*x'\...a^l; 

but  each  of  these  products,  bx,  b'x'^  b"x"y  &c.,  is,  as  we  have  seen,  of  the 
form  ay-{- 1 ;  therefore  their  continued  product  will  have  the  same  form,  and 
the  whole  product,  including  1  and  a — 1,  will  be 

3=  (ay+1)  X  (a— l)aia'y+ay+a-l, 
to  which  if  unity  be  added,  the  result  will  be  evidently  divisible  by  -a ;  diat 

is,  the  formula 

1.2.3.4.5 (a— 1)4-  . 

is  always  divisible  by  a  when  a  is  a  prime  number. 

DEDUCTIONS. 

(1)  The  product 

1.2.3.4.5 (a— 1) 

is  the  same  as 

l(a-l)2(a-2)3(a-3),  &c.,  (^)*; 
and  this  product,  as  regards  remainder,  when  divided  by  a,  is  the  same  at 

=tl*.2«.3«.4« ("i~)  ' 

the  ambiguous  sign  being  ^-  when  a — 1  is  even,  and  —  when  a  —  1  is  odd ;  t. «., 
4*  when  a  is  a  prime  of  the  form  4fi-{- 1,  and  —  when  a  is  a  prime  of  the  form 
4n — 1 ;  also,  this  last  product  is  the  same  as 

± (1.2.3.4 "■^)  » 

therefore,  from  what  is  said  above  relating  to  the  ambiguous  sign,  we  shall  have 

S(l-^-3.4 ^y+i  j^a 

when  a  n:  4n-f  1 ;  and 

1(1-2.3.4 ?ziy_i|^^ 

when  aznAn — 1. 

Hence  every  prime  ot  the  form  4^  + 1  is  a  divisor  of  the  sum  of  two  squares. 
Again,  the  latter  form  may  be  resolved  into  the  two  factors 

i(l-2-3.4 ?^)  +  i^  X 

.  i(i-^-3.4 ^i^i-ij, 

which  product  being  divisible  by  a,  it  fcAlows  that  a  is  a  divisor  of  one  or  other 
of  these  factors  when  it  is  a  prime  number  of  the  form  An 1. 

(2)  From  the  first  product,  which  we  ha>e  shown  to  be  divisible  by  a,  vi 

1.2.3.4,  &c.,  (g^l)  +  l 

^  =€,  an  integer, 

we  may  derive  a  great  many  others,  as 

1«.2«.3.4,  &c.,*(a—3)(a— 1)4-1 

— ^ =«,  an  integer, 

l«.y.y.4.5,  &c.,  (a— 4)(a— 1)4-1 

• =«,  an  integer, 

and  so  on  tin  we  arrive  at  the  same  form  as  that  in  the  first  deduction. 


PRIMITIVE  BOOTS.  483 

PRmmVE  ROOTS. 

419.  Theorem. — If  p,  a  number  prime  to  a,  divide  the  successive  powers  1, 
a,  a',  a'  .  .  .  there  will  he  one  at  least,  before  arriving  at  ep,  which  loill  leave 
the  remainder  1. 

The  remainders  being  each  less  than  p,  there  can  be  bat  p — 1  different 
ones,  and,  therefore,  in  the  p  first  terms  of  the  series  1,  a,  a',  a*  .».  .  a^^, 
there  are  at  least  two  which  will  give  the  same  remainder.  Representing 
them  by  a"*,  a'°S  and  their  common  remainder  by  r,  suppose 

a"=eEj?+r,  a""=zE'p+r (1) 

...  a"*'— .a"'s=s(E'— E);?,  or  a"(a™'-»— 1)=(E'— E)|i; 
and,  asjp  is  prime  to  a,  it  must  divide  a"'-" — i.     Therefore  we  have  unity 
for  remainder  in  dividing  by^  the  power  a™'"",  which  is  ^af.     Q.  E.  D. 

420.  Let  a°  designate  the  lowest  power  other  than  a°,  which  gives  the  re- 
mainder 1.  All  the  preceding  remainders  are  unequal.  For,  if  for  two 
powers,  a*",  a""'  less  than  a",  we  could  have  the  equalities  (1),  we  might  con- 
clude, as  just  now,  that  a°"'~'°  would  give  the  remainder  1.  Consequently« 
a"  would  not  be  the  lowest  power  to  which  this  property  belonged. 

THEOREM    OF    FERMAT. 

421.  If  p  be  a  prime  number  which  will  not  divide  a,  the  division  ofa^~^  by 
p  will  give  1  for  a  remainder.  In  other  words,  a,^~^ — 1  is  exactly  divisible 
hyp. 

It  must  be  carefully  observed  that  ^  is  an  absolute  prime  number,  and  not 
simply  prime  to  a. 

Call  q,  q'j  q"y  .  .  .,  and  r,  r\  r'\  .  .  .  the  quotients  and  remainders  of  the 
p  —  1  quantities  a,  2a,  3a  ...  (j? — l)a,  divided  by  p.  If  we  multiply  these 
quantities,  and  suppose  E  to  be  an  entire  number,  we  have 

a  .  2a  .  3a (i?  — 1)«=(7;'+^)(9>+0(0+»^')  •  •  • 

=E+rrV  .  .  . 
The  first  member  is  equal  to 

1.2.3 (p— .l)aP-» 

and,  as  the  remainders  r,  r^  r"  ,  ,  ,  are  all  different  (Art.  415),  the  prodaot 
rr'r"  .  .  .  must  evidently  be  that  of  tho  whole  sories  of  natural  numbers,  1,  2, 
3  .  .  .  (p — 1),  from  1  to  (p  —  1).     Hence  the  above  equality  becomes 

1.2.3....  (i?— l)X«^^=Ep+l  .2.3...  (i?— 1) 
.-.  1.2.3...  (p— l)(aP-*— l)=Ep. 

The  1°  member  of  this  equality  is,  therefore,  divisible  by  p  ;  but  since  p  is 
a  prime  number,  it  can  not  divide  any  of  the  factors  1.2.3... (j? — l);it 
must,  therefore,  divide  aP~^  —  1.  Q.  E.  D. 

Suppose  that  we  take  for  p  only  prime  numbers ;  if  we  wish  that  the  pow- 
ers a^  a^  .  .  .  a^^  should  give  for  remainders  all  the  numbers  inferior  to  p,  it 
is  necessary  to  choose  a,  such  tliat  af~^  should  be  the  lowest  power  above  a^, 
which  gives  the  remainder  1  ;  and  if,  among  those  which  fulfill  this  condi- 
tion, we  take  for  a  only  numbers  below  p,  we  have  those  which  Euler  calls 
primitive  roots. 

For  the  best  method  of  calculating  them,  the  student  is  referred  to  the 
article  by  Mr.  Ivory,  in  tlie  fourth  volume  of  Supplement  to  Encyclopedia 
Britannica.  We  shall  limit  ourselves  to  setting  down  here  the  primitive  roots 
of  numbers  as  far  as  37. 
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Numbers  p. 


Primitive  roots  of  p. 


3 

2 

5 

2.  3 

7 

3  .  5 

11 

2  .  6 

13 

2.  6 

17 

3  .  5 

19 

2.  3 

23 

5.  7 

29 

2.  3 

31 

3.  11 

37 

2.  5 

.7.8 

.  7  .  11 

.  6  .  7  .  10  .  11  .  12  .  14 

.  10  .  13  .  14  .  15 

.  10  .  11  .  13  .  14  .  15  .  17  .  20  .  21 

.  8  .  10  .  11  .  14  .  15  .  18  .  19  .  21  .  26  .  27 

.  12  .  13  .  17  .  21  .  22  .  24 

.  13  .  16  .  17 .  18  .  19  .  20  .  22  .  24  .  32  .  36 

THE  FORMS  OF  SQ,UARE  NUMBERS. 

422.  Every  square  number  is  of  one  of  the  forms  An  or  4n-|-l. 

Every  number  is  either  even  or  odd ;  that  is,  every  number  is  of  one  of  the 
forms  2n  or  2n-|-l ;  and,  consequently,  every  square  is  of  one  of  the  forms 

4»«a:4n, 
4n«+4n+l3:4n+l. 

DEDUCTIONS. 

(1)  Every  even  square  number  is  divisible  by  4. 

(2)  Since  every  odd  square  by  the  above  is  of  the  form  4(n'+n)+l,  and 
•ince  n^-^-n  19  necessarily  even,  it  follows  that  every  odd  square  is  of  the  form 
8n-f-l;  and,  consequently,  no  number  of  the  forms  8n-f-3,  8n-|-5,  8n-f-7 
can  be  a  square  number. 

(3)  The  sum  of  two  odd  squares  can  not  be  a  square ;  for 

(8n  +  l)  +  (8n+l)3:4n  +  2, 
which  is  an  impossible  form. 

423.  Every  square  number  is  of  one  of  the  forms  5n  or  Snil.  For  all 
numbers,  compared  by  the  modulus  5,  are  of  one  of  the  forms 

5n,  5wJ:l,  5n.-t2: 
and  all  squares,  therefore,  are  of  one  of  the  forms 

25»'  IE  5n, 

25n2±10n  +  l3c5rt  +  l, 

25/i«+20rt  +  4=c 571  +  4  or  5n— 1. 
Therefore  all  squares  are  of  one  of  the  forms  5n  or  5»il. 

DEDUCTIONS. 

(1)  If  a  square  number  be  divisible  by  5,  it  is  also  divisible  by  25;  and  if  a 
number  be  divisible  by  5  and  not  by  25,  it  is  not  a  square. 

(2)  No  number  of  the  form  572  +  2  or  57? +3  is  a  square  number. 

(3)  If  the  sum  of  two  squares  be  a  square,  one  of  the  three  is  divisible  by 
6,  and,  consequently,  also  by  25  ;  for  all  the  possible  combinations  of  the  three 
forms  5n,  5n+l,  and  57i  —  1  are  as  follows : 

(5n  +  l)  +  (5»'+l)=n5w+2, 

(5n— l)  +  (5/i'  — l)=t:5;i— 2:E5n  +  3, 
bn  +  57i'  =r:5n, 

5n         +(57i'+l)ni57i+l, 

6n         -f(57i'  — l):r5n  — 1, 

(6n+l)-|-(5n'— l)3ti5n. 


FOEMS  OF  SaUARE  NUMBERS.  485 

Now,  of  these  six  forms,  the  latter  four  have  one  of  the  squares  divisible  by 
5t  and,  therefore,  also  by  25.  And  the  first  two  are  each  impossible  forms 
for  square  numbers ;  that  is,  neither  of  these  two  combinations  can  produce 
squares ;  therefore,  if  the  sum  of  two  squares  be  a  square,  one  of  the  three 
squares  is  divisible'  by  25. 

(4)  In  a  similar  way,  it  may  be  shown  that  all  square  numbers  compared  by 
modulus  10  are  of  one  of  the  forms 

lOn,  lOn+5,  lOn+1,  lOn+6,  10?i+4,  or  lOn+9. 
Therefore,  all  square  numbers  terminate  with  one  of  the  digits  0,  1,  4,  5,  6, 
or  9 ;  and  hence,  again,  no  number  terminating  with  2,  3,  7,  or  8  can  be  a 
square  number. 

(5)  By  examining,  in  like  manner,  the  forms  of  squares  to  modulus  100,  we 
may  deduce  the  following  properties  : 

(6)  A  square  number  can  not  terminate  with  an  odd  number  of  ciphers. 

(7)  If  a  square  number  terminate  with  a  4,  the  last  figure  but  one  must  be 
even. 

(8)  If  a  square  number  terminate  with  a  5,  it  must  terminate  with  25. 

(9)  If  the  last  digit  of  a  square  be  odd,  the  last  digit  but  one  must  be  even ; 
and  if  it  terminate  with  any  even  digit  except  4,  the  last  but  one  must  be  odd. 

(10)  A  square  number  can  not  terminate  with  more  than  three  equal  digits, 
unless  they  are  0*s ;  nor  can  it  terminate  with  three,  unless  they  are  4's. 

424.  All  square  numbers  are  of  the  same  form  with  regard  to  any  modulus, 

a,  as  the  squares 

OS  V,  2«,  3«,  &c.  (|a)»,  a  being  even ; 
and  as 

0«,  1«,  2«,  3»,  &c.  (^Y")  '  ^  ^®'°^  ^^^' 
For  every  number  may  be  represented  by  the  formula  anizr,  in  which  r 
shall  never  exceed  |a. 

Now  (anir)'=a*n*i2ar?i+»^» 

where  it  is  obvious  that  r*  and  (ani:ry  will  leave  the  same  remainder  when 

divided  by  a ;  therefore,  (an:^ry  and  r*  will  be  of  the  same  form  compared 

by  modulus  a ;  but  r  never  exceeds  |a,  therefore  all  numbers  compared  by 

modulus  a  are  of  the  same  forms  as 

0«,  1«,  2«,  3«,  &c.,  r«, 

or,  as  the  squares, 

0«,  1*,  2*,  3«,  &c.,  ( ja)S  when  a  is  even, 

and  as 

/a— 1\« 
0«,  1«,  2«,  3»,  &c.,  \— 2~/  » '^^^o  «  '^  ^^' 

DEDUCTIONS. 

(1)  When  a  is  even,  the  general  formula 

becomes  4  a'^n'  i  4  a'nr + r* 

3r4a'(a'n«±nr)-|-r«. 

Therefore,  all  square  numbers  are  of  the  same  form  to  modulus  4a  as  the  squaret 

0«,  l\  2«,  3«,  &c.,  (i« ; 

atid  hence  we  see  immediately  that  oil  square  numbers  to  modulus  8  must  be 
of  the  same  forms  as  the  squares 
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that  18,  they  are  all  of  the  form 

8ti,  8n+l,  8n+4, 

0 

as  we  have  already  demonstrated. 

(2)  The  following  tables  exhibit  the  possible  and  impossible  forms  of  square 
numbers  for  all  moduli  from  2  to  10. 


Possible  Formula. 

2n, 

2n+l, 

3n, 

3»+l, 

4n. 

4n+l, 

5ii, 

6n±l, 

6n, 

6n+l,     6n+3,     6«+4, 

7n, 

7n+l,    7n+2,     7n+4, 

8n, 

Bn+1,    8n+4, 

9n, 

9n+l,     9n+4,     9n+7, 

lOn, 

10n±l,  10»±4,  10>i±6. 

Impossible  Formtda. 

3n, 

4n, 

4n+3, 

5n, 

5»+3, 

Gfif 

6n-|-5, 

7n, 

7n+5,  7n+6, 

8n, 

8n±3,  8n+7, 

9n, 

9n±3,  9n+5,  9n+8, 

lOn, 

10ii±3. 

CONTINUED  FRACTIONS. 
425.  The  name  continued  fraction  is  given  to  an  expression  of  the  form 

^^4+i    1  ^b+~    1 

6-4--  c-\ — , 

^8  d+,  <5cc., 

t.  e.j  a  fraction  whose  denominator  is  a  whole  number  and  a  fraction,  and 
which  latter  fraction  has  also  for  its  denominator  a  whole  number  plus  a  frac- 
tion, and  so  on. 

An  expression  whose  numerators  and  denominators  are  any  quantities  what- 
ever, may  have  the  form  of  a  continued  fraction ;  but  continued  fractions,  of 
which  the  numerators  are  1  and  the  denominators  whole  positive  numbers,  ar^ 
the  kind  which  most  usually  occur. 

These  expressions  arise  in  various  ways,  and  are  of  great  use  in  finding  the 

approximate  values  of  fractions  and  ratios  that  are  expressed  in  large  numbers, 

as  well  as  in  the  resolution  of  certain  unlimited  problems  of  the  first  and  second 

degrees ;  in  the  latter  of  which  the  answer  can  not  be  easily  obtained  in  whole 

numbers  by  any  other  method. 

a 
Thus,  in  order  to  represent  the  irreducible  fraction  or  ratio  t  by  a  continued 

0 
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traction,  let  b  be  contained  in  a,  p  times  with  a  remainder  c ;  also,  let  c  be  con- 
tained in  &,  q  times  with  a  remainder  di  and  so  on,  according  to  the  foUowing 

scheme : 

h)_a_{p 

c)±{q 
dlc{p 
e)  d{8 
/»  &c., 
and  we  shall  have,  by  the  principles  of  division, 

a  c   b  d   c  c 

6=^+6'  e=1+7'  5=^+5'  *"•' 

c  d 

p,  q,  r,  &c.,  are  called  partial  quotients^  and  i'+r*  9+~f  ^^  complete 

quotients. 

By  taking  the  reciprocals  of  the  second,  third,  &c.,  of  the  above  equations, 
we  have 

£_1  d^\ 

a  c  1      ,  1 

Whence,  by  extending  the  nmnber  of  terms  and  generalizing  the  formula,  we 
shall  have 

a  1  a      \ 

r=p-4--  ,  1  or  T=—  ,  1 

«  i^H — ,  occ., 

according  as  the  numerator  is  greater  or  less  than  the  denominator ;  for  in  the 
latter  case  we  should  invert  the  first  as  well  as  the  second,  third,  &c.,  equations. 
To  convert  a  given  irreducible  fraction  into  a  continued  one,  we  have  the 
following 

RULE. 

Divide  the  greater  of  the  two  terms  of  the  fraction  by  the  less,  and  the  last 
divisor  continually  by  the  last  remainder,  till  nothing  remains,  as  in  finding  their 
greatest  common  measure ;  then  the  successive  quotients  thus  found  will  be 
the  denominators  of  the  several  terms  of  the  continued  fraction,  the  numeral 
tors  of  which  are  always  1. 

EXAMPLES. 

(1)  Reduce  tttht  to  a  continued  fraction. 

•  1061)  2431  (2 

2102 

329)  1051  (3 
987 

64)  329  (5 
320 

■~9)  64  (7 
63 

T)  9  (9. 
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2431  I 

Hence  1051=^+5+?:     l 

6+-      1 

(2)  H?5_l 

9119""84-i     1 

3+-     1 

(3)  l£i_l 

972"'2+i     1 

Ab  the  fraction  -,  in  every  case  of  this  kind,  is  supposed  to  be  irreducible,  or  in  ita  low- 

0 

ett  terms,  it  is  evident,  by  following  the  above  process  (which  is  similar  to  the  method 
tised  for  finding  the  common  measare  of  tme  nambors),  that  we  shall  necessarily  arrive  at 
a  remainder  eqaal  to  1 ;  or  otherwise  a  and  b  would  have  a  common  divisor,  which  is  con 
trary  to  the  hypothesis. 
T!he  continued  fraction  obtained  will  consist  of  a  greater  or  less  number  of  terms,  accord- 

a  €1 

ing  as  the  fmctiou  -  is  more  or  less  complicated ;  but  Haej  will  always  terminate  when  - 

b  O 

is  rational 

426.  A  continued  fraction  may  be  converted  into  a  series  of  vulgar  fractions 
by  finding  the  successive  sums  of  its  several  terms,  after  the  manner  of  redu- 
cing complex  fractions  to  simple  ones,  in  common  arithmetic ;  and  the  result 
will  be  more  or  less  accurate,  according  to  the  number  of  terms  of  the  con- 
tinued fraction  employed. 

Each  of  these  results  is  called  a  convergent^  and  they  are  numbered  in 
order. 
Thus,  if  it  were  required  to  reduce  the  following  continued  fraction, 

C+-,  &c., 

to  a  series  of  common  vulgar  fractions,  the  operation  will  stand  thus : 

a  1     a6-fl  ,^,  1      ^  c  ahc-^-a-X-e 

a=j  (1).  a+ j=-^  (2).  a+ j_^l=a+ j^^=-j^^. 

or 

c-|-->  ca-\-\ 

~  bcd+h^d  "  (hc+l)d+h  ^^) 

(1),  (2),  (3),  and  (4)  are  called  the  first,  second,  third,  and  fourth  convergents. 

427.  By  inspecting  the  above  convergents,  wo  perceive  that  each  may  be 
formed  from  the  preceding  by  the  following 

RULE. 

Add  the  product  of  the  numerator  of  the  convergent  already  found  by  the 
denominator  of  the  next  term  of  the  continued  fraction,  to  the  preceding 
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namerator,  for  the  next  pumerator  and,  follow  the  same  process  for  the  de- 
nominator.* 

EZABfPLE  I. 

1 

»  6H —     1 
2+-, 

denominators  or  quotients  3,    5,    2,      7,  arranged  in  horizontal  line ; 

3   16  35  261 
convergents  1*  ^*  11'  ^2^* 

3         16 
After  having  formed  the  convergpnts  -  and  — ,  the  rule  applies.     Then  mul- 

1  o 

tiply  16,  the  second  numerator,  by  2,  the  third  quotient,  and  add  3,  the  pre- 
ceding nimicrator,  it  gives  35 ;  and  multiplying  5,  the  second  denominator,  by 
the  same  apotient  2,  and  adding  1,  the  preceding  denominator,  it  gives  11 ; 
and  so  on.     This  method  may  proceed  from  the  commencement,  if  we  write 

-  before  the  first  convergence.  ^ 

Thus,  3,    5,      2,      T, 

2     3     16     35     261 
0    T     5"     IT     "82" 
When  the  continued  fraction  is  not  terminated,  the  numerators  and  denom- 
inators form  two  series  increasing  to  infinity. 

428.  The  convergents  are  alternately  less  and  greater  than  the  value  of  the 
continued  fraction ;  for  the  first  in  the  general  form  is  equal  to  a,  and  as  the 
fractional  part  which  is  added  is  neglected,  this  is  too  small.     The  second 

convergent  is  <i'\'Ty  and,  since  b  is  too  small  by  -,  the  fraction  t  is  too  great, 
and,  consequently,  the  whole  convergent ;  and  so  on. 

EXAMPLE  U. 

It  is  shown  in  geometry  that  the  ratio  of  the  circumference  of  a  circle  to 
31415926535       ^.  ^    ^ 
its  diameter  is  T^TJJTqTJSoooo'  ^"^^"»  "y  ^*°g  converted  into  a  continued  frac- 
tion, and  the  successive  con^iergents  found,  will  be  as  follows : 

3  22  333  355   103993 
V  T'  106'  113'   33102'  '^ 


*  The  generality  of  this  rale  may  be  proved  as  follows : 

N  N'  N" 
^^^  n'  IV'  TV/  ^^  three  consecative  convergents,  m  the  quotient,  of  the  same  rank  as 

N''  I  .  1 

the  convergenfr  -— ;,  and  -  the  partial  firaction  which  follows  — ;  and  let  N''=N'»»-f-N  and 
ur  n  m  • 

«>  N'^ 

iy':=iyw+l^»  according  to  the  role.    The  convergent  which  follows  — ^  is  formed  by  snb- 

1  N"  JT/jj-    I    JT 

stitating  mA —  for  m  in  — ;;.    Making  this  substitution  in  its  eqaivalent  ^  ,     ,     ,  we  have 
n  u'  I/TO-J-D 

jjw     ^\'""hiH^__(N^,n+N)n-hN^N^^n+N^ 

t  Tlio  second,  — ,  was  the  ratio  assigned  by  Archimedes;  the  third,  which  is  mndh 
more  accurate,  that  by  Metios. 
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and  either  of  these  will  be  the  approxuziate  value  of  the  ratio,  more  and  more 
accurate  as  we  advance. 

429.  The  differeuce  between  two  convergents  is  equal  to  1  divided  by  the 
product  of  the  denominators  of  the  two  convergents.  Thus,  in  the  above  ex- 
ample, the  difference  between  the  first  and  second  convergents  is  — ,  between 

11  1 

the  second  and  third  it  is  z — 77:^,  or  rT^r,  between  the  third  and  fourth 


7  X  106'  742' ''"'"'"""  ^"^  "-  —  -^-'*-  11978  ' 
and  as  the  true  value  of  the  continued  fraction  is  somewhere  between  any 
two  consecutive  convergents,  we  have  its  value  to  within  less  than  the  fraction 

7»  tIo*  ^^  TTq7«*  ^^'»  ^'^co'^*"?  *o  ^®  convergent  which  we  take. 

To  prove  this  in  a  general  way,  let 

N  N'  N^ 
D'  D"  D" 

be  three  consecutive  convergents,  and  m  the  quotient,  of  the  same  rank  as  the 
convergent  g77 ;  then  N"=N'm+N;  D"=D'm+p. 

N'     N     DN'-D'N 
^""^  D"5=       DD'       (^) 

•*'  D"""l)'"~D'm+I)""D —  I)'(D'm+D) 

""D'(D'm+D)""      D'D'^~"  *  *  ^^^ 
The  numerators  of  (1)  and  (2)  are  the  same,  with  contrary  signs ;  and,  to 

find  its  value,  we  have  only  to  go  back  to  the  first  two  convergents  -  and 

ttfc+l  1 

— 7 — ,  the  difference  of  which  is  7. 
0  0 

430.  Since  the  denominators  of  the  convergents  increase  to  infinity  if  the 
series  continue  sufficiently  far,  it  is  possible  to  take'two  consecutive  convergents 
whose  difference  shall  be  less  than  any  assignable  number  ;  wherefore,  as  two 
consecutive  convergents  comprehend  between  them  the  value  of  the  continued 
fraction,  it  follows  that  a  convergent  can  bo  found  whose  value  shall  differ  from 
that  of  the  fraction  by  less  than  any  assigned  number. 

For  example,  if  the  value  of  a  continued  fraction  be  required  to  within 
rr— ,  the  convergents  must  be  continued  till  the  product  of  the  denominators 

of  the  last  and  last  but  one  is  at  least  1000.  The  last  convergent  will  then 
have  the  degree  of  approximation  required. 

N 
The  convergents  are  fractions  in  the  lowest  terms  ;  for  if  a  convergent  =;: 

admits  of  lower  terms,  some  quantity  q  must  be  a  common  measure  of  N  and 
D.  Whence  (Art.  29)  q  must  be  a  measure  of  the  multiples  N'D  and  ND', 
and  of  (Art.   29)  DN' — ND',  or  il,  which  is  impossible. 

431.  Each  convergent  is  a  nearer  approximation  to  the  true  value  of  the  con- 
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N"     N'm4-N 
tinued  fraction  than  that  which  precedes.    For,  let  ^fttt^^t: — —-^  be  a  conver- 

gent  in  which  m  is  the  last  quotient  employed  ;  then,  if  the  complete  quotient 

tn-f'Z~H«  ^<^*f  be  denoted  by  y,  and  y  be  substituted  for  m  in  the  expression 

N"  .   . 
of  g;;,  it  is  evident  (employing  x  to  denote  the  value  of  the  continued  fraction) 

that 

N^y+N 

N  N' 
Subtracting  each  of  the  convergents  jr,  ^y  ^om  this  value  of  x, 

N^y+N     N     (DN^— ND^)y  dby 

D'y+D^S""  D(D'y+D)  ~D(D'y+D)' 
N^y+N     N^      Njy—DN'  ^l 

r)'y+D""D'""D'(D'y+DJ""D'(D'y+D)' 
But  y>l  and  D'>D  .-.  D'(D'y+D)>D(D'y+D) ; 

^         ■>-     ' 


"D(D'y+D)^D'(D'y+^y 

N'  N 

Whence  ^,  is  a  nearer  approximation  to  the  value  of  x  than  *r. 

432.  Among  continued  fractions  those  have  been  particularly  distinguished  in 
which  the  denominators,  after  a  certain  number  of  changes,  are  continually 
repeated  in  the  same  order,  in  which  the  continued  fraction  so  formed  is  said 
to  be  periodic^  and  may  then  always  be  considered  as  the  root  of  a  quadratic 
equation  or  a  surd. 

To  prove  this,  take  a  continued  fraction  entirely  periodic, 

1 
3:=-     1 

Then,  since  the  number  of  these  fractions  is  unlimited,  it  follows  that  the 
sum  of  all  after  the  first  is  also  x ;  whence 

1 
p+x         ^^ 

in  which  case  the  above  continued  fraction  serves  to  determine  the  value  of 
'/|)S^4,  since  we  have,  by  transposition, 

•^  '  pj 

^^jp+,  &c.; 

and  iSp  in  this  last  expression  be  put  equal  to  2,  we  shall  have 

^2+-      1 

"•"2+,  &c. 

A  continued  fraction  is  also  called  periodic  when  the  denominators  occur 
periodically  in  pairs,  threes,  fours,  &c. ;  thus, 
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1  1 

-  .  1  or  -     1      , 

PA--        .  ^r-i.-      1 

^q+,  &c.  P+-     1 

Again,  a  fraction  may  be  irregular  in  some  of  its  first  terms,  and  only  become 
periodic  at  a  certain  distance  from  its  commencement. 

In  either  of  these  cases,  as  above,  the  value  of  x,  the  sum  of  all  the  termi, 
may  be  obtained  by  tlie  resolution  of  an  equation  of  the  second  degree.  To 
prove  this  in  a  general  manner,  let 

a,  &,....  &c.,  be  the  quotients  which  form  the  non-periodic  part, 
Pi  Qj.. , .  &c.,  be  the  quotients  which  form  the  periodic  part ; 

1 

then  xssa-^-r 

:      1 

and,  representing  by  y  the  value  of  the  periodic  part, 

1 

^"^q+t  &:c., 

1  ,  1 

we  have  ar=:a-J-r  andy=j7+'' 

S    1  Si 

^y  ^y 

Consider  these  continued  fractions  as  terminating  with  the  partial  fraction 

-,  and  deduce  the  convergents ;  we  have  (Art.  426)  two  equations  of  the  fol- 
lowing form : 

P^y  +  P         R-y+R 

The  value  of  y,  given  by  the  first  of  these  equations,  is 

P-Qx 

which  substituted  in  the  second,  gives,  after  reduction, 

P— Q.r      R^(P-Qr)  +  R(Q^j— PQ 
Q'r— P'""S'(P-Qi-)  +  S(Q'x— P')' 
which  is  an  equation  of  the  second  degi*ee  in  x. 
By  way  of  illustration,  take  the  following  fraction  : 

x:=za+^     p  (1)      orr-(z=^     p  (2) 

p                                                              2rt— o-(-  V^-h^P 
.•.  T— a=— -^ ;  or,  resolving  the  equation,  x= jr— ^ -, 

2a 
If  we  transpose  —  or  a,  and  substitute  for  x — a  its  value  (2),  wo  have 


Vq-+^p—g_p 

or,  making  g:=2a, 
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o 


r 


2a,  &c. 

A  similar  mode  of  solution  may  be  applied  to  continued  surds  or  expressions 
of  the  form 

the  value  of  which,  though  apparently  infinite,  is  always  determinable  by  a  cer- 
tain equation,  and  in  some  cases  in  a  real  integral  or  fractional  quantity  ;  for, 
putting 

x=z\J a-\-'SJ a-\-  V«»  &C'i 
we  shall  have,  by  squaring  both  numbers, 

.r3=a-|-\f  a-|-  Va+i  &c., 
the  latter  part  of  which  is  evidently  equal  to  the  original  surd ;  whence 

a:^=a+r,  or  2^— x=a  .••  a:= J±  '>/{  +a, 
where,  if  a^2,  the  expression  becomes 

V2+ \/2+  y/^,  &c.,  =2  or  —1. 

433.  The  process  for  developing  any  quantity,  r,  in  a  continued  fraction, 

1,1  1      . 

consists  in  making  successively  a:=a4"77»  ^'=o+-7/t  ^"=^c-\-—^  occ,  a  be- 
ing the  greatest  whole  number  contained  in  r,  h  the  greatest  whole  number 
contained  in  x',  c  the  greatest  whole  number  contained  in  x",  dec. 

The  numbers  a,  6,  c,  &c.,  being  found,  it  is  evident  that  if  x',  .r",  &c.,  are 
replaced  by  tlieir  values,  tlio  required  development  is  obtained,  viz., 

1 

x=za-\-T  ,  1 

(f+,  occ. 
EXAMPLE. 

Let  it  be  required  to  convert  y/ld  into  a  continued  fraction. 
_  ^  V19-4""        3    _•_ 

3  ^:r"  V19-2  ^ 

By  proceeding  in  this  way  we  sh^l  obtain  the  follow in<T  : 

x  =  V'T9=4  +  ii; 


^^^9+4  1 

3       — '^"•"x'l 

-/T94-2  1 

— ^^ — =14-— 

5  ^r» 


^     —  r;  — '■"rV.llI' 


VI94-3  1 

^     —        2        — -^^x^v' 


*  Multiplying  both  nomerator  and  denominator  by  i/19-{-4. 
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VT94-3  1 

V19+2  1 


arvi  =^19+4=8+ 


a-vii' 


_       V19+*              1 
y-ni 1 IL 04. 

Hence  Vl9=4+-  ,  1     , 

+  1  +  -     1 

x^'  being  the  same  as  xS  it  is  evident  that,  omitting  the  4,  the  greatest  In- 
tegra] pait  of  V^^t  the  quotients  2,  1,  3,  1,  2,  8,  already  found,  will  always 
return  again  in  the  same  order  to  infinity. 

Should  it  be  required  to  convert  the  sqtare  root  of  19  into  a  series  of  con- 
verging fractions  without  first  reducing  it  to  the  continued  form,  they  may  be 
obtained,  after  the  method  before  employed,  from  the  integral  parts  of  the 
above  results  only. 

Quotients,  4,  2,  1,  3,    1,    2,     8,       2. 
1   4   9    13   48   61    170    1421 
5'  r  2'  "3"'  11'  14'  '39*  326  • 

EXAMPLES. 

251  1 

(1)  ^.  Ans.  Qaotients,  -,  22,  1,     4,     2. 

1    ^2  23   114   251 

Convergents,  5,  ^,  ~,  — ,  — . 

1769  1 

(2)  £72=.  Ans.  Quotients, -,  7,    1,    2,     4,       5,        1,       2. 

1     7      8    23   100    523     623    1769 
_  Convergents,  -,  — ,  — ,  -,  — ,  j^,  -g— ,  g^. 

(3)  \^31.  Ans.  The  quotients  are  5,  1,    1,    3,      5,       3,  &c. 

5    6    11    39    206    657      ' 
And  the  convergents,  -,  -,  -y,  y,  — ,  — ,  &c. 

(4)  'v/28.  Ans.  The  quotients  are  5,    3,    2,      3,       10,  &c. 

,     ,   ,  5    16    37    127    1307    , 

And  the  convergents,  j,  — ,  y,  — ,  -^,  &;c. 

(5)  vis.  Ans.  Quotients,  6,  1,    2,     2,     2,       1,       12,  &c 

6    7    20    47    114    161    2046 
Convergents,  j,  j,  -,  y,  — ,  — ,  -^. 

434.  The  converse  of  the  proposition  stated  in  Art  432  is  true,  viz.,  that  the 
root  of  an  equation  of  the  second  degree  may  be  expressed  in  functions  of  the 
coefficients  of  the  equation  by  continued  fractions. 

The  general  form  of  the  equation  of  the  second  degree  may  be  written 

ox®— 6x— c=0 (1) 

in  which  b  and  c  may  be  essentially  negative.  This  may  be  put  under  the 
form 
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c 

'  X 

c 
Multiplying  the  fraction  -  above  and  below  by  a,  it  becomes 

ac     ,      ac 
axz^b-X- — :=64--r  ,  ac 

^6+,&c. 
1/       ac 

a\  ^  o+—     ac 

■^  6  +,  &c.j  Q.  E.  D. 


If  a^l,  this  becomes 


'  +6+.  &c. 

If  6=0, 

a:«=c, 

^O+.&c.. 
which  has  no  signification.     But  if  we  make 

a>  being  the  greatest  square  contained  in  c,  we  have 

j:«=2"— 2ar4-a«=c; 

.'.  2^ — 2a2r=c — a*  ; 

or,  putting  c — a' =7, 

2«— 2a2=y, 

2  —2a  =-, 

2 

y 
But  since  1=2 — a,  a:=a4--r-      y 

To  apply  this,  let  the  equation  be 

a<=8  .-.  a=2,  y=4, 

4 
.-.  1=2+7     4 

^4+-     4 

+4+,  fe., 
or 

1 
x=2+7     1 

The  above  result  may  be  obtained  in  a  more  simple  manner ;  thus,  put 
a:«=c=o«+/3  .-.a:*— a«=/?  .-.  (r— a)(z+a)=i3 

^  ^2o+,  &c., 

which  shows  that  the  square  root  of  any  number  which  is  the  sum  of  a 
square,  and  of  another  number,  is  a  continued  fraction. 
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Thus,  if  we  have  2«=7  .•.  a=:2,  /?=3, 

V7=2+j     3 

■^4+,  &c. 

435.  CoDtinued  fractions  furnish  a  method  of  resolving  in  whole  numbers 
the  indeterminate  equation 

ax-\-byr=zc (1) 

In  this  equation  a,  6,  c  are  whole  numbers,  and  the  first  two  are  supposed 

to  have  no  common  factor.     Let  us  conceive  that  we  have  developed  the  rela- 

a 
tion  r  into  a  continued  fraction,  and  that  we  have  calculated  all  the  con- 

0 

vergents ;  the  last  will  be  equal  to  this  relation  itself.     Let  us  subtract  from 

a' 
it  the  next  to  the  last,  which  I  represent  by  jr.    The  numerator  of  the  differ- 
ence will  be  a&' — ba\  and  by  the  property  of  Art.  430  we  have 

a6'— 6a'=±l (2) 

Multiplied  by  ±  c,  this  equality  becomes 

ax±b'c+bx  =fa'c=zc; 
then  equation  (1)  is  satisfied  by  taking  x=zizb*c^  y=z:Joa^c. 

This  solution  being  known,  we  know  (Art.  161)  that  all  the  others  are  given 
by  the  formulas 

t  designating  any  whole  number  whatever.     We  take  the  upper  or  lower  sign 

according  as  we  have  +  or  —  in  the  equality  (2),  or,  what  is  the  same  thing, 

a 
according  as  the  convergent  7  is  of  an  even  or  uneven  rank. 

EXAMPLE. 

Let  there  be  the  equation 

261a:— 82y=117. 

261 
If  we  reduce  -^  to  a  continued  fraction,  we  find 

Quotients,       3,   6,    2,     7. 

3    16   35   261 
Convergents,  j,  -,  -,  — . 

If  we  take  the  numerator  of  the  difforenco  ^^ — ^,  and  observe  that 

is  a  convergent  of  an  even  rank,  we  have 

261X11  — B2X35  =  4-1. 
Then,  multiplying  by  117, 

261X11  X  117— B2X.'55X  117  =  117. 
The  equation,  then,  is  satisfied  by  mnking  2=11  X  117  =  1287  and  v=35 
X  117=4095  ;  then,  finally,  the  general  values  of  r  and  y  are 

x=1287  +  82^  7/=4095+26U. 
If  we  divide  1287  by  82,  and  4095  by  261,  we  fmd  1287=82x15+57  and 
4095=261  X  15+180.     Then,  observing  that  t  is  any  whole  number  what- 
ever, we  can  write  more  simply 

a:=57+82/,  y=180+261^ 
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436.  The  following  theorem  will  be  found  useful  in  the  resolution  of  inde- 
terminate equations  of  the  second  degree. 

Let  p"* — kq^z=.-iz^  be  an  indeterminate  equation,  in  which  D<  -y/A.     I 

P 
assert,  that  if  this  equation  is  resolvable,  the  fi-action  -  will  be  found  amofl^ 

the  fractions  which  converge  toward  ^/  Pl.  « 

From  the  above  equation  we  derive  p — qy/A=: =,  and,  therefore, 

p+q^/A. 

- —  -y/A,  which  I  represent  by  — t-= =r;  then  <J: 


q  ^      q(p+qV^)  p+qVA. 

Let  -^  be  the  converging  fraction  which  precedes —,  and  which  is  of  such  a 

nature  that  the  sign  of  6  will  be  the  same  with  that  of  D  ;  it  will  remain  to 

I>q  q  — 

be  proved  that  we  have =<C— — ,orD(^+yo)<j?4-^  V  A. 

P'\-q')/A   q+qo 

In  the  second  member,  instead  of  ^,  I  put  its  value,  yV-A^i";  the  in- 
equality to  be  proved  can  then  be  wntten  thus  : 

(9+?o)(  VA-D)  +  (9-?„)  VA±^>0. 
But  this  inequality  is  manifest,  since  we  have  '^A'^'D^  9^9o«  ^^  since 
the  part  {q — ^o)  VA.,  which  is  at  least  equal  to  \/A,  by  itself  surpasses  -, 

P 
which  is  less  than  unity.     -,  then,  will  always  be  found  in  the  fractions  which 

converge  toward  \/A.,  so  that  it  will  only  be  necessaty  to  develop  \/A  in  a 
continued  fraction,  and  to  calculate  the  converging  fractions  which  result,  iu 
order  to  have  all  the  solutions  in  entire  numbers  of  the  equation 

_  x«~Ay«=±D, 

D  being  <  \/A. 

METHOD   OF    RESOLVING    IN    RATIONAL    NUMBERS    INDETERMINATE 

EQUATIONS  OF  THE  SECOND  DEGREE. 

437.  Let  the  proposed  general  equation  be 

ax^+hxy+cy'+d.v+ey-^f=0, 

in  which  x  and  ?/  are  the  indeterminates,  and  a,  &,  r,  </,  <!,/the  given  entire 
numbers,  positive  or  negative.  We  first  derive  from  this  equation  the  fol- 
lowing : 

2ax+hy+d=:^/[(hy+dy-4a(cf'+ey+f)]. 

m      If   we    make,   to   abridge,    the    radical    ^^   6' — 4ac=A,   bd — 2ae=:g^ 
d* — 4af:=h,  we  shall  have  the  two  equations 

Ay^+2gy+hz=zC*. 

If  we  multiply  the  last  of  these  equations  by  A,  and  make,  again,  Ay-^-g 
ss=r,  g* — AA=B,  we  shall  have  the  transformed  equation 

i?«— Ar-s=B. 

Reciprocally,  if  we  can  find  values  of  v  and  t  which  satisfy  the  equation 

Ii 
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v* — A^=6,  we  deduce  from  it  the  valaes  of  the  indetermioates  x  and  y  in 
the  proposed  equation,  viz., 

V — g         t — hy — d 

in  which  we  should  observe  that  both  v  and  t  may  be  taken  with  either  sign, 
as  we  may  desire. 

If  we  find  the  solution  of  the  proposed  equation  in  rational  numbers,  it  will 
suffice  to  resolve,  by  means  of  these  numbers,,  the  transformed  t^ — A^=:B  ; 
but  if  we  wish  to  resolve  the  proposed  in  entire  nmnbers,  it  will  not  only  be 
necessary  that  t  and  v  be  entire  numbers,  but  that  the  values  of  t  and  v,  sub- 
stituted in  those  of  x  and  y,  give  for  these  indeterminates  entire  numbers.  At 
present  we  will  only  occupy  ourselves  with  the  resolution  in  rational  numbers. 

438.  Every  indeterminate  equation  of  the  second  degree  can  be  reduced, 
as  we  have  just  seen,  to  the  form  v^ — AP=B;  but,  whatever  may  be  the 
rational  numbers  t  and  v,  we  can  suppose  that  they  are  reduced  to  a  common 

denominator.    Hence,   making  r=-,   ^=-,  we  shall  have  to  resolve  the 

equation 

a*— Ay«=B2«, 

in  which  now  x,  y,  z  are  entire  numbers. 

We  can  suppose  that  these  three  numbers  have  not  a  same  common  divisor ; 
for  if  they  had  had  one,  wo  could  have  made  it  disappear  by  division. 

In  the  same  manner,  we  can  suppose  that  the  numbers  A  and  B  have  no 
square  divisors ;  for  if  we  had  had,  for  example,  A=A'A:',  B=B'Z*,  we  might 
have  made  ky^szy',  lz=z'j  and  the  equation  to  be  resolved  would  have  become 

X«— A'y'3=B'2'a, 

in  which  A'  and  B'  have  no  longer  a  square  factor. 

The  equation  x' — Ay-=B2*  being  thus  prepared,  we  shall  observe  that  any 
two  of  the  indeterminates  x,  y,  z  can  not  have  a  common  divisor ;  for  if  ^,  for 
example,  should  divide  x^  and  y"^,  it  must  necessarily  divide  also  Bz* ;  but  it 
can  liOt  divide  2%  since  the  throe  numbers  x,  y,  z  have  no  common  divisors ; 
neither  can  &'  divide  B,  since  B  has  no  square  factor,  x  and  y,  therefore,  are 
prime  with  respect  to  each  other ;  for  the  same  reason,  x  and  z  are  primes 
with  respect  to  each  other,  as  well  as  y  and  2. 

I  assert,  moreover,  that  A  and  B  can  be  supposed  to  be  positive ;  for  we 
can  only  have,  as  regards  tlie  signs  of  the  terms  of  one  equation,  the  following 
three  suppositions : 

T^^Ay'^=z+Bz'^, 

x^— A2^2-,_B2^ 

x^+Ay-=+B22. 

(I  omit  the  supposition  x'4"  Ay'= — B2^  since  it  is  evidently  impossible.) 
Of  these  three  combinations  the  second  coincides  with  the  third  by  a  simple 

transposition ;  but  if  we  multiply  the  third  by  B,  and  make  B2=2',  ABrsA', 

we  shall  have 

2'«— Ay=Bx«. 
The  equation  to  be  resolved,  therefore,  can  always  be  reduced  to  the  form 

x^— By=A2% 
in  which  A  and  B  are  positive  numbers,  and  do  not  contain  any  square  factor. 
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439.  The  method  which  we  shall  proceed  to  follow  for  the  resolution  of 
this  equation  is  that  given  by  Lagrange,  in  the  Mlmoircs  de  Berlin^  1767.  It 
consists  in  producing,  by  means  of  transformations,  the  successive  diminution 
of  the  coefficients  A  and  B  until  one  of  them  becomes  equal  to  zero,  in  which 
case  the  solution  can  be  immediately  deduced  from  known  formulas. 

The  equation  thus  reduced  is  of  the  form  x^ — y-ssAz",  or  a:® — By'rsz'; 
but  these  two  formulas  do  not  differ,  and  it  will  suffice  to  give  the  solution  of 
the  first,  I* — y'=Az*.     To  do  this,  decompose  A  into  two  factors  a,  /3  (which 

f  will  always  be  prime  with  regard  to  each  other,  since  A  has  no  square  factor), 

and  suppose  that  z  also  is  decomposed  into  two  factors  p^  q^  such  that  we 
have  A=a/3,  z=spq^  we  shall  have  the  equation  (x-{-y)(x — y)=2a(if^q\  which 

I  we  can,  in  general,  satisfy  by  taking  x-{-ys:zap^,  x — y=Pf  ;  this  supposition 

gives 

r= : ,  y= ^ ,  z=pq  ; 

§  ^  - 

r  hence  the  three  indeterminates  x,  y,  z  will  be  expressed  by  means  of  two 

I  arbitrary  quantities  p  and  q ;  if  it  should  happen  that  the  values  of  x  and  y 

contain  the  fraction  i,  x,  y,  z  must  each  be  multiplied  by  two. 

Such  is  the  general  solution  of  the  equ«tion  2^ — ^*=Az^,  a  solution  which 
will  comprise  as  many  particular  formulas  as  there  are  ways  of  decomposing 
1  -  A  into  two  factors. 

;  For  example,  if  A =30;  there  are  four  ways  of  decomposing  30  into  two 

I  factors,  viz.,  1.30,  2.15,  3.10,  5.6 ;  hence  will  result  these  four  solutions  of  the 

\  equation  i^^t/^=z30z^, 

1°.  r=:  ;>2_|_3o<^2,  y=  ;>2— 30^*,  z=2pq, 
2°.  2•=2;>^^-15^;^  y=2p^'-ir)q\  z='2pq, 
3°.  x=3p^+l0q\  y=3/?«— 10^^  zz=2pq, 
4°.  x=5p^+   6q^,  i/=5p«—  6q^,  zz=2pq. 

440.  Let  us  proceed  to  the  general  equatit^n  x^ — By^s=Az^;  observe  that 
this  equation,  being  the  same  with  2* — A2'=B^',  we  can,  without  diminish- 
ing the  generality  of  the  theorem,  suppose  that  the  coefficient  of  the  second 
member  is  the  greater  of  the  two.  In  case  of  equality,  the  reduction  that  we 
shall  indicate  would  always  be  employed. 

Let,  then,  the  proposed  equation  bo  j^ — By*=A2',  in  which  we  suppose, 

^  at  the  same  time,  A^B,  A  and  B  positive,  and  free  from  any  square  factor. 

We  have  already  proved  that  t  and  ^  are  primes  as  regards  each  other ;  y 

and  A,  therefore,  are  equally  prime  to  one  another ;  for  if  y^  and  A  had  a 

common  divisor  ^,  x°  also  must,  necessarily,  be  divisible  by  d,  and  x  and  y 

would  not  then  be  primes  to  one  another. 

But  since  y  and  A  ai;p  primes  to  one  another,  if  we  suppose  that  the 
proposed  equation  is  resolvable,  and  that  we  can,  therefore,  find  determinate 
values  of  x  and  y,  x:=M,  ^=:N,  we  shall  also  be  able  to  satisfy  the  equation 
(  of  the  first  degree, 

'  M=nN~y'A, 

»  in  which  M,  N,  A  will  be  given  numbers  prime  to  one  another,  and  n,  y*  two 

I  indeterminates. 

f  Hence,  in  general,  without  knowing  the  particular  solutions  x=M,  y=N, 

we  can  suppose  xssny — Ay,  n  and  y'  being  two  indeterminates;  and,  sub- 
stituting this  value  of  x  in  the  proposed  equation,  we  shall  have,  after  having 
•  divided  by  A, 


[ 


f' 


500  AXGEBBA. 


/n«— B\ 


But  since  y  and  A  are  prime  to  one  another,  this  equation  can  not  subsist 

n«— B 
unless  — T —  be  an  entire  number,    iiet  this  entire  number  =:A'A:*,  k*  being 

the  greatest  square  which  can  be  a  divisor  of  if-,  we  shall  have 

n«— B=AA'^S 
and  the  equation  to  be  resolved  will  become 

A'^-«y«— 27iyy'+ Ay'«=2«. 

We  perceive  that  if  there  be  any  value  whatsoever  of  n  which  renders  n'B 
divisible  by  A,  this  value  can  be  augmented  or  diminished  by  any  multiple  of 
A,  without  n' — B  ceasing  to  be  divisible  by  A  ;  hence,  we  can  suppose  that 
its  value  is  comprised  between  the  limits  0  and  A,  or  even  between  the  more 
extended  limits  — |A  and  -|-|A. 

We  conclude  from  this,  that  in  trying  successively  for  n  all  the^entire  num- 
bers from  — |A  to  4"2-^f  ^®  ^^^^  encounter,  necessai-ily,  one  or  more  values 
which  will  render  n^ — B  divisible  by  A,  provided,  however,  the  equation  is 
resolvable ;  and  in  case  these  values  will  not  render  n' — B  divisible  by  A,  we 
can  conclude  with  certainty  that  the  proposed  equation  is  not  resolvable. 

441.  Suppose,  then,  that  we  have  found  one  or  more  values  of  n  which 
fulfill  the  required  condition,  it  will  be  necessary  with  each  of  these  values  to 
continue  the  calculation  in  the  following  manner : 

Resume  the  equation  A'k^i/^^2nyy'-{-ky'^=zz^;  if  we  multiply  it  by  A'^•^ 
and  if  we  make,  to  abridge, 

A'k^y^ny'=x',  kz=z\ 

the  transformed  wiU  be 

r'j'— Byy=A'2'2'. 

This  transformed  could  bo  resolved,  if  we  could  determine  the  solution  of 
the  proposed  equation,  since  the  values  of  r',  y\  z'  are  easily  deduced  from 
those  of  a:,  i/,  2  ;  reciprocally,  the  proposed  will  be  resolved,  if  we  find  the  solu- 
tion of  its  transformed.  For,  from  the  known  values  of  x\  y\  2',  we  can 
equally  deduce  those  of  j,  y,  z  ;  and  it  matters  little  whether  these  Inst  value- 
be  under  an  entire  or  fractional  form,  since  we  have  regard  only  to  the  resolu 
tion  in  rational  numbers,  and  since,  after  we  have  found  any  fractional  values 
of  7,  3/,  z,  wo  can  reduce  them  to  a  common  denominator  and  suppress  it. 

n2— B 
Since  we  can  suppose  the  number  n<^\Kj  it  is  clear  that     .  ..^    or  A'  will 

be  '•CiA,  and,  at  the  same  time,  positive;  for  n  can  not  be  < -y/B,  since 
otherwise  n^ — B  would  be  ^B,  and  could  not  be  divisible  by  A.  The 
proposed  equation,  therefore,  will  be  reduced  to  an  equation  in  every  respect 
similar,  in  which  the  coefficient  A',  which  takes  the  place  of  A,  is  less  than 

442.  If  we  have,  again,  A'>-B,  we  can,  in  like  manner,  from  the  equation 
x^ — By''=A'2'*,  deduce  a  second  transfonned, 

x'^s— B/'3--.A"2"S 

in  which  A"  will  be  <CiA',  and  always  positive.  To  obtain  this  second  trans- 
formed, there  will  be  no  new  condition  to  be  fulfilled,  for  having  already  found 


f 
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I  n«— B         ,      ^ 

,  — ry— stAA:",  if  we  make  n=^A'+n',  and  if  we  take  the  indetermiDate  fi  io 

such  a  way  that  n'  <C  J  A',  it  is  easy  to  see  that  — 7-; —  will  be  an  entire  positive 

I  nomber  less  than  \\';  we  have,  consequently, 

I  n's— B=A'A";t'S 

1  A''  being  less  than  jA\  and  not  containing  any  square  fisustor. 

%  If  it  should  happen  that  A'',  again,  were  greater  than  B,  we  should  continue 

7  this  system  of  transformed  equations,  in  which  B  is  constant,  until  wo  arrive 

at  one  of  this  form 

J  T«~By«=C2». 

in  which  C  will  be  positive  and  <CB. 

443.  But  after  we  have  passed  into  the  second  member  of  this  equation  the 
term  which  has  the  greatest  coefficient,  which  gives 

a:«— C2«=By«, 

we  can  proceed  in  a  similar  manner  to  the  reduction  of  the  coefficient  B  by  a  ' 
second  system  of  transformed  equations 

ar"*— C2'«s=B'y'», 
r"«— Cz"«=B'y'«, 
&c.  &c., 

I  in  which  the  coefficients  B',  B'',  &:c.,  will  be  positive,  and  will  diminish  in  at 

i  least  a  quadruple  ratio,  and  thus  we  shaU  soon  arrive  at  a  transformed 

;  x«— C2»=Dys 

in  which  the  coefficient  D  will  be  less  than  C. 

But  the  series  of  positive  and  decreasing  numbers  A,  B,  C,  D  will  not  go 
on  ad  infinitum ;  it  will  terminate  necessarily  at  unity,  and  when  we  shall 
have  arrived  at  this  term,  the  resolution  of  the  last  transformed,  which  is  given 
at  once,  will  make  known  those  of  all  the  preceding  equations,  and,  cooseqoent- 
ly,  that  of  the  proposed. 

GAUSS'S  METHOD  OF  SOLVING  BINOMIAL  EaUATIONB. 

444.  The  solution  of  7"  —  1  =  0,  it  has  been  proved  (Art.  299),  can  al- 
ways be  reduced  to  the  case  where  n  is  prime ;  and  the  case  of  n  a  prime 
number,  by  a  method  invented  by  Gauss,  may  be  made  to  depend  upon  the 
solution  of  equations  whose  degrees  do  not  exceed  the  greatest  prime  number 
which  is  a  divisor  of  n — 1.     The  leading  feature  of  Gauss*s  method  is  to  rep- 

■  resent  the  imaginary  roots  by  a  series  of  powers  of  any  one  of  them,  whose 
indices  form  a  geometrical  instead  of  an  arithmetical  progi-ession.  Thus,  if  m 
be  a  number  (and  such,  called  primitive  roots  of  n,  can  always  be  found)  whose 
several  powers  from  1  to  n — 1,  when  divided  by  n,  leave  different  remainders, 
and  a  be  any  imaginary  root,  then  all  the  roots  miay  manifestly  be  represent- 
ed by 

a",  a"',  tf"*,  . . .  a"*"*""* ; 

,  or,  since  m°-*=^n+l,  where  fi  is  an  integer,  by  a,  a",  o"*,  &c.,  a""""". 

445.  The  advantage  of  this  mode  of  representing  the  roots  is,  (1)  that  thoj 
can  be  distributed  into  peiiods,  each  of  which,  when  continued,  will  produce 
the  roots  of  that  period  in  the  same  order ;  and  (2)  that  the  product  of  any 
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number  of  such  periods  will  be  equal  to  the  sum  of  a  certain  number  of  periodst 
the  importauce  of  which  prot)erties  will  be  seen  in  the  use  made  of  them. 

(1)  Let  n — l=zrs,  r  being  a  prime  factor  of  n — 1,  and  let  m'=^ ;  then  the 
roots  may  be  written  in  vertical  columns,  each  consisting  of  r  terms,  as  follows  : 

a         «•*         a**  ...  a^*~ 

fgm  Qtnh         Qtah  ^  ^  ^  ^mh 


and  if  any  one  of  the  periods  formed  by  the  horizontal  rows  be  continued,  tne 
roots  in  that  period  will  be  produced  in  the  same  order ;  thus,  if  the  first 
row  were  continued,  the  indices  would  be  ^•==m"=:m'*~*:=^n+l»  A"+*=:m'*+' 
^{fin-\'l)m'=:fmh'\-h^  6cc.,  and  the  corresponding  roots,  a,  a**,  &c. 

(2)  Let  any  two  of  the  above  periods  be  represented  by 

and  let  us  multiply  them  together,  using  each  term  of  the  lower  line  in  suc- 
cession as  a  multiplier,  and  starting  at  that  term  of  the  upper  line  which  stands 
over  it,  and  producing  the  upper  line  so  as  to  supply  the  terms  neglected  at 
the  beginning,  the  result  is 

(^^.       +a^i^        +o-»''+>»         +,  &c.,  +Q-»«*"*+»» 
o(H-b)h      ^o(«H-b)h      ^a(d.«+b)h      ^^  ^c.,  +a(*'»'~*-H>)»» 

^(•+b)h*-*^a^ah+b)h'*-^^a(.hV)h*"*+,  <kc.,  +a(»»*'~*-H>)»>'~*; 

and  therefore,  collecting  the  vertical  columns  into  periods,  we  get 

2(a»)2(a'')  =  2(a*+«')  +  2(a'^+b)  +  2(0-^"+^)  + . . .  +  2(a*»»*~'+b), 

or  the  product  of  two  periods  is  equal  to  the  sum  of  s  periods ;  and,  conse- 
quently, the  product  of  any  number  of  periods  will  be  equal  to  the  aggregate 
of  a  certain  number  of  periods. 

EXAMPLE  I. 

ar^— 1=0  ;  6=3.2,  .•.  r=3,  «=2;  also,  3,  3^  3^  3S  3*,  when  divided  by  7, 
leave  different  remainders,  viz.,  3,  2,  6,  4,  5  ;  .*.  m=3,  and  the  roots  are 

P3=a«+a5, 
and  ^i'4-j92+jP3=— 1. 

Also,  pi;78=a*-|-  a:^^a^^  a^z=zpi'\-p^ 

jp2p3=a*4-a«-j-a  ^a'^=p^^'p^ 

and  i'ijP/P3=i'i''+i'i+i'2=2+p3+i?i+i?2=l. 

Therefore  the  cubic  which  has  pi,  jpg,  p^  for  its  roots,  is  jp'+i?'— 2p— 1=0. 
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EXAMPLE  II. 

x^7 — 1=0 ;  16=2.8 ;  also,  the  powers  of  3  from  0  to  15,  when  divided  by  17, 
leave  remainders 

1  3  9  10  13  5  15  11  16  14  8  7  4  12  2  6, 
.-.  p=za  +cfi  4-a>3+aJ»+a»6+a»+a*  +a« 

t\\en  p-]-q=z — 1,  and 

dierefore,  ^  and  q  are  roots  of  2' +2 — 4=0. 
Next,  the  periods  j;,  q  may  be  resolved  respectively  into  the  periods 
r=a  4-aW4-a»«+a*  >      <=o3 +a»  4-a»*+a»3  > 
5=o9+a«4-a®  +0^  ^  '  tt=aio-|-a"+a7  +06  I  ' 

.-.  r+«=p, 
and  r«= a»o-|-  o»  4-  a«  -f.  a^  ^ 


^=;?+^=— 1; 


therefore,  r,  «  are  roots  of  z^—pz — 1=0;  and,  similarly,  <,  u  are  roots  of  z* 
-7*92—1=0. 
Lastly,  the  periods  r,  5,  ^,  u  may  be  resolved  respectively  into 

ra=a>3+a*  S  '  «a=aW+a«  S  '  t,=a64-a"  S  '  Ua=o"+a«  S  ' 
tl^en  ri+r3=r, 

r,rs=a»*+a»+o3+a6=/, 
.•.  fi,  fg  are  roots  of  2* — r2+^=0 ; 

1  TT 

add  Ti,  the  greatest  root  of  this  equation,  =a-f-  -=2  cos  — . 

For  further  information  upon  the  theory  of  number8,the  student  is  referred 
to  the  Theorie  des  Nombres  of  Legendre,  the  Disquisitiones  Arithmetica  of 
Gauss,  of  which  there  is  an  excellent  French  translation  (Recherches  Arith- 
mitiques)  by  Poullet-Delisle ;  to  Barlow's  Theoiy  of  Numbers ;  to  the  article 
of  Ivory  in  the  fourth  volume  of  the  supplement  of  the  Encyc,  Britan. ;  and  • 
to  the  Memoirs  by  Libri,  in  tome  v.,  1838  (ttrangeres)^  and  by  Cauchy,  iu 
tome  xvii.,  1840,  of  the  Mtmoires  of  the  French  Academy  of  Sciences. 
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1    VOL.  8yO,    SHEEP.      PRICE   $1  50. 

EXTRACTS    FROM    CRITICAL   NOTICES. 

I  deem  it  a  work  of  great  value  to  the  mathematical  student,  and  better  suited  to 
the  wants  of  private  learners,  and  all  others  who  wish  to  obtain  a  thorough  knowl- 
edge of  the  science,  than  any  other  work  with  which  I  am  acquainted. — Elijah  A. 
Smith,  Corresponding  Secretary  of  QueerCs  County  Common  School  Association. 

I  am  sure  that  it  will  be  very  acceptable  to  every  student  who  desires  to  become 
thoroughly  acquainted  with  the  higher  departments  of  the  science.  Your  labor, 
therefore,  is  opportune,  and  deserves  well  of  the  republic  of  letters. — Prof.  A.  Cas- 
well, Brown  University. 

I  have  devoted  some  time  to  the  examination  of  the  work,  and  find  it  the  most 
complete  treatise  on  Algebra  that  I  have  ever  seen.  My  opinion  of  its  merits  is 
such  that  I  shall  be  most  happy  to  recommend  it  to  all  who  wish  to  gain  a  thorough 
knowledge  of  the  science. — ^TiioMAa  Sherwin,  Boston  English  High  School. 

This  is  a  work  to  delij^ht  the  eye  of  a  teacher — it  is  so  full  and  comprehensive, 
at  the  same  time  that  it  is  so  simple,  clear,  and  elementary.  It  contains  many 
things  that  are  not  to  be  found  in  any  single  English  treatise,  and  every  thing  that 
can  serve  to  give  a  student  a  complete  knowledge  of  modern  analysis.  Among  the 
subjects  entirely  new,  or  which,  if  found  in  other  books,  are  here  treated  in  a  much 
more  ample  and  elegant  manner — are  Interpolation,  the  Elements  of  the  Calculus  of 
Probabilities,  and  some  American  improvements,  never  before  published,  in  the 
methods  for  the  Solution  of  Cubic  Equations.  The  article  upon  the  theory  and  use 
of  logarithms  is  uncommonly  full  and  clear ;  while  the  important  subject  of  the 
Theory  of  Numbers,  generally  left  out  of  school-books,  is  treated  in  a  very  elaborate 
and  detailed  manner. — Democratic  Review. 

What  particularly  pleases  me  in  it  is  its  fullness  and  apparent  completeness.  It 
meets  a  great  want.  It  seems  a  store-house  of  algebraic  knowledge ;  the  pupil  who 
uses  it  at  school,  and  becomes  interested,  may  pursue  the  study  by  himself,  and 
learn  to  enter  into  the  spirit  of  Analysis.— Prof.  Tillinohast,  Principal  of  the 
Bridgewater^  Massachusetts ^  Normal  School. 

The  slightest  examination  is  sufficient  to  convince  any  one  at  all  acquainted  with 
the  subject,  that  this  is  by  far  the  best  treatise  upon  Algebra  that  lias  yet  appeared 
in  an  English  dress.  It  is  elaborate  and  comprehensive,  containing  every  Uiina  to 
be  found  in  the  latest  German,  French,  and  English  works,  with  some  things  entire- 
ly new,  and,  at  the  same  time,  it  is  exceedingly  simple  and  elementary.  The  defini- 
tions and  rules  are  full  and  perspicuous ;  illustration  is  piled  upon  illustration  ;  ex- 
amples of  every  possible  kind  of  notation  are  given,  and  explanatory  notes  abound. 
It  is  thus  eminently  a  book  for  beginners,  while,  at  the  same  time,  it  contains  every 
thing  that  the  more  advanced  student  can  desire  in  order  to  acquire  a  perfect  knowl- 
edge of  modern  analysis. — New  York  Courier  and  Enquirer. 

Professor  Hackley's  book  is  the  most  complete  work  on  Algebra  that  has  ever 
appeared  in  our  country.  In  it  will  be  found  all  that  is  contained  in  our  best  text- 
books, treated  with  unusual  clearness  and  fullness ;  and  in  addition  to  this,  many 
ingenious  methods,  and  much  valuable  matter,  which  have  never  before  been  oflered 
to  the  American  student,  and  which  the  author  has  collected  from  the  wide  field  of 
modern  French,  German,  and  English  publications.  He  has  not  only  gWen  the  the- 
ory of  Algebra,  but  has  also  fully  introduced  the  student  to  the  applications  of  the 
theory.  The  examples  in  Equations,  and  the  problems,  are  mostly  to  be  found  in 
the  books  already  in  our  schools,  but  in  this  treatise  frequently  improved  in  the 
language  and  manner  of  solution.  It  is  the  happy  combination  of  theoretical  and 
practical  Algebra  which  will  render  this  book  so  welcome  to  teachers  and  private 
students,  and  so  serviceable  to  the  cause  of  thorough  instruction. — Prof  Stephens, 
of  the  Western  University  of  Pennsylvania  (a  resident  for  some  years  at  several  of  the 
Gil  man  Universities.) 
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I  regard  it  as  a  very^  valuable  accession  to  mathematical  science.  I  find  iV  re- 
markably full  and  complete. — £.  S.  Snell,  Profttsor  of  MathenuUic*,  Amherst  Co^ 
lege,  Ma8»achusett». 

I  have  examined  your  work,  and  am  highly  pleased  with  it.  Your  management 
of  the  roots  is  admirable,  as  also  of  many  other  topics  which  I  might  mention.— N. 
T.  Clarke,  Canandaigna^  New  York. 

I  have  looked  over  it,  and  like  the  plan,  the  arrangement,  the  method,  and  sub- 
stance ;  they  are  all  good,  and  the  work  is  an  admirable  one  for  students. — M.  F. 
Maury,  Aatrorwmer  of  the  National  Observatory  at  Washington. 

Your  Algebra  is  the  most  complete  work  of  the  kind  which  has  come  under  my 
observation,  and  if  the  rising  generation  will  study  it,  as  /  hope  they  vnll,  they  can 
not  fail  to  understand  fully  that  interesting  department  of  the  mathematics.  I  trust 
the  demand  will  be  equal  to  its  merits ;  in  which  case,  the  benefits  of  the  publica- 
tion will  be  shared  by  both  parties. — Captain  Andrew  Talcott,  late  Commissioner 
of  the  Maine  Boundary. 

We  can  only  say,  therefore,  that  this  Algebra  is  magnificent  far  beyond  all  that 
we  had  seen  before ;  and  we  have  been  a  pretty  diligent  collector  of  those  which 
have  appeared,  either  originally  or  by  translation,  in  the  Queen's  English  ;  and  we 
feci  considerable  satisfaction  in  presuming,  at  least,  that  in  the  work  before  us  we 
possess  the  completest  treatise  in  the  field  of  Algebraic  Analysis  that  has  been 
written  in  any  language.  When,  therefore,  an  American  professor  comes  to  us  in 
the  garb  of  an  author  of  a  school-book,  we  pay  to  him,  a  priori,  a  greater  deference 
than  any  revised  and  corrected  Englishman,  or  translated  Frenctoian  or  German. 
Hackley*s  Algebra,  we  opine,  will  rank  first  among  great  works  in  the  department 
of  analysis  to  which  it  belongs.  For  comprehensiveness  of  plan,  propriety  of  ar- 
rangement, in^nuity  of  symbolic  exposition,  precision  and  elegance  of  verbal 
statement,  variety  and  interest  of  practical  exercise  for  the  student — and,  in  justice 
to  the  publishers,  let  it  be  said,  that  in  typographic  execution  it  can  not  be  excelled. 
We  deem  it  due  alike  to  American  enterprise  and  to  science  to  give  this  book  our 
almost  unqualified  commendation ;  and  trust  that  its  success  will  be  such,  at  least, 
as  to  enoourage  its  learned  author  to  the  publication  of  a  treatise  on  Cfeometry, 
which,  on  that  condition,  he  promises  shall  soon  be  forthcoming. — Southern  Meth- 
odist Quarterly  Review. 

For  the  preparation  of  such  a  work  there  is  required  a  high  and  peculiar  order  of 
talent ;  a  thorough  mathematical  discipline  ;  a  power  of  grasping  the  whole  science 
as  a  clear  and  distinct  unity,  into  which  all  the  parts  flow  harmoniously ;  a  happy 
tact  in  arranging  and  presenting  the  parts,  so  that  the  consecution  shall  strike  the 
learner  luminously ;  a  logical  readiness  in  explaining  abstruse  points,  so  as  to 
awaken  in  the  mind  of  the  learner  the  process  of  ratiocination,  as  if  it  grew  out  of 
his  own  thoughts  ;  and  a  certain  simplicity  and  colloquiality  of  style  which  can  be 
acquired  only  by  long  familiarity  with  teaching  in  the  lecture-room.  This  desider- 
atum Professor  Hackley,  in  the  work  before  us,  has  undertaken  to  supply.  From 
an  examination  of  his  Algebra  we  are  led  to  believe,  what  we  indeed  anticipated 
from  the  known  character  of  his  mind,  the  extent  of  his  attainments,  and  the  habits 
of  his  life,  that  he  has  been  eminently  successful ;  and  has  proved  himself  to  pos- 
sess that  very  order  of  talent  which  we  have  just  described.  The  feature  of  the 
book  which  first  strikes  us  upon  opening  it,  is  its  completeness.  There  is  scarcely 
any  subject  in  Algebra  which  is  not  treated  of  with  a  fullness  and  clearness  to  af- 
ford satisfaction  even  to  a  ripe  scholar.  The  various  subjects  are  arranged  with 
particular  reference  to  convenience  and  clearness,  and  the  analyses  are  happily  ap- 
plied to  practical  uses.  We  are  decidedly  of  opinion,  also,  that  a  candid  and  thor- 
ough examination  of  the  work  will  bring  before  the  mind  so  much  to  admire  and 
commend,  that,  as  in  our  own  case,  there  will  be  little  disposition  to  mark  faults, 
which  the  author's  own  judgment  and  skill  are  adequate  to  correct  in  subsequent 
editions. — Methodist  Quarterly  Review. 

Professor  Hackley,  in  the  work  before  us,  has  presented  the  American  public  with 
the  most  complete  Treatise  on  Algebra  in  the  English  language.  The  elementary 
principles  are  treated  in  a  simple  and  easy  style,  and  from  these  the  student  is  con- 
ducted to  the  higher  branches  of  the  subject,  in  which  all  that  is  important  is  lucidly 
detailed. — Silliman's  JoumaL 
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Murdock's  Edition  of  the  same  Work,  $7  50. 
MULLER'S  (Barim  Von)  HISTORY  OF  THE  WORLD. 
MURRAY'S  HISTORICAL  ACCOUNT  OF  BRITISH  AMERICA,  90  eta. 

HISTORICAL  ACCOUNT  OF  BRITISH  INDU,  $1  35. 


*■•• 


*  VALUABLE  NEW  AND  STANDARD  WORKS 

NEAL'S  HISTORY  OF  THE  PHRITANS,  $3  50.  » 

PICTORIAL  HISTORY  OF  ENGLAND  TO  THE  REIGN  OF  GEORGE  HI.,  pnia-ily  niu»tn.i 
PRESCOTT'S  HISTORY  OF  THE  CONQUEST  OF  MEXICO,  8  roll.,  $0  00. 

HISTORY   OF  FERDINAND  AND  ISABELLA.  3  Toli.,  $0  00. 

PRIDEAUX'S  CONNECTION  OF  THE  OLD  AND  NEW  TESTAMENTS,  fS  75. 
ROBERTSON'S  HISTORICAL  WORKS,  3  vols.,  8vo,  Mapa,  $5  00. 

HISTORY  OF  THE  REIGN  OF  CHAJILES  V.,  $1  75.    Abridged,  45  c«^ta 

HISTORY  OF  AMERICA,  $1  75.    Abndged,  45  oenU. 

HISTORY  OF  SCOTLAND  AND  ANCIENT  INDIA,  $1  75. 

ROBINS'S  (Mri.)  TALES  FROM  AMERICAN  HISTORY,  5  to1«.,  $1  0(1. 
ROLLIN'S  ANCIENT  HISTORY,  WITH  A  LIFE  OF  THE  AUTHOR,  $3  75. 
RUSSELL  AND  JONES'S  HISTORY  OF  MODERN  EUROPE,  $5  00. 
RUSSELL'S  (Michael)  HISTORY  OF  EGYPT,  45  cenU. 

HISTORY  OF  NUBU  AND  ABYSSINIA,  45  cento. 

HISTORY  OF  THE  BARBARY  STATES,  45  oenti. 

HISTORY  OF  POLYNESIA,  45  cents. 

HISTORY  OF  PALESTINE,  45  cent*. 

SALE'S  (Lady)  JOUBNAL  OF  DISASTERS  IN  AFGHANISTAN,  13^1  oentt. 
SALLUST'S  HISTORY :  translated  by  Ross,  40  centa. 
SCHILLER'S  HISTORY  OF  THE  THIRTY  YEARS'  WAR. 
SCOTT'S  (Sir  W.)  HISTORY  OF  SCOTLAND,  $1  20. 

HISTORY  OF  DEMONOLOOY,  40  cenU. 

SCOTT'S  (Rer.  JoHH)  LUTHERAN  REFORMATION,  SI  00. 

SEGUR'S  HISTORY  OF  NAPOLEON'S  RUSSIAN  CAMPAIGN,  90  cenU. 

SFORZOSrS  HISTORY  OF  ITALY,  45  cenU. 

SILK,  COTTON,  LINEN,  WOOL,  (Hwtory  of).  $3  00. 

SISMONDI'S  HISTORY  OF  THE  ITALIAN  REPUBLICS,  60  ceaU. 

SMEDLEY'S  HISTORY  OF  THE  REFORMATION  IN  FRANCE,  $1  40 

SKETCHES  FROM  VENETIAN  HISTORY,  00  cenU. 

, SMITH'S  (H.)  HISTORY  OF  FESTIVALS,  GAMES,  &c.,  45  cenU. 

SMITH'S  (H.  J.)  HISTORY  OF  EDUCATION,  45  cenU. 

SPALDING'S  HISTORY  OF  ITALY  AND  THE  ITALIAN  ISLANDS,  $!  35. 

STONE'S  BORDER  WARS  OF  THE  AMERICAN  REVOLUTION,  90  cenU. 

SWITZERLAND,  HISTORY  OF,  60  cents. 

TAYLOR'S  HISTORY  OF  IRELAND,  00  cents. 

THATCHER'S  HISTORY  OF  THE  BOSTON  TEA-PARTY,  684  cents. 

THATCHER'S  TALES  OF  THE  AMERICAN  REVOLUTION,  35  cents. 

TIIIRLWALL'S  HISTORY  OF  GREECE,  2  vok.,  $3  50. 

THUCYDIDES'  GENERAL  HISTORY:  translated  by  Smith,  90  oenU. 

TURNER'S  SACRED  HISTORY  OF  THE  WORLD,  $1  35. 

TYTLER'S  UNIVERSAL  HISTORY, «  toIs.,  $2  70. 

UNCI  E  PHILIP'S  HISTORY  OF  VIRGINIA,  35  cenU. 

HISTORY  OF  NEW  YORK,  2  vols.,  70  cenU. 

HISTORY  OF  LOST  GREENLAND,  35  oentt. 

HISTORY  OF  NEW  HAMPSHIRE,  S  toIs.,  70  cenU. 

HISTORY  OF  MASSACHUSETTS,  a  voli.,  70  ce»t» 

WADDINGTON'S  HISTORY  OF  THE  CHURCH,  $1  75. 
XENOPHON'S  HISTORY :  translated  by  Spelman,  85  cents. 


■  J^BfcFi^^^ 


College  dL  School  Books. 


ABERCROMBIE'S  ESSAY  ON  THE  INTELLECTUAL  POWERS,  45  cenU. 

PHILOSOPHY  OF  THE  MORAL  FEELINGS,  40  cents. 

ALISON'S  ESSAYS  ON  THE  NATURE  AND  PRINCIPLES  OF  TASTE,  75  centa 
ANTHON'S  (Charles)  LATIN  LESSONS,  W  cents. 

LATIN  PROSE  COMPOSITION,  90  rents. 

LATIN  PROSODY  AND  METRE,  90  cenU. 

LATIN  VERSIFICATION,  90  cents. 

KEY  TO  LATIN  VERSIFICATION,  50  cenU. 

ZUMPT'S  LATIN  GRAMMAR.  90  cents. 


COMMENTARIES  UF  CJESkR,  $1  40. 

^NEID  OF  VIRGIL.     English  Notes,  $2  00. 

ECLOGUES  AND  GEORGICS  OF  VIRGIL,  $1  50. 

CICERO'S  SELECT  ORATIONS,  $1  20. 

SALLUST.    With  English  Notes,  87^  cent& 

HORACE.     With  English  Notes,  $1  75. 

FIRST  GREEK  LESSONS,  90  cenU. 

GREEK  PROSE  COMPOSITION.  90  cenU. 

GREEK  PROSODY  AND  M ETRE,  90  cents. 

GREEK  GRAMMAR,  90  cents. 

NEW  GREEK  GRAMMAR,  90  cents. 

HOMER.    With  English  Notes,  $1  50. 

GREEK  READER,  FROM  THE  GERMAN  OF  JACOBS,  $1  75 

ANABASIS  OF  XENOPHON. 

CLASSICAL  DICTIONARY,  $4  75. 

SMITH'S  DICTIONARY  of  GREEK  and  ROMAN  ANTIQUITIES,  fl  75 

The  same  work,  abridged,  $1  85. 
BENNETTS  SYSTEM  OF  BOOK-KEEPING,  $1  50. 
BOUCHARLAT'S  ELEMENTARY  TREATISE  ON  MECHANICS,  $8  25 
BOYD'S  ELEMENTS  OF  RHETORIC.  50  cents. 
BURKE'S  ESSAY  ON  THE  SUBLIME  AND  BEAUTIFUL,  75  cenU 
CAMPBELL'S  PHILOSOPHY  OF  RUETORIC,  $1  25. 
CLARK'S  ELEMENTS  OF  ALGFbRA.  $1  00. 
DRAPER'S  TEXT-BOOK  ON  CHEMISTRY,  75  cents. 
EDWARDS'S  BOOK-KEEPER'S  ATLAS,  92  00 


Published  by  harper  &  brothers. 

GLASSES  LIFE  OF  WASHINGTON,  $1  Hi 

GRISCOM'S  ANIMAL  MECHANISM  AND  PHYSIOLOGY,  45  cento. 

HACKLEY'S  TREATISE  ON  ALGEBRA. 

HAZ£N*S  PROFESSIONS  AND  TRADES.    81  EngraTing*.    75  centfr 

BEMPEL'S  GRAMMAR  OP  THE  GERMAN  LANGUAGE,  $1  75 

HENRY'S  HISTORY  OF  PHILOSOPHY,  00  oeoU. 

KANE*S  ELEMENTS  OF  CHEMISTRY,  93  00. 

LEE'S  ELEMENTS  OF  GEOLOGY,  50  ceote. 

LEWIS'S  PLATONIC  THEOLOGY,  Ac,  $1  50. 

LIDDELL  AND  SCOTT'S  NEW  GREEK  AND  ENGLISH  LEXICON,  fS  00. 

LOOMIS'S  TREATISE  ON  ALGEBRA,  $1  25. 

MAURY'S  PRINCIPLES  OF  ELOQUENCE,  45  cenU. 

M'CLINTOCK  AND  CROOKS'S  FIRST  BOOK  IN  LATIN,  75  «m^ 

MILL'S  LOGIC,  RATIOCINATIVE  AND  INDUCTIVE,  fS  00. 

MORSE'S  NEW  SYSTEM  OF  GEOGRAPHY,  50  cenU. 

CEROGRAPHIC  MAPS. 

NOEL  AND  CHAPSAL'S  NEW  SYSTEM  OF  FRENCH  GRAMMAR,  T» 
PARKER'S  AIDS  TO  ENGLISH  COMPOSITION,  00  centi. 
POTTER'S  POLITICAL  ECONOMY,  ITS  USES,  Ac,  50  canU. 
PROUDFITS  PLAUTUS,  "  THE  CAPTIVES."    EDglish  NoIm,  87*  cents. 
REiN WICK'S  PRACTICAL  MECHANICS.  90  cents. 

ELEMENTS  OF  CHEMISTRY.  75  cents. 

ELEMENTS  OF  NATURAL  PHILOSOPHY,  75  cents. 

SALK ELD'S  CLASSICAL  ANTIQUITIES. 
SCHMUCKER'S  PSYCHOLOGY,  $1  00. 
UPHAM'S  TREATISE  ON  THE  WILL,  $1  S5. 

ELEMENTS  OF  MENTAL  PHILOSOPHY.    aTols.,fa50. 

Abridged,  $1  25. 


XSssayists,  Belles-Xaettres,  &c 

ADDISON'S  COMPLETE  WORKS,  3  rols.,  $5  50. 

SELECTIONS  FROM  THE  SPECTATOR,  00  cents. 

BACON  AND  LOCKE'S  ESSAYS,  45  cents. 

BROUGHAM'S  PLEASURES  AND  ADVANTAGES  OF  SCIENCE,  45  cento. 
BUCKB'S  BEAUTIES  AND  SUBLI.MITIES  OF  NATURE,  45  oeaU. 
BURKE'S  COMPLETE  WORKS,  3  yoIs.,  $5  00. 

ESSAY  ON  THE  SUBLIME  AND  BEAUTIFUL,  75  cenU. 

CHESTERFIELD'S  LETTERS  TO  HIS  SON,  and  otkbb  Writings, fl  75. 
CICERO'S  OFFICES.  ORATIONS,  AND  CATO  AND  LiELIUS.  $1  25. 
COLERIDGE'S  LETTERS,  CONVERSATIONS.  AND  RECOLLECTIONS,  55  cent.. 

,  SPECIMENS  OF  THE  TABLE-TALK  OF,  70  cenla. 

COMBE'S  PHYSIOLOGY  APPLIED  TO  HEALTH  AND  MENTAL  EDUCATION,  •IS  ri..rtii. 
DICK  ON  THE  IMPROVEMENT  OF  SOCIETY  BY  THE  DIFFUSION  OF  KNOWLEDGE,  41 

cents. 
D'lSRAELI'S  AMENITIES  OF  LITERATURE. 
DEMOSTHENES'  ORATIONS;  translated  bj  LeLamd,  85  cento. 
DRYDEN'S  COMPLETE  WORKS.  2  vols.,  M  75. 

DUTY  (THK)  OF  AMERICAN  WOMEN  TO  THEIR  COUNTRY,  37*  cents. 
EDGE  WORTH'S  TREATISE  ON  PRACTICAL  EDUCATION,  85  cento. 
EVERETT  ON  PRACTICAL  EDUCATION. 

FAMILY  INSTRUCTOR  ;  o»,  DUTIES  OF  DOMESTIC  LIFE,  45  cents. 
GRAVES'S  (Mrs.  A.  J.)  WOMAN  IN  A.MERICA,  45  cento. 
HORNE'S  NEW  SPIRIT  OF  THE  AGE.  25  cento. 
HUTTON'S  BOOK  OF  NATURE. 
JOHNSON'S  (B.)  COMPLETE  WORKS,  2  vols. 
JOHNSON'S  (A   B.)  TREATISE  ON  LANGUAGE,  $1  75. 

LECTURES  TO  YOUNG  MEN,  45  cento. 

LAMB'S  ESSAYS  OF  ELU,  LETTERS,  POEMS,  &c.,  $2  00. 

MACKENZIE'S  (Hknry)  COMPLETE  WORKS,  $1  25. 

MARTINEAU.    HOW  TO  OBSERVE,  42*  cento. 

MATHEWS'S  (CoRNKLiDs)  MISgELLANEOUS  WRITINGS,  $1  00. 

MAURY'S  PRINCIPLES  OF  ELOQUENCE,  45  cento. 

MONTGOMERY'S  LECTURES  ON  POETRY  AND  LITERATURE,  45  cants. 

MORE'S  (Hannah)  COMPLETE  WORKS.  7  vob.,  $6  50.    2  yoIs.,  $2  75. 

MUDIE'S  GUIDE  TO  THE  OBSERVATION  OF  NATURE,  45  cento. 

NEELE'S  (Hknrt)  LITERARY  REMAINS,  $\  00. 

NOTTS  COUNSELS  TO  YOUNG  MEN,  50  cento. 

POTTER  AND  EMERSON'S  SCHOOL  AND  THE  SCHOOLMASTER,  $1  M. 

PRESCOTT'S  BIOGRAPHICAL  AND  CRITICAL  MISCELLANIES,  $S  00. 

PURSUIT  OF  KNOWLEDGE  UNDER  DIFFICULTIES,  00  cento. 

SANDS'S  (ROBIRT  C.)  WRITINGS,  2  roU.,  $3  75. 

SEDGWICK'S  (Min)  MEANS  AND  ENDS,  45  cento. 

SIGOURNEY'S  (Mrs.  L.  H.)  LETTERS  TO  MOTHERS,  00  cento. 

LETTERS  TO  YOUNG  LADIES,  00  cento. 

SMITH'S  (H.  J.)  PLAN  OF  INSTRUCTION  AND  HISTORY  OF  EDUCATION,  4ft  otHi 
SOUTHEV  (RoBKRT).    THE  DOCTOR,  Ac,  45  cento. 
VERPLANCK'S  DISCOURSES  ON  AMERICAN  HISTORY,  60  cents. 

INFLUENOE  OF  LIBERAL  STUDIES,  25  cents. 

INFLUENCE  OF  MORAL  CAUSES,  15 

WIRT'S  LETTERS  OF  THE  BRITISH  SPY,  60  cents. 
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0  VALUABLE  NEW  AND  STANDARD  WORKS 

Mental  and  Moral  Science,  d^. 

ABERCROMBIE'S  PHILOSOPHY  OF  THE  MORAL  JEELINGS,  40  cenU. 

ON  THE  LNTELLECTUAL  POWERS,  45  cenu. 

ALISON  ON  THE  NATURE  AND  PRINCIPLES  OF  TASTE.  75  cenU. 

BACON  AND  LOCKE'S  ESSAYS.  AND  CONDUCT  OF  THE  UNDERSTANDING  45c«att. 

BOYD'S  ELEMENTS  OF  RHETORIC  AND  LITERARY   CRITICISM,  50  cent* 

BURKE'S  ESSAY  ON  THE  SUBLIME  AND  BEAUTIFUL,  75  cents. 

CAMPBELL'S  (Georoe)  PHILOSOPHY  OF  RHETORIC,  $1  25. 

COMBE'S  CONSTITUTION  OF  MAN,  45  centa. 

DENDY'S  PHILOSOPHY  OF  MYSTERY,  45  cenU. 

DYMOND'S  PRINCIPLES  OF  MORALITY  :  edited  by  G.  Bu«H,  $1  874. 

HENRY'S  EPITOME  OF  THE  HISTORY  OF  PHILOSOPHY,  90  cent^ 

MARTINEAU'S  LETTERS  ON  MESMERISM,  6^  cenU. 

MAURY'S  PRINCIPLES  OF  ELOQUENCE.  45  cent*. 

MILL'S  SYSTEM  OF  LOGIC,  RATIOCINATIVE  AND  INDUCTIVE,  $S  00. 

PARKER'S  AIDS  TO  ENGLISH  COMPOSITION,  90  cenU. 

SAUSSURE'S  (Mailame  db)  FIRESIDE  FRIEND. 

SCIIMUCKER'S  PSYCHOLOGY,  OR  MENTAL  PHILOSOPHY,  $1  00. 

8EERESS  (THE)  OF  PREVORST,  25  cenU. 

TOWNSHEND'S  FACTS  IN  MESMERISM.    With  Plates,  75  neoU. 

UNCLE  SAM'S  RECOMMENDATIONS  OF  PHRENOLOGY,  45  cents. 

UPHAM'S  IMPERFECT  axd  DISORDERED  MENTAL  ACTION,  45  cents. 

ELEMENTS  OF  MENTAL  PHILOSOPHY,  $2  50.     Abridged,  $1  25. 

PHILOSOPHICAL  AND  PRACTICAL  TREATISE  ON  THE  WILL,fl  9ft, 


Natural  Science  dLc 

BELL'S  MECHANISM  OF  THE  HAND,  60  cents. 
BIGELOW  (Jacob)  ON  THE  USEFUL  ARTS. 
BIRDS,  NATURAL  HISTORY  OF,  45  cents. 

BOUCHARLAT'S  ELEMENTARY  TREATISE  ON  MECHANICS,«&S5. 
BRANDE'S  ENCYCLOPEDIA  OF  SCIENCE  AND  ART,  $4  00. 
BREWSTER'S  LETTERS  ON  NATURAL  MAGIC,  4ft  cents. 
BROWNE'S  TREES  OF  AMERICA.  $5  00.  * 

CHAPTAL'S  CHEMISTRY  APPLIED  TO  AGRICULTURE,  45  cenU. 
COMBE'S  PRINCIPLES  OF  PHYSIOLOGY.  45  cenU. 
DANIKLL'S  ILLUSTRATIONS  OF  NATURAL  PHILOSOPHY.  Oe|  ctnti. 
DICK'S  CELESTIAL  SCENERY,  45  oents. 
SIDEREAL  HEAVENS,  45  cents. 


—  PRAtrriCAL  ASTRONOMER,  50  cents. 


DRAPER'S  CHEMICAL  ORGANIZATION  OF  PLANTSiflftO. 

TEXT-BOOK  OF  CHEMISTRY,  75  cents. 

DYEING,  CALICO-PRINTING,  dtc.  $3  50. 

ELE'IIANT.  NATURAL  HISTORY  OF  THE.  45  oenU. 

ErLER'S  LETIERS  oN  NATURAL  PHILOSOPHY,  edited  Yny  DrvwstBB  and  Gbiscom,  45  cte. 

GRISCOMS  ANIMAL  MECHANISM  AND  PHYSIOLOGY.  45  cenli. 

HASWEI.L'S  ENGINEERS'  and AlKCllANICS*  POCKET-BOOK,  $1  25. 

HERSCIIEL  (J.  F.  W.)  ON  THE  STUDY  OF  NATURAL  PHILOSOPHY,  60  cents. 

H1G(;INS'S  PHYSICAL  CONDITION  AND  PHENOMENA  OF  THE  EARTH,  45  cent*. 

HUMUOLDT'S  COSMOS;   A  SURVEY  OF  THE  PHYSICAL  HISTORY  OF  THE  UNIVERSE. 

INSE«:TS.  NATURAL  HISTORY  OF,  W)  cents. 

KANE'S  KLEMENTS  OF  CHEMISTRY:  edii«d  by  Draper,  $2  00. 

LEE'S  ELEMENTS  OF  GEOLOGY  FOR  POPULAR  USE,  50  cents. 

MUDIK'S  GUIDE  TO  THE  OBSERVATION  OF  NATURi-:,  45  cents. 

MOSELEY'S  ILLUSTRATIONS  OF  MECHANICS,  45  cenU. 

OLMSTKAD'S  LETTERS  ON  ASTRONOMV. 

POTTERS  SCIENCE  APPLIED  TO  THE  DOMESTIC  ARTS,  &«. 

QUADRUPEDS,  NATURAL  HISTORY  OF,  45  cents. 

RENVVICK'S  PRACTICAL  MECHANHS.  90  cents. 

FIRST  PR1N(JIPLES  OF  CHEMISTRY.  75  cents. 

FIRST  PRINCIPLES  OF  NATURAL   PHILOSOPHY,  75  cents. 

SACRKI)  PHILOSOPHY  OF  THE  SEASONS. 

SOMERVILLES  (Mary)    CONNECTION   OF  THE    PHYSICAL   SCIENCES,  50  cents 

UNCLK   PHILIPS  AMERICAN  FOREST.  35  cents. 

Natural  history.  35  rents. 

VEGETABLE  SUU.STANi:ES  USED  FOR  THE  FOOD  OF  MAN,  45  cents. 
WHEWELL'S  ASTRONOMY  AND  GENERAL  PHYSICS,  50  centa. 
WHITES  NATURAL  HISTORY  OF  ^EL^ORNE,  45  cents. 
WYATT'S  MANUAL  OF  CONCHOLOGY,  Si  75.     CoJ.Jied  Plates  fT  50. 


Voyages  and  Travels. 


ALTO  WAN ;  or.  Incidents  of  Life  in  the  Rocky  Moi;ntain8,  $1  25. 
ANTIION'S  (C.  E.)  PILGRIMAGE  TO  TREVES.  75  cents. 
BARROW'S  VOYAGES  WITHIN  THE  ARCTIC  REGIONS,  50  rents. 

PITCAIRN'S  ISLAND  AND  MUTINY  OF  THE  SHIP  BOUNTY,  45  cents. 

BRO^*  .-«E'S  ETCHINGS  OF   A  WHALING  CRUISE.  «2  00. 

BUCKINGHAM'S  TRAVELS  IN  AMERK'A.     Engravings,  $3  50 

CHANGE  FOR  THE  AMERICAN   NOTES.  12^  conis. 

CIRCUMNAVIGATION  OF  THE  GLOBE,  45  rents. 

COKES  TRAVELS  IN  THE  UNITED  STATES,  NOVA  SCOTIA,  AND  CANADA.  75  centfl  .* 

COLTON'S  FOUR  YEARS  IN  GREAT  BRITAIN,  90  cents.  ""^ 
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